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FOREWORD 


The  field  of  Naval  Hydrodynamics  covers  many  problems  of  great  concern 
to  ship  design  and  to  naval  strategy  and  tactics.  Substantial  improvements  in 
ship  performance,  in  general,  depend  critically  on  successful  research  in  hydro¬ 
dynamics. 

The  prime  objective  of  the  Symposia  on  Naval  Hydrodynamics  has  been  to 
present  the  latest  research  results  on  central  themes  of  timely  interest  and 
significance.  The  First  Symposium1  was  devoted  to  critical  surveys  of  the 
state-of-the-art  in  various  important  areas.  The  Second  Symposium2  concen¬ 
trated  on  noise  and  cavity  flows,  while  the  Third  Symposium3  explored  aspects 
of  high-performance  ships.  In  accordance  with  this  pattern,  the  two  topics  cov¬ 
ered  in  this  Fourth  Symposium  are  (a)  Propulsion  of  Ships  and  (b)  Hydroelas¬ 
ticity. 

Although  the  Navy  has  used  propellers  for  over  100  years  for  developing 
thrust  for  its  ships,  at  this  date  there  is  no  completely  satisfactory  analytical 
means  available  to  the  designer  to  predict  propeller  characteristics.  Existing 
mathematical  models  involve  some  oversimplifying  assumptions  that  require 
large  semi-empirical  corrections.  The  interaction  of  the  ships  flow  field  and 
the  propeller  is  only  qualitatively  understood.  The  unsteady  pressure  field  and 
the  unsteady  thrust  and  torque  developed  by  a  propeller  behind  a  ship  provide 
forces  and  moments  that  excite  ship  vibration.  In  addition  to  these  areas,  there 
are  many  ship  applications  where  the  conventional  propeller  is  not  adequate. 
For  these  applications,  the  ship  designer  and  operator  should  have  available 
sufficient  information  on  ducted  propellers,  cycloidal  propellers,  supercavitat- 
ing  propellers,  jet  propulsion,  etc. 

The  subject  of  hydroelasticity,  which  is  an  extension  to  denser  media  of  the 
classical  aeroelastic  phenomena  encountered  in  airplane  and  missile  applica¬ 
tions,  is  a  relatively  new  category.  The  obvious  hydroelastic  counterpart  of 
aeroelasticity  is  the  determination  of  the  unsteady  loads,  divergence  and  flutter 


^'First  Symposium  on  Naval  Hydrodynamics,”  National  Academy  of  Sciences  - 
National  Research  Council,  Publication  515,  1957,  Washington,  D.  C.;  S5.0C. 

Second  Symposium  on  Naval  Hydrodynamics,"  Office  of  Naval  Research,  De¬ 
partment  of  the  Navy,  ACR-38,  1958;  Superintendent  of  Documents,  U.  S.  Gov¬ 
ernment  Printing  Office,  Washington,  D.  C.,  Catalog  No .  D21 0. 1 5  :ACR- 38;  S4.00. 

3  'Third  Symposium  on  Naval  Hydrodynamics,"  Office  of  Naval  Research,  De¬ 
partment  of  the  Navy,  ACR-65,  1960;  Superintendent  of  Documents,  U.  S.  Gov¬ 
ernment  Printing  Office,  Washington,  D.  C.,  Catalog  No  .  D2 10 . 1  5  :A.CR-65 ;  $3.50. 
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of  lifting  surfaces,  such  as  rudders  and  hydrofoils.  However,  for  the  purposes 
of  this  symposium,  the  concept  of  hydroelasticity  is  broadened  to  encompass  all 
problems  in  which  the  flow  field  and  the  hydrodynamic  forces  and  moments  are 
significantly  affected  by  the  structural  deflections.  Thus,  many  rather  diverse 
subjects  are  included,  such  as  cavity  resonance,  the  slamming  of  ships  and  the 
interaction  of  ships'  structure  with  wave- induced  forces  and  underwater  explo¬ 
sions. 


The  program  of  this  and  the  previous  symposia  have  emphasized  that  sub¬ 
stantial  improvements  in  ship  performance  can  be  obtained  only  when  the  funda¬ 
mental  physics  is  understood.  With  this  basic  knowledge  in  hand,  parametric 
studies  can  be  made  that  will  give  the  designer  meaningful  tools  on  which  to 
base  his  design.  Thus,  the  papers  herein  are  concerned  with  the  entire  gamut 
from  basic  research  to  design  methods. 

This  single  volume  is  substantially  the  same  as  the  Preprints  initially  is¬ 
sued  in  three  volumes  by  the  Office  of  Naval  Research  as  ACR-73  several  weeks 
before  the  symposium.  However,  eight  papers  which  were  not  available  for 
printing  with  the  Preprints  are  now  included. 

Technical  organization  of  the  program  was  under  the  direction  of  the  Fluid 
Dynamics  Branch  of  the  Office  of  Naval  Research.  In  this  connection,  I  would 
like  to  express  sincere  appreciation  to  the  members  of  the  informal  committee 
which  helped  develop  the  format.  This  group  consisted  of: 


Mr.  Jacques  Hadler 
Mr.  David  Jewel 
Mr.  James  Schuler 
Dr.  Bennett  Silverstein 


David  Taylor  Model  Basin 
David  Taylor  Model  Basin 
Bureau  of  Ships 
Office  of  Naval  Research 


The  able  assistance  of  Webb  Institute  of  Naval  Architecture,  in  solving  both 
technical  and  administrative  problems  that  have  arisen,  has  been  instrumental 
in  assuring  the  smooth  progress  of  this  symposium.  Thanks  are  gratefully  ex¬ 
tended  to  Professor  E.  V.  Lewis  and  Mr.  Robert  Zubaly. 

The  burden  of  detailed  administration  of  this  symposium  has  been  borne 
capably  by  Bennett  Silverstein  of  the  Office  of  Naval  Research.  As  editor  of 
these  proceedings,  he  has  meshed  together  the  thousand-and-two  jigsaw  pieces 
that  comprise  the  operation  of  this  large  symposium.  For  this  I  offer  my  deep 
appreciation.  His  persistent  pressure  to 'meet  deadlines  resulted  in  the  early 
publication  of  the  Preprints,  which  this  volume  supersedes,  and  also  incurred 
authors'  wrath;  for  the  latter,  I  offer  my  sympathy. 

The  flow  of  necessary  information  between  authors,  chairmen,  and  the 
symposium  administrators  has  been  kept  steady  and  timely  through  the  efforts 
of  Mrs.  Yetta  Hassin  and  Miss  Eunice  Harrison  of  this  Office. 

Grateful  appreciation  is  extended  to  Dr.  W.  P.  A.  van  Lammeren  of  the 
Netherlands  Ship  Model  Basin  who  considerately  merged  his  plans  for  a  meeting 
on  ship  propulsion  into  this  symposium. 

I  am  especially  appreciative  of  the  excellent  cooperation  afforded  this  sym¬ 
posium  by  the  David  Taylor  Model  Basin.  Special  thanks  are  extended  to  the 
Commanding  Officer,  Captain  J.  A.  Obermeyer,  to  Dr.  Karl  E.  Schoenherr  the 
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Technical  Director  erf  the  Hydrodynamics  Laboratory,  and  to  Dr.  Alfred  Keil, 
Technical  Director  of  the  Structural  Laboratory.  The  research  conducted  by 
their  scientific  staff  provides  a  very  important  segment  of  the  papers. 

To  the  chairmen  of  the  various  sessions,  I  would  like  to  express  my  sincere 
admiration  for  their  willingness  to  take  on  the  often  thankless  job  of  confining 
authors  to  the  allotted  time  and  of  guiding  discussers  into  brief,  cogent  remarks. 

Above  all,  I  would  like  to  thank  the  most  important  people,  the  authors, 
without  whose  efforts  there  would  be  no  Symposium  on  Naval  Hydrodynamics. 


RALPH  D.  COOPER,  Head 
Fluid  Dynamics  Branch 
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ON  THE  THEORY  OF  SCREW  PROPELLERS 


R.  Yamazaki 

Kyushu  Uuirersiiy 
Fukuoka.  ■ Japan 


INTRODUCTION 

The  theory  of  screw  propellers  based  on  the  vortex  theory  was  proposed 
and  developed  by  A.  Betz  and  later  by  other  researchers.  In  the  previous 
paper  [1],  the  same  theory  was  developed  further  for  the  propellers  working 
steadily  in  the  uniform  flow  on  the  basis  of  the  lifting  surface  theory,  taking 
into  account  the  effects  of  the  variation  of  the  principal  dimensions  more  pre¬ 
cisely.  In  actual  cases,  however,  the  screw  propeller  is  usually  working  with 
pulsation  in  a  non-uniform  flow  such  as  a  wake  of  the  ship,  and  further  some¬ 
times  in  heavy  load  conditions. 

In  this  paper,  '.herefore,  we  attempt  to  develop  a  hydrodynamical  theory  of 
the  screw  propeller  so  as  to  include  these  cases.  In  section  1,  general  expres¬ 
sions  are  presented  for  the  performance  characteristics  of  the  propeller  work¬ 
ing  unsteadily  in  a  non-uniform  flow  on  the  basis  of  the  lifting  surface  theory. 
And  details  of  them  are  pursued  for  specific  cases  of  nearly  steady  state  in 
section  1  and  also  of  quite  steady  state  in  section  2.  The  theory  is  also  devel¬ 
oped  for  the  case  of  heavy  load  conditions  including  a  separated  flow  based  on 
the  non-linear  wing  theory  in  section  2.  In  section  3,  the  approximate  method 
of  calculations  is  presented  for  the  case  of  steady  state  by  means  of  the  linear 
theory,  and  some  numerical  results  obtained  theoretically  are  compared  with 
the  experimental  values.  And  it  is  shown  that  these  two  results  almost  agree 
with  each  other  when  the  flow  around  the  blade  are  considered  not  to  Ire  sepa¬ 
rated.  However,  the  numerical  calculations  for  the  non-linear  effect  referred 
to  the  separated  flow  and  also  the  performance  characteristics  in  unsteady  state 
are  postponed  to  later  works. 


1.  THEORY  OF  PROPELLERS  IN  UNSTEADY  STATE 

In  this  section  the  hydrodynamical  characteristics  of  a  screw  propeller 
working  unsteadily  in  a  non-uniform  flow  are  studied  by  using  the  vortex  theorv. 
In  this  treatment  the  propeller  blades  are  assumed  to  be  very  thin,  and  there¬ 
fore  it  may  be  presumed  that  the  mean  surfaces  of  them  can  be  replaced  by 
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bound  vortex  sheets  and  the  free  vortices  springing  from  the  bound  vortices 
recede  freely  from  the  blade  retaining  their  strength.  And  the  disturbed  veloc 
ity  induced  by  the  boss  is  neglected  since  it  is  considered  to  be  very  small. 

We  consider  the  case  of  the  screw  propeller  with  N  blades,  denoting  the 
propeller  radius  by  rQ  and  the  boss  radius  by  rB.  Cylindrical  coordinates 
(x.r,?)  fixed  in  space  are  chosen  so  that  the  x-axis  coincides  with  the  axis  of 
rotation  of  the  propeller.  The  propeller  is  assumed  to  advance  along  the  nega¬ 
tive  direction  of  the  x-axis,  while  rotating  around  x-axis  in  the  negative  direc¬ 
tion  of  d  (vid.  Fig.  1). 


Fig.  1  -  Sketch  oi  propeller 


While  the  orientation  of  the  propeller  at  time  t  is  represented  by  (x  (t},0, 
pft)),  the  position  of  a  point  fixed  on  the  mean  surface  of  a  blade  is  represented 
by  the  parameters  (u,v),  which  are  coordinates  fixed  to  the  blade,  and  here  we 
take  11  r.  Then  the  space  coordinates  of  a  fixed  point  Pbkfxb,  rb,-b)  on  the 
mean  surface  of  the  k-th  blade  can  be  expressed  as 

xb  s  xt/  r'v)  “  X  ft)  ,  1 

rb  =  r  ,  \  (l.D 

-b  =  -  pit)  +  2-(k-  1)  N  .  j 

where  xj/r.vl  and  rb(r,v)  are  functions  of  r  and  v,  and  obviously 

”l/r)  =  v  =  '  rB  =  r  =  ro  • 

k  =  1,  2,  ....  N  , 
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the  suffix  b  refers  to  quantities  related  to  the  blade  and  the  suitixes  L  and  T 
refer  to  the  leading  and  trailing  edges  of  the  blade. 


Then  the  bound  vortices  are  assumed  to  be  arranged  along  the  lines  of 
v  =  constant  on  the  mean  surface  (1.1)  of  the  blade.  And  the  strength  of  the 
bound  vortices  contained  in  the  elemental  width  dv  on  the  k-th  blade  at  a  time  r 
is  represented  by  yk(r,v, t)  dv,  and  also  the  space  coordinates  at  the  time  t  of  a 
point  Pfk(xf,  r  f.^f)  fixed  on  the  free  vortices  at  the  time  t  sprung  from  these 
bound  vortices  at  the  point  Pbk(  r,v)  at  the  past  time  r  are  expressed  as 


xf  =  xfk(r,v,T,t)  ,  ' 

rf  =  rfk(r,v,T,t)  ,  > 

9f  =  6fv(  r.v.T.t)  , 


(1.2) 


where  the  suffix  f  represents  values  related  to  the  free  vortices.  From  the 
definitions  (1.1)  and  (1.2)  it  follows 


=  [x.] 

‘  r-  t 


t'fU 


(1.3) 


And  the  velocity  components  of  the  general  flow  at  a  point  (x,  r,9)  are  rep¬ 
resented  by  vx,  vr  and  v9  in  the  x-,  r-  and  9-directions  respectively,  and  these 
are  functions  of  x,  6,  r  and  t. 


If  the  fluid  is  considered  to  be  non- viscous  and  incompressible,  the  systems 
of  the  bound  and  free  vortices  can  be  represented  by  the  superposition  of  ele¬ 
mental  horse- shoe  vortices,  and  the  velocity  potential  d>p  at  the  point  (x,  r,9)  is 
expressed  as  follows: 


<p 

p 


rfa6lf  3rf\  3 
Br '  Br  /  3x  'f 


3r'f 

3xr 

9X;\ 

B 

1  . 

dr 

Br  ' 

Br ' 

dr  J 

T?e't 

\  3t 

Br  ' 

(1.4) 


where 


Rf  =  ^/(Xf  -  x)2  +  r'f2  +  r2  -  2r|r  cos  (b'f  -  8 )  , 


and  xj,  r'f  and  d\  represent  the  values  of  xf;  rf  and  ef  respectively  as  referred 
to  the  point  (r'.v'.r)  in  (1.2),  respectively.  Using  tfp,  the  axial,  radial  and  tan¬ 
gential  components  of  induced  velocity,  wx,  wr  and  w„,  at  a  point  (x,r,6>)  are  ex¬ 
pressed  by 


W 


X 


Bx 


3«p 


Br 


3<Pp 

rdS 


(1.5) 
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When  the  blade  has  a  moderate  angle  of  attack,  Kutta-Joukowsky  condition 
must  be  satisfied  at  the  trailing  edge  of  the  blade,  that  is,  the  load  function 
y(  r,v,  t)  vanishes  there.  And  the  boundary  condition  must  be  so  satisfied  that 
the  relative  velocity  normal  to  the  surface  ot  the  blade  is  zero,  that  is,  at  the 
point  ( r,  v)  on  the  first  blade  we  have 


d&b(r,v)  (  dx  (  t ) 


hXj/r.v)  f  06  ( t) 


+  [v*](b)  +  [*.]cb)J  -  —r*r  N(b) +  [w^l  (b, 

_  /  hx^v)  ^CV)  _  fr  ,  +  J.  1  \  =  0  ,  (1.6) 

\  tir  hv  hv  or  /  \  1  1  (  b  )  1  r  1  (  b  )  j 


or  using  (1.5), 

l~f3V  r'v)  _h_  _  ^bl  r' V1  6 

dv  3x  rBv  roc 


3xb(r,v')  otY(  r,  v)  ox.fr,  v)  d^.fr.v) 


or  /  or 


3xbfr,v)  ^  dfcpft)  „  „  \  aOh(  r,  v)  (  dxj  t) 


r  9v 


3t 


•+  fv«] 

L  J(b) 


b'  ‘ ,  v  M  4.  r„  i  ^ 


-+K](b)j 


/  hxbf  r,v)  0&bf  r,  v)  3xb(  r,  v)  cfy  r,  v)\ 

\  or  3v  cv  or/Lri(b) 


(b) 


(1.7) 


where  [  (b)  means  the  value  obtained  by  substituting  fxb,rb.  :bik=)  in(x,r,  ). 

The  equations  similar  to  (1.6)  or  (1.7)  hold  for  the  other  blade  k,  too. 


It  is  noted  that,  even  though  the  radius  of  the  boss  is  finite,  the  boundary 
conditions  on  the  surface  of  the  boss  can  be  neglected  in  this  treatment  as  its 
effect  is  considered  to  be  very  small  [2]. 


Then  we  shall  examine  further  the  condition  of  the  free  vortices.  Since  the 
position  of  the  free  vortices  drifts  inevitably  by  the  force  of  a  flow,  the  follow¬ 
ing  equations  are  obtained  for  the  point  on  the  free  vortices: 


t 


rF 


t 


1 
a  I 

-  <  o 


(1.8)* 


*ln  the  case  of  a  propeller  working  steadily  in  an  uniform  flow,  taking 
xf  =  xb  +  xf<,(  r'v>  ")•  clxpf  t  )  dt  =  V,  vx  =  0 

where  .  is  a  function  of  t  -  t,  we  have 

+  -xf°(-r'v  ■ 1  =  _v  +  ~xf^r  v'~> 

ct  Bt  ct  cc  ct 

Substituting  this  expression  in  the  first  equation  of  (1.8),  we  had  the  equation 
(1.4)  in  the  previous  paper  [1],  The  similar  equations  for  the  r-  and  5- dire ction s 
arc  to  be  obtained  in  the  same  manner. 
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where  ]  ( f means  the  value  at  the  point  on  the  free  vortices.  We  shall  con¬ 
sider  now  a  point  Pfk(T  =  t  -  At),  which  is  placed  on  the  free  vortex  sprung  from 
the  bound  vortex  at  a  point  Pbk,  receding  from  it  by  the  infinitesimal  time  inter¬ 
val  At,  and  denote  the  differences  of  the  x-,  r  -  and  ^-coordinates  between  these 
two  points,  i.e.,  Pfk(r  =  t-At)  and  pfak ,  by  Axf,  Arf  and  At? f ,  respectively. 
Then  using  (1.3),  we  can  obtain  for  Af,  for  instance, 


Ax  f 


On  the  other  hand  we  have 


OX 

'«Xfl 

-  Bt  . 

T  —  t  St 

.  at  J 

Hence,  using  the  first  equation  of  (1.8),  we  can  obtain 

/dxpft> 

f  \  dt 

In  the  same  manner  we  have 


+  [%](b)  +  [N](b))  • 


=  (Kl(b)  +  K](b))  *• 

d—  N(b)  +  7  11  • 


<!t 


Substituting  these  Axf,  rf  and  f  in  (1.6),  the  following  equation  is  obtained: 


>b(r.v)  oxb(r,v) 

-  x  f - 


/«b(r,v)  ’fb(r,v)  xbfr,vi  -b(r,v) 

\  or  v  r 

Since  the  equation  (1.9)  represents  the  tangential  plane  of  the  blade  surface  (1.1), 
the  free  vortices  sprung  from  the  bound  vortices  are  seen  to  follow  initially 
along  the  blade  surfaces. 

It  is  in  general  a  very  complicated  problem  to  solve  (1.1)  -  (1.8)  for  a  given 
propellers  working  in  unsteady  state,  where  the  "strength"  and  the  "positions" 
of  the  bound  and  free  vortices  are  fluctuating  with  time  unlike  to  the  case  of 
steady  state.  However,  when  the  working  condition  does  not  deviate  so  far  from 
the  steady  state,  as  in  the  case  of  the  steady  state  superposed  by  small  fluctua¬ 
tions  of  the  movement  of  the  propeller  and  the  outer  flow,  we  may  safelv  neglect 
the  time  fluctuation  of  the  geometrical  positions  of  the  free  vortices,  for  the 
variation  of  the  pitch  of  the  helical  free  vortices  is  generally  proved  to  have  lit¬ 
tle  effect  upon  the  performance  characteristics  of  the  propeller  working  stead¬ 
ily  [1].  We  may  also  neglect  the  contraction  of  the  free  vortices  [2]  and  the 
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effect  of  an  oblique  flow,  because  these  effects  are  considered  to  be  very  small 
in  the  case  of  steady  state.  In  these  circumstances  the  position  of  the  free 
vortices  is  approximated  by 

Xf  =  Xb(r,v)  -  xpft)  +  xfr.cp)  , 
rf  =  r  . 

Of  =  eb(  r,  v)  -  9p(t)  +  <p  +  2rr(k-  1)/N  , 


where  v  -  y0(  t  -  t)  and  <pQ  is  a  constant  to  be  determined  hereafter.  Taking 

dOJt) 


dVl ) 

x„  =  — - - 

p  dt 

(1.4)  is  re-expressed  by 

vT(  r  '  )  a> 


dt 


N  r 

V’  r 


=  4-^Z  f  dr'  I  .  dV'  I 

kl:_  u  f  r  V 


'/k  [r'.v'.t  -  f-) 


cx(  r' 


ixbfr',v')  Sftfr'.v')  ox(r',5)  Bxfr'.s)' 


,  /  ,,xb>  ,  'v  .  '-'■'b' 

+  r  - - -  -  - - -  -  + 


3r ' 


33 


c  1 


pr  fl  Rf. 


d;'  (1.10) 


where 


Rf, 


-4 


xtr',31  +  xb(T',v') 


-  2r'fr  cos  [:  t  bfr',v')-r-  pf  t)  +  2pfk- 1)/N]  . 

And  the  boundary  condition  (1.6)  or  (1.7)  for  first  blade  is  re-expressed  by 

g*b(  r.  v)  _  3xbf  r,  v)  3rh(  r ,  v)  /3rhf  r  .  v)\  / 

3r  3v 


(["'I.,  *  °'  (M1) 


or 


*T(  r  '  ) 


4^7  H  {  dr'  f  dv'  f  Vk  (  r  '  •  V  ’  .  t 

k=1  rB  "vL(r,>  J°  ' 


_ 

o; 


'^bfr,  v)  /orb(r.v) 


j?v  /  dt? 


$xb(r.v)  e?b(  r,v) /cr^  r,v) 


3r 


_ 3xf  r',  t)  _ 

c  x  r  1 B  3  c  - 


(1.12) 

(Cont.) 
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+  r ' 


3xb(r,v')  d$b(T'.v')  r  ' ,  fp )  3x(  r  ' ,  <j) 


dr' 


dtp 


dr  ' 


dr 


1 

V 


d  cp 


*  f  “ 
*=*b 


dxb(r,v)  dxbfr,v)  d6b(  r  ,  v)  /  d£<b 


Br 


Bv 


—)[”.]  ■ 
OV  /  L  r  J  (  b  ) 


(1.12) 


Similar  equations  as  (1.11)  or  (1.12)  can  be  obtained  for  the  k-th  blade,  too. 

Then  we  shall  consider  the  forces  acting  on  the  propeller.  Since  the  pres¬ 
sure  difference  between  upper  and  lower  surfaces  of  the  propeller  blade  is 
equal  to  the  product  of  the  strength  of  the  vortex  and  the  component  of  the  veloc¬ 
ity  normal  to  the  vortex,  we  can  derive  the  following  expressions  for  those 
forces.  Letting  the  density  of  fluid  be  p,  the  force  due  to  the  component  of  the 
bound  vortex  in  the  r  -direction  can  be  expressed  as 


P(*p  +  [V*](b,  +  [W*J(b))  V'.v.Odvdr. 

‘"Hp  +  M(b)  +  M(b))  rk(r'v't)dvdr 

in  the  $-  and  the  x-component  respectively,  and  that  due  to  the  component  of 
the  bound  vortex  in  the  x -direction  as 


\  3xb(r,v) 

N(bJ  dvdr, 


+  N(b)) 


dxbfr,v') 


dr 


dv  dr 


in  the  r  -  and  the  -component  respectively,  and  also  that  due  to  the  component 
of  the  bound  vortex  in  the  --direction  as 


"(Mo,  + 

‘P(*p  +  N 


[w'](b)) v 


V  r.v.t) 


r3fh(  r,  v) 


dvdr 


(b, +  [w-l fb)  Vr'v’n 


r'^b(r  v) 
Br 


dv  dr 


in  the  x-  and  the  r -component  respectively.  By  means  of  these  expressions, 
we  obtain  the  expressions  for  the  thrust  T0  and  the  torque  Q0  due  to  the  pres¬ 
sure  differences,  that  is, 
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T 


o 


rV'*.(  r,  v) 


N 

Qo  =  p<L 

k 


-  J,  “rI,  ,,, 


>  (1.13) 


°xb(  r,  v) 
or 


On  the  other  hand,  in  realistic  conditions  we  must  take  into  account  the  effect  of 
surface  tractions  caused  by  viscosity  which  was  neglected  in  the  above  deriva¬ 
tions.  Using  the  local  drag  coefficient  CD,  the  thrust  TD  and  the  torque  QD  due 
to  the  surface  tractions  can  be  expressed  in  parallel  with  (1.13)  as 


Then  adding  (1.13)  and  (1.14)  we  obtain  the  expressions  for  the  total  thrust  T  and 
torque  Q  acting  on  the  propeller,  and  also  for  the  efficiency  : 

T  =  T0*Td.  Q=Q3  +  Qd.  r  =  fxpT)  (\o)  .  (1.15) 

Thus  we  obtain  in  general  the  performance  characteristics  of  a  given  propeller 
working  under  an  unsteady  state. 

Then  we  shall  consider  the  case  where  the  movement  of  the  propeller  is 
quasi-steady,  i.e.,  x  =  V,  -p  -  ,  whereas  the  outer  flow  vx)  b  ,  v-  b,  and 

'vs'  (b,  is  oscillating.  The  coordinates  fixed  to  the  propeller  (-'.  r,  )  is  defined 
by  ^  =  x  -  Vt,  r  =  r  and  =  -  t.  However,  we  shall  use  hereunder  the  nota¬ 

tion  (x.r,-)  in  place  of  (-,  ,  ')•  In  this  case  averaging  (1.12)  w'ith  respect  to 
time,  we  obtain 


10 


On  the  Theory  of  Screw  Propellers 


/°V  r-v>\ 

( :.r  +  fv  1  \  -  /V  +  [v  1  \ 

/  rs,  J 

V  L  J(b)/  v  1  J(blj 

/  Jxbf  r  ,  vt 

^bfr.v) 

-  h(  r,v)  /  V  b(  r,v)\  r 

V  r 

cv 

r  /  -v  }  - 

(1.16) 


where 

R  2  =  \Z(x(r',r)  +  xb(r'.v')  -  x)2  +  r  f 2  r  2  -  2r  Jr  cos  f  ;  *  bf  r  ' ,  v  ' )  -  *  2  ■  f  W  -  1 )  N  )  , 

and  -f  r, v),  ;vx  (b),  ;cr;  b)  and  >.-.],bj  represent  the  time  averages  of 
yfr.v.t),  ,  ; v r  fb  and  v  '  b  at  a  constant  radius  respectively.  On 

the  other  hand,  in  the  procedure  of  calculations  of  T  and  0  from  (1.13),  (1.14) 
and  (1.15),  we  may  also  safely  obtain  the  average  values  under  the  approxima¬ 
tion  neglecting  the  terms  of  higher  order  of  fluctuations  in  these  expressions. 
Averaging  further  (1.10),  the  velocity  potential  7p  can  be  expressed  as 


Then  we  shall  here  examine  the  form  of  the  bound  vortices,  which  is  deter¬ 
mined  by  the  expressions  (1. 1)  through  the  functions  x bc  r ,  v )  and  bf  r,v).  For 
the  purpose,  we  shall  consider  now  the  two  ways  of  approximation  for  bfr.v). 
At  first,  we  take  the  form 

b<'r-v'>  =  j  [  i/r>  *  t1'1')]  *  J  [  '  i/r>]v-  (1.18) 

where  L(r)  and  T(r)  correspond  to  the  leading  and  trailing  edges  of  the  blade 
respectively,  hence 
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&L(r'>  =  f'b(r'v)  =  *JT(r'>  •  -1  <  v  <  1 

In  this  case,  using  a  parameter  a(r),  we  can  express  xb(r,v)  in  the  approximate 
form 


Vr-V>  =.  +  J*(T)  [Vr>  -  eiST'i]  v  ■  (1.19) 

The  expression  (1. 19)  means  physically  that  the  vortex  sheets  bounded  to  the 
propeller  blades  are  placed  in  the  helical  surface  with  radially  varying  pitch 
2-na(r),  and  further  that  these  vortices  are  lying  along  equi-chord  lines  on  the 
surfaces  of  the  blades. 

Next,  if  we  take  the  angular  coordinate  A  as  v,  then 

Sb(  r,  v)  =  6  ,  (1.20) 


where 


-L(  r )  =  9  =  eT(r)  . 


In  this  case  we  obtain 

xb(  r,  -)  =  xaC  r)  +  a(r)  -  j  pL(  r)  +  ~T(  r  ■  (1.21) 

This  is  the  form  adopted  in  the  previous  paper  [1]. 


2.  THEORY  OF  PROPELLER  IN  STEADY  STATE 


In  this  section  we  shall  examine  further  the  performance  characteristics  of 
the  propeller  working  in  steady  state.  Since  the  velocity  potential  c  does  not 
generally  contain  the  variable  t  explicitly  in  this  case,  the  expression  (1.10)  or 
(1.17)  is  re-expressed  as  follows: 


wp 


fVT‘r,> 

dr'  |  v(r',  v’)  Q(  x,  r,  -  ; 

VL<''> 


r  ,  v ' )  dv  ' , 


where 


(2.1) 


(2.2) 


>/[*  r',:)  +  xb(r',v')-x]' 


r2-2rjrcos[oJ-  rb(  r  ' ,  v ')  -  6  +  2~(  k  -  1 )  n] 
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Then  the  boundary  condition  (1.16)  can  be  re-expressed  as 


l  f'0  ,  fVT<r,> 

—  dr  yf  r  ' ,  v' )  St  r  ' ,  v  ' ;  r  ,  v)  dv  ' 

J'  Jv,  (  r  ' ) 


/  oxbC  r,  v)  /  3£bf  r ,  v ) \ 

\  rdv  /  dv 

rdxb(r,v)  dxb(r,v)  3«b(r,v)  /3fib(r,v) 


3r 


Bv 


Har  *  I5’],-,)  -(f*  w(b>) 

[% 


(  b) 


(2.3) 


where 

St  r  ' ,  v  ' ;  r ,  v)  = 


o  _  af  r , v )  _3_  _  /  5xb(r'vl 

T  d6~  T\  dr 


3x 


-  af  r, v) 


r,v) 


t  /  dr 


d—f  Qt  x,  r,  5;  r',v') 


*=*b(r.v)  ’ 
-Je=°b(r,v) 


(2.4) 


oxbt  r ,  v )  /  d-bt  r ,  v) 


at  r ,  v)  = 


On  the  other  hand,  from  (1.5)  and  (2.1)  the  components  of  the  induced  velocity 
wx,  wr  and  *a  are  re-expressed  as 


r  fVT<r,) 

dr'  y(  r  ' ,  v'  )  —  Qf  x.  r  , r  ' ,  v 1 )  dv ' , 

V’1) 


fr»  rvT(  r'  > 

dr  yf  r  ' ,  v ' )  - —  Qf  x ,  r ,  ;  r  ' ,  v ' )  dv '  , 

r  B  JvL(r<) 


r'°  rv  T(r>)  a 

dr  j  yfr'.v')  - Qfx.r.  ,  r',v')dv'. 


>  (2.5) 


Finally  (1.13),  (1.14)  and  (1.15)  are  re-expressed  as  follows: 


T0  =  .N  f  dr  £  ^  >fr.v)|.  r  +  [vf](fc)  +  [*.] 

r?rb^(Pl](b)  +  [*,] 


(b  ) 


or  .  >  (2.6) 

<b)'J  1  (Cont.) 


13 


Y  amazaki 


Q„  =  pN 


|  dr  j  7(r,v)jv  +  [vx]  +  [*x] 

r  _  v .  (  r  ^ 


(  r  ) 

nxh(  r,  v) 


rD  =  -  y*N  (  dr  j  CD  ll 

-rB  J»L<')  >- 


V  J  +  fw  1 

rJ  (  b  )  L  rJ 


(b) 


(b) 


rdr  , 


’Vr’v>  c~b(T.v) 


T  nv  tv 


(“'*  Me,  M,.  •[*-]<..)  ,Jr'  f  <2'6) 


Jv,(r>  L  ' 


0Xbf  r,  v)  lc?b(  r  ,  v) 


(  r  *  N(b)  +  [**]  b))  r 


2  dr  , 


T  =  T0  +  Td  ,  0  =  Q0  -  Qe 


=  (VT)  C.Q)  ■ 


When  principal  dimensions  of  the  propeller  and  a  velocity  of  the  outer  flow 
are  given,  we  can  calculate  the  value  of  ■(?,  -)  using  (2.3)  and  (2.4),  and  there¬ 
fore  the  induced  velocity  on  the  blade  .xx_  t  ,  *T.  b  and  >-  b)  using  (2.5). 

Thus  we  can  obtain  the  performance  characteristics  in  this  case  from  (2.6). 

Then  we  shall  compare  the  expressions  (2.5)  with  the  formulas  deduced 
from  the  law  of  Biot-Savart.  At  first,  putting,  for  convenience, 


.X  =  x  (  r  ' ,  .  >  -  x .  (  r  '  .  v '  )  -  x  . 


0  =  -  :  bt  r  '  .  v'  )  -  +  2-fk  -  1>  N  . 


(2.7) 


and  calculating  the  integrand  of  (2.5)  by  means  of  (2.2),  we  obtain  the  following 
expressions: 


—  Q(  x .  r .  :  r  ' .  v  ' ) 
cx 


\  j  r'(r'-r  cos  0 


4-  - -  -r  '  ! 

k  =  1  -0 


dv 


R-,' 


r  sin  0  -  r  '(  r  '  -  r  cos  0) 


R  -> 


(2.8) 

fCont.) 
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N 

-  Ot  x ,  r ,  t1;  r  ' ,  v ' )  J-  Y"  ( 

or  4"  / _ .  i 

k  =  1 

L 

T  exf  r ' , 

r  -  r  sin  (’) 

,  |  0? 

-  r'X  cos  0 

_  _  .  rj 

I- 

r 

\ 

'  J  3 

**)  r2 

:X 

X  s  i  n  f-)  -  r  s  i  n  0  - -  + 

or  1 

r  ' X  cos  0  -=—t 

or 

\ 

3 

_  R2 

__ 

-c 

n 

Q(x,  r 


N  /  * 

-mH 


X  r  '  s  i  n  0  + 


oxt  r  ' , )  , 


I  r  cos 


0-  r)| 


r (2.8) 


d"5 


-X 

-Xcos0  +  (r'  cos0  -  r)  +  r  'X  sin  z — -  1 
zr  '  zr 


W 


where 


R2  =  ,  X2  *  r'2  +  r2  -  2r'r  cos  0  . 

Then,  substituting  (2.8)  in  (2.5),  and  integrating  (2.5)  by  parts,  we  can  prove  t.i.  t 
the  integrals  corresponding  to  the  first  and  second  terms  of  the  right  hand  side 
of  (2.8)  agree  with  the  components  of  the  induced  velocities  obtained  by  integrat¬ 
ing  the  free  and  bound  vortices  by  means  of  the  law  of  Biot-Savart  respectively. 

Then,  in  order  to  simplify  the  calculations,  we  shall  adopt  the  expressions 
(1.20)  and  (1.21),  which  means  af  r.%  )  -  am  in  (2.4),  and  assume  further 

at  r  ;  -  a.  xb(  r.  r)  =  a: 

for  the  form  of  the  bound  vortices,  and 

xt  r.  ■;)  Vxf  r,  r) 

-  -  ht;).  - —  = 

CT 


(2.9) 


(2.10) 


for  the  form  of  the  free  vortices.  The  expressions  (2.9)  and  (2.10)  mean  that 
the  surfaces  of  the  bound  and  free  vortex  sheets  are  replaced  by  the  helical 
surfaces  which  have  constant  pitches  over  the  radial  direction  respectively. 
Introducing  further  the  variables  ;x  and  --  by 


Xbt  r.-)-x  =  a  -x 


hm=. 


X  1 


(2.1)  and  (2.2)  will  be  re- expressed  as 


(2.11) 
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fr°  ,  fVr,> 

=  dr  y(  t  '  ,8')  Q(x  r,0,r',9‘)  dt>' , 

T  B  -  i  (  r  '  ) 


(2.12) 


where 


Q(  x,  r,  9:  r  ' 


j_  y  f  !7_f _ _  hop)  _i_ 

4 rr  L_i  dex  r'  Be5/1  R3 


dt  , 

E  =  r-i—  (  a?  '  -*) 
*  h(V) 

£a  =  9'-« 


(2.13) 


R3  =  -J\\(  v) 2  C  ;  +  e x )  2  +  i  '  2  +  r  2  -  2r  '  r  cos  (y  +  e9  +  2w(k  -  ly'N)  . 

*s 

And  also  neglecting  the  higher  order  terms  in  (2.3)  and  (2.4),  we  obtain 


T<r'> 


rP'T 

Jq  ,  r  • 


7(r' ,r')  S(  r'  ,  5 ' ;  r,  61)  dd' 


(  r  '  ) 


(“'  *  N,..)  '(5*  N,.,) 


(2.14) 


where 

S(  r'.r';  r.f) 


r  j_V’ 

kM  *0  jj 


r  g  a  %  \  /  r *  g  H(~’)  ~  \  1 

h(;)  -x  "  r  l  hr.-)  ~sx  ‘  r'  >eJr3 


»  h(y) 
c  r  a  *  -  o 


d;  •  (2.15) 

a  , 

(?  -?) 


Furthermore,  approximating  yfr.r)  by 


2  /  Tf  r’>_  - 

-•(r,-)  =  — = - - - T  1/  - —  .(O 

rr[-  T(  o  -  rLrrl]  /  ~  -  -L(0 

then  multiplying  the  equation  12.14)  by  the  operator 


»'->  !e 


[  t< 


%'r>]  iL(o  d'  reT(r 


,(  r) 


(2.16) 


(2.17) 


and  calculating  the  integral  of  the  left  hand  side  by  means  of  the  formula  of 
approximation  [3] 


16 


and  ;vx;  (b)  and  [va)(b)  are  taken  as  average  values  of  ;vx;  b  and  Lv*'{b) 
with  respect  to  the  chord  direction  instead  of  the  more  correct  values  of  them, 
i.e.,  those  on  the  3/4-chord  lines  r  =  53  4fr),  because  [vx]  ,b  and  Ivx1  b 
generally  vary  very  little  along  the  x-axis.  Equation  (2.20)  means  that  2~a'r) 
is  the  pitch  of  the  zero  lift  line  of  the  blade  section  and  a  in  (2.9)  is  taken  so  as 
to  coincide  with  a(r)  at  the  equivalent  section  r  =  rj  of  the  blade. 

From  (2.9),  (2.16)  and  (2.6)  we  can  obtain 
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T  =  To  +  td-  o  =  Q0  +  Qd,  ry  =  (VT'ClQ)  ,  (2.22) 

where  wx'fb)  and  [w9](b)  represent  the  values  of  the  components  of  the 
induced  velocity  rw,/(b)  and  'w.;(b)  on  the  1/4-chord  lines,  and  ' vx  (b)  and 
[v9]  fh)  are  the  same  as  those  defined  above.  From  (2.5),  (2.13),  (2.16)  and 
(2.18),  we  have 


r(  r') 


—  Qfx.r,^ 


dr' 

4(r) 

?  =  ?1  4  f  r) 


o 

rh'j 


Qfx,  r, 


r'.-i4tr')j  dr' 

J*=a?l  4(  r) 


and  after  some  deductions  we  obtain 


r*.i 


x  =  — »— — -  I  c  r  '  )  ST(r',r)  dr' 

J;b  )  r2  +  J 


r  - 

W  „  1 


L  -J(  b  . 


:  •  72Th2’ )  •  r°  Vr'-r)  dr' 


(2.23) 


where 


Sjf r'.r)  =  r  ' .  - ' ; r . 


At  this  stage  it  remains  to  determine  the  pitch  of  the  free  vortices.  For 
this  purpose,  we  shall  consider  the  simpler  case  of  a  wing  placed  in  an  uniform 
flow  [4,5].  When  angle  of  attack  of  the  wing  is  small,  the  free  vortices  sprung 
from  the  bound  vortices  follow  along  surface  of  the  wing  and  separate  from  it  at 
the  trailing  edge,  and  the  linear  theory  holds  in  this  case.  On  the  other  hand, 
when  the  angle  of  attack  is  increased,  the  free  vortices  are  separated  at  an 
intermediate  position  on  the  wing  in  front  of  the  trailing  edge,  and  when  the 
angle  of  attack  is  further  increased,  a  stall  is  caused  at  last,  the  condition  of 
w?hich  depends  largely  on  the  form  of  the  camber  line  of  the  wing.  Furthermore, 
when  the  leading  and  side  edges  of  the  wing  are  very  sharp,  the  flow  is  sepa¬ 
rated  at  these  edges  irrespective  of  the  angle  of  attack.  In  these  cases  a  non¬ 
linear  effect  on  the  lift  coefficient  of  the  wing  becomes  important,  and  this  effect 
is  particularly  appreciable  when  the  aspect  ratio  of  the  wing  is  small.  Contrary 
to  the  cases,  when  the  aspect  ratio  of  the  wing  is  very  large,  the  non-linear  effect 
becomes  negligible  even  if  the  leading  and  side  edges  are  very  sharp  or  the  wing 
is  heavily  loaded.  And  for  these  cases  the  well  known  linear  theory  car,  be 
applied.  These  considerations  for  the  single  wing  can  be  also  applied  for  the 
case  of  the  propeller  in  which  the  following  three  cases  are  distinguished- 
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a.  a  flow  without  separation  at  the  leading  edge, 
ta.  a  flow  separated  all  over  the  leading  edge, 
c.  a  flow  separated  partially  at  the  leading  edge. 

a.  In  this  case,  in  order  to  calculate  the  average  effect  of  the  system  of  the 
free  vortices,  we  shall  now  introduce  an  assumption  for  the  path  of  the  free 
vortices  that  the  free  vortices  sprung  from  the  bound  vortices  on  the  blade  fol¬ 
low  initially  along  the  helical  surface  with  constant  pitch  as  described  by  (1.21) 
or  (2.9),  leaving  the  blade  at  the  line  &  =  r)  instead  of  the  trailing  edge,  and 
receding  along  the  helical  surface  with  another  pitch.  In  this  case  we  can  take 

-'  =  ■:+  vbe  r> v)  -  -V  r~>  • 

x(  r .  =  a(r)z',  for  £b(r,v)  ~  rjCO  <  z'  <  0  (2.24) 

=  h(  r ) 7  * ,  for  0  <  7 '  <  ~ 

or  using  (2.9),  for  equivalent  section  r  -  i-j  of  the  blade 

•'  =  -  *  *  • 
hf  ■;)  =  a  ,  for  -  rjf  r )  <  z'  '  0 

-  h,  for  0  •"  z '  <  x  . 

On  the  other  hand,  since  the  equation  (2.19)  means  that  the  bound  vortices  con¬ 
centrate  cn  the  1/4-chord  lines  of  the  propeller  blades,  we  may  deduce  that  the 
free  vortices  are  carried  away  with  the  velocity  nearly  equal  to  that  in  the  neigh¬ 
bourhood  of  the  concentrated  vortices  when  the  width  of  the  blade  is  not  large. 
Hence,  using  (2.24),  the  condition  (1.8)  for  the  free  vortices  can  be  replaced  by 


where  and  -w7fb  are  used  for  approximation  in  place  of  >/.  ,  and 

>/  f  in  (1.3),  and  the  second  equation  of  (1.8)  can  not  hold  since  the  contrac¬ 
tion  of  the  free  vortices  is  neglected.  From  the  above  equations  we  have 


Furthermore,  for  the  equivalent  section  r  =  of  the  blade  we  have 


(2.25) 
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where  ivx](b)(ri),  <b )( , l)}  etc.,  represent  the  values  of  [5X]  ,  *x  , 

etc.,  at  the  equivalent  section.  For  the  lightly  loaded  propeller,  we  can  assume 
a  =  h.  In  the  previous  paper  [1]  the  theory  is  developed  along  this  idea. 


b.  In  this  case  we  may  avail  the  method  used  by  Gersten  [4]  in  this  treat¬ 
ment  of  the  single  wing  which  has  large  chord  length  and  arbitrary  plan  form. 

He  represented  a  flow  separated  all  over  the  back  of  the  wing  by  appropriate 
systems  of  free  vortices,  in  which  the  free  vortices  are  assumed  to  leave  the 
wing  with  half  an  angle  of  the  angle  of  attack  of  the  wing,  thus  he  showed  that  the 
calculated  values  coincide  with  the  experimental  rectangular  ones,  delta  or 
swept  back  wings  in  the  range  where  the  wings  do  not  stall.  The  similar  as¬ 
sumptions  can  be  used  in  our  case,  that  is,  we  assume  that  the  free  vortices 
springing  from  the  points  all  over  the  blades  recede  forming  the  helices  of  con¬ 
stant  pitch  and  retaining  their  strength  without  following  the  surface  of  the  blade. 
In  this  case  the  pitch  of  the  free  vortices  can  be  determined  by  using  the  follow¬ 
ing  expressions: 

x(  r,  ~)  =  he  T)~  , 


h(r)  = 


h„(r)  = 


71 


r 2  +  af  r)4 


r2  +  h  (  t)2  -  r2  -  a(  r)  hr  r) 


a(  r)  -*•  hf  t) 


V  +  v. 


'7:b, 


From  these  expressions  we  have  for  the  equivalent  section  r  =  rx 

hr -)  =  h  . 


h  = 


V(r  i2  ~  r  ]2  ^  h  02 )  -  (t2  -  aho) 
a  -  h„ 


7.  -  I  v .  r , 

u  rJ  ,  b  )  (  r  i  ;  1 


Then  neglecting  ;he  higher  order  terms  of  (a  -  h),  we  obtain 


(2.26) 


S(  r  ' . :  t.  )  =  S(  r  ' .  -  ' :  r.  -  (a- hi  — ST  r  ' .  -  ' :  r.  r)  [ 


(2.27) 


For  simplicity,  taking 


70  4*(“‘W  *  -  '■  •  -  <•"»  •-.«')} . 

and  substituting  this  in  (2.19),  the  following  equations  are  obtained: 


(2.28) 
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S(r i-');  r,5  4ft)  dr 
J  a=  h 


M‘oo[ 

f  B 

zliiMJi: -(li.NJ 


af  r  ) 


*(r'* M,.,..,,/'1)  ■(* *[”*]<»>..,>)  ' 

r 

I  J  Tjfr')  [sfr'.-r^COir.Sj  yoj^dr 


=  -  7  {  Vr'>  Sf'-l  4rr');r-3  4 


'4(  ^ 


d  r 


(2.29) 


The  first  equation  of  (2.29)  coincides  with  the  fundamental  integral  equation  of 
the  linear  theory,  and  the  second  one  is  nothing  but  the  equation  determining  the 
non-linear  term  71(r').  Hence  solving  (2.29)  and  using  (2.28),  the  total  ~'r') 
can  be_  obtained.  Substituting  this  '( r '  >  in  (2.21),  the  induced  velocity  ... 
and  (b  can  be  obtained.  Thus  the  performance  characteristics  can  be 
obtained  from  (2.22). 

c.  This  is  the  intermediate  case  between  a.  and  b.,  and  is  difficult  to  be 
dealt  with  theoretically  without  using  further  assumptions. 


3.  NUMERICAL  EXAMPLE  IN  STEADY  STATE 

In  this  section  we  shall  examine  further  the  approximate  method  to  calcu¬ 
late  the  performance  characteristics  of  a  screw  propeller  in  steady  state. 
Taking  into  account  the  various  numerical  examples  studied  in  the  previous 
paper  [1],  we  shall  start  our  calculations  using  the  expression  as  the  appro¬ 
priate  form  of  ~( r ) 


~(T)  - 


(3.1) 


where  .  is  a  circulation  of  the  blade  at  the  equivalent  section  r  =  r ;  and 


r  2  -  r  2 
o  B 


(3.2) 


Then  multiplying  both  the  sides  of  (2.19)  by  the  operator 
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r  2  -  r  2  7  J 
o  B  r 


drr  Uf  ro2  -  r2)  r 2  -  rB2) 


(3.3) 
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we  have 


77  232_-—  1  ^ro2  -  r2>  ^r2  -  rB2>  dr  I  'Aro2  -  r'2)  tr'2  -  r 

’  O  R  ;  r  „  *r  D 


*  SV,  7  Vr');r.-3  ^r,]  dr' 
where 


-  CV  r  q  )  , 


(3.4) 
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■  (  r  2  -  r  2  -  '  J 
o  B 


f  °  / - 

T  I  af  r)  J(  ro2  -  r2)  (  r2  -  rB2)  rdr 


16 


'^ro2-  r3^' 


r  _ 

f  °  K"  J(t  2  -  r2)tr2  -  r  2 

J  L  XJ  r  b )  °  B 


)  rdr  . 


>  (3.5) 


q; 
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ro2  -  rs2>  'r 


a(  r  ;  --  -  1  :  2  :  7" 

-  v.  J(  r  2  -  r2  i  t  r2  -  r_2  dr 

a  -  b  °  B 
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~<To-  rB>  ^ 


v'C  r  2  -  r2)fr2-  r2)  dr. 


and  2~a(  r)  is  the  pitch  of  the  zero  lift  line  of  the  blade  section.  Substituting 
(3.1)  in  (3.22)  and  (2.23),  and  performing  the  integrations,  we  have 


2  -  -  2 


T  = 


N T (  -  q.  -  u.. 


-  rb2-  rB2' 


where 


(3.6) 


32 


i  2  2  2 

r  -  -  r-  r*  -  r  -  dr 


~  r  /  -  r 


2  _  r  2 


*)  .  T 


o  B  B 


STfr  .r!  b  (  t-  - 


.  *»  ,  *> 


>  0.7) 

(Cont. 
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V(To  -  '  d2)  J  'b 


—  J 


2  -  r  2)  f  r  2  -  r  2)  dr 


E  r  2  +  h  2 


STe  r ' , r)  J(  t2  -  t ' 2 )  (T  ' 2  -  r  2 )  dr  '  . 


Then  assuming 

CD  ’  TC  r)  -  \f  r)1  ( 1  *  a2  r2) 


=.  2]  [c„r(Vr)-  i/r>)  fl*a2  r2)^  C.-  q, ~  U;~)  %Vr02-  r2,tr2-  rB2, 


Td  and  0D  are  calculated  approximately  as 

TD  r  fTF  I  (To2-  rB2)  CDr  Yr>  ■  l/r>  M  -  a2  r2,_ 


-  a.  ~  u.:  )  tv  -  q  -  u  .  )  . 


>  (3.3) 


Qd  --  N  '32)fro4  •  ^  Yr  *  L <*))  - 


a2  r2,' 


(  -  Q  .  -  U  - 


Finally  we  obtain 


T=T  *  T  „  0  =  °  —  0 

1  S  *D  v  -D 


VI  r.o 


Defining  the  non-dimensional  quantities  as  follows. 


u  =  (\‘  r  j  u  . 

X  ox 


r  =  D  2. 


V  =  r  : 


if  r)  =  r  J  © 


T  ^  r-.2D4C-. 


q  =  V  c  . 

1  X  •  X 


^  (3.10) 


and  putting 
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2  1 


'B  1  "  -B 


t  , 


-  (3.11) 


S[r,,'1'4'r')ir.^/4'r)]  =  ~  ~  T~  2  /</*  '  ■  *■ >)  *  Fo ( 1 


where  FoB<V,  t ,  !,)  and  Fjtt‘,t,>)  are  defined  in  the  previous  paper,  (3.4)  and 
(3.5)  are  re-expressed  by 


(1  =  ;>n  -q,)  -  >0(1  *qx}'.  k2 


where 


k2  “  *  _2 


f  ./TT5  dt  [  /i-t'2  >0®  _  -77— 

••  1  *  l 


(3.12) 


=  ~  I  ©ff  A  -  t2  dr 


.1  V  _ _ 

I , 


(3.12; 


1  - 


and  also  (3.6),  (3.7),  (3.3)  and  (3.9)  by 
CT,  =  31  N  1  -  -B2  G  1  *  "•- 


G 


CC„  =  54  ^  1  *  V  °  '»  1 


CTD  =  ^  N  1  -  :B  C-o  1  -  i-  - 


COD  *  7:55  *  1  rE  C  1 


C-  =  CT  - 


GC  -  GCD  • 


VT  C 


where 


C-  - 


1  - 


'3.15 
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F  Vt'.t,..) 


F  J  <  t ' 


dt ' 

c  t  ■  - 1)2 


dt * 

ct ' -  t)2 


r  (3.16) 


Furthermore  for  a  given  -0,  ^  can  be  determined  approximately  from 
(2.26),  we  get 


O 


1  -  5* 
1  *  qr 


1 


(3.17) 


Using  (3.17)  we  can  obtain  the  value  of  ■,  x  for  a  given  -0. 

For  a  given  outer  flow,  for  instance,  in  the  case  of  open  water  =  q.  =  0 
and  for  a  given  propeller  for  which  ©f;'),  -L(f)  and  rTfj)  and  accordingly  . 
and  F0B^t'.t,v)  are  given,  we  can  calculate  ■~1  from  (3.17)  and  therefore 
Fjft'.t.v)  for  a  given  Then  using  (3.12)  and  (3.16),  we  obtain  k2  and  G, 
and  also  ux  and  T.  On  the  other  hand,  if  CL  is  assumed,  we  can  calculate  C 
from  (3.15).  Thus  using  these  G,  C,  ux  and  u - ,  we  can  calculate  CT  and  cc 
from  (3.14).  On  the  contrary,  if  CT  and  C0  for  a  given  >0  are  known  from  ex¬ 
periments,  we  can  calculate  C  and  G  from  (3.14),  using  ;  x ,  Gx  and  u.  evaluated 
from  (3.16)  and  (3.17)  for  the  given  -  and 


As  examples,  we  shall  compare  the  values  of  G  calculated  theoretically  from 
(3.12)  and  (3.17)  with  those  obtained  by  experiments  using  (3.17),  (3.16)  and  (3.14). 
The  propellers  adopted  are  shown  in  the  Table  1,  and  the  results  calculated  are 
shown  in  Figs.  2-5.  In  this  case,  the  results  calculated  theoretically  from  (3.12) 
is  based  on  the  linear  theory.  The  discrepancy  between  the  theory  and  the  ex¬ 
periments  is  considered  to  be  attributed  to  the  non-linear  effect.  As  shown  in 
Figs.  2-5,  when  the  pitch  ratio  is  small,  the  non-linear  effect  is  small.  On  the 
other  hand,  when  the  pitch  ratio  is  large,  the  non-linear  effect  is  verv  large, 
especially  for  the  Gawn  type  in  which  the  shape  of  the  blade  section  is  ogival. 

On  the  contrary,  for  the  shape  of  the  blade  section  of  the  B-  -  50  type  (T.T. R. T. 
which  is  airfoil  in  main  part  excepting  the  place  near  the  tips  where  the  shape 
is  ogival,  the  non-linear  effect  is  not  so  large.  The  reason  for  this  phenomenon 
can  be  explained  from  the  standpoint  mentioned  in  the  last  part  of  section  2  '6.7'. 
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Table  1 


Experimenter 

Gawn 

Tsuchida  (T.T.R.I.) 

Type 

B,  -  50 

Number  of  blade 

3 

3 

Boss  ratio 

0.2 

0.2 

Blade  area  ratio 

0.50 

0.50 

Blade  thickness  ratio 

0.060 

0.050 

Rake 

0 

10'  -  18' 

Face  pitch  ratio 

0.8,  1.4 

0.8,  1.4 

Blade  section  shape 
Developed  blade  outline 

ogival 

Elliptical 

airfoil  (ogival  at  tips) 
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ABSTRACT 

In  the  present  paper  some  propeller  design  methods,  based  or.  vortex 
theory,  are  discussed  and  compared.  Using  ditterer.:  combinations  of 
lifting  line  and  lifting  surface  theories  propellers  for  two  nor.-opttmum 
loading  cases  have  been  designed.  According  to  the  resulting  designs 
for  one  of  the  loading  cases  model  propellers  have  been  manufactured 
and  submitted  to  open  water  and  cavitation  tunnel  tests  in  homogeneous 
flow.  The  effective  pitch  and  cavitation  properties  thus  determined  are 
compared  with  those  theoretically  predicted.  In  the  cavitation  tunnel 
also  the  axial  component  of  the  induced  velocity  behind  the  propeller 
has  been  measured  at  different  radii  and  the  values  obtained  compared 
with  calculated  values.  For  comparison  also  an  optimum  propeller  has 
been  designed,  manufactured  and  tested. 

Some  of  the  conclusions  drawn  from,  the  results  are  summarized  at  the 
end  of  the  paper. 


INTRODUCTION 

In  an  earlier  report  [1*  the  author  presented  the  results  of  a  comparison 
between  the  application  of  different  propeller  theories  all  based  or.  vortex  theory 
on  an  extreme  loading  case,  characterized  by  a  rather  low  advance  ratio  and  an 
appreciable  unloading  of  root  and  tip.  Lifting  line  theories  of  Goldstein  (*- 
method),  Guilloton,  Lerbs  (induction  factor  method)  and  Strscheletzky  (induction 
factor  method)  were  compared  together  with  lifting  surface  theories  developed 
by  Ludwieg  and  Ginzel,  Guilloton  and  Strscheletzky. 

The  theories  were  used  for  the  design  of  three-bladed  propellers  of  a  giver, 
blade  form  for  a  loading  case  defined  by  the  condition  that  a  prescribed  non¬ 
optimum  circulation  distribution  should  be  obtained  at  an  advance  ratio,  J  =  0.45 
in  homogeneous  flow. 
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According  to  some  of  the  methods  model  propellers  were  manufactured  and 
submitted  to  cavitation  tunnel  and  open  water  tests. 

The  present  investigation  is  a  continuation  of  the  investigation  referred  to. 

A  new  loading  case  is  treated,  some  of  the  methods  mentioned  omitted  and  some 
new  added.  The  experimental  part  of  the  investigation  also  includes  measure¬ 
ment  of  the  axial  component  of  the  induced  velocity  behind  the  propeller. 

For  comparison  some  calculations  are  performed  for  a  corresponding  case 
of  optimum  circulation  distribution.  Also  for  this  case  a  propeller  has  been 
manufactured  and  tested. 

Finally  some  comparative  lifting  line  and  lifting  surface  calculations  for  a 
loading  case  originally  published  by  Pien  [17'  are  presented  and  discussed. 


LIFTING  LINE  THEORIES  USED  IN  THE 
PRESENT  COMPARISON 

Among  the  lifting  line  theories  available  those  of  Goldstein,  Guilloton, 
Lerbs  and  Str scheletzky  were  presented  in  ill.  In  the  present  comparison 
Guilloton's  theory  is  omitted,  being  applicable  only  to  three-bladed  propellers. 
In  the  following  some  limitations  in  application  of  and  approximations  involved 
in  the  different  theories  are  discussed.  For  a  more  thorough  description  of  the 
methods  is  referred  to  [1  and  to  the  original  papers. 


Goldstein's  ^-Theory 

In  its  original  version  2,3  this  theory  is  only  applicable  to  the  case  of  a 
propeller  with  maximum  induced  efficiency  or  minimum  kinetic  losses  and  hub 
diameter  zero.  Thanks  to  this  limitation  of  the  problem  the  relation  between 
the  bound  circulation  and  the  tangential  component  of  the  induced  velocity 
can  be  expressed  by  the  simple  equation 


where  X  is  a  function  of  and  x  only. 

As  the  induced  velocity  component  uN  in  Fig.  1  can  be  proved  to  be  per¬ 
pendicular  to  v  in  this  case  the  remaining  component  uA.  the  hydrodynamic 
pitch  angle  and  the  lift  can  be  calculated  from  pure  geometrical  considerations. 
In  [31  diagrams  are  given  of  -i  ,  making  it  possible  to  calculate  and  :ar. 
directly  from  the  equation 


(2) 


Later  X-  and  -values  for  the  case  of  an  optimum  propelic-r  with  finite 
hub  were  deduced  [4,5] . 
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In  spite  of  what  has  been  said  above,  the  method  is  often  used  also  for 
calculating  propellers  with  non-optimum  circulation  distributions.  The  hydro- 
dynamic  pitch  angle  and  lift  for  each  section  is  thereby  determined  independently 
from  the  others  by  a  trial  and  error  procedure. 


The  Induction  Factor  Method  as  Put  Forward  by  Lerbs 

The  calculation  of  the  relation  between  the  circulation  distribution  G.  x 
and  the  distribution  of  induced  velocities  u~  x  ,  .' *  *nd  y.  according  to 

the  induction  factor  method  starts  i rom  the  equation 


for  the  axial  component  oi  the  induced  velocities  at  the  blades  and  correspond¬ 
ing  equations  for  the  other  components. 

The  only  difference  between  Eq.  (3)  ard  the  corresponding  expression  for 
the  induced  velocity  at  a  wing  is  the  presence  of  the  induction  factor  :A  ir.  the 
former  equation.  The  induction  factors  i.  ar.d  representing  the  free  vortex 
system  from  the  propeller  to  infinity  downstream  were  calculated  by  Lerbs  ir.  an 
analytical  manner  [6,7’,  calculations  -'-hich  were  Later  refined  by  Wrench  '3.9'. 

The  factors  i  remain  finite  when  x  -  x.  Again  Eq.  (3)  -  when  this  is  the 
case.  This  difficulty  is  overcome  by  Lerbs  '6,"'  in  the  same  way  as  is  common 
when  treating  the  case  of  a  three-dimensional  wing.  i.e..  the  dimensionless 
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circulation  distribution  GLCx')  is  represented  by  a  Fourier  series 

Gl  =  £  G.  sin 

"  =  1 


(4) 


with 


(1 


(  i  -  x .  ;  cos 


(5) 


Further  the  values  of  the  induction  factors  i  (x  x',  as  calculated  or  read 
off  in  diagrams  are  resolved  into  an  even  Fourier  series  with  respect  to  •; 


L  Int"'  )  cos  (nz> 

n  =  0 


(6) 


Equation  (3)  is  then  transformed  into 


~.G_h_  f~.' 


where  the  coefficient  h_a  (and  the  corresponding  coefficient  r.j  for  the  tangen¬ 
tial  component)  is  made  up  of  trigonometric  expressions  deduced  in  [6  and  ’7  . 


The  Induction  Factor  Method  as  Put  Forward  by  Strscheletzky 

The  induction  factor  method  developed  by  Strscheletzky  in  [10  differs  in 
some  respects  from  that  of  Lerbs.  Thus,  by  introducing  the  transformation  in 
(4)  and  (5),  Eq.  (3)  is  transformed  into 


1  -  x._  J  A  cos  -  COS  7 


f8) 


The  evaluation  of  this  integral  is  performed  by  dividing  the  blade  in  radial 
direction  into  three  parts  and  integrating 


The  first  and  third  integral  are  evaluated  by  using  Simpson's  rule.  For  the 
small  region  2^  around  the  section  considered,  where  the  expression  passes 
through  infinity,  the  residual 

-  =1  11  _  il£a  (9) 

s  i  n  7  '  :  7  -  ;  .  _  2 

was  deduced  in  [ 1 0] . 
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Regarding  the  induction  (actors  iA,  iT  and  iR  (also  the  radial  component  is 
considered  by  Strscheletzky)  they  are  obtained  by  numerical  integration  of  the 
fundamental  equations.  The  resu'ts,  only  covering  three-bladed  propellers,  are 
given  in  [ll].  In  addition  also  induction  factors  hiA,  CiT  and  _hiR  for  three- 
bladed  propellers,  corresponding  to  small  parts  '.s  of  the  free  helical  lines, 
are  given  in  [ll].  These  induction  factors  were  obtained  by  stepwise  integra¬ 
tion  of  the  fundamental  equations  and  are  given  on  the  basis  of  the  hydrodynamic 
pitch  angle  h  and  the  ratio  x  x'  for  the  values  hf  shown  in  Table  1,  h-  being 
the  angle,  corresponding  to  an  element  is  of  the  free  helical  vortex,  projected 
in  the  disc  plane. 


Table  1 

Length  of 

Posi  tion  o  f 

Element 

Eler-.ent 

'  n  -  1  '  n 

-  15 

0--16-16--5 

-  S 

-  8  -  -  4  -  4  -  3-  S  3-  ‘  -  2 

-  4 

-  2  -  3“  4  ....  7-  4  -  2- 

-  2 

2-  -  2.5“  ....  4.5-  -  5.0- 

- 

5“  -  6~.  6_  - 

3- 

7-  -  10- 

.  - J 

These  diagrams  can  for  instance  be  used  for  calculating  the  contraction  of 
the  slip  stream  and  the  variation  of  the  pitch  of  the  free  vortex  lines  with  the 
distance  from  the  blades.  They  are  also  used  by  Strscheletzky  in  his  approxi¬ 
mate  lifting  surface  theory  [10,11]. 


CONSIDERATION  OF  SOME  APPROXIMATIONS  INVOLVED 
IN  THE  LIFTING  LINE  THEORIES  PRESENTED 

Pitch  of  Free  Vortices 

In  the  way  they  are  normally  used  the  Goldstein  A'-theory  and  the  induction 
factor  methods  are  equal  in  the  respect  that  the  hydrodynamic  pitch  angle  i  of 
the  free  vortices  is  regarded  as  constant  from  their  starting  point  at  the  blades 
to  infinity  downstream.  The  values  \  used  when  reading  off  in  the  .^-diagrams 
or  i  -diagrams  are  normally  defined  from  the  expression 


tan 


(10) 
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where  Uj.  VA  and  uA  VA  are  defined  according  to  Eq.  (3),  i.e.,  the  pitch  at  the 
blades  is  regarded  as  representative  for  the  whole  vortex.  As  is  well  known  the 
magnitude  of  the  induced  velocities  at  infinity  downstream  is  twice  that  at  the 
blades  in  ideal  flow.  The  significance  of  this  approximation  is  illustrated  by 
the  diagram  in  Fig.  2.  In  this  diagram  some  values  7.1 1 A  are  shown  on  the 
basis  of  1-:-,  one  curve  based  on  the  l -values  at  the  blades  and  one  curve  based 
on  the  --j-values  at  infinity  downstream.  The  T -values  correspond  to  x  =  1, 
x'  =  0.2  for  Loading  Case  1  of  Table  1,  the  liA-values,  however,  being  appli¬ 
cable  to  a  three-bladed  propeller.  It  is  evident  that  the  parts  of  liA  corre¬ 
sponding  to  14-values  far  from  the  blades  are  more  sensitive  to  changes  in 
than  those  corresponding  to  1  -values  close  to  the  blades,  indicating  that  the 
assumption  T  sj  when  calculating  the  induction  factors  iA  may  be  a  better 
approximation  than  the  one  normally  used. 


In  these  calculations  the  influence  of  the  contraction  of  the  slipstream  on 
the  and  x  x  '-values  was  neglected,  being  small  in  the  present  case. 


The  Introduction  of  the  Transformation  :  =  :x 
into  the  Calculations 

By  introduction  of  the  transformation  of  Eq.  (5)  for  x  and  x  the  repre¬ 
sentation  of  an  arbitrary  circulation  distribution  by  a  Fourier  series  according 
to  Eq.  (4)  is  made  possible  and  the  calculations  facilitated.  In  Leros'  method 
also  the  induction  factors  are  represented  by  a  similar  expression.  Eq.  f6h 

When  representing  a  circulation  distribution  by  a  Fourier  series  of  the 
kind  of  Eq.  (4)  it  is  generally  recommended  to  include  three  or  five  terms  in 
the  expansion.  In  fact  the  accuracy  is  very  good  with  both  three  and  five  terms 
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Fig.  3  -  Illustration  of  the  accuracy  o:  the 
Fourier  expansion  of  the  derivative  dG  d~ 


included  except  at  the  endpoints  where  the  discrepancies  are  appreciable  and  of 
the  same  order  in  both  cases.  The  intensity  of  the  free  vortices  is,  however, 
defined  by  dGL  dx  or  dGL  dr  which  are  related  to  each  other  through  the 
expression 


*£  ^  =  0.5 
dr  dx 


’I  -  x. 


('ll) 


It  is  evident  that,  when  starting  from  a  circulation  distribution  gl  =  :  x  . 
the  derivative  dGL  dr  deduced  from  Eq.  (11)  will  always  -  0  at  the  endpoints 
c  =  0,  r  =  -  ,  corresponding  to  root  and  tip.  On  the  other  hand,  when  starting 
from  Gl  =  ff  r) ,  dGL  dx  will  always  -  at  the  endpoints.  The  former  case  is 
illustrated  in  Fig.  3,  where,  for  the  circulation  distribution  defined  by  Eq.  (15). 
with  k  =  0.2073,  the  direct  transformation  of  the  exact  expression  for  dG  dx  is 
compared  with  the  corresponding  derivatives  of  the  three-  and  five-term  expan¬ 
sions.  The  agreement  between  the  approximate  curves  and  the  curve  repre¬ 
senting  the  exact  expression  is  not  very  good  in  the  vicinity  of  the  endpoints.  In 
the  diagram  in  Fig.  4  the  influence  of  these  discrepancies  on  the  calculated 
values  of  the  hydrodynamic  pitch  angle  is  illustrated.  This  influence  is 
evidently  restricted  to  the  vicinity  of  the  blade  tip.  It  must  however,  be  remem¬ 
bered  that  the  curves  given  in  Fig.  4  represent  results  obtained  when  using  the 
same  -F -values  for  all  the  calculations.  When  repeating  the  calculations  with 
the  new  i  -values  of  the  respective  curves  new  induction  factors  are  obtained 
resulting  in  new  —values,  thus  increasing  the  discrepancies  between  the  results. 
As  the  induction  factor  i  ^  is  very  much  affected  by  changes  in  .  ,  especially 
for  great  values  of  x  x',  the  approximation  discussed  here  is  less  accurate  than 
the  similar  approximation  used  when  calculating  wings  of  finite  span. 
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Numerical  Procedure  Used  when  Calculating  the 
Induced  Velocities 

Earlier  in  this  paper  two  different  procedures  for  evaluating  the  induced 
velocities,  both  using  the  induction  factor  concept,  were  introduced.  Lerbs 
proceeds  in  an  analytical  manner  and  succeeds,  by  using  l'Hospital's  rule  in 
deducing  expressions  for  the  induced  velocities  also  for  the  endpoints  .  =  0  and 
r  =  When  the  calculations  are  performed  in  the  way  proposed  by  Strscheletzky 
the  basic  expression,  Eq.  (8),  is  integrated  numerically.  An  application  of 
l'Hospital's  rule  to  this  expression  leads  to  u  .  =  uT  =  at  the  endpoints  and  the 
values  for  these  points  must  be  obtained  by  extrapolation  from  the  values  obtained 
for  the  other  sections  x'. 

A  comparison  of  results  obtained  for  the  outer  part  of  the  blade,  when  apply¬ 
ing  the  two  methods  to  the  circulation  distributions  of  Fig.  3.  is  shown  in  Fig.  4, 
the  same  -V  -curve  being  used  for  all  the  cases  when  determining  the  induction 
factors  iA  and  iT.  From  the  diagram  it  can  be  seen  that  the  influence  of  the 
numerical  method  is  small  when  the  same  q-values  are  used  as  starting  point. 
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When  the  calculations  are  repeated  in  the  way  proposed  by  Strseheletzky  using 
new  /b  -values  the  fact  that  the  '-l  -value  at  x  =  1  must  be  obtained  by  extrap¬ 
olation  will  delay  the  convergence  of  the  procedure.  Using  Lerbs'  method  the 
/ij-value  at  x  =  1  is  calculated  directly  and  will  not  differ  very  much  from  that 
obtained  in  the  first  attempt  Thus  the  final  results  can  be  expected  to  differ 
more  than  the  results  shown  in  Fig.  4. 


Modified  Procedure  for  Induction  Factor  Calculations 

Regarding  what  has  been  said  above  it  seems  natural  to  try  to  evaluate  the 
original  expression  for  the  induced  velocities,  Eq.  (3)  by  numerical  or  analyti¬ 
cal  methods,  without  introducing  the  transformation  according  to  Eq.  (5).  A 
drawback  when  using  such  a  procedure  is  that  generally  it  is  more  laborious  to 
represent  an  arbitrary  circulation  distribution  by  a  polynomial  expression  than 
to  use  a  Fourier  expansion,  if  the  same  degree  of  accuracy  is  desired. 

In  the  present  report  some  results  obtained  by  numerical  integration  of 
Eq.  (3)  for  two  different  loading  cases  are  given.  The  calculations  were  per¬ 
formed  on  a  FACIT  electronic  computer  using  a  program  for  integration  with 
22  unequally  spaced  ordinates,  the  ordinates  being  determined  by  the  following 
formulas: 


xr  =  x  '  -  0.  005  -  (— )  2  (x‘  -  0 . 005  -  x.. 

uoy 

Xn  =  X '  -  0 . 005  -  (~  2  (  1  -  x  -  0 . 005  } 


for  the  inner  and  outer  part  of  the  blade  respectively,  n  going  from  0  to  10.  To 
the  values  thus  integrated  the  remaining  rectangles  between  x'  -  0.005  and 
x'  -  0.005  were  added. 


LIFTING  SURFACE  THEORIES  USED  IN  THE 
PRESENT  COMPARISON 

The  lifting  surface  theories  available  today  for  calculating  the  induced 
curvature  and  pitch  angles  can  be  divided  into  two  main  groups: 

1.  Lattice  methods.  In  these  methods  the  continuous  vortex  system  cover¬ 
ing  the  blade  is  replaced  by  a  system  of  concentrated  radial  and  helical  vortex 
lines,  forming  a  lattice,  from  which  free  vortices  are  shed  downstream.  Meth¬ 
ods  belonging  to  this  group  are  those  of  Guiiioton  [13] ,  Strsch*-!-"  zkv  rlC.U  and 
Kerwin  [14]. 

2.  Methods  where  the  continuous  system  of  bourd  vortices  is  represented 
analytically  and  the  result  obtained  by  numerical  integration  of  expressions 
deduced  by  the  law  of  Biot-Eavart.  This  approach  was  used  by  Ludwieg  and 
Ginzel  [15,16]  and  Pien  [17]. 
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When  using  the  former  type  of  methods,  the  spacing  of  the  vortices  forming 
the  lattice  is  affecting  the  accuracy  of  the  results  considerably.  This  point  has 
been  thoroughly  discussed  by  Kerwin  [14]. 

Also  if  reasonable  simpliiications  are  introduced  into  the  equations  lifting 
surface  calculations  are  always  laborious.  From  the  designer's  point  of  view 
it  is  therefore  desirable  that  the  equations  are  programmed  into  a  computer  or 
that  results  of  calculations  showing  the  influence  of  circulation  distribution, 
blade  form  and  other  important  parameters  are  available  in  diagrams.  Up  to 
now  camber  corrections  for  streamline  curvature  have  normally  been  deter¬ 
mined  from  diagrams  based  on  some  calculations  performed  by  Ludwieg  and 
Ginzel.  In  the  present  paper  some  of  these  Ginzel  factors  are  compared  for 
two  cases  with  results  obtained  by  calculations  according  to  Guilloton's  method 
which  is  the  most  simple  and  least  laborious  of  those  mentioned  above.  In  one 
of  the  cases  also  results  according  to  Pien's  method  as  calculated  in  (17)  are 
included  in  the  comparison. 


The  Ludwieg  and  Ginzel  Theory 

By  this  theory  the  geometric  camber  is  obtained  from  the  equation 


where  fgeo_  =  the  geometric  camber  at  the  midpoint  of  the  profile.  The  values 
of  k  are  obtained  by  Ludwieg  and  Ginzel  by  calculating  the  slope  of  the  stream¬ 
line  in  the  midpoint  of  the  sections 


(13) 


where  V  =  inflow  velocity  including  induced  velocities  (see  Fig.  1).  and 

u_  =  induced  velocity  at  the  midpoint,  perpendicular  to  V. 

The  expressions  for  u_  are  obtained  by  using  the  law  of  Biot-Savart.  The  cal¬ 
culations  are  performed  for  circular  arc  mean  lines  but  to  facilitate  the  calcu¬ 
lations  the  bound  circulation  in  chordwise  direction,  which  for  this  type  of  mean 
line  is  elliptic,  is  replaced  by  an  equivalent  rectangular  distribution  extending 
over  a  length  t’  =  0.707  .  This  simplification  introduced,  the  vortex  system 
from  the  propeller  blade  to  infinity  can  be  proved  to  be  equivalent  to  a  "remain" 
vortex  system  consisting  of  a  closed  vortex  line  along  the  blade  outline  and  a  set 
of  "remainder"  chordwise  vortices  connecting  the  leading  and  trailing  edges. 

By  introducing  the  well-known  expression  for  the  radius  of  curvature  for  a  func¬ 
tion  and  putting  into  it  the  expressions  of  u_  and  du_  ds  deduced  an  approximate 
expression  for  f  ind  is  obtained.  By  relating  this  to  values  of  obtained  by 

lifting  line  calculations,  k -values  are  obtained  for  some  loading  cases  which  are 
given  in  diagrams  in  [15]  and  [16].  The  results  cover  only  three-bladed  propel¬ 
lers  of  zero  hub  diameter  with  symmetrical  blades  (i.e.,  blade  forms  having  no 
skew  back)  having  circular  arc  mean  lines,  working  at  shock  free  entry.  Two 
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different  circulation  distributions  were  investigated  in  combination  with  differ¬ 
ent  blade  forms,  firstly  the  optimum  case,  secondly  propellers  having  the  cir¬ 
culation  distribution 


h  Ax  Cl  -  x2)  .  (14) 

More  extensive  calculations  for  the  optimum  case,  also  covering  the  case 
of  finite  hub  diameter  w'as  later  performed  by  Cox  [13]. 

The  practical  use  of  the  values  calculated  for  the  optimum  case  is  compli¬ 
cated  by  the  fact  that  k  0  when  x  -  1,  resulting  in  infinite  camber  at  the  tip. 

For  a  long  time  the  above-mentioned  method  was  the  only  one  available  for 
calculating  curvature  corrections.  Individual  calculations  according  to  this 
method  were  however  too  laborious  in  the  pre-computer  era.  Because  of  this 
the  original  calculations,  the  results  of  which  were  accounted  in  diagrams  in 
[15]  and  later  on  in  [16],  were  accomplished  for  a  few  loading  cases  only.  To 
get  the  material  underlying  the  diagrams  in  [19],  [20]  and  [21],  which  are  in¬ 
tended  for  general  use,  a  certain  amount  of  interpolation  and  extrapolation 
work  was  necessary.  Thus  the  k -values  obtained  from  these  diagrams  can 
only  be  regarded  as  "Approximate  Glnzel”  camber  correction  factors.  In  the 
values  given  in  [21]  also  a  viscosity  correction  is  included  which  is  removed 
when  these  values  are  accounted  in  the  present  paper. 


The  Theory  of  Pier. 

A  similar  approach  as  that  of  Ludwieg  and  Ginzel  was  used  by  Pien  when 
evaluating  his  lifting  surface  theory  [17].  From  the  fundamental  equations  he 
deduces  expressions  liable  to  numerical  integration  by  the  use  of  which  the 
induced  velocities  can  be  calculated  for  different  points  along  the  chords  of  the 
blade  sections.  Thus  calculations  according  to  this  method  give  a  more  com¬ 
plete  result  than  that  obtained  when  using  Ludwieg  and  Ginzel's  equations.  To 
reduce  the  integration  work,  however,  only  the  effect  of  the  part  of  the  free 
vortex  system  is  calculated  which  is  located  between  the  leading  and  trailing 
edges  of  the  blades.  This  means  that  the  results  from  the  calculations  give  only 
the  additional  velocities  relative  to  those  obtained  by  the  preceding  lifting  line 
calculations. 

In  [17]  is  mentioned  that  the  rather  laborious  equations  have  been  pro¬ 
grammed  into  the  high-speed  computer  IBM  709,  this  program  being  applicable 
to  propellers  with  blade  sections  having  uniform  chordwise  loading  distribution 
(NACA  a  =  1  mean  lines  or,  if  the  approximation  according  to  Ludwieg  and  Ginzel 
is  accepted,  also  circuL.r  arc  mean  lines). 

In  the  present  paper  numerical  results  for  one  case  (named  Loading  Case  2 
in  present  paper)  published  by  Pien  himself  in  [17  are  compared  with  results 
obtained  with  other  lifting  surtace  methods. 
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The  Guilloton  Theory 

A  lattice  method  simple  enough  to  make  calculations  by  hand  possible  for 
individual  cases  is  that  of  Guilloton  [13].  When  using  this  method  the  bound 
vortex  system  is  replaced  by  5  radial  vortex  lines  having  a  dividing  angle  of 
20  to  which  the  circulation  is  concentrated  in  proportion  to  the  chordwise  load 
distribution.  Each  radial  vortex  line  is  then  divided  into  5  steps,  within  each 
step  assuming  the  bound  circulation  to  be  constant,  thus  giving  rise  to  six  free 
vortices  of  helical  form.  The  free  vortices  emanating  from  the  different  vortex 
lines  add  to  each  other  resulting  in  a  circulation  -d~b,'dr  behind  the  propeller. 
The  induced  velocity  component  perpendicular  to  the  inflow  velocity  Vo  (see 
Fig.  1)  due  to  this  system  of  free  vortices,  in  excess  of  the  corresponding  com¬ 
ponent  calculated  by  lifting  line  theory  was  determined  by  Guilloton  by  the  use 
of  the  law  of  Biot-Savart  for  all  the  30  points  mentioned  above.  For  general  use 
the  results  are  given  in  tables  in  [13],  covering  pitch  ratios  between  0.416  and 
1.25.  In  these  coefficients  the  influence  from  the  bound  and  free  vortices  from 
two  other  blades  of  a  three-bladed  propeller  are  included. 

A  drawback  when  using  the  tables  mentioned  above  for  calculating  camber 
corrections  for  propeller  blades  is  that  the  dividing  angle  as  well  as  the  number 
of  vortex  lines  of  the  vortex  system  is  fixed.  For  narrow-  bladed  propellers  the 
number  of  vortices  covering  the  blades  is  insufficient  near  the  tip,  while  for 
broad-bladed  propellers  the  same  is  true  near  the  hub. 


Discussion  of  the  Different  Lifting  Surface  Methods 

An  approximation  introduced  when  deducing  the  final  equations  of  the  dif¬ 
ferent  methods  referred  to  above  is  the  excluding  of  the  free  vortices  in  the 
region  behind  the  blades.  By  limiting  the  aim  of  the  calculations  in  this  way- 
only  the  induced  velocities  in  excess  of  those  resulting  from  the  lifting  line 
calculations  are  obtained.  This  means  that  the  pitch  of  the  free  vortex  lines 
from  a  certain  blade  section  is  assumed  to  be  constant  from  the  starting  point 
to  infinity  downstream  of  the  propeller.  A  further  step  towards  greater  accu¬ 
racy  would  be  to  extend  the  lifting  surface  calculations  downstream  to  the  point 
where  the  total  induced  velocities  are  twice  those  calculated  by  lifting  line  the¬ 
ory.  The  lifting  line  calculations  should  then  be  repeated  using  induction  factors 
of  the  type  -'J  mentioned  earlier,  thereby  considering  the  pitch  variation  and 
contraction  of  the  free  vortices.  Such  a  procedure  was  proposed  by  Strscheletzky 
in  [10]. 

In  the  present  comparison  the  three  lifting  surface  methods  referred  to 
above  appear  as  representing  three  different  stages  of  lifting  surface  calcu¬ 
lations. 

To  represent  "Approximate  Ludwieg  and  Ginzel  Method,"  k -values  obtained 
from  diagrams  in  [19],  120]  and  [21  are  used.  It  did  not  seem  justified  to  include 
results  obtained  by  calculations  according  to  this  method  for  the  individual  cases 
as  the  complexity  of  such  calculations  is  of  the  same  order  as  when  the  calcula¬ 
tions  are  performed  according  to  Pien's  method,  the  latter  giving  a  more  com¬ 
plete  result. 
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Guilloton's  method  represents  an  approximate  way  of  estimating  the  influ¬ 
ence  of  circulation  distribution  and  blade  form  by  individual  calculations.  The 
necessary  calculations  are  relatively  simple. 

Pien’s  method  represents  the  stage  at  which  the  aid  of  an  electronic  com¬ 
puter  is  necessary. 


PROPELLER  CALCULATIONS 
Starting  Points  for  the  Calculations 

The  different  lifting  line  and  lifting  surface  theories  referred  to  earlier 
were  applied  to  two  non-optimum  loading  cases  characterized  in  first  hand  by 
different  circulation  distributions.  See  Fig.  5. 


Fig.  -  -  Circulation  distributions  used  ;r.  present  paper 


The  j-kt -combination  of  Loading  Case  1  represents  an  ordinary  merchant 
ship  propeller.  The  circulation  distribution  can  be  expressed  by  the  equation 

C,  =  k  'x-0.15'  1-  x:  .  (15) 

which  is  similar  to  Eq.  (14),  the  only  difference  being  zero  circulation  at  the 
hub  for  the  distribution  of  Eq.  (15).  Other  data  for  Loading  Case  1  are  given  in 
Table  2. 

Loading  Case  2  is  the  case  treated  by  Pien  in  [17  and  was  included  in  the 
present  report  primarily  to  make  possible  a  comparison  between  Pien's  lifting 
surface  theory  and  other  lifting  surface  theories  without  performing  the  very 
laborious  calculations  involved  with  the  former  method.  For  data  of  this  case, 
see  Table  2. 
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Fig.  6  -  General  appearance  of  the  model 
propellers  in  the  pre  sent  investigation  (Load¬ 
ing  Case  1 ) 


Table  2 

Data  of  Loading  Cases  1  and  2 


Loading  Case  1 

Loading  Case  2 

Design  advance  number  J 

0.637 

0.840 

Preliminary  design  KT 

0.193 

0.137 

Number  of  blades  z 

4 

5 

Circulation  distribution 

Eq.  15) 

(k  =  0.180) 

Eq.  (16) 

Hub  radius  xh 

0.167 

0.2 

Section  mean  lines 

NACA  =5  =  0.8 

NACA  a  =  1 

Blade  form 

Fig.  6 

Fig.  4  of  Ref.  1 17 
(no  skew  back) 

The  circulation  distribution  used  by  Pien  is  shown  in  Fig.  5.  By  the  use  of 
a  computer  program  intended  for  analytical  representation  of  ordinates  of  bodies 
of  revolution  [12]  this  curve  was  represented  by  an  eighth-degree  polynomial 

Gl  =  -0. 199899  -  2  185379x  -  9.022452x2  -  18.  S4KO83X3  -  15.542970x4 

-  5. 55'301x  5  -  25. 58594  lx*  -  20. 82525'x7  -  5.52844xs  (16) 

the  maximum  deviation  in  GL  from  the  values  given  in  r17]  being  less  than  rl  . 


The  Results  of  the  Lifting  Line  Calculations 

The  induced  velocities  uA  and  uT  calculated  according  to  some  of  the 
methods  mentioned  earlier,  the  hydrodvnamic  pitch  angle  can  be  determined 
from  Eq.  (10)  and  the  pitch  ratios  in  ideal  flow  from  the  equation 
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Pj  D  =  x  tan 


Further  the  lift  cLf  D  can  be  calculated  from 


Cl1’ 

D 


2~< 


JL 


c  OS 


finally  giving  for  a  prescribed  blade  form  the  effective  camber  feff 
different  sections. 


(17) 


(18) 


of  the 


The  values  of  P;  D  obtained  when  applying  different  lifting  line  theories  to 
Loading  Case  1  are  shown  in  the  diagram  in  Fig.  7.  Results  'rom  the  following 
lifting  line  calculations  are  included  in  the  diagram: 

1.  Goldstein's  ^-method  with  ^-values  taken  from  r4l.  The  influence  of 
the  hub  considered. 

2.  The  induction  factor  method  as  put  forward  by  Lerbs.  The  -\alues  at 
the  blades  used  w'hen  determining  the  induction  factors. 

3.  The  induction  factor  method,  the  induced  velocities  calculated  by  direct 
integration  of  Eq.  (3)  in  the  way  described  earlier.  The  -values  at  the  blades 
used  when  determining  the  induction  factors. 

4.  Same  as  3.  but  the  .  -values  at  infinity  downstream  used  when  deter¬ 
mining  the  induction  factors. 

The  induction  factors  used  were  calculated  directly  from  the  equations  in  [9] 
using  a  FACII  electronic  computer. 


Fig.  7  -  Pitch  ratio  curves  in  ideal  flow ,  calculated  accord¬ 
ing  to  different  lifting  line  theories  (Loading  Case  1) 
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In  Fig.  8  the  values  of  P,  0  resulting  from  calculations  according  to  2.  and 
4.  for  Loading  Case  2  are  shown.  In  this  case  the  results  representing  Lerbs' 
method  were  taken  directly  from  [  1 7 J. 

From  the  diagram  in  Fig.  7  it  can  be  seen  that  the  pitch  distribution  ob¬ 
tained  with  the  ^-method  differs  from  those  obtained  with  the  induction  factor 
methods,  the  differences  between  the  latter  methods  being  of  moderate  order 
for  Loading  Case  1.  The  differences  between  the  results  from  ri'.iferent  induc¬ 
tion  factor  calculations  for  Loading  Case  2  as  visualized  in  Fig.  8  are  very 
small  except  at  the  endpoints. 


c 
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Flu.  8  -  Pitch  ratio  carves  in  ideal  flow, 
cordinu  to  tr.e  induction  factor  method 
numerical  procedures  (Loading  Case  2) 


calculated  ac- 
u-ir.E  different 


The  Results  of  the  Lifting  Surface  Calculations 

The  geometric  camber  fzeon.  for  the  different  blade  sections  x  as  calcu¬ 
lated  according  to  different  lifting  surface  methods  are  given  in  Fig.  10  (Load¬ 
ing  Case  1)  and  Fig.  12  (Loading  Case  2)  together  with  the  edective  camber 
obtained  by  lifting  line  calculations.  The  corresponding  values  of  the  camber 
correction  factor  k  as  defined  in  Eq.  (12)  are  given  in  Fig.  9  and  Fig.  11. 

As  fEC0_  of  a  section  is  used  the  ordinate  at  .he  midpoint  relative  to  a 
line  connecting  the  endpoints.  This  is  not  entirely  correct  as  the  induced 
curvature  as  calculated  by  some  of  the  methods  is  not  symmetrical  around  the 
midpoint.  The  differences  in  form  between  the  mean  line  used  when  determin¬ 
ing  teff  and  the  induced  curvature  f.nd  are,  however,  small  in  the  cases 
accounted  in  the  present  report. 
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Fig .  9  -  Camber  correction  factors  calculated 
according  to  different  lifting  surface  methods 
(  Loading  Case  1 ) 


F:u-  i0  -  Geometric  camber  c  .cul 
cording  to  dine  rent  lifting  surface 
(  Locxdmu  Case  1  ) 
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Results  from  calculations  according  to  the  following  methods  are  included 
in  the  diagrams: 

1.  "Approximate  Ludwieg  and  Ginzel"  method  with  k -values  according  to 

[201- 

2.  "Approximate  Ludwieg  and  Ginzel"  method  with  k -values  according  to 
[21].  As  mentioned  earlier  these  values  include  a  correction  for  vis¬ 
cosity  which  was  omitted  in  the  calculations  presented  here. 

3.  "Approximate  Ludwieg  and  Ginzel"  method  with  k -values  according  to 
[19]  (only  Loading  Ca.-e  1). 

4.  The  method  of  Guilloton. 

5.  The  method  of  Pien  (only  Loading  Case  2). 

When  performing  the  calculations  for  Loading  Case  2  a  symmetrical  blade 
form  was  assumed.  In  Figures  11  and  12  where  the  results  from  these  calcu¬ 
lations  are  visualized  also  the  corresponding  results  from  Pien's  calculations 
for  a  non-symmetrical  blade  form  [17]  are  reproduced. 

When  applied  to  non-symmetrical  blade  forms  both  Guilloton's  and  Pien's 
methods  give  rise  to  a  pitch  correction  if  the  pitch  angle  is  defined  relative  to 
a  line  connecting  the  leading  and  trailing  edges  of  the  mean  lines.  The  magni¬ 
tude  of  this  correction  for  different  blade  sections  x,  as  obtained  with  Guillo¬ 
ton's  method  for  Loading  Case  1  and  Pien's  method  for  Loading  Case  2  is  shown 
in  Fig.  13,  which  shows  the  correction  in  percent  pitch  relate  r  the  pitch 
curve  obtained  with  Lerbs'  induction  factor  method. 

From  the  diagram  in  Fig.  9  it  can  be  seen  that,  of  the  different  k -values 
based  on  Ludwieg  and  Ginzel's  theory,  those  from  [201  differ  from  the  two  other 
sets.  This  can  be  explained  by  the  fact  that  the  former  values  are  based  on 
Ginzel's  calculations  for  the  non-optimum  circulation  distribution  of  Eq.  (14) 
rather  than  the  corresponding  results  for  the  optimum  case  from  which  the  two 
other  sets  originate. 

As  the  circulation  distribution  of  Loading  Case  1  is  similar  to  that  of  Eq. 
(14),  the  k -values  of  [20]  could  be  expected  to  be  the  more  proper  ones  for  this 
case  when  Ludwieg  and  Ginzel's  calculations  are  used  as  basis.  It  is  therefore 
interesting  to  notice  the  good  agreement  between  these  k -values  and  those  cal¬ 
culated  according  to  Guilloton.  The  discrepancies  at  the  blade  tip  might  be  due 
to  inaccuracies  in  the  latter  method,  an  idea  which  is  supported  by  the  existence 
of  a  similar,  although  less  marked  deviation  between  results  from  this  method 
and  Pien's  method,  as  shown  in  Fig.  11  for  Loading  Case  2.  In  this  comparison 
Pien's  method  must  be  looked  upon  as  the  most  reliable  of  the  two. 

The  predominant  influence  of  the  circulation  distribution  on  the  k-values  is 
illustrated  by  the  result  of  the  comparison  for  Loading  Case  2  shown  in  the 
diagram  in  Fig.  11.  In  this  case  there  is  good  agreement  between  the  results 
obtained  with  the  methods  of  Guilloton  and  Pien,  both  methods  considering  this 
influence.  The  two  "Approximate  Ginzel"  curves  which  originate  from  other 
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Fig.  11  -  Camber  correction  factors  calculated  according 
to  different  lifting  surface  methods  (Loading  Case  2) 
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Fig.  12  -  Geometric  camber  calculated  according  to 
different  lifting  surface  methods  (Loading  Case  2} 
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Fig.  13  -  Induced  pitch  corrections  from  lifting 
surface  effect.  Loading  Case  1  and  2.  Blades  with 
skew  back. 


circulation  distributions  give  entirely  different  k-values  for  the  blade  sections 
near  the  hub. 

From  the  results  of  Pien's  calculations,  as  reproduced  in  Fig.  11,  it  is 
evident  that  the  influence  of  skew  back  on  the  k-values  is  small  so  much  the 
more  as  the  present  case  is  one  of  extreme  skew  bank.  As  mentioned  above  the 
influence  of  skew  back,  however,  manifests  itself  as  a  pitch  correction. 


Complete  Propeller  Calculations  for  the  Design  of 
Model  Propellers 

For  some  combinations  of  lifting  line  and  lifting  surface  theories  complete 
propeller  calculations  were  performed  and  model  propellers  having  a  diameter 
D  =  250  mm  manufactured  according  to  the  resulting  designs.  The  starting 
points  for  the  calculations  are  given  in  Table  3,  the  design  values  corresponding 
to  Loading  Case  1  for  three  of  the  propellers.  Propeller  No.  P1017  is  an  equiv¬ 
alent  propeller  designed  to  have  optimum  circulation  distribution. 

In  order  to  get  propellers  being  as  equal  as  possible  what  regards  effective 
pitch,  the  k-value  in  Eq.  (15)  was  not  chosen  exactly  the  same  for  all  the  pro¬ 
pellers. 

Of  the  different  applications  of  the  induction  factor  method  discussed  earlier 
only  that  of  Lerbs  was  tested  as  the  difference  between  the  pitch  curves  obtained 
with  the  different  procedures  mentioned  earlier  is  of  moderate  order.  See  Fig.  7 
The  intention  is,  however,  to  complete  the  investigation  later  on  in  this  respect. 


RESULTS  OF  OPEN  WATER  TESTS  PERFORMED  WITH 
MODEL  PROPELLERS 

With  the  propeller  models  of  diameter  D  =  0.250  m  manufactured  according 
to  the  different  designs  shown  in  Table  3  open  water  tests  were  performed  at  a 
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Table  3 

Particulars  of  Calculations  for  Model  Propellers 


Common  Starting  Points  and  Equations  Used 
in  the  Calculations 

Design  advance  ratio 

Hub  diameter 

Blade  area  ratio 

Number  of  blades 

Blade  form,  rake,  blade  section 
thickness 

Mean  line  of  blade  sections 

Thickness  distribution  of  blade  sections 

Ideal  angle  of  attack 

Friction  loss  correction  (when  applied 
as  pitch  correction) 

J  =  0.637 
xh  =  0.167 

Aj/Aq  =  0.53 

2=4 

Fig.  6 

NACA  a  =  0.8 

NACA  66  modif.  [20] 
a;  =  1.54  CL  degrees 
af  =  1.61  CL  degrees 
(a  =  0.85) 

Circulation  Distribution  and  Further  Data 

Propeller  No. 

P1017 

P1018 

P1040 

P1052 

Circulation  distr. 

Optimum 

Eq.  (15), 
k  =  0.180 

Eq.  (15), 
k  =  0.180 

Eq.  (15), 
k  =  0.153 

Lifting  line  theory 

Goldstein,  pf'-values 
from  [4],  Hub  con¬ 
sidered 

Induction  factor  method  acc. 
to  Lerbs,  iA  and  iT  from 

f9] 

Lifting  surface  theory: 
Camber  corr. 

’’Approximate  Ginzel,”  k -values 
from  [21],  viscous  part  omitted 

Guilloton 

Lifting  surface  theory: 
Pitch  corr. 

None 

Guilloton 

Faired 
values 
from  Fig.  13 

Viscosity  corr. 

Pitch  correction 

_ 

2/3  on  camber 

1/3  on  pitch 

constant  number  of  revolutions  n  =  12.2  r  s,  corresponding  to  a  Reynolds  num¬ 
ber  Rn  Q  7SR  =  4.5  x  10s  at  the  design  advance  ratio  J  =  0.637. 

The  results  of  the  open  water  tests  are  given  in  the  diagram  in  Fig.  14  and 
in  Table  4. 

In  Table  4  the  experimental  values  of  KT  and  are  compared  with  those 
calculated  according  to  the  equations 
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Fig.  14  -  Results  from  open  water  tests  with  model 
propellers.  Circulation  distribution  acc.  to  Eq.  (15). 


Table  4 


Propeller  No. 

P1017 

P1018 

P1040 

P1052 

Circulation  distribution 

Optimum 

Eq.  (15) 

Eq.  (15) 

- 1 

Eq.  (15) 

Kt  calculated  at  design  advance 
ratio  J  =  0.637 

Kt  measured  at  design  advance  ratio 

0.197 

0.194 

0.194 

0.167 

j  =  0.637 

0.196 

0.192 

0.207 

0.184 

100  (  -!‘Tm<,as'  -  1  W 

KTcaIc.  / 

-0.5 

-1.0 

+6.7 

+10.0 

rjo  calculated  at  design  advance 
ratio,  CD  =  0.008 

0  calculated  at  design  advance 

0.677 

0.668 

0.629 

0.649 

ratio,  CD  =  0.006 

0.690 

0.682 

0.643 

0.663 

T70  measured  at  design  advance  ratio 

0.660 

0.660 

0.634 

0.638 

Peak  efficiency 

0.696 

0.702 

0.670 

0.667 

Lifting  line  method 

X-  method  hub 

Ind.  factor  Lerbs 

considered 

1 

Lifting  surface  method 

"Approx.  Ginzel," 

Ref.  [21] 

Guillo- 

ton 
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When  calculating  the  efficiency,  both  CD  =  0.008  and  CD  =  0.006  were  used 
while  the  KT-values  were  calculated  only  for  the  case  CD  =  0.008,  the  influence 
of  CD  on  Kt  being  very  small. 

From  Table  4  it  can  be  seen  that  the  two  propellers  based  on  lifting  line 
calculations  using  Lerbs'  induction  factor  method  delivered  7  to  10%  more 
thrust  at  the  design  advance  ratio  than  calculated  while  while  the  thrust  delivered 
by  the  propellers  designed  according  to  the  pr- method  agreed  very  well  with  that 
predicted. 

Replacing  the  k-values  obtained  with  ’’Approximate  Ginzel  Method”  by  a 
combined  curvature  and  pitch  correction  calculated  according  to  Guilloton's 
method  does  not  influence  the  effective  pitch  and  efficiency  very  much. 

From  the  results  given  in  Table  4  it  might  be  concluded  that  calculations 
according  to  Lerbs'  induction  factor  method  result  in  propellers  having  greater 
effective  pitch  th^n  predicted.  As  can  be  seen  from  the  pitch  curves  in  Fig.  7 
this  state  of  things  is  not  changed  essentially  in  the  present  case  by  using  any 
of  the  alternative  induction  factor  procedures  discussed  earlier. 

In  this  connection  the  inaccuracy  of  the  friction  loss  correction  must,  how¬ 
ever,  be  emphasized.  In  the  calculations  presented  here  a  viscosity  correction 
on  pitch  angle 

2 f  =  1.61  CL  degrees 

was  used,  corresponding  to  a  friction  loss  coefficient  =  0.85,  a  value  normalh 
used  at  SSPA  for  all  mean  lines. 

In  [7]  and  [20]  the  value  -  =  1.05  is  proposed  for  the  NACA  a  =  0.8  mean  line. 
Using  this  value  the  correction 


*f  =  -0.39Cl 

is  obtained  resulting  in  2  to  3^  decrease  in  local  pitch  values. 

What  regards  efficiency  the  values  calculated  assuming  CD  =  0.008  agree 
well  with  those  measured  for  all  the  propellers.  It  is  interesting  to  notice  that, 
when  the  Pi'-method  is  used,  the  experimentally  determined  efficiency  is  almost 
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the  same  for  the  optimum  propeller  P1017  and  the  non-optimum  propeller  P1018. 
The  two  other  propellers  show  a  somewhat  lower  efficiency.  For  the  non¬ 
optimum  propellers  the  latter  result  is  more  reasonable  as  the  circulation  dis¬ 
tribution  presumed  at  the  calculations  differs  considerably  from  the  optimum. 

See  Fig.  5. 


CAVITATION  TESTS  PERFORMED  WITH  MODEL 
PROPELLERS  IN  HOMOGENEOUS  FLOW 

Carrying  Out  of  the  Tests 

With  the  four  model  propellers  designed  according  to  the  principles  shown 
in  Table  3  cavitation  tests  were  performed  in  uniform  flow  in  the  SSPA  cavita¬ 
tion  tunnel  [22]  using  a  test  section  0.5  m  »  0.5  m,  the  water  velocity  being 
3.5-4  m/sec.  during  the  tests.  The  water  velocity  in  the  tunnel  was  measured 
by  means  of  a  pitot  tube  placed  between  the  propeller  and  the  tunnel  wall.  The 
measured  values  of  speed  and  static  pressure  were  corrected  according  to 
equations  given  by  Lerbs  [23]  and  good  agreement  was  obtained  between  pro¬ 
peller  characteristics  from  the  tunnel  at  atmospheric  pressure  and  the  corre¬ 
sponding  results  from  open  water  tests. 

The  air  content  ratio  of  the  water  was  kept  low  during  the  tests. 

The  tests  included  observations  of  the  inception  of  different  kinds  of  cavi¬ 
tation  at  different  advance  ratios. 


Results  cf  the  Tests 

The  results  of  the  observations  on  the  different  propellers  are  given  in  the 
diagrams,  Figs.  15  and  16. 

In  Fig.  15  incipient  cavitation  curves  for  different  kinds  of  cavitation  are 
plotted  for  the  different  propellers  with  the  design  advance  ratio  J  as  basis. 

In  Fig.  16  the  cavitation  properties  of  the  propellers  are  compared  at  the 
design  advance  ratio  J  =  0.637.  The  diagrams  show  the  extension  of  different 
kinds  of  cavitation  over  the  blades. 

In  the  diagrams  in  Fig.  16  also  theoretical  curves  are  given,  representing 
the  incipient  cavitation  number 


_  _  p 

£v;  (22) 

2 

for  different  blade  sections,  where  p  =  the  maximum  pressure  drop  in  ideal 
flow  at  the  profile  considered,  calculated  by  the  use  of  profile  data  given  in  [20). 
For  an  approximate  estimate  of  the  inception  of  tip  vortex  cavitation  the  well 
know'n  formula  for  the  pressure  pc  in  the  centre  of  a  vortex 
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Fig.  15  -  Incipient  cavitation  curves  for  model 
propellers.  Circulation  distrioution  acc.  to  Eq. 
(15).  Data  of  propellers  in  Table  3. 


Pc  = 


(23) 


was  used  in  [1],  where 

Pb  =  pressure  at  the  boundary  of  the  vortex, 
r  =  circulation  round  the  vortex,  and 
a  =  radius  of  the  vortex. 

Assuming  the  tip  vortex  to  start  immediately  behind  the  blade,  the  intensity  of 
this  vortex  will  be  equal  to  that  calculated  by  lifting  line  theory  and  in  Eq.  (23) 
the  approximation 
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Fig.  16  -  Comparison  between  the  cavitation  properties  of 
the  model  propellers  at  the  design  advance  ratio  J  =  0.637. 
Circulation  distribution  acc.  to  Eq.  (15). 
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can  be  made,  giving  for  the  pressure  drop 


4  ^ 

idx  ,  . 

L  -Jtip 


(24) 


For  the  pressure  drop  -p2  at  the  edge  of  the  tip  vortex  relative  to  the  undis¬ 
turbed  flow  Bernoulli's  equation  gives 


(25) 
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if  the  radial  component  of  the  induced  velocity  is  neglected.  Values  calculated 
according  to  Eqs.  (24)  and  (25)  are  included  in  the  diagrams  in  Fig.  16.  For  the 
optimum  case  Eq.  (24)  gives  o.  =*>. 

It  is  evident  from  the  diagrams  in  Fig.  16  that,  what  regards  bubble  cavitation, 
the  measured  values  of  cavitation  inception  a-x  are  lower  than  those  calculated, 
the  greatest  difference  occurring  at  the  blade  tips.  For  the  optimum  propeller 
P1017  this  difference  is  considerable,  indicating  that  the  desired  circulation 
distribution  was  not  realized  for  this  propeller. 

In  the  region  0.6  <  x  <  0.9  of  the  blades  the  experimental  values  of  bubble 
cavitation  inception  are  85  to  95%  of  those  calculated  at  the  design  advance  ratio. 
Part  of  this  difference  may  be  due  to  the  fact  that  Eq.  (22)  assumes  static  con¬ 
ditions,  another  explanation  being  that  values  of  Ap  calculated  for  ideal  flow 
may  not  hold  for  viscous  flow. 

Regarding  tip  vortex  inception  only  the  results  from  propeller  No.  P1052 
(Lerb’s  induction  factor  method  +  Guilloton’s  lifting  surface  method)  show  good 
agreement  between  calculated  and  measured  values.  The  experimental  values 
for  this  propeller  must,  however,  be  regarded  as  approximate  as  they  have  been 
obtained  by  extrapolation  of  data  given  in  Fig.  15  for  other  J -values  than  the 
design  value. 

From  the  diagrams  in  Fig.  16  it  is  evident  that  the  cavitation  properties  of 
the  propellers  P1018  and  P1040  are  very  similar  at  the  design  advance  ratio, 
the  former  being  a  little  better  what  regards  tip  vortex  cavitation.  On  the  other 
hand  the  latter  propeller  delivers  8%  more  thrust  at  this  advance  ratio.  Thus 
no  essential  change  in  the  cavitation  properties  was  resulting  when,  in  combi¬ 
nation  with  approximate  Ginzel  camber  correction,  the  pe'-method  was  replaced 
by  Lerbs’  induction  factor  method.  When,  however,  the  latter  method  was  com¬ 
bined  with  a  curvature  and  pitch  correction  calculated  according  to  Guilloton’s 
method  the  cavitation  number  of  tip  vortex  inception  was  lowered  from  4.2  to 
0.5,  the  latter  value  being  close  to  the  value  predicted  by  Eqs.  (24)  and  (25). 

The  onlv  propeller  showing  sheet  cavitation  at  the  design  advance  ratio  is 
P1052. 


MEASUREMENT  OF  THE  AXIAL  VELOCITIES  INDUCED 
BEHIND  THE  PROPELLER 

A  way  of  checking  if  the  calculated  load  distribution  along  the  blades  has 
been  realized  is  to  measure  the  velocity  in  the  wake  behind  the  propeller.  If 
ordinary  pitot  tubes  are  used  for  this  purpose,  the  total  velocity  component  is 
obtained.  In  the  present  case  calculation  of  the  inflow  angle  by  using  theoreti¬ 
cal  values  of  uT  anduA  result  in  very  small  corrections  to  these  values  and 
thus  a  fairly  good  estimation  of  the  magnitude  of  the  axial  component  can  be 
made  from  these  measurements.  Results  of  this  kind  are  shown  in  Fig.  17.  In 
this  figure  diagrams  are  given  showing  values  of  the  axial  component  of  the 
induced  velocity  at  the  design  advance  ratio  J  =  0.637,  measured  in  the  cavita¬ 
tion  tunnel  200  mm  downstream  of  the  propeller.  For  comparison  curves  are 
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Fig.  17  -  Axially  induced  velocity 
behind  model  propellers 


included  in  the  diagrams,  showing  the  corresponding  theoretical  values 
( u  a  VA)„  =  2u  A  VA  calculated  according  to  the  lifting  line  theory  applied  to  the 
propeller  considered. 

The  values  measured  have  been  shifted  radially  in  proportion  to  the  con¬ 
traction,  the  latter  being  determined  by  measuring  the  diameter  of  the  wake 
when  running  the  tunnel  at  a  pressure  at  which  a  thin  tip  vortex  was  visible 
behind  the  propeller.  The  contraction  R200  R  measured  in  this  way  was  for  the 
different  propellers 

P1017  P1018  P1040 

R200  R  0.89  0.86  0.82 

For  P1052  no  tip  vortex  was  visible  and  the  value  0.82  was  used. 
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Almost  identical  values  of  induced  velocity  and  contraction  were  obtained 
when  for  propeller  P1017  the  measurements  were  repeated  at  a  distance  100  mm 
downstream  of  the  propeller. 

Using  results  of  theoretical  calculations  by  Lerbs  given  in  tables  in  [23]  for 
a  propeller  working  in  a  water  tunnel  R„/R  =  0.85  is  obtained  for  the  actual  disc 
area/tunnel  area  ratio. 

Calculations  according  to  an  equation  deduced  by  Theodorsen  in  [24]  for  a 
propeller  in  open  water  give  R^/R  =  0.83. 

Considering  what  has  been  said  above  the  results  in  Fig.  17  may  be  said  to 
give  an  idea  of  the  variation  in  radial  direction  of  the  induced  axial  velocity 
behind  a  propeller  in  homogeneous  flow.  As  is  illustrated  by  the  diagram  in 
Fig.  17  there  are  rather  large  discrepancies  between  calculated  and  experi¬ 
mental  values  for  all  the  propellers  except  the  optimum  propeller  P1017. 

For  the  other  propeller  calculated  according  to  the  Pf'-method.  P1018.  the 
two  curves  in  Fig.  17  agree  well  except  in  the  region  0.5x  -  0.7x  where  the  cal¬ 
culated  values  are  greater  than  those  measured. 

For  the  two  other  propellers,  P1040  and  P1052,  the  measured  values  are 
greater  than  those  calculated  at  the  outer  part  of  the  blades,  the  reverse  oc¬ 
curring  at  the  inner  part. 

From  the  results  in  r  ig.  17  it  may  be  expected  that  the  propellers  P1017 
and  P1018  should  deliver  less  thrust  than  predicted.  As  is  shown  in  Table  4, 
however,  the  measured  values  of  K-  at  the  design  advance  ratio  agree  very  well 
with  those  calculated. 

For  the  propellers  P1040  and  P1052  the  measured  values  of  XT  are  greater 
than  those  calculated.  Together  with  the  results  of  Fig.  17  this  would  indicate 
too  great  loading  of  the  outer  sections  which,  however,  is  contradicted  by  the 
good  cavitation  properties  for  these  propellers  as  shown  in  Fig.  16. 


CONCLUSIONS 

From  the  results  of  calculations  and  experiments  presented  here  the  fol¬ 
lowing  conclusions  may  be  drawn: 

1.  Some  of  the  approximations  involved  in  the  lifting  line  and  lifting  sur¬ 
face  theories  applied  in  the  present  paper  requires  further  investigation. 

2.  For  the  non-optimum  circulation  distribution  investigated  the  pitch  dis¬ 
tribution  obtained  in  ideal  flow  with  the  P^-method  differs  considerably  from 
those  obtained  with  different  applications  of  the  induction  factor  method.  See 
Fig.  7. 


3.  Different  applications  of  the  induction  factor  method  to  two  non-optimum 
loading  cases  result  in  rather  similar  pitch  distributions  except  at  the  tip  and 
root  of  the  blades.  See  Figs.  7  and  8. 
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4.  For  the  two  loading  cases  investigated  "Approximate  Ginzel"  camber 
correction  factors  obtained  by  interpolation  in  and  extrapolation  from  Ludwieg 
and  Ginzel's  original  diagrams  result  in  geometrical  cambers  differing  consid¬ 
erably  from  those  obtained  with  more  thorough  lifting  surface  methods.  See 
Figs.  9-12. 

5.  Calculations  of  the  camber  correction  factors  by  the  relatively  simple 
lifting  surface  method  of  Guilloton  seem  to  give  realistic  results  over  the 
greater  part  of  the  blade. 

6.  The  influence  of  skew  back  on  the  camber  correction  factors,  as  calcu¬ 
lated  by  Pien  according  to  his  lifting  surface  method  [17]  ,  is  very  small  but 
instead  a  pitch  correction  is  obtained.  See  Figs.  11  and  13. 

7.  The  effective  pitch  of  the  propellers  is  in  the  present  case  not  changed 
essentially  if  the  "Approximate  Ginzel"  camber  correction  factors  are  replaced 
by  correction  factors  calculated  according  to  Guilloton's  method  together  with 
the  pitch  correction  obtained  with  the  latter  method.  Compare  propellers  Nos. 
P1040  and  PI 052  in  Table  4. 

8.  The  results  of  the  open  water  tests  show  that  in  the  optimum  as  well  as 
in  the  non-optimum  case  investigated  the  delivered  thrust  at  the  design  advance 
ratio  agrees  well  with  that  calculated  for  the  propellers  calculated  according  to 
the  ^-method  (influence  of  hub  considered).  The  propellers  calculated  accord¬ 
ing  to  the  induction  factor  method  of  Lerbs  for  the  non-optimum  case  deliver 

7  to  10^  more  thrust  than  predicted.  When  judging  the  error  in  effective  pitch 
the  uncertainty  of  the  friction  loss  correction  must,  however,  be  considered. 

9.  The  calculated  and  measured  values  of  the  efficiency  agree  well  for  all 
the  propellers  if  CD  =  0.008  is  used  at  the  calculations.  See  Table  4. 

10.  When  starting  from  the  same  non-optimum  circulation  distribution  the 
measured  efficiency  at  the  design  advance  ratio  is  0.66  when  the  Pf'-method  is 
used  for  the  propeller  calculations  and  0.64  when  the  propeller  calculations  are 
performed  according  to  Lerbs'  induction  factor  method.  The  former  value  is 
exactly  the  same  as  that  obtained  with  the  corresponding  optimum  propeller.  As 
the  circulation  distribution  in  this  case  differs  considerably  from  the  optimum 
distribution  a  certain  decrease  in  efficiency  could  be  expected. 

11.  No  essential  differences  between  the  cavitation  properties  are  observed 
when,  for  the  same  non-optimum  circulation  distribution,  the  lifting  line  calcu¬ 
lations  are  performed  according  to  the  induction  factor  method  of  Lerbs  or  when 
the  Pf'-method  is  used.  "Approximate  Ginzel"  camber  correction  factors  are 
used  in  both  cases.  See  Fig.  16. 

12.  If  the  "Approximate  Ginzel"  camber  correction  factors  are  replaced  by 
those  deduced  with  Guilloton's  method  together  with  the  pitch  correction  thereby 
obtained  the  cavitation  number  for  incipient  tip  vortex  decreases  from  4.2  to  0.5, 
the  latter  value  being  close  to  the  one  resulting  from  an  approximate  prediction. 
See  Fig.  16. 
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13.  For  all  the  propellers  except  P1017  the  results  of  the  measurements 
of  the  axial  component  of  the  induced  velocity  at  different  radii  x  behind  the 
propeller  differ  considerably  from  the  predicted  values.  See  Fig.  17. 
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NOMENCLATURE 


CD  =  - — -  =  drag  coefficient 

^  (  db  V2 
2 


CL  = - - -  =  lift  coefficient 

-  f  db  V2 


D 


dD 


dL; 

f 

cL  =  -b  7,  *  dva 

*A'  1T’  1R 

j  =  VA  nD 
k 

KT  =  T  D "* n  2 
KQ  =  Q  -D5n2 

f 


P 


o 


propeller  diameter 

drag  of  profile 

lift  of  profile  in  ideal  flow 

camber 

non-dimensional  circulation  coefficient  according  to  Lerbs 
Fourier  coefficients  of  gl 
induction  factors  of  the  induced  velocities 
advance  ratio  of  propeller 

camber  correction  coefficient  according  to  Ludwieg  and 
Ginzel.  See  Eq.  (12). 

thrust  coefficient 

torque  coefficient 

length  of  blade  section 

number  of  revolutions 

static  pressure 
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Pv  =  vapour  pressure 

P{/B  =  -nx tg/3.  =  propeller  pitch  ratio  in  ideal  flow 
Q  =  torque 

r,  r '  =  radius  of  blade  section 
r  =  radius  of  helical  vortex 
R  =  D/2 

g  r - - 

Rn0  75R  =  °'  ^5R  ./vA2  +  (0.  7S^nD) 2  =  Reynolds  number  of  propeller 

uT,uA,uR,uN  =  components  of  the  induced  velocity  at  the  propeller 

VA  =  advance  velocity  of  propeller 

V  =  inflow  velocity  to  propeller  blade  section  including  induced 
velocities 

Vo  =  inflow  velocity  to  propeller  blade  section  excluding  induced 
velocities 

x  x  *  =  r  R  and  r '  R 

xh  =  non-dimensional  hub  radius 

a  =  angle  of  attack  of  blade  section 

i  =  advance  angle  of  blade  Section 

Li  =  hydrodynamic  pitch  angle  of  free  vortex  at  the  blades 

iix  =  hydrodynamic  pitch  angle  of  free  vortex  at  infinity  down¬ 
stream  of  propeller 

~b  =  circulation  of  bound  vortex 

rf  =  circulation  of  free  vortex 

hi  =  induction  factor  corresponding  to  a  vortex  element  Li 

L~  -  angular  length  of  vortex  element  projected  in  the  disc 
plane 

hp  =  pressure  drop  at  profile 
s  =  drag  lift  ratio 
-0  =  propeller  efficiency 
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tjj  =  ideal  propeller  efficiency 
=  Goldstein  function 
\  =  J/77 

=  x  tan  /Sj 

v  =  kinematic  viscosity 
p  =  density 


g  V  2 
2  VA 


test  cavitation  number 


inception  cavitation  number 
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NUMERICAL  RESULTS  OF  SPARENBERG’S 
LIFTING  SURFACE  THEORY  FOR 
SHIP  SCREWS 

J.  D.  van  Manen*  and  A.  R.  Bakker* 

Netherlands  Ship  Model  Basin 
Wageningen,  The  Netherlands 


SUMMARY 

Sparenberg's  lifting  surface  theory  for  ship  screws  was  programmed  for 
the  digital  computer  X  1  of  the  Netherlands  Ship  Model  Basin.  The  results  of 
systematic  calculations  for  symmetric  blades  and  pressure  distributions  can  be 
interpreted  as  "lifting  line  to  lifting  surface  correction”  factors.  These  factors 
were  plotted  in  a  diagram  for  different  pitch  ratios,  numbers  of  blades,  blade 
area  ratios  and  three  types  of  radial  load  distributions. 

Also  the  effect  of  skew  back  and  asymmetric  chordwise  pressure  distribu¬ 
tions  has  been  considered. 


INTRODUCTION 

After  Lerbs'  excellent  review  in  1955  of  the  orogress  made  in  propeller 
theory  [1]  the  impression  was  established  that  completeness  of  this  theory  had 
been  approached. 

Test  results  of  the  N.S.M.B.  published  in  1958  gave  rise  to  doubt  as  to  this 
completeness,  in  particular  with  respect  to  the  effect  of  the  number  of  blades  [2\ 

In  the  U.S. .A,  England,  Japan  and  The  Netherlands  attempts  were  made  dur¬ 
ing  the  last  years  to  develop  lifting  surface  theories  for  ship  propellers  [3-7  . 

In  the  present  paper  numerical  results  of  Sparenberg's  lifting  surface  theory  7 
for  ship  screws  are  discussed. 


^Assistant  Director  N.S.M.B. 

Head  o:  Computer  Dep.-.rtment  N.S.M.B. 
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Sparenberg  assumed  the  blades  to  be  infinitely  thin  and  the  influences  of  the 
ship's  hull  and  propeller  hub  negligible. 

He  started  from  the  basic  equations  of  hydrodynamics  and  showed  that  a 
pressure  dipole  layer  can  represent  the  screw  blades.  His  theory  results  into 
two  equivalent  expressions  each  of  which  can  be  chosen  for  determining  the 
shape  of  the  propeller  blades  for  a  given  pressure  distribution. 


1.  Sparenberg's  Equations 

Sparenberg  considers  a  rotating  helicoidal  surface 

[2.1]  Hfx.r.j.t)  =  c-^t-ax=0.  a--jy 

where  t  represents  the  time  and  x,r  and  c  form  a  system  of  cylindrical  co¬ 
ordinates.  The  domain  of  x  and  r  can  be  described  by 

[2.2]  x(fr)  ;  X  <  xt(r  r i  -  r  -  r,  • 

The  functions  xf(r)  and  xt(r>  determine  respectively  the  leading  edge  of  the 
trailing  edge  of  the  blade,  r.  and  r0  are  the  inner  and  the  outer  radius  of  the 
blade.  For  a  -  V  [2.1],  the  rotating  surface  H  =  0  does  not  disturb  the  in¬ 
coming  uniform  flow. 

Next  is  considered  a  screw  blade  F  =  0,  which  lies  in  the  neighbourhood 
of  H  =  0, 

de  f 

[2.3]  F  x.r.l.t  =  ;  -  -t  -  a<  -  x.  r  =  0  . 

The  function  fix  r  ,  which  is  a  measure  for  the  deviation  of  the  screw  blade 
from  the  helicoidal  surface,  is  some  reasonable  smooth  function,  *  being  a 
small  constant.  This  deviation  rangle  of  attack  and  camber)  induces  disturb¬ 
ances  of  the  uniform  flow,  which  are  supposed  to  be  small  with  respect  to  U. 

Sparenberg's  first  expression  is  the  integral  equation  for  the  distribution  of 
pressure  dipoles: 


t  j- 


4-i  -I'2  r  V-  -  li-. 

rx  -0 


N  ■  1 

St  ; .  -■)  '  K  x.  r.  r 


dr  c: 


4,1-  a2  r2 


(1.1) 
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where 


where 

_  =  mass  density,  . 

U  =  speed  of  advance, 
x,  r,  c  =  ordinates, 

j'.c.r  =  ordinates  of  the  pressure  dipoles, 

S  =  pressure  dipole  strength,  and 
N  =  number  of  blades. 

For  further  details  reference  is  made  to  Sparenberg's  original  work  r7  . 

The  second  expression  is  the  integral  equation  for  the  distribution  of  bound 
vortices 


’  "  x  .  r  ax .  ;  / 


(1.3) 


(Cor.t.) 
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rro  r 
1  s/‘r“ 


r  -/d?V“> 

),P  M  x,r,ax,'rt(c),c  — - -  dz> 

j  l  ac  / 


(1.3) 


in  which 


M(x,  r ,  c.,  f  ,p) 


(  i- N ■  1 

)  E 

•  a  n  *  0 


-f(  1  -  a2r2)i  cos  £ 


2~n  2-n 

(  t  -  x)  -  o - —  -  ac~  sin  a("xi- 


N 


rf  1  -  a2-2) ) 


*  -2  -  r2-;2-2r;  cos 


x)  -  c 


2~n 


3  2 


(1.4) 


2.  Remarks  About  the  Numerical  Calculation 

For  a  numerical  calculation  of  Sparenberg's  lifting  surface  theory  either 
(1.1)  or  (1.3)  may  be  used.  For  a  propeller  with  a  given  load  distribution  no  dif¬ 
ferential  equation  has  to  be  solved,  since  Eqs.  (1.1)  and  (1.3)  are  then  multiple 
integrals  only. 

In  the  case  of  a  one-bladed  screw  with  a  uniform  load  distribution  the 
numerical  difficulties  are  about  equal  for  both  methods.  For  this  case  the  cal¬ 
culation  has  been  carried  out  for  both  approaches.  The  results  show  only  a 
maximum  difference  of  half  a  percent. 

Formula  (1.1)  leads  to  the  numerical  calculation  of  a  Hadamard  principal 
value.  This  calculation  requires  a  lot  of  analytical  preparatory  work  for  a  non- 
uniform  load  distribution.  For  a  constant  pressure  distribution  this  is  reduced 
considerably.  In  order  to  obtain  an  acceptable  accuracy  special  series  expan¬ 
sions  are  required  in  the  neighbourhood  of  the  singularities  of  high  order  at 
r  =  r;x=r:n=0. 

At  the  point  u  =  r,  x  =  r,  n  =  0  formula  (1.3)  renders  less  difficulties, 
since  only  a  Cauchy  principal  value  has  to  be  calculated.  However,  now  square 
root  singularities  are  found  at  the  inner  and  the  outer  radius  for  many  types  of 
blades. 

The  asymptotic  behaviour  of  the  integral  of  the  function  '.!  x.  r.  leads 

to  a  convergence  worse  than  that  of  K'x.r.c.r.  2-n  N  .  Nevertheless  the  for¬ 
mula  (1.3)  was  used  for  a  more  bladed  screw  with  a  non-uniform  load  distribution. 

The  right-hand  side  of  (1.3)  was  calculated  for  a  number  of  \  aiues  of  the 
radius  r,  and  for  each  value  of  r  a  number  of  points  x  on  the  chord  was  chosen. 

To  save  computing  time  all  variables  in  Sparenberg's  formulas  were  made 
dimensionless  by  multiplication  by  a. 


66 


Sp arenberg's  Lifting  Surface  Theory  for  Ship  Sc  rev/s 

If  B  -  min  '_x  -  for  all  values  of  x  at  one  radius,  the  value  of  MfB-f, 

r,  ax,  may  be  used  in  the  calculation  of  (1.3)  for  all  x  at  that  radius.  The 
asymptotic  behaviour  of  the  integrand  of  \Ux  r  ax  f.u)  is  of  the  type  l  -2. 

To  obtain  an  oscillating  integrand  the  function 


-  r  fl  -  .-.2) 

{-2  .  r2  _  .  21,3  2 

was  subtracted  and  integrated  exactly. 

By  a  simple  transformation  the  integral  may  be  written  as 

fl  -  r2)  ;  cos  "  -  -  .:  t  -  -  2~i  )  sin  -  *  -  rf  1  -  ; 2 ) 

J  (--  2~~: ) 2  -  r2  -  ;.2  -  2r:  cos  /  2 

_ r'l  -  :2 _ 

{(-  '  2-i)2  *  r2-  c2!3  2 


c  x  r*  •  l 

'  LL 

3  -  -r  j  =  o  r.  =  0 


—  Cl  —  r  2 )  ;  cos 


2~r. 

N 


v  (- 


-  2-i  - 


-  2  - 


r2 


/ 

2r :  cos 


(2.1) 


Formula  (2.1)  gives  an  expression  that  is  quickly  convergent  for  small 
values  of  and  r,  but  also  for  moderate  values  the  convergence  is  sufficient. 

It  is  possible  to  estimate  the  remainder  term  if  the  infinite  series  is  cut  off,  so 
that  a  prescribed  accuracy  may  be  obtained. 

The  integration  is  performed  by  use  of  the  Gauss  five  point  rule.  In  gen¬ 
eral  it  is  sufficient  to  cut  the  region  B  -  -  i  i  B  into  two  equal  parts,  and  to 
apply  this  rule  to  each  part.  An  accuracy  of  five  decimal  places  is  then  ob¬ 
tained  for  all  cases  considered.  This  accuracy  is  checked  by  variation  of  the 
number  of  times  the  Gauss  rule  was  used. 


All  terms  containing  this  tail  of  the  infinite  integral  are  integrated  in.  radial 
direction  by  a  special  integration  rule,  being  exact  for  square  root  singularities 
in  both  end  points  and  also  for  polynomials  of  the  degree  equal  to  the  number  of 
points  in  this  rule  minus  two.  The  rule  is  of  a  type  analogue  to  the  integration 
rules  of  Newton  Cotes  of  the  open  type. 
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a  ♦  h  S  -  1 

[  ffx)dx  =  h  Csi  f  f a  -  -^r±  hy 

a  i  =  0 


r2.2) 


For  the  derivation  of  these  and  other  integration  rules  see  Ref.  [8]. 

At  the  point  r  =  r  with  n  =  0  singularities  are  found  in  Mfx.  r.sx, -,r)  for 
f  <  x.  These  singularities  are  of  the  type  1  tu-  r;  and  log  c  -  r  .  Moreover 
at  the  inner  and  outer  radius  root  singularities  generated  by 


d  i  i< ; ) 
dl 


and 


must  be  expected. 

The  integration  in  radial  direction  is  performed  by  an  integration  rule  of  the 
open  type,  being  exact  for  logarithmic  singularities  at  one  and  square  root  sin¬ 
gularities  at  the  other  endpoint.  The  Cauchy  principal  value  is  calculated  by 
combination  of  the  function  values  for  r  -  :  and  r  -  : .  It  turns  out  that  a  suf¬ 
ficient  accuracy  is  obtained  if  an  eight-point  rule  is  used  three  times. 

Since  only  the  integration  boundary  varies,  for  a  given  set  of  values  (r.r) 
the  integrand  of  Mfx,  r,  ax,  f.  ~)  is  the  same  for  all  x  corresponding  to  that  value 
of  r.  Therefore  it  is  possible  to  calculate  these  function  values  only  one  time. 
To  use  these  function  values  also  for  the  calculation  of  the  double  integral 


>str.r) 


M'x.  r .  ax .  j.  r 


integration  formulas  of  the  following  type  have  been  derived: 

a  *  h  r  x 

|  fx-  a  e-2  ,  |  :  y.  cy  -dx 

*■  -  h  s.  a  •  h  ^ 


V~ 


2i  -  N  -  1 


If  it  is  possible  to  approximate  -S' j  -  rr  locally  by  a  polynomial  in  ; .  These 
rules  together  with  the  normal  integration  rule  of  Newton  Cotes  of  the  -n  type 
offer  the  possibility  to  calculate  the  required  integrals  for  all  values  of  x  at 
that  radius  starting  from  one  set  of  values  of  the  integrand  of  V  x.  r.ax. -  . 

It  is  necessary  to  use  such  type  of  tricks  to  get  an  acceptable  computing 
time  unless  a  very  fast  computer  is  available.  For  application  of  the  calcula¬ 
tion  method  in  ship  screw  design  it  will  be  necessary  to  improve  the  programme. 

At  present  about  two  hours  are  needed  for  the  calculation  of  one  screw  on 
an  X  1  digital  computer  (15,000  basic  cycles  per  second). 

The  accuracy  has  been  checked  by  variation  of  the  order  of  the  integration 
rules,  and  the  maximum  step  size  in  these  rules. 


63 


Sp&renber g' b  Lifting  Surface  Theory  for  Ship  Sc  rev.  . 


The  accuracy  of  the  integration  in  radial  direction  is  found  to  be  the  greatest 
difficulty  when  Sparenberg’s  formula  (1.3)  is  used.  When  (1.1)  is  used,  the  con¬ 
vergence  found  by  improvement  of  the  order  of  the  integration  rule  is  better. 

The  obtained  accuracy  for  analytical  load  distributions  is  better  than  1  per¬ 
cent,  in  the  middle  of  the  blade.  If  the  boundaries  are  approached  the  errors 
may  be  somewhat  larger.  The  calculation  for  the  load  distributions  a  =  0.6  and 
a  =  0.2,  is  not  very  accurate  since  the  function  cS f'.c.)  S;,  can  not  very  well 
be  approximated  by  a  polynomial  in  the  neighbourhood  of  the  point  where  the 
derivative  is  discontinuous. 


3.  Discussion  of  Numerical  Results 

The  numerical  results  according  to  Sparenberg's  equations  for  ship  screws 
are  given  as  values  for 


C~A  -.-x , 


representing  the  derivative  of  the  camber  lines  for  the  different  radii. 

In  Fig.  1  such  a  derivative  is  given  for  a  four-bladed  propeller.  The  in¬ 
tegration  of  this  curve  results  in  direct  information  about  the  camber  line  and 
its  pitch  angle. 
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In  the  case  of  symmetric  blade  contours  and  uniform  chordwise  pressure 
distributions  the  following  facts  could  be  proved: 

a.  From  geometrical  considerations  for  vortex  line  elements  on  a  heli- 
coidal  surface  it  follows  that  the  value  of  r  -f  x  at  midchord  represents  the 
corresponding  lifting  line  value,  i.e.,  the  downwash  at  the  location  of  the  lifting 
line. 

b.  The  curves  of  t('-A  ~x)  are  antisymmetric  relative  to  midchord. 

c.  Analysis  of  the  numerical  results  shows  that  for  elliptical  blades  within 
the  calculation  accuracy  the  computed  values  of  r '  W  Vx  may  be  obtained  by 
multiplying  the  derivative  of  the  camber  line  of  the  corresponding  two  dimen¬ 
sional  profile  by  a  constant  factor. 

From  these  facts  it  follows  for  the  outlined  symmetric  case: 

1.  That  no  pitch  angle  correction  is  needed  i or  lifting  surface  effects: 

2.  That  a  three  dimensional  a  =  1  camoer  line  for  a  section  of  a  screw 
propeller  is  identical  to  the  a  ^  l  camber  line  for  two-dimensional  profiles: 

3.  That  the  camber  correction  factor,  that  is  the  ratio  between  the  three 

dimensional  geometrical  camber  and  the  two  dimensional  effective  camber 

feff,  is  constant  along  the  chord. 

For  the  two  dimensional  profile  the  effective  camber  ratio  is  determined 
by  the  relation:  f  l  =  0.05515  cL"  for  an  a  =  l  camber  line 

The  following  systematic  calculations  were  carried  out  in  order  to  get  an 
idea  about  the  effect  of  the  different  variations.  For  all  calculations  a  hub- 
diameter  ratio  uh  D  =  0.2  was  applied. 

For  a  symmetric  elliptic  blade  contour  and  a  both  radially  and  chorcwisely 
uniform  pressure  distribution  the  camber  correction  factors 


were  calculated  for  1-,  2-,  3-,  4-  and  5-bladed  propellers  for  two  different 
radii  (x  =  r  R  =  0.60  and  0.76  and  four  different  chord-diameter  ratios  Z. 

The  advance  ratio  .  =  v„  -r.D  was  kept  constant  in  these  calculations.  The 
results  are  given  in  Table  1  and  Fig.  2. 

In  Table  2  and  Fig.  3  the  results  are  plotted  of  similar  calculations  for  four- 
bladed  propellers  over  a  wider  range  of  chord-diameter  rat. os. 


■:or  : r. e 
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Fig.  2  -  Camber  correction  a  =  a 

function  of  number  of  blade-  =r.c 
blade  width  for  two  different  radii 


Table  1 

Camber  Correction  Values  •  g^o;r  f„;?  for  Symmetric  Elliptic  Blade  Contour 
Uniform  Pressure  Distribution  Both  Radially  and  Chordvrise 


■  =  0.167 


X  =  0.60 

Z 

1-  D  =  0.20 

1-  3  =  0.253 

1-  D  =  0.264 

1-  D  =  0.317 

1 

1.20 

1.31 

1.32 

1.42 

2 

1.19 

1.30 

1.31 

1.40 

3 

1.18 

1.26 

1.29 

1.37 

4 

1.16 

1.24 

1.25 

1.31 

5 

1.13 

1.19 

1.20 

1.24 

X  =  0.76 

1 

1.26 

1.39 

1.40 

1.52 

2 

1.26 

1.38 

1.39 

1.51 

3 

1.25 

1.36 

1.38 

1.49 

4 

1.24 

1.34 

1.35 

1.45 

5 

1.22 

1.31 

1.32 

1.40 
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Fig.  1  -  Camber  correction  for  four- 
blade  c  sc  rev/s  as  a  function  c:  blade 
width  for  two  different  radii 


Table  2 

Camber  Correction  Values  f  _  ftff  for  Symmetric  Elliptic  Blade  Contour 
Uniform  Pressure  Distribution  Both  Radially  and  Chordwise 


=  0.222;  z  =  4 


X 

1".  D  =  0.258 

d  =  0.317 

1-  D  =  0.433 

I-  D  =  0.550 

0.60 

1.25 

1.34 

1.54 

1.80 

0.76 

1.34 

1.45 

1.63 

1.94 

In  Table  3  and  Fig,  4  camber  correction  factors  are  given  for  a  four-bladed 
propeller  over  a  range  of  advance  ratios. 

These  results  are  plotted  on  basis  of  the  advance  ratio  instead  of  .  be¬ 
cause  they  are  independent  of  the  induced  velocities. 

In  Table  4  and  Fig.  5  these  factors  are  given  for  1-,  2-,  3-.  4-  and  5-blaced 
screws  at  five  different  radii  for  one  chord-diameter  ratio  1-  D  =  0.317.  Ad¬ 
vance  ratio  ■  =  0.222. 

The  results  of  calculations  for  a  symmetric  blade  contour  and  chordwiselv 
uniform  pressure  distribution  have  been  given  for  three  variations  in  the  radial 
pressure  distribution  in  Table  5  and  Fig.  6. 
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Table  3 

Camber  Correction  Values  fgeo_  f.ff for  Symmetric  Elliptic  Blade  Contour 
Uniform  Pressure  Distribution  Both  Radially  and  Chordwise 


i-  D  =  0.253:  z  =  4 


X 

=  0.  Ill 

=  0.167 

=  0.222 

=  0.300 

=  0.370 

0.60 

1.22 

1.24 

1.25 

1.27 

1.23 

0.76 

1.34 

1.34 

1.34 

1.35 

1.36 

Table  4 

Camber  Correction  Values 

t_.__  for 

5  vin  metric 

Elliptic  Blade  Contour 

Uniform  Pressure  Distribution  Both  Radially 

ar.d  Chord'* 

is  e 

=  0.222.  1-  D 

=  0.317 

2 

.x  =  0.28 

x  =  0.44  x 

=  0.60 

x  =  0.76 

X  =  0.92 

1 

1.73 

1.41 

1.41 

1.51 

1.92 

2 

1.72 

1.39 

1.40 

1.50 

1.92 

3 

1.71 

1.37 

1.37 

1.48 

1.91 

4 

1.73 

1.34 

1.34 

1.45 

1.90 

5 

1.78 

1.34 

- 

1.41 

1.38 
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F:g .  o  -  Effect  o:  radial  kad  dis¬ 
tribution  on  the  camber  correction 


In  Table  6  the  values  of  r(~f  -xj 
for  four  different  values  of  the  skew 
back  are  given  for  a  four-bladed 
screw  with  a  chord-diameter  ratio 
1-  d  =  0.258  and  an  advance  ratio 
=  0.222  at  x  =  0.6 

For  all  skew  back  values  the 
projected  midchord  points  are  sit¬ 
uated  on  straight  lines.  For  x  =  0.6 
the  chord  situation  is  equal  for  all 
cases. 

From  Table  6  it  appears  that 
the  effect  of  skew  back  on  the  deriv¬ 
ative  t(  '-.i  — x  and  thus  on  the  camber 
correction  factor  is  small. 

In  Fig.  7  the  results  are  pre¬ 
sented  for  a  =  0.6  and  0.2  camber 
lines.  These  results  were  calculated 
for  a  four-bladed  propeller  with  a 
chord-diameter  ratio  1-  D  =  0.258  and 
an  advance  ratio  -  =  0.222. 

From  Fig.  7  it  seems  that  the  de¬ 
rivative  of  the  camber  line  of  a  three 
dimensional  screw  section  with  an 


Table  5 


Camber  Correction 

Values  f.„._ 

for  Symmetric 

Elliptic 

Blade  Contour  and  l 

,'niforni  Chordwise  Pressure 

Dist 

ribution 

G  [1  -  B  f0.7 

-  x)/.  i  =  4: 

■  =  0.222:  1-  D  : 

=  0.2 

58 

X 

B  =  0 

B  =  2.25 

3  = 

4.5 

0.60 

1.25 

1.30 

1. 

33 

0.76 

1.34 

1.24 

1. 

10 

Table  6 


r{  Bo  -  Values  for  Systematic  Skew-  Back  Variations 
for  a  Uniform  Pressure  Distribution 


Percentage 
of  the  Chord 

- » 

T  ■  > 

Skew  =  x  6 

l^.14 

3.33 

4.43 

4.17 

3.61 

2.65 

25 

7.63 

7.57 

7.47 

7. 48 

41.67 

9.53 

9.61 

9.59 

9.36 

58.33 

11.22 

11.35 

11.54 

11.82 

75 

13.12 

13.18 

13.38 

13.74 

91.67 

16.32 

16.30 

16.51 

16.94 
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Fig.  7  - 
and  a  = 


r(cf/cx)  values  for  a  -  3.6 
O.Z  pressure  distributions 
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a  =  0.8  -  0.6  -  0.4  or  0.2  camber  line  can  be  obtained  by  superposing  on  the  lift¬ 
ing  line  pitch  angle  correction  the  two  dimensional  corresponding  "a"  -  camber 
line  corrected  in  camber  with  a  k-value  calculated  for  the  a  =  l  camber  line 
and  an  extra  pitch  angle  correction,  which  is  small  compared  with  the  lifting 
line  pitch  angle  correction. 

4.  Conclusions 

For  a  uniform  pressure  distribution  along  the  chord  fa  =  1  camber  line)  the 
three  dimensional  camber  line  of  a  propeller  blade  section  is  identical  to  the 
camber  line  of  the  two  dimensional  profiles.  As  a  consequence  the  camber  cor¬ 
rection  factor  is  constant  along  the  chord. 

In  the  case  of  a  symmetric  blade  contour  and  a  uniform  chordwise  pres¬ 
sure  distribution  (a  =  1  camber  line)  no  extra  pitch  angle  correction  apart 
from  the  lifting  line  pitch  angle  correction  is  needed. 

The  effect  of  the  number  of  blades  on  the  camber  correction  factor  is 
almost  zero  at  the  hub  and  the  blade  tip  for  equal  blades  but  more  pronounced 
in  the  middle  of  the  blades. 

The  effect  of  the  radial  load  distribution  on  the  camber  correction  factors 
is  not  very  pronounced. 
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The  effect  of  skew  back  on  the  camber  correction  factor  is  practically 
negligible,  especially  in  the  middle  of  the  blades. 

If  non-uniform  chordwise  pressure  distributions  such  as  a  =  0.8  camber 
lines  are  applied,  the  k -values  found  for  the  a  =  1  camber  line  can  be  used. 
However,  an  extra  pitch  angle  correction,  which  is  small  compared  with  the 
lifting  line  pitch  angle  correction,  has  to  be  applied. 

Though  due  to  differences  in  blade  contour  it  is  difficult  to  make  compari¬ 
sons  the  impression  is  established  that  the  presented  curvature  correction 
values 


k 


>ff 


are  larger  than  those  published  by  Ludwig,  Ginzel  and  Kerwin,  and  comparable 
in  magnitude  with  some  values  published  by  Cox. 

The  tend«  icies  given  in  this  paper  will  be  used  in  practical  screw  design. 
However,  it  si'll  must  be  investigated  whether  the  effect  of  the  hub  and  thickness 
of  the  blades  must  also  be  introduced  in  the  theory.  Especially  for  the  higher 
numbers  of  blades  this  might  be  necessary. 

Finally  it  must  be  considered  which  is  the  best  way  of  using  the  results  of 
lifting  surface  theory  in  practice: 

a.  To  optimize  the  computer  programme  in  order  to  be  able  to  calculate 
each  propeller  design  individually  with  the  lifting  surface  theory,  and 

b.  To  carry  out  a  large  systematic  series  of  calculations,  resulting  in  a 
scheme  of  camber  corrections  dependent  on  the  propeller  design  data,  which 
can  be  applied  in  combination  with  a  lifting  line  theory. 
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LIST  OF  SYMBOLS 
(Section  3) 

CL  =  lift  coefficient 

D  =  diameter 


f/1  =  camber  ratio 

G  =  non-dimensional  circulation  at  radius  x 
k  =  f„  f.ft  =  camber  correction  factor 

geom  c t  r 

laD  =  maximum  chord-diameter  ratio 
x  =  r  R  =  non-dimensional  radius 
z  =  number  of  blades 
=  ve  -nD  =  advance  ratio 
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HYDRODYNAMICS  OF  AN  OSCILLATING 
SCREW  PROPELLER 


T.  Hanaoka 

Transportation  Technical  Research  Institute 
Tokyo,  ■ Japan 


INTRODUCTION 

The  development  of  methods  for  calculating  the  hydrodynamic  forces  acting 
on  the  blade  of  a  screw  propeller  in  non-uniform  flow  has  occupied  the  attention 
of  numerous  investigators.  Theoretical  developments  and  calculations  have  been 
presented  for  an  infinite  number  of  blades,  or  for  high  aspect  ratio  blades,  by 
Isav  [1],  Loewy  [2],  Timman  and  van  de  Vooren  r3’,  and  others.  However,  the 
writer  has  been  unable  to  find  any  reference  to  the  subject  of  nonsteady  helical 
fluid  field  for  a  screw  propeller  with  a  finite  number  of  blades. 

The  present  paper  is  concerned  with  the  problem  of  the  oscillating  screw 
propeller  with  finite  blades,  within  the  frame  of  the  linearized  lifting-surface 
theory  (we  may  apply  the  present  theory  to  the  case  that  the  surrounding  fluid 
oscillates,  instead  of  the  blade  itself).  The  scope  of  the  present  work  may 
briefly  be  described  as  follows.  The  starting  point  of  the  work  is  a  formulation 
of  the  helical  velocity  field.  The  velocity  potential  can  simply  be  derived  by 
means  of  the  conception  of  acceleration  potential  [4],  The  boundary-value  prob¬ 
lem  can  be  converted  to  the  integral  equation  that  relates  a  prescribed  down- 
wash  distribution  to  an  unknown  lift  distribution  for  harmonically  oscillating 
blades.  The  integral  equation  appears  as  a  singular  integral  equation.  The 
kernel  function  is  reduced  to  a  form  that  can  be  accurately  evaluated  by  numer¬ 
ical  procedures.  The  form  and  order  of  all  its  singularities  are  determined. 

We  shall  be  able  to  solve  the  integral  equation  by  means  of  a  completely  numer¬ 
ical  method.  Application  of  this  method  awaits  the  numerical  evaluation  of  the 
kernel  function. 


SYMBOLS 

We  discuss  the  fluid  field  disturbed  by  an  oscillating  screw  propeller  which 
moves  with  a  constant  linear  velocity  V  along  the  negative  x-axis  rotating  with 
a  constant  angular  velocity  about  the  axis  in  clockwise. 
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cylindrical  coordinates.  The  x-axis  coincides  with  the 
propeller  axis,  the  '  denoting  that  these  quantities  are 
related  to  the  point  on  the  blade. 

velocity  of  advance 

angular  velocity  of  rotation 

circular  frequency  of  oscillation 

fluid  density 

fluid  pressure 

acceleration  potential 

velocity  potential 

Rayleigh's  frictional  coefficient 

the  acceleration  potentials  at  the  upper  and  lower  sides  of 
the  blade,  respectively 

line-element  normal  to  the  surface  of  chord,  positive  in  the 
direction  contrary  to  the  lift  direction 

radius  of  the  propeller 

number  of  blades 


-  =  2p-  phase  difference  of  oscillation  between  each  blade 


H  =  -  iH0ei;,t  displacement  of  the  blade,  normal  to  the  datum  plane  (heli¬ 
cal  surface),  positive  in  the  direction  contrary  to  the  lift 
direction 


W  =  v/v2  -  r.2r2 


V 


<2 


"(cu  "  -fl 
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Figure 


1.  SYMMETRIC  OSCILLATION  OF  A  SYMMETRIC 

PROPELLER 

When  each  blade  of  propeller  oscillates  arbitrarily  in  frequency,  phase,  or 
mode,  the  evaluation  of  the  lift  distribution  of  the  blade  is  very  complicated,  be¬ 
cause  we  must  carry  out  the  evaluation  on  all  the  blades.  But  on  the  case  of  the 
actual  oscillations  of  marine  propellers,  there  is  often  a  simple  relationship 
among  frequency  v,  phase  difference  i  of  oscillation  between  each  blade,  and 
angular  velocity  of  rotation. 

The  helical  velocity  field  becomes  symmetric  and  the  complex  amplitude  of 
the  lift  distribution  on  the  blades  coincides  with  each  other,  if  the  propeller 
oscillates  under  the  condition  such  that: 

a.  The  propeller  has  symmetric  blades. 

b.  The  frequency,  mode,  amplitude  of  the  oscillation  does  not  differ  on  each 
blade. 

c.  The  phase  angle  between  each  blade  is  equal  to  2p-  or  zero,  where  p 
is  an  integer. 

s  =  2p~  K  corresponds  to  p  =  v  because  ;  =  2p-  implies  that  each 
blade  oscillates  p  times  in  the  course  of  one  rotation.  We  may  call  such  an 
oscillation  "a  symmetric  oscillation."  As  a  typical  example,  we  can  find  the 
"symmetric  oscillation"  in  the  velocity  field  due  to  the  propeller  rotating  in 
non-uniform  flow. 


2.  FUNDAMENTAL  EXPRESSION  OF  VELOCITY  POTENTIAL 

We  regard  the  fluid  as  an  inviscid  and  incompressible  medium  and  neglect 
the  effect  of  gravity.  If  c  denotes  the  acceleration  potential,  the  equation  of 
motion  is  written  in  the  form 
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-  +  frt) 

p 


(2.1) 


When  the  propeller  is  lightly  loaded,  it  may  be  permitted  that  the  fluid  ve¬ 
locity  disturbed  by  the  motion  of  the  propeller  is  so  small  compared  with  the 
velocity  of  the  blade  elements  themselves  that  the  square  term  in  Euler's  equa¬ 
tion  of  motion  may  well  be  taken  negligible  with  impunity,  Moreover,  we  may 
avail  ourselves  of  an  artifice  due  to  Rayleigh,  and  assume  that  the  deviation  of 
any  particle  of  the  fluid  from  the  state  of  uniform  flow  is  resisted  by  a  force 
proportional  to  the  relative  velocity.  This  law  of  friction  has  the  great  math¬ 
ematical  convenience  that  it  does  not  interfere  with  the  irrotational  character 
of  the  motion.  In  such  a  case,  we  have  a  linearized  relation 


77  +  M  * 


-<t>  ■  <* 

- -  +  ft  1> 


(2.2) 


regarding  a  point  which  moves  along  a  helical  path  with  constant  velocity  V  and 
.0  in  a  constant  phase  relative  to  the  propeller,  and  c  satisfies  Laplace's  differ¬ 
ential  equation  Lc  -  0,  as  well  as  <t>. 

The  acceleration  field  does  not  present  any  discontinuity  except  at  the  sur¬ 
faces  of  the  lifting  system,  being  connected  with  the  pressure  by  the  linear  rela¬ 
tion  (2.1).  The  discontinuity  of  the  acceleration  potential  may  be  supposed  to 
occur  on  the  projected  area  of  an  actual  blade  upon  the  helical  surface  which  is 
the  locus  of  the  moving  blade,  within  the  limitations  of  the  linearized  theory. 

We  may  call  it  ’  a  datum  plane."  Hence,  for  the  acceleration  potential  due  to  a 
lifting  system  whose  thickness  is  negligible,  we  have 


t) 


£(i 


dS' 

J 


where  the  surface  integral  extends  over  the  whole  datum  plane  and 


(2.3) 


R  =  h  %  -  c-  -  r’)2  4  -  -2  -  -'2  -  2-  cos  •  -  -  -  r-  r'j  2  . 

If  we  regard  (2.2)  as  a  differential  equation  with  respect  to  t,  the  solution  is 

<t>(  t )  =  -L  |  e  r  T '  =  T.  r,  t  -  2_lJL  dT  .  (2.4) 

2  -  -  J  2  •  - 


Putting  : u  -  c  (  =  -0elvt  c  in  (2.3)  and  then  substituting  (2.3)  in  (2.4),  we 
obtain  the  complex  amplitude  of  the  velocity  potential  in  the  form 


i-  i 
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where  the  surface  integral  extends  over  the  datum  plane  of  one  blade,  and 

R  =  hVrr  -  t'  -  o  +  o'  )  2/4  +  m2  +  m'  2  "  2mm'  cos  -VT  -  t  '  +  cr  -  cr'  -  4:n7'/?  )/2 ;  f2.6) 

Let  the  angle  between  the  plane  of  rotation  and  the  datum  plane  of  the  blade  by 
c',  it  follows  from  the  geometric  relationship  that 


sin 


_V 

W 


COS  €  = 


-IT 

lr 


and 

o  c 

- —  =  cos  £  -  -  sin  £ 

an '  ax ' 


(2.7) 

Equation  (2.5)  is  a  fundamental  expression  of  the  velocity  potential  of  the  fluid 
field  disturbed  by  an  oscillating  screw  propeller. 


h/r 


f 


3.  VORTEX  THEORY 


As  stated  above,  we  could  derive  the  velocity  potential  purely  analytically 
by  means  of  the  conception  of  acceleration  potential.  But  in  the  field  of  propel¬ 
ler  hydrodynamics,  the  vortex  theory  has  been  adopted  as  an  ordinary  conception, 
and  we  are  accustomed  to  attribute  the  induced  velocity  field  to  the  effect  pro¬ 
duced  by  the  vortex  system. 

It  does  not  only  afford  an  intuitive  concept  of  the  real  circumstances,  but 
also  it  will  be  quite  within  the  bounds  of  possibility  to  progress  into  the  non¬ 
linear  theory.  In  the  following  analysis,  the  readers  will  see  the  vortex  system 
created  by  propeller  in  the  velocity  field  expresses,  by  (2.5). 


When  we  put  /i  -  0,  (2.5)  is  written 

l-l  .r 


1 


V 


dr  ' 


,  ,  -  i  2prr.-  I  , 

J S  . r  )  e  cs 


-  y  C-T) 


-L  I  dT  . 
n  R  / 


(3.1) 


where  s  denotes  the  distance  measured  along  the  helical  locus  of  the  blade,  and 
s1;  and  s2  denote  the  positions  of  leading  and  trailing  edges  of  the  blade  respec¬ 
tively.  We  have 
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ds  =  W  dr/(2fi)  =  h  v/l  +  y?  dr/2 

from  the  geometric  relationship. 

Writing  T  =  r+r'-T'  in  the  integral  of  (3.1),  we  get 


(3.2) 


77  (  s  ' ,  r  '  )  e 


-  i  2pmTT 


ds  # 


os 

I, 


■Cr'-r’)  -c  / J 


3o"  \  R  jdT> 


(3.3) 


where  3/ on"  means  the  operation  writing  c/sT',  in  place  of  c/3T  in  (2.7).  When 
H  =  0,  c;  is  written  in  the  form 


w 


3<t> 

OS 


by  (3.2)  and  so 


When  we  write 


-fs.t) 


w 


OS 


os  "S 


,(  s)  e 


(3.4) 


(3.5) 


yfs.t)  means  the  circulation  density  and  it  disappears  in  front  of  the  leading 
edge  of  the  blade. 

Therefore,  (3.4)  is  written  in  the  form 


—  1  -* 

- : — -  -  j  (  s  ' .  t)  ds  '  -  W  —  |  '•  (  s  ' .  t  )  ds  1  .  (3.6) 

i  '*  i 

Integrating  the  linear  differential  Eq.  (3.6),  we  obtain  the  circulation  distribution 
.*  ,5 

I  v(s'. fids'  =  -L  I  -  5  t  -  s  -g—  ;  ds' 

*i  '*  i 

i  t  -*  •  —  (  S  -  S'  ) 

=  5 -  I  e  *  -  (s')  ds  .  (3.7) 

jff  '  0 

■*i 
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Changing  the  variable  from  T'  to  s  in  the  integral  of  (3.3)  by  (3.2),  we  have 


j_  r 

J 


’.'*■> d-'  J,  •  2  "  "’’’sMi)"*' 


w  I,.  •  ' 


IV 

-  T7  <  s‘s'  ) 


1 

in"  \  R 


d  s 


Reversing  the  order  of  integration  by  virtue  of  Dirichlet's  transform,  and  sub¬ 
stituting  (3.7),  we  obtain 


Therefore,  (3.3)  is  written  in  the  form 


<V  r,a,ix) 


l-  i 

1  V  -  i 2pm-  t 
4-  La  6 


f 

rt 

f 

s 

f 

*0 

*»  . 

(3.8) 


This  is  the  potential  of  the  velocity  field  induced  by  the  vortices  lain  on  the 
helical  surfaces  along  which  the  blades  have  traveled,  and  its  circulation  den¬ 
sity  is  y0(s). 

Differentiating  (3.7)  with  respect  to  s,  we  at  once  get 


■'(s,n 


~<  s.  t ) 

_-w 


1 


■ 


(3.9) 


In  right-hand  member,  the  first  and  second  terms  imply  the  circulation  density 
of  the  bound  and  the  free  vortices  respectively.  This  is  "the  Prandtl's  princi¬ 
ple  of  vortex  conservation."  When  we  put  -  (-■*)  =  (3.9)  satisfies  Prandtl's 

relation 


~-t  rt  -5 

When  the  lifting  system  is  oscillating  harmonically,  the  complex  amplitude  of 
the  circulation  density  is  written 
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(3.10) 


l  y 


"of  s') 


i  2/ 

¥ 


(s-s') 


ds '  . 


Consequently,  we  see  that  the  velocity  field  (2.5)  derived  by  the  method  of 
acceleration  potential  is  converted  into  the  velocity  field  induced  by  a  vortex  , 
system.  The  linearization  of  the  Euler’s  equation  of  motion  corresponds  with 
the  assumption  in  the  vortex  theory  that  the  trailing  vortices  are  lying  on  the 
locus  of  the  advancing  blades. 


4.  APPLICATION  OF  GREEN’S  FUNCTION  TO  THE 

EXPRESSION  OF  VELOCITY  POTENTIAL 

There  is  no  difficulty  in  realizing  the  general  nature  of  the  disturbance 
represented  by  the  equation  (2.5),  as  shown  in  section  3.  But  if  we  use  the 
Green's  function  and  perform  such  the  integration  that  appears  in  (2.5),  the 
derived  expressions  will  serve  for  us  to  realize  the  nature  of  the  velocity  field 
analytically  and  also  it  will  be  suitable  for  the  development. 

Green's  function  in  whole  space  is  written 


h  \J (t  -  t'  -  cr  +  cr'  )  2  4  +  -2  +  2  -  2 _ '  cos  2  -  2m-  l': 


AL  I 


7.  (>.  +  n)(T.T  '  )  .  E  (  >.-n)(  r-cr'  )-  i2nm-  E 

e2  2  V  '•  '  V 


- ' )  d  '• 


where  _’  >  and  In.Kn  denote  the  modified  Bessel  functions.  Since  we  at  once 
obtain 


-O'ipX' 


■T)  2  h  dT 


■  -  n  _ ' 

•  -  p  n  -  i  M 


-  V  ’  Knf  ’  -')  e  2 
the  velocity  potential  (2.5)  is  written  in  the  form 


L  (  '-.*n)(  t.t  '  )  .  i  (  '-.-n  )(  r-c'  )-  i  2nm-  C 
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V" 


*  p  ^  n  -  1  M 
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(4.1) 
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_J _ f f  7rc/T'-M') 
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by  virtue  of 


£.  j  i  2mTT 


0 ,  pt  n  i  kl 
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fk,  integer,  included  zero',,  (4.3) 


where  m>  and  imply  the  major  and  minor  quantities  of  _  and  respectively. 
When  /±  -  0  ,  we  obtain 


CE  CD 
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When  p  +  n  =  0,  we  have 


lira  Inf  p  +  n  _  )  •  Kn(  p  *•  n  -O  =  — 
p  *  n  -  0  2P 
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since  ln  =  I.n,  Kn  =  K.n,  and  the  asymptotic  expansions  are 


*„(*) 


(4.5) 


for  x  ~  0 ,  n  >  1 . 

From  (4.4),  we  derive  the  velocity  potential  in  the  region  infinitely  far  be¬ 
hind  the  propeller. 


The  integral  of  k  can  be  transformed  into  the  integral  along  the  imaginary 
axis  by  considering  the  integral 


1  r  m  '  z  -  n/u ' 
2vi  J  z  +  p  +  n 


‘  KnfZM>) 


d  z  , 


(4.6) 


taken  round  suitable  contours. 


When  r  -  r'  -  <7+  a'  >o,  the  contour  is  chosen  with  a  loop  as  shown  in  Fig. 
3,  and  then  there  are  no  poles  inside  the  contour;  and  the  integral  round  the 

large  quadrant  tends  to  zero  as  the  radius  tends  to  infinity. 
The  integral  round  the  indentation  at  z  =  -  (p  +  n)  tends  to 
ix  the  half  of  the  residue.  We  thus  have 


•‘-in{-'(P  *n)tn  _*}  •  In{-fP  +  nV<}  •  Kn{-(p  +  n)u>} 


)(P*n) 


(4.7) 


where 


"  \ 

1  .  p  *  n  -  0 

and  the  second  term  vanishes  when  p  -  n  >0. 

In  like  manner,  the  integral  of  along  negative  axis  can  be  transformed 
into  the  integral  along  the  imaginary  axis.  Consequently,  we  have 
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(4.8) 


for  t-t'-ct  +  ct'  >0.  When  r-.cc,  the  first  term  of  (4.8)  vanishes.  Therefore, 
the  velocity  potential  in  the  region  far  behind  the  propeller  becomes 
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(4.9) 


We  see  that  the  velocity  field  harmonically  varies  along  tho  helical  surface  in 
the  region  far  behind  the  propeller. 


5.  INTEGRAL  EQUATION 

If  H  =  -  iH0e“/t  denotes  the  displacement  of  the  blade,  normal  to  the  datum 
plane,  the  boundary  condition 


dH  _  rH  ^  >H  _  c<t> 

dt  ?t  'S  in 


(5.1) 


may  be  satisfied  on  the  datum  plane,  within  the  limit  of  the  linearized  theory. 
Therefore,  it  is  also  written  in  the  form 


By  using  (4.1)  and  (2.7),  we  get 
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V  IMaO  •  Kn(|\|  M>) 


2  (  k*n)(r-r '  )  -  —(  A-n)(<r.<r'  )-  i  2nmv/l 


(5.3) 


This  is  the  integral  equation  that  relates  oscillatory  lift  and  downwash  dis¬ 
tribution  on  a  blade. 


6.  BOUNDARY  CONDITION  AND  DOWNWASH 

In  the  linearized  theory,  the  downwash  distribution  on  the  blade  is  directly 
related  with  the  motion  of  the  blade  as  shown  in  (5.2).  In  this  section  we  show 
the  various  kinds  of  the  downwash  distribution  on  the  blade. 


Oscillation  of  Blades 

For  flexural  oscillation  of  a  blade,  the  normal  displacement  of  the  blade  is 
given  by 


H 


-  iH  f  n  e 


and  so 


wo  r  «-H0f  r)  . 

For  torsional  oscillation  of  a  blade,  the  normal  displacement  of  the  blade 
is  given  by 


JO  e 


~  2  xo(T) 


hv  1  + 


and  so 


%  =  V O  J 1  +  Oh-  2  -  iV)  (6.1) 

where  i0fr)  denotes  the  amplitude  of  torsion. 

The  amplitude  of  the  biade  oscillation  should  become  maximum  when  k. 

(k:  integer)  coincides  with  the  frequency  of  the  natural  oscillation,  because  the 
frequency  of  the  oscillatory  hydrodynamic  force  acting  on  the  moving  blade  in 
non-uniform  flow  often  becomes  k (k:  integer)  as  shown  below.  And  we  can 
analyse  the  velocity  field  as  the  symmetric  oscillation.  But  we  need  not  apply 
the  above  theory  to  the  oscillating  blade  probably,  because  the  blades  of  marine 
propellers  are  very  rigid  in  general. 
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Non-uniform  Flow 

We  regard  the  axial  inflow  velocity  at  the  center  of  the  propeller  as  the  ad¬ 
vance  velocity  V  of  the  propeller.  If  u  and  v  denote  the  axial  and  tangential 
components  of  difference  of  linear  inflow  velocity  to  the  propeller  in  non-uniform 
flow,  these  are  given,  in  general,  by 


U 


V 


E  (akCr)  sin  kf?  +  bk(  r)  cos  k , 

GO 

L  {c„<o  sin  V.&  +  dk(r)  cos  k$J  . 


(6.2) 


We  must  put  5 -fit  in  place  of  8  in  (6.2)  in  order  to  express  u  and  v  in 
connection  with  the  point  which  moves  along  a  helical  path  with  constant  veloci¬ 
ties  V  and  Cl  in  a  constant  phase  relative  to  the  propeller. 


If  all  terms  vanish  except  for  bj,  clt  in  (6.2),  u  and  v  at  the  blade  (cr  =  cr'  =  o) 
are  given  by  real  parts  of 


v  =  ic,(r)e 


(6.3) 


since  v  -  Cl  for  k  =  l  and  9  =  (r  +  a)/ 2. 

The  normal  components  of  u  and  v  to  the  blade  is  u  cos  e  -  v  sin  e,  where 
s  =  tan-1  V'fir.  As  the  downwash  must  be  equal  to  -u  cos  £  t  v  sin  e, 

-  i  t  '  2 

wo  =  -  e, — _  —  (bjf  r)  fi  -  i  cj(  r)}  .  (6.4) 

V  1  + 

When  b1(v)  =  br  (b:  const.),  u  gives  a  linear  non-uniform  flow.  When  Cj  = 
const.,  v  implies  the  side- ship  velocity  of  the  propeller.  For  an  arbitrary 
shape  of  non-uniform  flow,  we  must  solve  the  integral  equation  with  regard  to 
the  respective  value  of  p  =  k . 

Oscillation  of  the  Propeller  Overall 

Now  consider  the  propeller  oscillating  overall,  in  connection  with  the  ship 
hull.  We  take  the  positive  y-axis  in  downward  direction  and  the  positive  z-axis 
to  starboard.  When  the  propeller  makes  a  translating  oscillation  along  the  - 
axis  and  a  pitching  oscillation  about  the  z-axis  with  frequency  y ,  the  linear  dis¬ 
placements  of  the  point  on  the  plane  of  rotation  of  the  propeller  are  given  by 
5x  =  /?or  cos  6  cos  yt  in  axial  direction  and  s(t9)  =  y0  sin  sin  t  in  tangen¬ 
tial  direction  where  y0  and  /3Q  are  the  amplitude  of  the  translating  and  pitching 
oscillations  respectively.  We  must  write  6  -  fit  instead  of  6  in  order  to  ex¬ 
press  them  with  respect  to  a  rotating  point.  We  thus  obtain 
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(6.5) 


Since  the  displacement  of  the  blade  is  given  by  H  =  -bx  cos  e  +  b(rd)  sin  e,  we 
have 


H 


ir/2  +  i(y-n)t 

yD)  e 
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(i^a  r  +  yD) 


- ir/2+i ( y+O) t 
e 


(6.6) 


If  we  substitute  (6.6)  in  (5.2),  we  obtain  the  downwash  distribution. 

In  this  case,  we  must  solve  two  integral  equations  separately,  because  the 
downwash  has  two  kinds  of  frequencies,  y-  fi  and  y  +  .Q.  When  y  =  kfl  (k:  integer), 
we  can  analyse  the  velocity  field  as  the  symmetric  oscillation. 


7.  REVERSE  FLOW  THEOREM 

We  may  say  that  reverse  flow  theorem  is  the  same  relation  with  "principle 
of  reciprocity”  [5]  in  potential  flow,  von  Karman  appears  [6]  to  have  been  the 
first  to  point  out  such  a  relationship  in  the  field  of  linearized  wing  theory.  Re¬ 
verse  flow  theorem  gives  relations  between  the  hydrodynamic  properties  of 
lifting  system  of  the  same  planform  in  forward  and  reverse  flows.  It  has  been 
developed  for  various  kinds  of  flow  by  a  number  of  investigators.  Now  we 
derive  the  relation  in  the  velocity  field  of  propeller. 

Now  we  consider  two  kinds  of  fluid  fields  around  a  blade,  which  are  the 
fields  disturbed  by  the  propeller  moving  along  a  helical  path  with  constant 
velocities  -V  and  -i),  or  V  and  n.  We  may  say  the  former  direct  flow  and  the 
latter  reverse  flow.  When  the  frequencies  are  equal  in  both  fields,  there  are 
the  relations 


1 

•J 


(7.1) 


where  the  denotes  the  corresponding  quantities  for  the  reverse  flow. 

In  section  3  we  know  that  <tD  and  $0  are  continuous  and  £><t0  =  0,  Ac  =  0  in 
whole  space  except  for  the  helical  surface  along  the  locus  of  blades.  By  virtue 
of  Green's  theorem,  we  have 
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(7.2) 


where  the  surface  integral  is  taken  over  both  the  sides  of  the  helical  surface 
and  an  denotes  an  element  of  the  outwardly  directed  normal  to  the  helical 
surface. 


Substituting  (7.1)  in  (7.2),  we  have 

in  If  Fn  iiv*°  -  2n  ?r)  ' 

Performing  a  partial  integration,  we  get 


-s.  3<t> 

<*  f'dr  dr 


Z]  I  °  J  V°  Sf  "  ”°^)dTdr  =  °- 


(7.3) 


■n0  and  t?o  disappear  outside  the  datum  plane. 

The  summation  with  respect  to  the  blades  may  be  dropped,  since  the  field 
is  helically  symmetric.  Consequently,  we  get 


^  n/  1  +  M2  dr  |  ”0  dr  =  J  yl  +  u2  dr  j  v 


„w  dT 

O  O 


as  the  reverse  flow  theorem  of  an  oscillating  propeller. 

If  the  integral  equation  of  both  fields  are  written  in  the  forms. 


*  £ 


tto?R(t  ,  t'  ;  u,  fj.'  )  dS 
if  tt  51  (t,  t*  ;  fi,  fi‘  )  dS  , 


JJ, 


(7.4) 


(7.5) 

(7.6) 


it  is  verified  that  the  kernel  of  the  integral  equation  in  reverse  flow  is  the  math¬ 
ematical  adjoint  of  the  kernel  appropriate  to  the  direct  flow.  The  adjoint  rela¬ 
tionship  between  direct  and  reverse  flows  leads  immediately  to  the  reverse 

ri - it - - - In  a  \ 

uuw  uicuicni  \i  ."xy. 


8.  VARIATION  PRINCIPLE  AND  LIFTING-LINE  TECHNIQUE 

Flax  [7]  derived  a  variation  principle  for  lifting  surface  and  this  principle 
provides  a  direct  systematic  way  of  reducing  the  two-dimensional  integral 
equation  to  a  finite  set  of  one-dimensional  integral  equations. 

The  following  analysis  is  performed  along  a  similar  course  to  Flax's  work. 
If  a  function  I  is  given  by 
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I 


||  71  +  M2  (w0w0  +  "0w0)drdr 


h 

2 


tto( r,  r)  dr  dr 


ttq( t  ' ,  r  '  )  Sldr'  dr  '  , 


the  first  variation  of  this  function  is  written 


al 


(bn  w  +  c 77  w  )  dxdr 

'  O  O  O  O  ' 


h 

2 


bn  drdr 
o 


77q  SR  dr  '  dr  1 


-  ^  ||  7*  +  ^Ddrdr 


+  m' 


2 


St7o  !R  dr '  dr  1  , 


(8.1) 


where  ^drdr  denotes  the  surface  integral  extending  over  the  datum  plane  of 
one  blade.  Using  the  reverse  flow  theorem,  we  obtain,  from  (8.1) 


i>I 


JI^ 


h 

2 

J!  > 

71  +  Ji2  t?  3?  dr  'dr  ' 
o 

i  «  rro  dr  dr 

+ 


1  +  M 


2 


h 

2 


|  v'l  ♦  m'2 


nQ ft  dr 'dr 


'j 


o  r  dr  dr  . 

O 


(8.2) 


Therefore, 


cl  =  0  (8.3) 

is  equivalent  to  the  integral  equations  (7.5)  and  (7.6).  This  is  Flax  s  variation 
princ  iple. 

When  the  planform  of  a  blade  is  symmetric  about  a  radial  axis  and  has 
relatively  high  aspect  ratio,  the  lift  distribution  in  radial  direction  is  given  by  [8] 


"0(  s'  r> 


A2  u2(  r) 


F  ~  -  T 

VI  -  (  2S  C  )  - 


+  A3u3(r-)  (2s  c)  Jl-  (2s  c)2  +  ---  .  (8.4) 

Reversal  of  flow  direction  involves  only  a  replacement  of  s  by  -s  in  (8.4). 
The  first  variation  of  tt  is  written 

O 
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Sttq(  r,  r)  =  u1(r)  /  — -  oAj  +  u2(  r  )  \Jl  -  (2  r/c)2  oA,  +  —  ,  (8.5) 

yi+T 

where  c  =  20c/W.  Substituting  (8.4)  and  (8.5)  in  (8.2),  we  have 

Jf  vT 


SA, 


1  +  ft*  u,(  r) 


/j  +  T  r 
c 

2  '  T 


1 1  +  /ix '  2  31  77  dr  'dr  ’ 


dr  dr 


+  ISA,, 


|J  Jx  +  M2  r)  \/i  -  (2-r/O2  wq  -  ||  v/l  +  n'  2  31  77q  dr  'dr  ' 


dr  dr 


+ 


0  . 


Since  SAj  and  SA2  are  independent,  the  term  multiplied  by  SA  are  equal  to  zero. 
Since  Uj  and  u2  are  arbitrary  functions,  the  integration  along  the  radius  may 
be  dropped.  We  thus  obtain  a  finite  set  of  one-dimensional  integral  equations, 


r  2  _ 

j  \/l-(2r'c)2  wodr 


Ti 


ft 


1  + 


91  t*0  dr'dr  ' 


1 

l  •  (8.6) 


h 

2 


|  v''l  ~  (2t  c)2 


dr 


31-odr'dr  j 


If  these  equations  are  solved  with  respect  to  A1u1(t),  A2u2(t)  simultane¬ 
ously,  we  obtain  the  lift  distribution  by  using  (8.4).  If  a  suitable  approximation 
for  the  lift  distribution  is  given  by  the  first  term  of  (8.4),  the  integral  equation 
is  written  in  the  form 


where 


k(r) 


|  Ujf  r  '  )  31  (  u  )  dr  ' , 


(8.7) 


k(r) 


wo(T-  rl 


bj(  r)  =  AjUj(r) 


>  (8.81 
(Cont.) 
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J 


(8.8) 


This  is  the  lifting-line  technique  of  an  oscillating  screw  propeller. 


9.  THE  AVERAGE  WORK  DONE  BY  A  PROPELLER 


Let  us  consider  the  mean  rate  of  work  done  against  the  surrounding  fluid  by 
a  propeller.  If  H  denotes  the  instantaneous  normal  displacement  of  a  point  on 
the  blade  from  the  datum  plane,  H  is  written 


H  =  Hs  -  iH0e’ 

and  the  whole  lift  density  is  written 


(9.1) 


(9.2) 


where  suffix  "s"  implies  that  the  quantities  are  related  to  steady  state.  The 
amounts  of  resistance  and  lift  acting  on  an  advancing  blade  element  in  unit  of 
time  are  given  by 


*■*1  -  i 


ds 


77  ^ds  -  2~ 


f  dt  f 2  *e  l1  17  e‘vj,i!e  (7Tcel,'t) ds 


(9.3) 


=  £  I  dt  j  *ds  =  J  "'ds  • 


Non-steady  term  appears  only  in  resistance,  as 

R  =  - 


j  dt  j  *e  i  77  e“7  '  e'vt 


ds 


(9.4) 


On  the  other  hand,  mean  rate  of  the  work  done  against  the  fluid  by  the  blade 
element  is  given  by 


(  dt  f  2  4ds  +  —  f  dt. 

1  J.  2U 


r  2  -h  . 


ds  . 


Therefore, 
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P 


Yi  f  dt  [  •  Ke  (7Toell't)  ds  +  W 

0  Js 


dJk 

3s 


7TS  ds 


+ 


vW 

2tt 


-2tr/  v 

i  dt 


(9.5) 


Introducing  (5.2)  or  (9.4)  in  (9.5)  and  leaving  out  the  steady  term,  we  obtain 


r2n/l'  r*1  ,  , 

dt  fc(woelvt) 

0  Js 

or 


=  £{ 


P  =  2^  1  dt  1  fRe(^Hoe“'t)  •  »e(77oe1,/t)  d 

T)  *s  j 

Integrating  p  all  over  the  blades,  we  obtain 

P  =  2^  J  p  dr  =  P*  +  j"  WRdr  , 


ds 


s  +  WR  . 


where 


p'  ■  ’ « £ f  *  (’ 

X  'Jte  (wc  e** 1 '  i2pm,T/f )  ds  . 


(9.6) 


(9.7) 


(9.8) 


(9.9) 


P*  implies  the  amount  of  work  done  against  the  fluid  by  the  oscillation  of  blades 
in  unit  of  time  and  the  second  term  of  (9.8)  implies  mean  rate  of  the  work  done 
against  the  resistance  of  advancing  blades. 

If  Ra  and  Rt  denote  the  axial  and  tangential  components  of  R, 

R  =  Rt  cos  e  +  Ra  sin  e 


iir  „  V  „ 

It  Rf  +  W  Ra ' 


(9.10) 


If  we  take  the  average,  all  the  non-steady  hydrodvnamical  forces  acting  on  the 
blade  disappear  except  for  R,  as  shown  (9,3).  Therefore  the  average  thrust  and 
torque  are  derived  from  R.  We  thus  have 
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r  Rt  dr  +  V 


Radr 


=  no  +  vd  ,  (9.11) 

where  D  and  0  denote  the  average  resistance  and  torque  of  an  oscillating  screw 
propeller.  Substituting  (9.11)  in  (9.8),  we  obtain 

P  =  P*  +  OQ  +  VD.  (9.12) 

In  the  above  analysis,  we  except  the  "suction"  force  at  the  leading  edge  of 
blade  [9].  The  effect  of  the  force  is  explained  in  section  11. 

We  shall  now  derive  the  expression  of  P  by  using  the  velocity  potential. 
Integrating  p  of  (9.6)  all  over  the  blades,  we  obtain 


P  =  "dt  £  /'dr 


m  0  * 


(9.13) 


P  is  equal  to  f  times  of  the  amount  of  work  done  by  a  blade,  since  P  implies 
the  average  work  with  respect  to  time.  But  we  use  (9.13),  for  the  convenience 
of  the  development  of  analysis. 


When  we  put 


-  i  2pm^  ? 

wo  e  =  wr  +  i  W; 


-  i  2pm-*  i 

77 o  e  =  Wr  +  j 


(9.13)  is  written  in  the  form 


(9.14) 


=  SZJ  vl  +“2  dr  I  (Wr'r 


+  '“i  ~0Ar 


1  J1  dr  Re  w- 


-  i  2pm—  (. 


i  2pm-*  £ 


)d- 


(9.15) 


where  denotes  a  conjugate  complex  of  -  and  so 


98 


Hydrodynamics  of  an  Oscillating  Screw  Propeller 

If  we  write  r  +  2 mn/l  for  r  and  a-  +  2sn-n/t  for  a-  in  (5.3)  and  then  put  u  -  ,  we 

obtain  the  expression  of  Woe'i2P'Tm'/  f 


s  -  i  2prrm/  £ 


8tt- 


:  nhp  >/T 


+  ^ 


f-  1  r>- 

Li 


-  f’  - 

I-770 


-  i  2pm  '  tt/6 

e  dr 


x  y  X  (M*k  -  n/fj.')(n* 

/  i  J  X  +  p  +  n 


)fM^  '  n/V) 


i  .  i  2nrr 

-  (  a -in  )(  r  -  r  )  +  — T—  (m-m  ) 

x  e2  *  d\ 


t-  l 


877  Qhp  ^  1  +  /x2  m'so  J0  ^r' 


-  i  2pm '  t*  £ 


dr' 


00 

{m'CP  +  n)  +  n/p.'}  {mCP  t  n)  +  n/V}  Inf  !p  +  n  ) 


x  Kn(  p+  n  m>)  ■  e 


ip  ,  i  2n-" 

-  —  (  r-r'  )  ♦  -y  (m-rn  ) 


For  the  simplicity,  we  use  the  symbols 

l- 1 


£  r-t: 


Ef-f 


•  1 

dS' 


dS 


(9.16) 


(9.17) 


00  00 


*1  = 


n  =  -  oo  -eo 


C  (u'k  -  n  u'  )(uk  -  n  u) 

Jd  \^p  +  n  In^  “< 


)  •  Knf  • 


.  (9.18) 


y 

^2  =  Z_1  {^'(P  +  n)  +  n  V}  {m^P  +  n)  x  n  „}  Int  p  J-  n  •  Knf  p+n  _,>j 

n  =  -  ®  J 

Substituting  (9.16)  in  (9.15),  we  have 


P 


h2 


4 


dS'  Jtj  -  (- 


r  r 


77 i  77 { )  sin  a 


(9.19) 

(Cont.) 
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_ 

4  877 


dSj  dS'lj  •  (77r77;  +  77  .  77  1)  COS  fi 

*  • 

-  dS  dS'JK,  •  (77,77.'  -  77.  77' 

772  oh  J  J  1  r  * 


hf 

^  8772  Slhp 


)  cos  a 


where 


l 

877  flhp 


dS 


(77r77| 


77j  77;)  sin  /5  , 


(9.19) 


a  =  i(\  +  n)(r-r') 


P  ,  2n77 

=  -  (t-  t  ) - —  (m-  m  ) 


If  77f  and  77.  have  no  singularity,  the  first  and  the  third  terms  of  (9.19)  are 
equal  to  zero,  because  they  are  transformed  into  the  expressions  to  be  equal  in 
magnitude  and  opposite  in  sign  by  changing  the  order  of  the  integration  with  re¬ 
spect  to  S  and  S'.  Consequently,  we  obtain 


P 


32  -rOp  J 


dS'®2  •  (rrrr; 


i  ”i>  cos 


(9.20) 


Equation  (9.20)  is  a  formal  expression,  as  the  integral  is  divergent  (see 
appendix  B).  In  practical  evaluation,  we  must  carry  out  the  partial  integration 
with  respect  to  t~‘  and  evaluate  Cauchy's  principal  value. 


10.  ENERGY  THEOREM 

We  now  consider  the  kinetic  energy  present  in  the  field  of  flow  behind  the 
propeller.  The  increase  of  this  energy  should  be  equal  to  the  work  done  on  the 
blades  by  external  forces.  This  fact  shall  be  verified  in  the  following  analysis. 
The  energy  increase  in  unit  time  is  usually  derived  bv  calculating  the  kinetic 
energy  in  a  strip  between  two  vertical  planes  at  the  distance  2~v  v.  But  in  this 
section,  we  derive  the  average  energy  increase  by  calculating  the  dissipation  of 
energy  in  Rayleigh's  fluid  field.  This  method  was  propounded  by  H.  Lamb  [101 
and  applied  to  the  problem  of  wave-resistance.  As  the  average  dissipation  of 
energy  E  in  unit  of  time  in  Rayleigh's  fluid  field  is  equal  to  2m'  times  the 
kinetic  energy 
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where  the  volume  integral  extends  over  the  whole  space.  This  integral  can  be 
transformed  into  surface  integral,  to  be  extended  along  the  helical  locus  of  the 
blades,  because  the  velocity  field  does  not  present  any  discontinuity  except  at 
the  helical  surface,  namely, 


E  =  -  fi' p 


V 

2  rr 


/  v 

I 


dt 


Jf*s 


dS  . 


(10.2) 


The  surface  integral  extends  over  both  the  sides  of  the  helical  surface  and  n  is 
a  normal  directed  outward  from  the  helical  surface.  At  the  upper  and  lower 
sides  of  this  surface,  <}>  is  equal  in  magnitude  in  front  of  the  propeller,  and  is 
equal  in  magnitude  and  opposite  in  sign  behind  the  propeller,  with  each  other. 
Therefore,  the  surface  integral  extending  all  over  the  helical  surface  is  equal 
to  the  surface  integral  extending  over  the  helical  locus.  In  the  following  anal¬ 
ysis  we  shall  first  derive  the  respective  surface  integral  along  the  upper  and 
lower  sides  of  this  surface  separately.  And  then  we  shall  get  the  energy  E  by 
adding  up  both  the  integrals.  If  E(_ )  denotes  the  surface  integral  along  the 
lower  side,  it  is  written 


E 


(-) 


V 

2  rr 


v 


dt 


d  u 


d  r  , 


(10.3) 


where  i  ](_  ^  denotes  that  the  function  in  the  bracket  takes  the  value  at  the 
lower  side. 

If  <t>Q  denotes  a  conjugate  complex  of  4>0,  we  have 


2m 


He  4>  •  He  dt 

on 


1 

2 


en 


=  -  He  1  4> 

2  ° 


where 


$  =  <t>  +  i<t>- 


Therefore,  E  is  written 


'(- ) 


V 1  d_  j"  He  [V~ 
T.  =  0  •'o  -CC 

x  0<t>o(  T 2rn-  E.  -  -  2m-  on 

If  we  write  >■  for  -*•  n  in  (4.1), 


+  2m-  f,  ~  -1  2m-  f.  .*) 


d-  . 


(10.4) 
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X  K„ .( |  A.  -  n*|  /i*)  ■  e2 


—  (  /.-  2n  •  )e+in*(n>-m»  )  2^/  F 


d  K  , 


where  m>  =  m,  m<  =  m'  when  pi  >  m',  and  pi*  =  m,  m*  =  m*  when  pi  >  pi*. 
When  pi  0 , 

E^_  j  =  lim  iRe  1  dpi  /  ■  f  dpi'  f  -n'0  e' 1 2pm  ”  f  dr' 

£  -*  *  0  m  ^0  m  '  *'o  t  ' 


\  1  -  -  p(r* -r'  )  ♦  “-(p+2n)e+in(m-m'  )2^/P 

x  /  .  {pi'(p  +  n)  +  n/pi'}  e 

n  *  -  co 

xIn(ip  +  „^.Kn(,p  +  n,.>)8-^-Z]r  d^*  f  ff*  el2pm*T’  f  d7 


X 

{m(P  *  n*)  +  n*/pt}  {pt*fp+ n*)  +  n*/u*}  In.( Ip  ■ 


n  pi,) 


Kn.C  P+  n  !uO  '  e 


•  (p*2n*)*  +  in*(m-m*  )  2-" 


Substituting  (4.9)  in  (10.8),  we  get 


!(.)  =  lim  3te  J  d~Z]  j  d-'  j.%el 

'  -0  ni  J0  m*  *'0  J-r 


2pm"  -? 


(10.8) 


x  <t>0  x  (t*  +  2nvrT''?,  £+2m7r/f.  d~* 


X 


n-«  ■  -  X 


n*  “} 


*  {m*(P  +  n’)  +  n*  u*}  In.(  p*n‘  ~*)’Kn.(  p  *  n*  _*) 

-  ^  ( p  ♦  2n"  )e*in(m-m*  )  2**/  i 

*  e 


(10  9) 


If  denotes  the  surface  integral  along  the  upper  side  of  the  helical  sur¬ 
face  which  corresponds  to  (10.3),  the  expression  of  E(i.  can  be  derived  along 
the  similar  course.  For  E(i),  the  operation  3  3n  leads  to  a  result  which  is 
opposite  to  E^_  j  in  sign. 

Therefore,  we  have 
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Z-  E(+)  +  E(.}  =  3ie  ‘  f  d^‘  {  2-;e‘^ 

m  •'O  m  •  **0  Jr  ’ 


/l 


*  {^o  n  (T*  +  2mw/P ,  2m7r/ £  ,  fj.)  -  <j/  r*  +  2m77,/£ ,  2m77/  £ ,  ^t)  j-  dr* 

OS 

X  2^  {m(P  +  n)  +  n/u}  {m*(P  +  n)  +  n/v*}  In(  P  +  n  m<) 


where 


.  |  ,  *N  i  n(  m-m*  )  2tt/£ 

x  K„(  !  P  +  n  |  ,u*  )  e  . 


(  £)  > 

1  im  $0<D(  t  +  2m 7t/  £,  e  +  2mm/  £ ,  /n)  =  4>ok  (  r  +  2m-  £ ,  2m-  £ ,  ,u) 

«  -  -0  I 


>  ■ 


lim  <^ox,(r  *2m-rr/t,  e  +  2r\Tr/t,  n)  =  4>^)('r  +  2m-/£,  2m-  £.  u) 
£  -*  ♦  0 

By  using  (3.5)  and  (3.7),  we  get 

f^Vr'  +  2m-  £.  2m-  £,  _)  -  D^V"'  *  2mr£  .  2m-  £, 


ip  , 

/T  r*. 


212c 


(T  -1  2m ~  £.  2m-  £,  _)  e  1  dT 


j_P 

2 


2  n» 


N- 


•)  e 


IE  . 
2 


d-  . 


Substituting  (10.12)  in  (10.10),  we  obtain 


■  p 


=-  ,  -h  f"°  r  7  -  i  2pm-  £ 

=  *e  32-T/7  L-i  J  d“J  '  d- 

m  ’'o  •'tj 


■  -•  (.V”""  '■ ^  ■ 

X  In(  P  +  nK)  •  Vlp  +  nlu,)  ein(m-m')2-  f 


d" '  /  -(p  -*•  n)  +  n 

n  =  -  ® 


t-'(P  -1  n) 


(10.10) 


(10.11) 


(10.12) 


(10.13) 
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By  using  the  symbols  as  shown  in  (9.17)  and  (9.18),  we  have,  finally, 

E  =  32rhflp  j  dS  j  rfS'lRj  •  (7Ttn'r  +  77.  7T|)  cos  fi 

m  • 

-  dS  {  dS 'Sj  7Tf  tt ;  sin  /2  .  (10.14) 

This  expression  coincides  with  (9.20).  By  (9.12),  (9.20)  and  (10.14),  it  is  veri¬ 
fied  that  the  energy  theorem 

E  =  P*  +  :<Q  +  VD  (10.15) 

is  satisfied  in  the  velocity  field. 


11.  MEAN  PROPULSION 

In  section  9,  we  assumed  that  vo  has  no  singularity.  But,  in  general,  - 
has  an  infinite  singularity  at  the  leading  edge  of  the  blade  as  shown  in  (8.4).  In 
this  case,  the  first  term  of  (9.19)  does  not  disappear. 

The  average  work  P  is  written  in  the  form 

_  th  c'°  r - r  r' 2 

P  =  i-  /l*  J*  dr  |  aerw0  •  =0)d-  (11.1) 

0  ’i 

as  mentioned  in  section  9. 

Using  (8.4)  and  (B.13),  we  can  write  the  singular  part  of  the  downwash  in 
the  form 


W  ' 


O 


1 

4-cV  v  1  +  -2 


c 


d-'  —  sgn  C  _  '  -  .  (11.2) 


When  we  calculate  P  by  substituting  (11.2)  in  (11.1),  we  may  exactly  carry 
out  the  calculation  only  in  the  region  near  the  leading  edge.  Therefore,  we  may 
consider  that  ~x  and  ~2  are  independent  of  If  we  perform  the  partial  inte¬ 
gration,  n"C  have 


w' 


O 


-A, 


4-cV  v  l 


sgn  d_ 


d- ' 


A1u1(„) 
2-.--V  %'l  -  c. 2 


c 


Aiu  jf -■) 
2-V  v'  l  -  -2 


(11.3) 
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Substituting  (11.3)  in  (11.1)  and  performing  the  integration 


P' 


fh(Ar2+  A;2) 
8pV 


r  1  o  /»r 

dr 

■'n 


1 2  ~T 
c 

a  +T 


dr 


TTff Ar2+  Aj2)  f'0  Ul2c 

8p  W  dr 


>  0 


(11.4) 


where  At  =  Ar  +  iA;  and  C  is  the  chord  length  of  the  blade. 

The  average  "suction"  force  S  arising  from  the  infinite  vorticity  at  the 
leading  edge  of  the  blade  element  is  equal  to 


S 


’(A,2 


A42)u 


,2C 


(11.5) 


as  shown  in  Ref.  [9],  Therefore  P'  is  annulled  by  the  average  negative  work 
done  by  the  "suction"  force,  and  the  energy  theorem  is  also  satisfied. 

The  average  torque  Q'  and  thrust  f'  caused  by  the  "suction"  force  is  given 
by 


Q' 


T' 


-  f ' 


S  cos £  dr 


(  S  sin  ‘dr  = 


S  t  r  dr 


SBdr  >  0 


J 


(11.6) 


where  St  and  Sa  denote  the  tangential  and  axial  components  of  S.  Therefore, 
the  "suction”  force  reduces  the  propeller  torque  and  increases  the  thrust,  and 
the  rate  shall  be  given  by 


E  S  w dr 

P_^  _  Jo _ 

P  P 


(St  cos  ‘ 


Sa  sin  €)  Wdr 


P 


(11.7) 


When  a  propeller  moves  in  non-uniform  flow  or  in  oblique  flow,  the  fluid 
field  around  the  blade  is  non-steady,  even  if  the  propeller  does  not  oscillate. 
The  average  forces  acting  on  the  blade  disappear  except  the  "suction"  force, 
because  the  attitude  of  the  blade  does  not  vary.  Garrick  [11]  has  treated  the 
propulsion  on  a  flapping  wing  and  calculated  its  efficiency  which  corresponds  to 
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r)  of  (11.7).  He  presented  the  result  that  the  efficiency  is  50  percent  for  infi¬ 
nitely  rapid  oscillations  and  100  percent  for  infinitely  slow  flapping.  The  results 
of  this  theory  seem  to  contradict  the  results  of  the  experiment,  as  Santis's 
experiment  shows  Q'  >  0  and  T '  >  0  [12].  It  seems  that  the  quantitative  agree¬ 
ment  with  experimental  values  can  hardly  be  expected  within  the  frame  of  lin¬ 
earized  theory.  But,  theoretically,  we  may  expect  that  the  propulsive  efficiency 
of  a  propeller  in  non-uniform  flow  is  higher  than  in  uniform  flow. 


Appendix 

KERNEL  FUNCTION 

The  problem  cf  the  oscillating  propeller  is  reduced  to  an  integral  equation 
relating  the  lift  and  downwash  distributions.  It  seems  that  the  kernel  of  the  in¬ 
tegral  equation  is  one  of  the  most  complicated  kernel  functions  which  appear  in 
the  boundary-value  problem  connected  with  lifting  systems.  The  main  purpose 
of  this  appendix  is  to  provide  some  materials  for  evaluating  this  function. 


A.  EXPRESSIONS  OF  KERNEL  FUNCTION 

The  integral  equation  appears  as  a  divergent  form  of  integral.  This  integral 
is  reduced  to  a  form  that  can  be  accurately  evaluated  by  numerical  procedures. 
And  the  integral  equation  will  be  handled  by  routine  numerical  methods,  though 
laborious.  In  this  section,  the  kernel  function  is  converted  into  the  expression 
appropriate  for  numerical  calculation. 

Introducing  dimensionless  quantities,  the  integral  equation  is  written  in  the 
form 


where 


and 


gf-.-l 


•  2 

|  •  Kf- - 'id-'. 

"  1 


U(-.-)  =  r--v2> 


gC-.-i  =  »0  v'l  -  -2  v 


K(  : 


i  r  (-  •  -  n  -  V--.-  n  _t 

-  )  -  ivr-  " — j  - - 

fx-*  o  5-2  nT7l  J-  \-p~n  -  ifi 


X  If  \  „<■)  •  K  (  ■.  -O  e 


i  l 


•  i  2  (  n  *  p )  ffl-  t 


(A.  1) 


(A. 2) 
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Referring  to  the  equation 


X  X 


f  '-i/i,)  d fA.3) 


s  -  X  -  X 


i/v2  +  /i2  +  /x'  2  -  2 p.  /a'  cos  j 

we  can  derive  the  following  relations,  by  differentiating  with  respect  to  v  and  c, 


yv2 + /j.2 + /j.'2  -  2mu' 


=  22  j  1  eiV>'*in*X  '  V  d'. 

n  =  -  x  •'-x 


X  X 


>  (A.4) 


-  /x/x  s  i  n  £ 


s/v2  +  /X2  +  /x'  2  -  2a^x' 


In(  /•  m,)  •  Knf  1  _,)  A-.. 


*  -  X  -  X 


If  we  introduce  those  formulas  in  (A. 2),  we  have 

f- 1 


K(r,r';^,u') 


1  \  '  * i 2pm- / £ 

=  •  8“  L  e  - 


( 2  +  _;2  -  2)  sin  (  v  -  2m-  '£ ) 

Rfv,  v  -  2t-  f  )3 


ip_ 


Rfv.v  -2m-  f  M,o  8 


*  n-  V  V-1  e-'2pm-  • 


J 

a— 2 


n  *  -  s  ir  =  0 


where 


- : 


-  n)  -  n  •  \_/p  -  n)  -  n 


'•  *  P  *  n  -  i)i 

,  e  >  ••*")- i2nm-  t  d.  _ 


Inf  -<  -Kn'  -  -  ■> 


fA.5) 


(A.  6) 


Rfv.p)  =  X,  V2  -  J  -  2  -  2  —  '  cos  'V  -  2m-  £ 


since 


n  -  n  -I 

•  ■**  p  n  -  i  /x 


-  -  tp-i/i  — 


_'(P~n-iji)*n  _  -^.(p-n-i/i  -n  _ 

-  p  -  n  -  i  fx 

In  the  first  and  second  terms  of  fA.5)  are  designated  by  K  1  and  K  2  respec¬ 
tively,  K  ■  2 )  is  written  as 
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T.  t-  1 

v  e 


•  (p  ~  n)  +  n/-‘ 


"  0-T p  *  n)  »  n/ V  e 


i  n  f  v  -  2rr.-/f  ) 


where 


V  =  lim 

M-  0  J0 


im0 1 


m  - q  *  im 


ir  V'-)  -Knf-)  d 


and  q  =  p  +  n . 

In  (A. 8),  we  can  convert  the  integral  of  into  the  integral  along  imaginary 
axis  by  the  same  manner  as  shown  in  section  4.  Consequently,  we  obtain 

(n)  -  i  vq  "i 

Vn  =  s ♦  "  i2~  e  Jnr  q  )  ■  Kn(  q  ,  v  >  0 


(n) 

V  =  s  .  v  <  0 


where 


( n )  l  e  * 

*.  =  -i-  J  —  J„f~  3 


I  ’  W 


Therefore,  s.  tends  to  zero  as  v  tends  to  infinity. 

It  appears  to  be  difficult  to  evaluate  s_  immediately. 
Referring  to  the  equation 


(A.  10) 


•• :  iq  -  iq 


(A.  11) 


we  can  convert  (A.  10)  into  the  form 


s  -  i_e 


- 1 v  q  ->sq 


e  •  Jr--.-  J.  .-Id-.- 


(A  12) 


where 
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(n)  -  -ivq 

t  =  -  i- e 


fX  Jr/--') 


•  -  i  q 


d-  . 


(A. 13) 


If  we  refer  to  the  equation 

|  1 - 2  J Jn(''-')  d’  =  V  q  -  >  ’  Knf  — ) 

Jo  ■  t  q 


(A.  14) 


( n  ) 

t  is  written  as 


(n) 


-e-ivCi  If  q  _,)  •  K  (  q'_,)  -  ,  <A-15) 


where 


V--')  =  I  T-jJnC-!  Jr/--'  -• 
-  q 


(A. 16) 


and  Xn  =  0  for  q  =  0. 

If  we  substitute  (A. 12),  fA.13)  and  (A. 16)  in  (A. 9),  we  get 

.v  .  - 

vn  =  i-  I  ds  J  e-  5  V-..  Jn'-_  d- 

-  -e'  lvq  il_  q  -  •  K.  c  _  -  X.  _ 

Referring  to  the  equation 

1  r  ,r: 


'A. 17) 


V  ,  0 


R  s.r 


*  J-  •-  J-  - 


(A.  13) 


we  find  that 


—  X  -  i  2p— -  t  1  -  l  q  v  -  s  1  1 


cos  s  -  2~~  t  3 —  sir*  s  -  2~ 


R  s.s-  2~  ~  ! '  3  R 


R  s.s-2”-  i  3  R  s.s-i-- 


(A  19) 
(Com.) 
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C  -  l  ^ 

lh  J2  H.  ,:"'Pl")*"/W'VVn)*n//) 


- i2( p*n  )m n/i - i pv 


/  q  •  K„f  q  *,)  -  X„f  .  (A.  19) 


If  we  perform  the  partial  differentiation,  the  final  expression  of  the  kernel 
function  is  written  in  the  form 


r-  i 

J_  y-1  -  i?.p mr/l  r  — '  V  -  sir.  ( 'j  -  2a-  t  ) 

8t"  “o'  e  Rf  v ,  v  -  2m-  f)3 


l  e“ 


-  jpr  v-  s  )  [  3f  1  -  t-z)f  1  -  2)  s  sin  f  s  -  2m~  l ; 

l  Rf  s ,  s  -  2m-  t )5 


ip  s  -  sin  f  s  -  2---'t  ).•  ,  1  V"1  -ip'v-Jr-  t 

- - - - -  -  is  -  ■£-  /  * 

RCs,  s-2m-  l  )3  J  _  *  tT? 


j  (  1  -  -2)(  1  -  2)  sm  (  2—  i)  ip _ ' 

v  _2  *  2  -  2--'  cos' 2t.-  t  ■,  _2-_'2-2-_  cos  '2-.~ 


if  V  . 


tk-ftk-p)  _  tk  ;k  -  p 


*  (iIik.p''  tk  -  'Kfk.pr  ;k  -  *  Xik-p  -- 


f  A.20) 


This  expression  seems  to  be  suitable  for  the  numerical  evaluation  of  the  kernel 
function. 

On  the  other  hand,  we  can  immediately  derive  the  kernel  function  form  (2.5) 
or  (3.1).  It  is  written  in  the  form 


Kf-. 


1  p 

-  —  '-T 


•rn  R 


After  some  calculations,  we  find  that 
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K(t,  t';  h.,^‘ ) 


i2pm-'£  j~’v  ~  sin  (  v  -  2  r~'l  ) 
Rfv,  v-  2m-  £)3 


f  -  ipf  V- S  )  j  3(  1  -  -2)fl  *  2)  s  sinfs-2m-  £) 

•1  *  Rf  s , s  -  2m-/ £ ) 5 


ip  a  s  ♦  si 


infs-  2m-/ £  )  •  ] 


Rf  s ,  s  -  2m-  £ ) 3 


>  ds  . 


(A. 22) 


The  integral  from  0  to  %  in  (A. 22)  corresponds  to  the  second  and  third  members 
of  (A. 20).  This  relationship  is  easily  verified  by  referring  to  (A. 18). 

It  appears  to  be  convenient  to  have  the  kernel  function  expressed  in  a 
separated  form 


Kf  m,  )  r 


K  1  2)  _  K  2 

(--  -')2  ’ 


(A. 23) 


as  Watkins  [13]  has  pointed  out,  because  X  has  a  second  order  singularity 
which  will  be  shown  in  next  section. 


B.  SINGULARITY  OF  KERNEL  FUNCTION 

The  kernel  function  contains  singularities.  The  forms  that  the  kernel  func¬ 
tion  takes  when  it  becomes  singular  are  of  particular  importance  to  the  numeri¬ 
cal  calculation  of  the  integral  equation. 

If  we  write 


t  1 

V’ 

Mn  =  1  ir 

H  -  0  “ 


1  2p“-  1  j  ■  -7p  -  n~!  -  n  -  r  -  n  - 

_  * .  *  p  -  n  -  i  /x 


I  (  -  >  •  K  f 


i  v  in(  v  -  2r 


K  ‘  is  given  by 


k(2  =  2  ^  Mr 


When  n  is  large,  we  may  use  the  asymptotic  functions  (4.5)  for  (B.l  .  We  thus 
have 
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li- 
M-  0 


C-  1 


(T  =  0 


n 

_L  fn 

2  n  I 


C  '-'Cp  *  n)  -  n  .---/p  -  n)  -  n  _•  iv..-ir/v.2=-  i]  . 

x  i - .  e 

J  _  --p-n-i/x 

The  integral  of  -  can  be  carried  out  by  considering  the  integral 


2~i  J  1  *  p  -  n  -  ifi 

taken  round  suitable  contours.  Wlien  v  ->  0 ,  the  contour  is  chosen  with  a  loop 
bound  by  the  real  axis  and  a  large  semicircle  on  the  upper  side  of  the  real  axis. 
When  v  '  0,  the  contour  is  chosen  with  a  loop  bound  by  the  real  axis  and  a  large 
semicircle  on  the  lower  side  of  the  real  axis. 

As  the  integral  round  the  large  semicircle  tends  to  zero  as  the  radius  tends 
to  infinity.  Hence 


Hence 


2-ie  • !  P'~.. 

0  . 


(•  1 


-  p  -  n  -  1/x 


Mn  =  0  .  v  <  0 


r, 


fB.4' 


In  the  following  analysis,  we  consider  only  for  v  C  .  If  _  denotes  a 
large  positive  integer,  sum  of  M.  for  n  _  j  is  written 


V  i 


\*  -  % 


(B.5' 


where 
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a .  1  -  m-  P 


ao  =  pC2w-'  *  ~  V-' AO  | 


at  =  1  _)  *  1 


-  i  2m-/  £ 

x  =  —  e 


y  "  — '  e 


When  ,*  ^  a',  (B.5)  is  absolutely  convergent. 
By  applying  the  well  known  formulas 


L  £  3  **  -rhr  •  Z"*n  =  ,7771  ^  fB-7> 

n  =  1  '*  n  =  1  r.-l  1  X 


to  (B.5),  we  obtain 


(  2  )  (  —  “  —  )  ^  ^  '  -  i  p  (  v  -  2r.~  t  )  f  j  i  ;  i 

=  -  -  e  a  ,  r.  -  -  '  n  - 

8-  < _ _  •  1  1  -  x  1  -  y 


/  x  y 


'  a°  1-x  "  1-y  '  "l  '  ,  .  „  2 


-JL- , - 2  -R.  (B.8) 

1  *  x  2  (1-y)2, 


H  corresponds  to  the  sum  of  Mn  in  the  range  -u  *"  n  <  n.  and  it  is  finite,  even  if 
_  -  And  then  applying  the  equation 


,-i2r-  ;  2 


we  see  that  K  2  has  singularities  at  -  =  for  -  =  0 .  In  fB.8),  when  -  =  0,  the 
term  multiplied  by  a0  is  equal  to  zero.  Hence,  it  is  found  that  for  vanishingly 
small  value  of  -  -  the  limiting  value  of  (B.8)  is 


„  ( 2 )  e  2  '  .  •>  ;  ^2 

K  - - — - -  aj —  -  -0  «2 


'  0  >  (B.9) 


K  -  0  . 


where 


li-  K  =  0. 
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Therefore, 


litn  KfT.T1;^,  i1  ) 
/ 


Kf  r,  r  ; 


(B.  10) 


We  see  that  K<"— ,  - '  )  contains  no  infinite  singularity  but  possesses  one 

finite  singularity  at - '  =  0.  This  form  of  the  singularity  is  in  con¬ 

formity  with  the  kernel  function  in  case  of  an  oscillating  wing  [13].  This  nature 
of  the  singularity  leads  to  no  special  difficulty  for  the  numerical  procedure  of 
solving  the  integral  equation. 

The  integral  equation  (A.l)  is  written  in  a  divergent  form.  But  if  we  per¬ 
form  the  integration  by  parts  and  evaluate  Cauchy's  principal  value  of  the  in¬ 
tegral,  we  obtain  a  finite  limit.  This  result  coincides  with  the  limiting  value  of 
the  downwash  at  the  boundary  of  a  blade. 

Let  us  consider  the  nature  of  the  singularity  of  the  kernel  function  of  the 
above  mentioned  integral  equation  at  --  -  '  -  0. 

If  we  write 


Bfv)  =  v2  -  .  2  sin2  'v  -  2--  i  , 


we  have 


Rfv)  =  ,/v2-_2-_'2  -  2  — '  cos  ( v  -  2~~  i 

-v  =  ''-2—  «'•  =  ,  =  *-2=-  i 


—  v  *  sin  o.. 


-  -vBf  v)  -  '  _2v 


cos  '  .  -  sir. 


Rfv)3 


3(1-  -2)(1-  _'2) 


B'v  •  R  v 


Rf  s): 


(  1  -  -  s  sir.:,  — 


B  s  R  s 


3  -  -  _  cos  c , 


2-  cos  ■  B  s) 


R  s  * 

2  s*  -  -  2_‘  cos2  -  -  1 


■  cos  '  ) 


B  s 


Hence,  (A. 22)  is  written  in  the  form 
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K(  r,  r‘  ;u,m'  ) 


r.  •  j 

- 

«7f 


,-i2Prwe  _i  :-v_B/v)  +  ^2v  cos  -v  v  ~n  >.)^' 

b;x '  L  B(  v )  •  Rf  v  ) 


o  -«  P  ■  I 

(/vcos'tv*  sin^lji  cos;v  J  1 


B/v)  RCv) 


-J-5rZ>“w'  f 


ip( v- s  ) 


(  1  +  m2)s  sin  -J.J 


;  m'  -  m  cos  <&  f  2a  cos  *  •  B'’  s) 

-  .  i  .  ■  ..I—  J  3  *•  i 

o/x*  B(  s  )  •  Rf  s  )  (x1  -  x  cos 


-  C  s2  +  a2  -  2m2  cos2 


•  (  1  ■  2  V,  i  ~C  ■  ~^s  frs) 

J  R/s)2  *  B/s )/[  1P  V'  [BCs)  •  RCs) 


(/-  s  cos  +  sin  -  a  cos  c-f) 

B's)  •  R(s) 


(B.  11) 


We  see  that  the  integrand  contains  the  first-  and  second-order  singularities. 


Hence,  if  we  write,  for  m  =  0, 

-  p  £7  f  ••‘"'*•■'[(1-.= 

X 


)s  sin  s 


_  -  _  cos  s 
B/S)  •  R's.i 


,  2-  COS  S  •  Bf  S  j  ,2  2,2  2  .  /  1  2 

'  3  •  - c  -  f  s'  .  J1  -  2-  cos2  s  -  1  -  -  — —  , 

-  cos  s  R' s ;  2  B'’  s  , , 


f-_sB''  s )  *  C  _2s  cos  s  -  sin  s  )t  cos  s) 

lp  1  W s)  •  Rfs) 


2  ip  ,  ,  , 

— —  s?n  f.  -  .)  ds 


*=  s?n 


i  e-iP'v-»>  J_  -  i£  ds 

0  c 


the  first  member  is  non-singular  and  second  member  is  singular  at 
Performing  the  integration  of  the  second  member  we  have 


j  2 

-)  J  ip 


,  -  i  P '  v  -  8 


(B. 12; 


Therefore,  it  is  found  that  for  vanishingly  small  value  of 
value  of  (B.ll)  is 


■  -  -  ,  the  limiting 
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—  ~  — —  sgn  fu'  -  t)  -  jp  'n  — —  7-7  sgn  C (B.13) 


C.  FUNCTION  Xn 

It  is  desirable  to  discuss  means  of  evaluating  some  of  the  function  which 
appears  in  Eq.  (A.20). 

It  has  not  been  possible  to  convert  the  integral  which  appears  in  fA.20)  into 
any  other  simple  type,  in  an  exact  analytical  sense.  But  this  integral  is  of  a 
simple  type  for  numerical  integration,  though  its  computation  often  becomes 
laborious. 

Then,  the  infinite  series  which  contains  the  modified  Bessel  functions  ir 
and  Kn  can  be  evaluated  by  the  use  of  the  table  which  was  constructed  by 
Sibagaki  [14]  expressly  for  the  purpose  of  facilitating  numerical  computations 
connected  with  the  theory  of  a  propeller. 

On  the  other  hand,  the  numerical  evaluation  of  the  function  X,  which  is 
defined  by  the  equation  (A.  16)  is  burdensome,  as  shown  in  the  following. 

If  we  use  Neumann’s  addition  theorem  [15],  Xn  is  written  in  the  form 


V— >  •  ={  TiV  i  J»'  " 


)  cos  nr  dr  . 


whe  re 


--  v-2--'2  -  2 — ' 


If  IDfx)  and  L0(x)  denote  the  modified  Bessel  and  Struve  functions  and  we 
write 


we  have  [15] 


I„tx)  -  L  fx)  =  S/x)  . 


f  Mid-.  .  -Vi,-.  ;>0 

l  2  -  2q  s  q  >  0 


Substituting  (C.3)  in  (C.l),  we  find  that 


Xnf--'-)  = 


SJ-  q  )  cos  nr  dr 


So(x)  is  a  monotone  decreasing  function. 
We  have  the  addition  formula  r15] 
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ior-  q  )  =  2Z  l=(  q  •*>  ■  lr(  q  *'>  ^i,r'c-  (c-5) 

rn  =  - 

And  an  expression  for  L_/x)  in  the  form  of  an  ascending  series  of  powers  of  x 
is  given  by 


2  V" 
=  =  /  . 


t?  v2"  i ) ' ' 

where  C  2rr  -  1 ; '  ’  =  1  •  3  •  5  .  •  •  (2z-  -  1 ). 

If  we  use  these  expressions  for  the  integration  of  (C.4),  we  get 


(C.6) 


Xnr  =  sgn  q  •  y  (-)  ‘  lr(  q  _>  1/  q  _'  ) 


1  V"  '-'q  2"la-^ 

2  _ 


tro  (2-  -  i )’  ■  : 


(C.7) 


An  expression  for 


(n> 


is  given  by 


J  as  '  :  ;  j  fl  -  z2  -  2i  cos  c)5  cos  nr  dr  .  (C.3) 

"j 

where  a  =  -  s  >  0  and  a  method  for  the  numerical  evaluation  of  this  func¬ 

tion  will  be  given  in  the  last  place  of  this  section.  The  formula  (C.7)  is  avail¬ 
able  for  the  numerical  evaluation  of  X„  when  (-  -_  q  is  small. 

An  asymptotic  expansion  of  S5'x  for  large  value  of  x  is  given  by 

-i  -  1 

S'"  X )  -  I  ^  -V2j-  1  ■  -2  -  O'  x'  2j  .  (C.9) 


where  (2)  -  11  ’ '  =  1  •  3  •  5  •  •  •  2 -  1  ,  and  2j  -  1  '  =  1  for  j  -  0.  If  we  use  this 

expansion  for  the  integration  of  (C.4),  we  get 


X„f_._'l  -- 


sgn  q  V 


2j  -  1  ' 


(C.10) 


where  for  s  >  0. 


n  - 


-  2-  cos  r>  cos  nr  dr 


(C.U) 


The  formula  (C.10)  is  available  for  the  evaluation  of  X_  when  _  -  c  is 
large. 
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When  and  +  take  moderate  values,  the  evaluation  of 

Xn  becomes  time  consuming.  On  that  occasion,  it  seems  to  be  easy  that  the  in¬ 
tegration  of  (C.4)  is  carried  out  by  numerical  procedure. 

Arbitrary  function  of  c  is  approximately  expressed  by 


gf  c) 


1 

m  +  1 


a  *  1 

L 

r  =  n 


k  *0 


€.  cos  kc  cos  k c 


(C.  12) 


in  the  range  from  0  to  where 


r ,  k  =  0 ,  r.  -  1 
r  .  k  -  0  ,  a  -  1 

If  we  put  (C.12)  for  S0  in  (C.4)  and  perform  the  integration,  we  get,  for 

r. .  1 


~  sgn  q 
2( m  -  1 ) 


r=0 


SJ  )  cos  n: 


<  r.  -  1 

(C. 13) 


where 

VCr>  "  So  (  ^  V  -2*  -'2  '  2~'  C0S  'r;  ' 

We  can  easily  evaluate  the  value  of  Xn  by  the  use  of  f C.  13)  approximately,  if  we 
extract  the  values  of  S0  from  the  tabies  of  I0fx  and  L0fx  16‘. 

We  can  construct  a  recurrence  formula  for  Xn.  The  proof  of  the  formula 
is  given  in  the  following. 

If  we  write 

Sjfx  =  Vx)  -  Lj  x'  (C.  14 

the  recurrence  formulas  for  Sn(x  is  given  by 

s;rx  =  Sjfxi  -  | 

>  .  (C. 15) 


Performing  the  partial  integration  in  (C.4),  we  get 


r  s’  (-*  q  ) 


•V  — *■>  =  - 


2n 


sin  r  sm  nr 


(C.  16) 
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Now  we  introduce  a  new  function 


Xn  O.  M  ) 


TT 

l  j  Sjfl'  q 


cos  nc  dc 


(C.17) 


Performing  the  partial  integration  in  (C.17)  by  the  use  of 


q  >}  = 


i'  q  S  f  <Z  q  )  sin 


we  get 


i'  sen  q  f 

— - - j  So('^  q  )  sin  c  sin  nc  dc 


=  -  ^  lXn-l  -  Vl'  • 


fC.18) 


From  (C.17),  we  have 


vfl)  vrl)  2  |  ... 

Xn -  1  -  Xn*l  =  -q  J  V~  >  -  sin  -  sin  d' 

0 


(C.  19) 


Using  the  recurrence  formulas  (C.15),  we  get 


Y(1)  Y(1)  2  1  ,  ...  ,  4  I 

Xn  - 1  -  Xn  *  l  =  q  I  Sof.  q  U  sin:  sin  n:  d:  -  -  |  -  sin  c  sin  nc  dc 

•o  M  Jo 


2  *-'2  I  V'  *  1 


— -  sin  i  sin  nc  dc 


q  ) 


sin  c  ■  sin'n-  1)  :  -  sin  ("n  -  1 )  c  •  dc 


(n-l  (n-1 

—  J  3  -  a 

q  .  1  2  12. 


Substituting  (C.16),  we  get 


..(1)  _  1)  .  _  4r  ^  4  n-  ^ 

'n-l  ''n-l  “  ?  '^r  7  'n-l 

—  q‘ 


4(n  -  11  '  (n- 1  (n- 1  " 

- - —  X.  ■ - -  a  -  a  v 

q  2  r’1  q  .  1  2  12 


(C.20) 
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Eliminating  X^1J  from  the  equations  (C.18)  and  (C.20)  and  using  (C.28),  we 
get  the  recurrence  formula  for  Xn , 


Y  •  I  Mm'  +  mm'  ,  4nfM  liL  )  l  -  MM*  Y 

n  1  n  +  1  n  -  1  /vi'q2  J  n  -  1  X 


l  -  MM  MM  y  +  ^  X 

J  n-lAn-2  n+l  An*2  +  q2  An*l 


4fn  -  1)  v  2  nU/  fn) 

q  2  X"-l"3  qa  a3/2' 


(C.21) 


By  the  use  of  this  equation,  we  can  evaluate  the  value  of  Xn  from  Xn.1;  Xn.2, 

Xn*3  an<^  Xn*4* 

The  function  b,n)  defined  by  (C.ll)  is  called  Laplace's  coefficient  [17]  of 
which  theory  has  been  constructed  for  the  purpose  of  the  development  of  the 
disturbing  function  in  dynamical  astronomy. 

An  expression  for  t/s" ;  in  the  form  of  an  ascending  series  of  powers  of  i 
is  given  by 


1  bfn,  =  sfs*  1)  ■■  fs-n*  1,  s.n.  n.  j.  .2)  , 

2  s  n 


(C.  22) 


where  Ffa,b;c;xi  denotes  the  hypergeometric  function.  Brown  and  Brouwer  f  18 ] 
constructed  a  table  of  G(n/  which  is  related  with  b(n;  by 


=  fl  -  a2)'5  -n  '  . 


(C.23) 


In  Brown's  table,  the  values  of  G(s  are  given  for  the  ranges  of  n  and  s 
from  n  =  0  to  n=  11  and  from  s  =  1  2  to  s  -  7  2.  We  can  evaluate  G'sr  for 
larger  values  of  n  or  s  by  the  use  of  Legendre's  recursions  formulas 


(  n  )  (  n  *  1  ) 

1  fn  ;  s)  b5  -  fn  -  s  -  l)bs 

2  vb5*l  *  b5-l  =  2s' 1-  -  2 


fn)  f  n -  1 

fn  -  s )  b s  *  (n-s-l)bs 

2s'  1  -  -)2 


(C.  24) 


Referring  to  th°  theory  for  bsP  ,  we  can  derive  the  expansion  and  the  recur¬ 
rent  relations  for  a(n). 

S 

From  (C.8),  we  can  derive  the  relation 


,  si  V"1  fn  in; 

fl  -1  -2  -  2;  cos  =  y  as  e 


(C.25) 


because  a(n)  =  a  ’n) .  If  we  write  eir  =  Z,  (C.25)  is  written  in  the  form 


121 


Hanaoka 


(1-aZ)  (1-  -Z ' 1 ) 


-,z-y  -  1 2]  Cv. 


(C.26) 


Differentiating  (C.25)  with  respect  to  Z  and  multiplying  by  Z,  we  get 

-  as(l-  aZ)S_1  (1-aZ-1)5'1  Z  -  |  )  =  y  n  Z°  .  (C.27) 

If  we  substitute  the  series  given  by  (C.26)  for  ci-2Z)S  1  •  (1  -  aZ' x)  1  in  (C.27), 
by  equating  the  terms  multiplied  by  Zn,  we  get 


(n)  as  f  (n-1)  (n»l)\ 

3s  =  -  ~  la,-l  -  a5-l  1  • 


(C.28) 


If  we  multiply  (C.27)  by  (.’  -  zZ)  ■  f  1  -  -Z" 1 )  and  put  the  right-hand  member 
of  (C.26)  in  place  of  ( 1  -  aZ) s  •  fl  -  aZ’ 1  > 5,  by  equating  the  terms  multiplied  by 
Zn' 1 ,  we  get 


<n)  n-  1  !  1  \  ( n-l)  n-  s  -  2  (n-2) 

5  =  -  J  *  ;  a  - - a 

n+s  -  /  5  n  4-  s  s 


(C.29) 


From  (C.28)  and  (C.29),  we  can  derive  the  formula 


a-2)  a(5n)  -  2,  a'5n)) 

n  -  s  -  1  5  5  ' 


(C.30) 


Formulas  (C.29)  and  (C.30)  are  the  recursions  formulas  of  asr  . 

If  we  expand  the  left-hand  member  of  (C.26)  in  power  series  of  Z  by  means 
of  the  binomial  theorem,  by  equating  coefficients  we  get 


1  ("> 
2  3s 


F'-5  -  s-n;  n-  1:  a2)  . 


(C.31) 


where 


sf  s  -  1 )  ....  (s-n  -  1) 


When  s  is  an  integer,  a5"  becomes  a  polynomial.  And  we  see  that  a  3  =  2, 

and  atn)  =  0  for  s  <  n,  and  F  =  1  for  s  =  n,  F  =  1  -  -2  for  s  =  n-  1. 
s  1  ’ 

We  know  a  relation,  for  hypergeometr ic  function 

F(  a.  b;  c:  x)  =  (1  -  x)  Ffc  -  b.  c  -  a:  c:  x)  . 


If  we  apply  this  relation  to  (C.31),  we  get 
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1  (n) 

2  as 


cnf-a)n  ( 1  -  a2)  Ff  s  +  1 ,  s+l+n;n+l;  a2) 


From  (C.22)  and  (C.32),  we  get  a  prominent  relation 


or 


("> 


n 

(-) 


s(  s  -  1 )  .  .  .  .  fs-n+1) 
f  s  +  1  )f  s  +  2)  ....  fs  +  n) 


a  - 


2s*l  (n) 
'Js  +  1 


(  n) 
a 


n 

(-) 


sfs-l)...,fs-n+l) 

(  s  +  1  )(s  +  2)  . .  .  .  fs  +  n) 


f  1  -  n2) 


(  n 

s.l 


where,  for  n  =  o, 


(C.32) 


(C.33) 


(C.34) 


{sfs  -  1)  ...  .  fs-n  +  l))/{(s  +  1 )  f  s  +  2 )  ....  fs  +  n),.  =  1. 


Therefore,  we  can  easily  evaluate 


(") 

a. 


by  using  Brown's  table. 
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DESIGN  DIAGRAMS  OF  MODERN  FOUR,  FIVE, 
SIX  AND  SEVEN-BLADED  PROPELLERS 
DEVELOPED  IN  JAPAN 


Atsuo  Yazaki 

Transportation  Technical  Research  Institute 
Tokyo,  Japan 


INTRODUCTION 

In  Japan,  design  diagrams  have  been  published  for  the  three  and  four-bladed 
propellers  with  the  Unken -type  aerofoil  blade  section,  and  have  been  used  widely 
for  design  purposes  [1,2,3],  With  the  ever-increasing  speed  and  power  of 
modern  ships,  however,  it  has  been  desired  to  develop  modern  propellers  having 
higher  performance  not  only  in  efficiency  but  also  in  cavitation  and  vibration  char¬ 
acteristics.  To  meet  this  requirement,  we  have  successfully  developed  many  types 
of  propellers  with  AU  type  aerofoil  blade  sections  (hereinafter  will  be  called  as 
AU  type  propellers)  improved  from  the  Unken-tvpe  aerofoil  [4],  by  using  the  re¬ 
sults  of  preliminary  tank  tests  [51  and  cavitation  tests  6;  employing  many  model 
propellers. 

The  systematic  testing  works  with  AU  type  propellers  have  so  far  been  con¬ 
ducted  for  four,  five,  sLx  and  seven-bladed  propellers,  and  many  kinds  of  design 
diagrams  based  on  these  tests  have  been  made  and  used  for  actual  designs. 


MODEL  PROPELLERS 

Particulars  of  model  propellers  used  for  the  open  water  test  series  of  AU 
type  propellers  are  given  in  Table  1.  These  model  propellers  are  made  of 
aluminum  alloy  with  a  diameter  of  25  centimeters,  and  were  accurately  finished 
with  the  model  propeller  shaping  machine.  Each  of  them  has  a  constant  pitch, 
and  the  boss  ratio  0.180  and  the  blade  thickness  ratio  0.050.  Main  series  of  the 
six-bladed  propellers  have  the  wash-back  at  the  trailing  edge  of  the  blade  sec¬ 
tion.  but  the  other  groups  of  propellers  have  not  such  wTash-back. 

As  an  example  of  the  general  plan  of  model  propellers,  the  plan  of  the  four- 
bladed  propeller  with  expanded  area  ratio  0.40  is  shown  in  Fig.  1. 
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Table  1 

Model  Propellers 


No.  of  blades 

4 

5 

6 

7 

Model  prop  No. 

1305  1310 

-1309  131* 

1128  1133 

-  1132  -  11 37 

1159 

1192 

193  1  1197 

1196  ,  -1200 

11  1 1 

114  7 

Pitch  ratio 

0.5.0  6.  0.8,  1  0.1.2 

0  4  0  8.  0  8.  1  0. 1.2 

0  5.  0  7 

0  9.  11 

0  b 

B  lad*  Section 

A  C 

A  L’ 

AC 

AC, 

Al 

Diameter  m 

0.  250 

0  250 

0.250 

0  250 

Exp  area  ratio 

0.  40  0.  55 

0.50  0.65 

0  70 

0  70  0  55 

0. 65 

0  758 

Boss  ratio 

0  18C 

0  180 
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Blade  thickness  ratio 

0.  050 

0  050 

0  050 

0  050 

Rake  angle 

10  0 

10  O' 

10* 

0 

10‘ 

0 

Particulars  and  ordinates  of  propeller 
forms  r~e  given  in  Table  2.  Ordinates  of 
blade  sections  of  the  standard  AU  type  with 
no  wash-back  are  shown  in  Table  3,  and 
those  of  blade  sections  of  the  type  with  the 
wash -back  on  the  trailing  edge  (will  be 
called  as  AUw  type  blade  sections),  which 
are  used  for  six-bladed  propellers,  are 
given  in  Table  4. 


All  propeller  models  have  been  tested 
over  a  100%  slip  range  at  the  immersion  to  the 
center  of  propeller  shaft  equal  to  the  screw 
diameter,  and  number  of  revolutions  was  kept 
constant,  and  the  speed  of  advance  was  changed 
from  zero  to  the  speed  for  zero  thrust. 

For  fixing  the  net  thrust,  the  correction  for  the  resistance  of  the  screw  hub 
at  various  speed  of  advance  was  applied.  The  Reynolds  number  in  the  test  of 
each  group  of  model  propellers  is  shown  in  Table  5. 

TEST  RESULTS  AND  \!p-  ;  TYPE  DESIGN  DIAGRAMS 

The  results  of  the  tests  for  each  group  were  shown  in  Figures  2-9.  The 
T,  Kt,  K,  and  are  defined  as  follows: 

J  7  T  1  Q  o 

T  V  T  K _ <L_  -  -  -^T 

J  nD  '  T  '  -  n*D'4  '  '  °  '  2-KQ 

where  vA  :  The  propeller  speed  of  advance;  D  :  the  screw  diameter  T :  the  net 
thrust  with  the  idle  thrust  deducted:  0:  the  measured  torque;  and  :  the  density 
of  tank  water. 


\BP  -  ■  type  design  diagrams  were  made  using  these  figures,  and  are  given 
in  Figures  10  -  17.  The  metric  units  were  used,  and  the  density  of  sea  water  is 
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Table  2 

Dimensions  of  AU-4  Series  Prop. 
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Table  3 

Offsets  of  AU-Type  Propeller 
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Table  4 

Offsets  of  AUw-Type  Propeller 

1)  ORDINATES  OF  X  VALUE  ARE  GIVEN  AS  %  OF  ULADE  WIDTH  2,  ORDINATES  OF  Y  VALUE  ARE  GIVEN  AS  ' 
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Open  lest  Ki'Mill  of  AUI--10  Fig.  3  -  Open  Test  Result  of  AU4-55 
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Open  Tost  Result  of  AU5-65 
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Fig.  6  -  Open  Test  Result  of  AUw6-55  Fig.  7  -  Open  Test  Result  of  AUwfo-70 
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Fig.  13  -  Design  Diagram  of  AU5-65 
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Design  Diagram  of  AUw6-70 
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assumed  as  104.51  kg  m-4  sec  2.  nBp  was  used  instead  of  Bp  as  the  abscissa  in 
order  to  improve  the  reading  accuracy. 

The  design  diagram  of  seven-bladed  propellers  was  drawn  based  on  the  re¬ 
sults  of  open  test  of  two  seven-bladed  model  propellers  shown  in  Table  1,  and 
also  considering  the  results  of  systematic  tests  of  four  to  six-bladed  propellers. 


NEW  TYPE  DESIGN  DIAGRAMS  FOR  EASY  USE 

We  devised  several  kinds  of  design  diagrams  in  which  the  diameter,  pitch 
ratio,  propeller  efficiency,  etc.,  can  easily  be  read,  without  making  complex 
computation,  from  given  design  conditions  such  as  the  speed,  delivered  horse 
power  and  propeller  revolutions  [7],  The  typical  one  of  those  diagrams  will  be 
explained  here. 

This  diagram  consist  of  two  sheets:  one  for  getting  the  diameter  of  the 
optimum  propeller  and  the  other  for  the  pitch  ratio  and  propeller  efficiency. 


Diagrams  to  Obtain  the  Diameter  of  the  Optimum  Propeller 

The  relation  between  the  power  factor  Bp  and  the  diameter  factor  of  a  pro¬ 
peller  of  the  best  efficiency  (hereinafter  will  be  called  as  the  optimum  propeller: 
its  diameter  will  briefly  be  called  as  the  optimum  diameter)  can  be  shown  with 
a  practically  sufficient  accuracy  by  the  following  formula: 

-o  =  kUW  (1) 
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that  is 

p  a/4 

K  J- - 

_  N1--'2  (2) 

°  -  (5/4)  1-1 

*  A 


where  P:  delivered  horse  power;  N  :  number  of 
propeller  revolutions  per  minute;  vA  :  the  pro¬ 
peller  speed  of  advance  in  knots. 

The  coefficient  k  and  a  for  the  formula  (2) 
for  the  propeller  of  each  group  is  given  in  Table  6. 

The  formula  (2)  can  be  expressed  in  the  form  of 
a  diagram  with  a  group  of  straight  lines  by  using 
the  coefficients  given  in  Table  6.  Therefore,  a 
figureto  get  the  optimum  diameter  can  be  obtained  when  the  delivered  horsepower, 
the  number  of  propeller  revolutions  and  the  speed  are  given.  This  is  illustrated 
in  Figures  18  and  20  with  respect  to  the  AU  type  four -bladed  propeller  and  AUw 
type  six-bladed  propeller.  The  order  of  reading  is  shown  in  Fig.  18  with  dotted 
lines. 


Table  6 


Values  of 

K  and 

a 

k 

a 

A  U  4-40 

. ..  _  _  _ 

14. 15 

0.  860 

AU  4  5  5 

14.75 

0.  864 

A  U  5-50 

1397 

0  872 

AU  5  6  5 

13.80 

0.868 

A U*6  -  5  5 

13  85 

0. 876 

A  Uw6  7  0 

14  32 

0. 852 

AU  6-70 

14.32 

! 

0.852 

Diagrams  to  Obtain  the  Pitch  Ratio  and  Propeller  Efficiency 

The  pitch  ratio  H  CQ  ana  efficiency  0  of  the  optimum  propeller  can  be 
shown  by  one  curve  (the  line  of  T>  =  0  in  Figs.  19  and  21)  respectively  against 
the  a 0  ;  therefore  they  can  easily  be  obtained  if  the  diameter,  namely,  ;c,  is 
determined. 

Actually,  however,  there  are  many  cases  when  the  optimum  diameter  can 
not  be  adopted  because  of  the  stern  arrangement  and  other  factors.  On  such 
cases,  therefore,  it  is  necessary  to  provide  a  figure  to  get  the  pitch  ratio  and 
propeller  efficiency.  When  the  rate  of  change  in  the  diameter  from  the  optimum 
one,  that  is  d,  is  definite,  the  pitch  ratio  and  propeller  efficiency  are  respec¬ 
tively  represented  by  fixed  curves  for  the  :0  as  in  the  case  of  the  optimum  pro¬ 
peller:  therefore  such  curves  should  be  provided  for  the  possible  range  of  ld  . 

As  example,  diagrams  for  the  four  and  six-bladed  propellers  are  given  in  Figs. 
19  and  21. 


SUPPLEMENTARY  TESTS  AND  SOME  CONSIDERATIONS 

Various  tests  were  conducted  to  prepare  the  supplementary  data  to  design 
the  propeller  effectively  using  these  design  diagrams.  Some  results  obtained 
from  these  tests  are  stated  as  follows: 


Effect  of  the  number  of  blades 

Generally  speaking,  the  optimum  diameter  decreases  with  the  increase  in 
the  number  of  blades  under  a  certain  power  factor.  However,  propeller  efficiency 
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Fig.  18  -  Diagram  of  AU4-40 


does  not  necessarily  decrease  even  if  the  number  of  blades  increases.  In  case 
the  number  of  blades  has  been  changed,  for  instance,  under  a  fixed  expanded 
area  ratio,  the  propeller  efficiency  will  be  the  highest  when  the  number  of  blades 
is  such  that  the  thickness-cordlength  ratio  of  the  0.7  R  blade  section  (R  repre¬ 
sents  the  radius  of  the  propeller)  represents  the  optimum  value  (about  6.5%  in 
case  of  the  AU  type  propeller  and  about  7%  in  case  of  the  AUw  type).  Also,  the 
cascade  effect  of  blades  is  hardly  recognized  in  the  range  of  ordinary  area  ratio 
in  the  case  of  propellers  up  to  six-bladed  ones,  but  such  effect  becomes  consid¬ 
erable  in  seven-bladed  propelleis.  Therefore,  depending  upon  the  blade  area 
needed  for  a  propeller,  the  optimum  diameter  can  be  reduced  and  at  the  same 
time  the  propeller  efficiency  can  be  expected  to  increase  by  increasing  the  num¬ 
ber  of  blades  and  choosing  an  appropriate  value  of  thickness-cordlengih  ratio  of 
the  0.7  R  blade  section.  Therefore,  also  from  the  stand  point  of  propeller  effi¬ 
ciency,  the  sLx-bladed  propellers  can  be  used  practically. 
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Fig.  10  Diagram  of  AUwl>-55  k'ig.  -  Diagram  of  AUw6-55 
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Needless  to  say,  the  choice  of  the  number  of  blades  must  be  done  not  only 
from  the  consideration  of  efficiency  but  also  from  the  stand  point  of  eliminating 
the  vibration  due  to  the  propeller. 


Effect  of  the  Blade  Area 

In  the  case  of  propellers  with  t.he  same  number  of  blades,  the  value  of  the 
optimum  diameter  under  a  certain  power  factor  generally  becomes  smaller 
almost  linearly  with  the  increase  in  the  blade  area. 

In  designing  a  propeller  with  a  given  area  ratio,  it  is  often  necessary  to 
interpolate  or  extrapolate  the  value  of  propeller  efficiency  read  from  design  dia¬ 
grams  for  different  area  ratio.  However,  as  design  diagrams  are  drawn  based 
on  the  results  of  the  parent  propeller  with  a  fixed  blade  thickness  ratio,  linear 
interpolation  and  extrapolation  by  area  ratio  will  bring  rather  approximate  re¬ 
sults.  This  is  because  a  change  of  the  expanded  area  of  a  propeller  with  a  fixed 
blade  thickness  ratio  will  be  accompanied  by  a  change  in  the  thickness-cordlength 
ratio  of  the  blade  section.  Besides  an  excessively  small  expanded  area  ratio  and 
also  an  excessively  large  one  will  reduce  propeller  efficiency;  accordingly  spe¬ 
cial  attention  must  be  paid  in  extrapolating  the  value  of  the  efficiency  against  the 
area  ratio. 

Relations  between  the  area  ratio  and  the  propeller  efficiency  of  the  propeller 
with  a  fixed  blade  thickness  ratio  are  diagramed  in  Fig.  22  in  the  case  of  the 
four -bladed  propellers. 


Effect  of  the  Boss  Ratio 

Propellers  actually  designed  often  have  different  boss  ratios  from  the  parent 
propellers  given  in  design  diagrams.  When  the  boss  ratio  becomes  larger,  the 
thrust  coefficient,  torque  coefficient  and  the  propeller  efficiency  at  the  same  slip 
ratio  become  lower.  For  the  AU  and  AUw  type  propellers,  propeller  characteris¬ 
tics  modification  diagrams  for  the  boss  ratio  were  made. 

The  aforesaid  diagrams  are  intended  to  estimate  propeller  characteristics 
for  the  case  where  only  the  boss  ratio  of  the  parent  propeller  is  changed  as  shown 
in  Fig.  23.  These  diagrams  consist  of  two  sheets:  one  giving  the  thrust  modifica¬ 
tion  coefficient  YT  and  the  other  giving  the  torque  modification  coefficient  Y-  . 

The  former  is  shown  in  Fig.  24  and  the  latter  in  Fig.  25.  Ir.  these  diagrams,  s 
i  epi eseiits  the  slip  ratio,  aitu  .'ty  ,  wnicu  is  determined  oy  ihe  following  formula, 
indicates  an  average  boss  ratio  of  two  propellers: 

T  '  *0  ‘ 

where  x0 :  boss  ratio  of  a  parent  propeller  (equal  to  0.180):  Xj  :  value  of  a  given 
boss  ratio.  The  thrust  coefficient,  torque  coefficient  and  propeller  efficiency  of 
a  propeller  with  a  boss  ratio  of  Xj  as  shown  in  Fig.  23  can  be  estimated  from 
the  characteristics  of  the  parent  propeller  by  the  following  formulas: 
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where  kp,  Kq  and  rto  show  the  thrust  coefficient,  torque  coefficient  and  propel¬ 
ler  efficiency  of  the  parent  propeller  respectively;  LKj,  and  i_t,q  being  the 
modification  of  each;  and  YT  and  YQ  show  the  values  of  modification0 coefficients 
read  from  Figs.  24  and  25  respectively. 

Figures  24  and  25  were  made  with  the  value  of  X0  fixed  at  0.180;  however, 
they  can  be  considered  to  be  applicable  to  the  estimation  of  propeller  charac¬ 
teristics  of  any  boss  ratio  on  the  basis  of  a  certain  propeller  with  a  different 
value  of  X  0 . 

In  designing  a  propeller,  it  is  of  course  necessary  to  try  to  get  the  propeller 
which  gives  the  best  propulsive  efficiency  behind  a  certain  ship  besides  to  im¬ 
prove  its  efficiency  in  open  condition.  More  research  works  on  these  problems 
are  now  under  study  in  our  Institute  utilizing  the  self-propulsion  tests,  behind 
tests,  etc. 
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THEORY  OF  THE  ANNULAR  AIRFOIL 
AND  DUCTED  PROPELLER 
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ABSTRACT 

A  theory  of  the  annular  atriotl  ar.c  cuctec  propeller  :s  presented  whicr. 
is  based  on  a  linearized  annular  am:'o:l  theory  and  a  !i:'c:ng-!:ne  pro¬ 
peller  theory.  Both  the  ctrect  ar.d  inverse  problem,  o:  the  annular  air¬ 
foil  is  treated,  i.e.,  lor  a  given  airfoil  shape  the  pressure  distribution 
is  determined  and  for  a  given  pressure  distribution  the  airfoil  shape  :• 
determined.  The  problem,  of  the  annular  airfoil  of  arbitrary  shape  is 
also  discussed,  as  well  as  ar.  approximation  tc  me  nonlinear  tr.eory. 
.As  with  propel. er  theory  an  explicit  solution  cannot  be  obtained  tor  toe 
ducted  propeller  problem  so  a  process  of  iteration  .s  used. 


I.  INTRODUCTION 

A  recent  interest  has  been  shown  both  in  aeronautics  and  in  naval  architec¬ 
ture  for  the  application  of  ducted  propellers.  This  application  in  aeronautics  is 
mainly  for  hovering  flight  and  vertical  take-off  while  in  naval  architecture,  it  is 
for  delaying  cavitation  and  for  increasing  the  efficiency  of  heavily  loaded  pro¬ 
pellers.  The  interest  in  those  systems  has  ltd  to  various  experimental  and  the¬ 
oretical  investigations. 

A  number  of  experimental  studies  are  available  ior  ducted  systems  but  be¬ 
cause  of  the  large  number  of  variables  to  be  investigated,  these  results  are  not 
verv  comprehensive  for  ducts  in  general.  However,  one  systematic  study  worth 
noting  for  "Kort  nozzle”  systems  is  that  done  by  van  Maner.  at  the  Netherlands 
Ship  Model  Basin  [1-4].  The  theoretical  approaches  have  not  yet  proved  useful 
for  design  purposes,  although  some  of  the  more  recent  work  r5,6’  undoubtedly 
will.  A  general  review  of  the  state  of  the  art  of  ducted  propellers,  which  con¬ 
siders  both  experimental  and  theoretical  studies,  has  been  given  by  Sacks  and 
Burrill  [7].  Because  of  this  work,  the  historical  development  of  ducted  systems 
will  not  be  discussed  here  nor  will  many  of  the  pertinent  references  be  cited. 
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The  work  presented  in  the  present  paper  is  essentially  a  recapitulation  and 
extension  of  the  study  in  Ref.  6.  In  this  reference  the  duct  shape  was  assumed 
known  and  the  flow  field  around  the  duct  was  determined.  One  problem  not  con¬ 
sidered  previously  but  considered  here  will  be  the  inverse  problem:  i.e.,  given 
a  pressure  distribution  determine  the  duct  shape. 

The  ducted  system  is  assumed  to  consist  of  an  annular  airfoil  of  finite 
length  with  an  internally  operating  propeller  with  a  finite  number  of  blades.  It 
is  assumed  that  the  nozzle  flow  field  can  be  represented  by  a  linearized  theory 
and  the  propeller  by  lifting  line  theory.  The  following  assumptions  are  made 
about  the  fluid  and  the  flow  field. 

1.  The  fluid  is  inviscid  and  incompressible  and  no  separation  occurs  on 
the  duct. 

2.  Body  forces  such  as  gravity  are  neglected. 

3.  The  free-stream  flow  is  axisymmetric  and  steady  with  respect  to  a  co¬ 
ordinate  system  attached  to  the  propeller. 

4.  The  annular  airfoil  is,  in  general,  axisymmetric  and  of  finite  length. 

5.  The  thickness  and  camber  of  the  annular  airfoil  are  small  which  implies 
that  a  linearized  theory  can  be  used. 

6.  The  linearized  flow  around  the  annular  airfoil  can  be  represented 
mathematically  by  a  distribution  of  ring  vortices  and  ring  sources  along  a 
cylinder  of  constant  diameter. 

7.  The  trailing  vortex  system  of  the  duct  has  the  constant  diameter  of  the 
duct  and  extends  from  the  duct  to  infinity. 

8.  The  influence  of  all  induced  velocities  on  the  shape  of  the  trailing 
vortex  system  of  the  duct  is  neglected. 

9.  The  propeller  flow  field  can  be  represented  by  a  lifting  line  and  heli- 
coidal  trailing  vortices.  Each  trailing  vortex  line  lies  on  a  cylinder  of  con¬ 
stant  diameter  and  is  of  constant  pitch. 

A  general  discussion  of  the  annular  airfoil  will  be  given  first  and  then  the 
propeller  and  its  effects  will  be  considered.  Both  the  direct  and  inverse  prob¬ 
lem  of  the  annular  airfoil  will  be  presented  and  the  optimum  pitch  distribution 
will  be  derived  for  the  propeller  in  the  duct  under  certain  restricted  conditions. 


H.  LINEARIZED  THEORY  OF  THE  ANNULAR  AIRFOIL 

The  method  of  singularities  will  be  used  here  for  representation  of  the  flow 
field  about  the  annular  airfoil.  The  mathematical  model  used  will  be  a  distribu¬ 
tion  of  ring  vortices  and  ring  sources  laying  on  a  cylinder  of  a  diameter  repre¬ 
sentative  of  the  diameter  of  the  duct  and  of  length  equal  to  the  chord  of  the  a^ct. 
This  approach  was  first  used  by  Dickmann  r8'  who  considered  only  a  distribution 
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of  ring  vortices;  thus  thickness  effects  were  neglected.  Weissinger  r9, 1 01  has 
extended  this  approach  to  include  thickness  and  also  considered  ducts  of  arbi¬ 
trary  shape  and  at  an  angle  of  attack. 

In  the  method  of  singularities  a  solution  is  formed  from  a  summing  of  the 
velocities  induced  by  individual  singularities,  ring  vortices  and  sources  for  the 
annular  airfoil.  The  resulting  equation  is  usually  a  singular  integral  equation 
which  must  be  solved  for  the  strengths  of  the  different  singularities. 


II.  1  Linearized  Boundary  Conditions 


X 


Fig.  1  -  The  annular  airfoil  coordinate  system 


The  coordinate  system  used  is  a  cylindrical  system  ( r .  c.  -)  with  the  zero  of 
the  axial  coordinate  ( ;)  located  on  the  propeller  axis  at  the  plane  of  the  propel¬ 
ler,  and  the  reference  radius  ( Rd)  taken  as  the  duct  radius  at  the  propeller.  In 
the  presence  of  the  propeller,  the  coordinate  system  is  assumed  to  be  rotating 
with  the  propeller.  For  convenience  the  axial  coordinate  will  be  assumed  to  be 
nondimensionalized  by  the  annular  airfoil  chord  (a)  and  the  radial  coordinate  by 


the  propeller  radius  ( R p ) ,  i.e., 

axial  coordinate 

duct  chord 

a 

X  = 

radial  coordinate 
propeller  radius 

=  t- 

duct  radius 

Rd 

Xd  = 

propeller  radius 

'  RP  ' 

The  free-stream  velocity 

is  from  risht  to  left  and  for  convenience  for  the 

naval  architect  the  wake  fraction 
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is  introduced.  The  use  of  this  term  implies  that  the  velocity  may  have  a  radial 
variation  but  in  the  present  investigation  must  be  axisvmmetric.  If  a  radial 
variation  is  present,  the  representative  velocity  will  be  taken  as  the  ship  speed, 
V5,  and  if  not,  the  representative  velocity  will  be  taken  as  the  free-stream  ve¬ 
locity,  wo.  In  the  latter  case  the  wake  fraction  is  unity,  i.e.,  ri-»x)  =  1. 

The  annular  airfoil  section  is  assumed  known  and  will  be  delineated,  as 
shown  in  the  following  diagram,  into  a  thickness  distribution,  a  camber  distri¬ 
bution  and  an  angle  of  attack. 


4  x 

sfz; 


z 


Fig.  2  -  Delineation  of  the  annular  airfoil  section 


In  terms  of  the  upper  and  lower  surface,  u(  z)  and  bfz  ,  of  the  foil  and  as 
measured  from  the  x-axis  the  camber  line  ordinate  ct  z  and  angle  of  attack 
(-)  are 

c^z)  -  z  tan  u  =  Cjfol  -  s'o)  -  xd  -  j  [W  z  -  b  z  (2.1-2) 

and  the  half-thickness  ordinate  s(  z)  is 


sfz>  =  i  -  bfz  '  (2.1-3) 

The  boundary  conditions  which  must  be  satisfied  on  the  annular  airfoil  are, 
first,  that  on  the  surface  the  normal  velocity  must  be  zero  and  second,  at  the 
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trailing  edge  the  Kutta  condition  is  satisfied.  As  shown  in  Ref.  6,  the  first 
linearized  boundary  condition  is 

W  _  _ 

i  0,-j.z)  -  ( 1  -  ,  cjh]  •  tan  a;  s'd)  ,  at  -  z  -  a»  (2.1-4) 

and  the  second 


V1  fxH:0,c.atj  =  0  .  (2.1-5) 

v  S 

Equation  (2.1-4)  implies  that  the  ratio  (*r  -*o)  at  the  reference  radius  must 
be  equal  to  the  annular  airfoil  slope  and  Eq.  (2.1-5)  implies  that  at  the  trailing 
edge  the  radial  velocity  is  zero.  The  boundary  conditions  are  satisfied  on  the 
surface  of  a  cylinder  of  diameter  xd  and  chord  a  (a  =  l)  and  the  "plus"  sign 
refers  to  the  outside  of  the  cylinder  and  the  "negative"  sign  refers  to  the  inside 
of  the  cylinder. 


11.2  Derivation  of  the  Vortex  and  Source  Distribution  to 

Represent  the  Annular  Airfoil  at  Zero  Incidence 

Using  the  boundary  conditions  just  derived,  the  strength  of  the  ring  vortex 
and  source  distributions  are  determined.  The  nondimensional  elementary 
strength  of  the  ring  vortices  will  be  taken  as  z,  and  of  the  ring  sources  as 
q(  r,  z).  If  a  propeller  is  in  the  duct,  or  the  duct  is  at  an  angle  of  incidence,  the 
ring  vortex  strength  is  dependent  on  the  angular  position  around  the  duct  and  a 
trailing  vortex  system  exists  behind  the  duct.  This  system  has  a  strength  of 
(l  xd)  (r.  -c)  and  the  induced  velocities  from  this  system  must  be  added  to  that 
of  the  ring  vortices  and  sources.  Since  the  velocities  are  linear,  all  the  veloci¬ 
ties  are  added  and  the  first  boundary  condition  on  the  duct  is  expressed  by  the 
following  equation: 


wher  e 

\>r(xd.r,  z)  |  is  the  radial  velocity  induced  on  the  duct  by  the  ring  vortex 
L  ’  system, 


/X  Z-) 


is  the  radial  velocity  induced  on  the  duct  by  the  ring  source 
system, 
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*  fx.,c,  z)  ■  is  the  radial  velocity  induced  on  the  duct  tav  the  trailing 
^  vortex  system, 

•*‘rtxd,c.  z>  is  the  radial  velocity  induced  on  the  duct  tav  the  propeller 
r  or  tay  any  other  singularities  in  the  flow. 

The  radial  velocities  induced  tay  the  ring  vortex  on  the  cylinder  are  given  in 
Ref.  6  as: 


2h  (  z  -  z  ' )  cos  '  -z-  z'  )  •.(  z' .  z  zz'-iz 
4h z  -  z  2  -  4  sir.2  -  '  z  -  z 


(2.2-2) 


and  for  the  ring  source  as 


r-j 


.1  .2- 

h  t  j  l  -  cos  ( z  -  z  q  c  z 

jp  I  I  “  i 

•0  -0  4h.2f  z  -  z'  2  -4  sir.2  y 


=  y  S  *  (2.2-3) 

) 


where 


z 


a . 


If  these  radial  velocities  and  •  _  and  *r.  are  substituted  into  the 

boundary  condition  (2.2-1),  an  equation  is  obtained  for  the  vortex  and  source 
strength.  From  this  substitution  it  can  be  concluded  that  the  source- sink 
strength  must  be  a  function  of  the  thickness  slope  only,  i . e. , 

q  z  =-21-*,  s  '  z  {2.2-4 


which  implies,  at  least  foi  the  axisymmetric  duct,  that  within  the  linearized 
theory  the  source  strength  is  independent  of  angle.  With  this  information  or.  the 
source  distribution  and  Eq.  (2.8-12),  the  vortex  distribution  is  giver,  by  ar. 
integro-differential  equation 

2hz-z  css  _■  -  -•  :  .  z  i  z  zz 

„  .  .  i  3  2 

4h"  z  -  z'  •  -  4  sir.-  q  :  -  - 


=  -  z  -  tan 


where 

k2  =  - Vw - 

h-  z-  z  r  V  2  -  1 
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.IT,  2 

K(k)  =  I  lj-  complete  elliptic  integral  of  the  first  kind, 

4  /l  -  k  2  sin2  £ 

T  2 

Efk)  I  7i-k2sin2-'  dr  complete  elliptic  integral  of  the  second  kind. 

Jo 

From  Eqs.  (2.2-4)  and  C2.2-5),  it  can  be  seen  that  the  ring  source  strength 
is  a  function  of  thickness  only  and  that  the  ring  vortex  strength  is  a  function  of 
both  thickness  and  camber  as  well  as  the  radial  velocities  of  any  other  singu¬ 
larities  in  the  flow  field.  These  equations  will  now  be  examined  for  certain 
special  cases. 


II. 3  The  Integral  Equation  and  Its  Reduction  for  an 
Axisymmetric  Annular  Airfoil 

For  the  axisymmetric  annular  airfoil  by  itself  at  zero  angle  of  attack,  the 
vortex  strength  ( • )  is  not  a  function  of  the  polar  angle  (;')  so  the  integration 
wdth  respect  to  (:.')  can  be  carried  out  in  Eq.  (2.2-5),  and  also,  there  are  no 
trailing  vortices.  For  this  particular  case  Eq.  (2.2-5)  reduces  16’  to 

4  gfz-z")  -j-Z— -  dz'  =  H  z  .  (2.3-1) 

z  -  z 

where 

g  <z-z'  =  k  <4h20--z")2;K';:  -  Etk  -  2  E  k  \  .  (2.3-2) 

Hm  -  4  1-  -*-Xd  c[(z-) 

Equation  (2.3-1)  is  a  singular  integral  equation  for  the  unknown  vortex  dis¬ 
tribution  -(z1)  in  terms  of  the  slope  of  the  camber  and  thickness  distribution. 
By  a  method  proposed  by  Muskhelishvili  [11  this  equation  can  be  reduced  to  a 
Fredholm  equation  of  the  second  kind  for  the  vortex  distribution.  The  term 
g(z'-z')  =  g(Ot  is  added  to  and  subtracted  from  the  kernel  in  Eq.  (2.3-1). 

Since  e(  z'  -  z'l  =  2,Eq.  (2.3-1)  becomes 


tan 


*]  -  *  • 


z  ' )  k  ’KCk  )  -  B 


:z‘  !> 
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1 2 . 3  -  3 ) 


i 

i 

*0 


Z  ^ 

(z  -  z  '  ) 


d  z ' 


(2.3-4) 


The  integrand  of  the  integral  on  the  right  side  is  not  singular  at  the  point  z  =  z 
but  has  an  indeterminate  form  which  can  be  shown  to  be  zero.  This  equation  is 
in  the  form  of  the  well-known  Cauchy  type  singular  integral  equation  ill  and 
has  a  unique  inverse  given  by 
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'/(  z ) 


1 

V  \]z(\-  Z  ) 


i  r1  -  z ■  > 

7'  J  /  z'  -  Z) 

0 


f  0Cz  '  )  dz  ' 


'/  z ' ) 


dz  ' 


(2.3-5) 


The  second  boundary  condition,  the  Kutta  condition  Eq.  (2.1-5),  implies  that  the 
circulation  at  the  trailing  edge,  ■/( 0 > ,  must  be  zero.  The  last  term  in  the  pre¬ 
ceding  equation  is  a  constant  and  it  is  chosen  so  that  at  z  -  o,  y( 0 )  =  0.  Sub¬ 
stituting  for  f  or  z )  in  Eq.  (2.3-5)  and  choosing  the  constant  as  just  described,  a 
Fredholm  equation  of  the  second  kind  is  obtained  for  the  vortex  strength. 


'/( z) 


■-5»  ZSf 


W  z'  ) 


Z  -  Z) 


dz ' 


E)tz"-z') 


This  equation  cannot  be  solved  in  th.s  form  since  'i)  has  a  singularity  at 
z  =  1,  i.e.,  the  leading  edge.  To  remove  this  singularity  a  new  dependent  vari- 
able  is  defined  as 


/Vz)  =  •/ 1  -  z  yfi)  . 

Equation  (2.3-6)  then  becomes 


Vz  )  -  J\  -  Z  ■/(  z )  -  i'  z  -  |  Kjr  z.  z' ,  ^  :  dz '  (2.3-7) 


where 


Uz) 


-  ~  Hi  1 /L 

2- 2  J  l  z  -  z)  r 


Hz  dz 


K^z.z')  =  — ,  ,z  {  j 


1  _  f  ,  1  -  z  2-5'z-z 


z  z  -  z  z  -  z 


Both  frz)  and  K  z.  z  are  Cauchy  principle  value  integrals.  The  integrals 
in  these  equations  can  both  be  reduced  to  nonsingular  integrals  and  integrated 
numerically  by  a  method  giver,  by  Muskhelishvili  [IT  ,  Another  method  which  is 
convenient  for  this  type  of  problem  is  to  expand  part  of  the  integrand  in  a  Fourier 
Series.  For  convenience,  a  change  of  variable  is  made  in  Eq.  72.3-7)  of  the  form 

1  , 

z  =  —  1  -  cos  r 


for  the  axial  coordinates.  This  equation  then  becomes 
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'/'(*) 


■/(■-) 


sjn 


1  ^ 
2  r 


Hi) 


)  ■/’(  r  ‘ )  dr'  , 


(2.3-81 


where 


Hr) 


( 1  -  cos  r‘  ) 
(cos  r'  -  cos  f ) 


WH)  dr'  , 


(2.3-9) 


1  1 

1  , 

I*  fl  -  cos  -') 

2  -  gfcos  f  ‘  -  cos  r ' 

ZT  cos  2 

-  COS  -  - 

(  cos  r '  -  cos  -  ) 

fcosr  -  cos  r ' ) 

(2.3-10) 


A  method  is  desired  for  evaluating  Eqs.  (2.3-9)  and  (2.3-10)  which  will  have 
as  general  an  application  as  possible.  One  approach  is  to  expand  the  thickness 
distribution  in  a  Fourier  Sine  Series  in  f,  i.e. ,  let 


s(z)  =  s \r(z)\ 


V’ 

s_  sin  - r  . 

£Ti 


(2.3-11) 


where 


*1  sir.  d  -. 


-  =  1.2.3 


The  slope  is  given  by  differentiation  with  respect  to  z  and  is 

,  ,  _  Vs  • 

S  ( z)  -  —  ,r(  z 


From  the  form  of  this  equation  and  the  properties  of  Fourier  series,  it  is  seen 
that  the  slope  of  the  thickness  distribution  may  be  infinite  at  the  leading  and 
trailing  edges  of  the  duct.  This  causes  no  difficulty  as  will  be  seen  when  this 
equation  is  substituted  into  the  equation  for  H  -  .  The  camber  distribution 

causes  somewhat  more  difficulty  if  the  slopes  are  infinite  at  the  leading  and 
trailing  edges.  In  fact,  if  the  slope  of  the  camber  line  is  infinite  at  the  trailing 
edge  (7  =  0),  it  is  not  clear  that  •  ?  even  exists  at  this  point.  For  a  solution 
of  the  Fredholm  equation,  f  z  must  exist  everywhere  on  0  <  z  <  1  .  To  facili¬ 
tate  a  solution,  the  camber  slope  will  be  expanded  in  a  Fourier  cosine  series  in 
,  i.e., 


V 


(2.3  -12a) 
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V~ 


c_  cos  r- 


(2.3- 12b) 


where 
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■H' 


c(s)  Ab  , 


c(b )  cos  rr.  b  do-  ,  c,  =  1  2  '3  ...  . 


This  implies  that  the  slope  of  the  camber  line  is  not  infinite  at  the  leading  and 
trailing  edges  which  is  more  restrictive  at  the  leading  edge  than  necessary  for 
solution  of  the  Fredholm  equation. 

Introducing  the  expressions  for  the  slopes  into  Eq.  (2.3-3),  H'  >  is  ob¬ 
tained  as 


H'  f ' )  =  ( 1  -  v.x  ;  V  4~  t  an  a  -  ^ 


-  4h  ^  t.  s_  |  k  ‘K'k  -  Zfk)\  cos  -fdf  . 


(2.3-1J 


The  elliptic  integral  of  the  first  kind  K'k  has  a  logarithmic  singularity  at 
k  l  which  can  be  removed  by  making  the  change  in  variable  f  -  =  t3,  ther. 


k  'K'k)  -  E'k  ;; 
J. 


cos  -.r  df"  =  3 


:2k  :K'k  -  E ' k  ;  cos  - 


(2.3-14 


-  3  G 


where 


This  integral  can  now  be  evaluated  numerically.  To  complete  the  sol 
the  function  G-'.~  is  expanded  in  a  Fourier  c  .air.e  series  ir.  -’,i.e.f 


a_  -  cos  a  - 


(2.3-15 


where 


a  -  =  -  G'f i: 


a  |  G  -  -  cos  pf'df  .  p  =  I  2  3 
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Using  this  expression  for  Gtr'.m)  and  substituting  Eq.  (2.3-13)  into  Eq. 
(2.3-9),  the  integral  for  f(9)  can  be  evaluated  by  interchanging  the  order  of 
integration  and  summation.  The  resulting  integrals  are  of  the  Glauert  type  and 
their  evaluation  is  given  in  Ref.  12. 


ff£)  -  (l  -  *'xd  j'*  2ftana  +  cQ)  +  E  smFm  cos  \  5 

"2  E  sin  *  E  srBmf5)  sin  \ 


(2.3-16) 


1 


'■ 


where 


F.  = 


B J6)  =  -  ^  -  E  V m)  sin 

P  =  1 


The  functions  Fm  and  B_/r)  are  independent  of  the  annular  airfoil  section 
shape  so  they  can  be  tabulated  for  different  chord-diameter  ratios  fh).  The 
kernel  Kc~  r'),  Eq.  (2.3-10)  also  involves  evaluation  of  a  Cauchy  principle 
value  integral.  One  method  of  evaluation  is  to  expand  the  term 

2  -  g' cos  -  -  cos 

cos  r  -  cos  r ' 

in  a  Fourier  cosine  series  in  .  This  function  is  continuous  everywhere  for 
0  <  <  -  and  has  the  value  of  zero  for  f  =  r' .  Expanding  this  term  in  an 

even  series,  it  becomes 


where 


2  -  gf cos  r  -  cos  r  )  \  1 

- - - —  =  b 

(cos  r '  -  cos  r  )  — < 


l  2  -  g'cos  “*  -  cos  “ 

bor--v  =  -  \  - 


cos  r  -  cos 


2  *  2  -  g  cos  r  -  cos 

*c 


cos  r  -  cos 


. 3 -  IT) 


(2.3-18) 


Substituting  Eq.  (2.3-17)  into  the  equation  for  the  kernel,  Eq.  (2.3-10).  and 
interchanging  the  order  of  integration  and  summation,  the  Cauchy  principle 
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value  integral  [12]  can  be  evaluated: 


Kf  0,  O’)  =  —  cos  i  O' 

Tt  2 


-bo(0')  cos  j 


1  -r  ^  ! 


1  - 


^  bnt O'  )  sin  nO 

n  =  1 


(2.3-19) 


Since  the  kernel  is  a  function  of  only  the  axial  coordinates  0  and  O'  and  the 
chord-diameter  ratio,  it  can  be  tabulated. 

The  functions  f(0)  given  by  Eq.  (2.3-16)  and  K(?,  O')  by  Eq.  (2.3-19)  are 
continuous  and  are  now  in  a  form  so  that  the  Fredholm  equation  of  the  second 
kind  for  the  pseudo-circulation  y‘(0)  can  be  evaluated.  Since  various  methods 
exist  and  are  well-known  for  evaluating  this  type  of  integral  equation  [13],  the 
solution  will  not  be  discussed  further.  It  should  be  mentioned,  however,  that  the 
kernel  in  the  form  of  Eq.  (2.3-19)  is  a  degenerate  (or  product)  kernel,  so  the 
special  method  appropriate  to  this  type  of  kernel  can  be  used.  Once  the  pseudo¬ 
circulation  is  determined,  the  circulation  y( z)  can  easily  be  determined. 


n.4  Ideal  Angle  of  Attack  of  the  Annular  Airfoil  Section 

In  the  integral  equation  for  the  circulation  strength,  Eq.  (2.3-6),  a  singu¬ 
larity  exists  at  the  annular  airfoil  leading  edge  which  made  it  necessary  to  solve 
for  a  pseudo-circulation.  This  singularity  does  not  exist  if  the  airfoil  section 
has  a  stagnation  point  at  the  leading  edge.  The  angle  of  attack  at  which  the  sec¬ 
tion  is  operating  when  a  stagnation  point  occurs  at  the  leading  edge  is  known  as 
the  ideal  angle  of  attack  ( -*id).  This  angle  can  be  calculated  from  Eq.  (2.3-6)  by- 
setting  the  circulation  equal  to  zero  at  the  leading  edge  and  solving  for  the 
angle  a. 


t  an 
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f  !<"  z' ) 
V^l  -  z')z' 


dz' . 


(2.4-1) 


where 


f iCz')  =  (o(z‘)  -  2  1  -  »•  -  tan  a. 

The  function  fg(  z')  is  given  by  Eq.  (2.3-4).  If  this  equation  for  the  ideal  angle 
of  attack  is  substituted  into  Eq.  (2.3-6),  an  equation  for  the  ideal  lift  coefficient 
is  obtained  as 


■■id  =  fid(*)  •  I  Kid^z-z">  ■■ i / z’>  dz 


(2.4-2) 


where 
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.1  H(  z  '  )  -  4  “  1  -  tan  a 

L  L  d  J 


dz ' 
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-L  yiTT^T)  (  - U«±  -z'^-dz - 

2 t2  J0  (  z  "  -  z ' )  7  z"f  i  -  z  " )  (  z'  -  z) 


It  can  be  seen  from  the  form  of  this  equation  that  a  singularity  no  longer  oc¬ 
curs  at  the  leading  edge.  Following  the  procedure  in  the  last  section,  the  coef¬ 
ficients  fid(T)  and  K;df5,f')  can  be  obtained  as  follows; 


CC  x 

fidfr)  =  |'l-wx  \  -2  £  cra  sin  m-  r  £  st. 

«  /  L  ~  ~  1  T  =  1 


12.4-3) 


and 


sin  f '  21  bnf  f ' )  sin  nr. 


12.4-4) 


The  coefficients  Cm)  Bmfr)  and  are  the  same  functions  as  given  in  the 

previous  section.  Once  -  ld  is  obtained,  the  ideal  angle  of  attack  is  obtained 
from  Eq.  (2.4-1)  as 


tan  : 


i  d 


a  - 
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|  b3fd')  Vld(f) 


-■d-'  .  c  -  t 


12.4-5) 


n.5  Linearized  Theory  of  the  Annular  Airfoil  at  an 

Angie  of  Incidence  and  of  Arbitrary  Shape 

In  the  previous  sections  the  annular  airfoil  was  considered  to  be  axisvm- 
metric  and  rotating  with  the  propeller.  This  causes  no  difficulty  since  the 
axisym metric  airfoil  by  itself  (stationary  coordinate  system)  induces  no  tan¬ 
gential  velocities.  A  solution  without  propeller  can  also  be  obtained  quite 
easily  for  an  axisymmetric  duct  at  an  angle  of  incidence  or  for  an  asymmetric 
duct.  Considerable  difficulty  exists,  however,  if  a  propeller  is  located  In  such 
a  duct  since  the  duct  by  itself  (stationary  coordinate  system)  induces  tangential 
velocities  which  become  time  dependent  in  the  rotating  coordinate  system  of 
the  propeller. 

For  the  duct  of  arbitrary  shape,  the  linearized  boundary  condition  is  still 
satisfied  on  a  cylinder  of  a  representative  radius  so  there  cannot  be  too  great 
a  variation  in  shape.  Referring  to  section  II.  1,  the  linearized  boundary  condition 
for  a  duct  of  arbitrary  shape  is  similar  to  that  given  by  Eq.  (2. 1-41  except  that 
the  section  slope  is  a  function  of  angular  position,  i.e., 

~  (x.  z  0..-.  z)  =  -  ^T-i  r.z  -  tan  z)  (2.5-1) 

\  G  rz  r z 

o  -  - 

and 

iv  Xd:0.:.a;l  =  C  .  12.5-21 
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In  these  equations,  the  velocity  has  been  nondimensionalized  by  the  free- 
stream  velocity  *0  and  it  is  assumed  that  the  free-stream  velocity  is  uniform 
and  the  radial  coordinate  has  been  nondimensionalized  by  the  duct  radius,  i.e. , 
on  the  duct  xd  =  1.  As  before  it  is  assumed  that  the  mathematical  model  of  the 
flow  can  be  represented  by  ring  vortices  and  ring  sources  and  since  there  is  an 
angular  variation  in  vortex  strength,  a  trailing  vortice  of  strength  (l  *d)  ('.  -c) 

is  shed  from  each  point  on  the  duct.  The  paths  of  these  vortices  follow  stream¬ 
lines  and  an  approximation  to  this  path  is  that  the  shed  vortex  follows  a  straight 
line  from  the  duct  to  infinity. 

Similarly  to  Eq.  (2.2-1),  the  boundary  condition  can  be  expressed  by  the  in¬ 
duced  radial  velocities  of  the  different  singularities  in  the  system. 

r»-  rv 

'  V1  (Xa-  *  V1  'Xd-C'z 

L  °  Jq  -  °  _  22. 


r  Wr 


v"  fxd—z> 


The  induced  radial  velocities  of  the  ring  vortices  and  ring  sources  are  given  by 
Eqs.  (2.2-2)  and  (2.2-3),  respectively.  The  radial  velocity  induced  on  the  duct 
by  the  trailing  vortices  has  been  derived  in  Appendix  C  of  Ref.  6  and  is 


r«, ,  7 

.1 

h  j 
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j 
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v-  rxd-=-*>  .  = 

2-  ' 

cot  j  -  -  c  ) 

b  - 

Jo 

r— 

Jo 

2hf  z  -  z 

v'4n2fz-  z'  2  -  4  sin2  -  '  =  - (2.5-3,) 


Substituting  Eqs.  (2.2-2),  (2.2-3)  and  (2.5-4)  into  the  first  boundary  condi¬ 
tion,  an  equation  is  obtained  for  the  vortex  and  source  strengths.  As  in  section 
U.2  from  making  this  substitution,  it  can  be  concluded  the  source  strength 
qfc.z)  must  be  a  function  of  the  thickness  slope  only,  i.e., 

q  r.  z)  =  -  2  —  '  z.  z 
-z 

From  this  equation  it  can  be  seen  that  source  strength  is  a  function  of  both 
axial  and  angular  position.  With  this  value  for  the  source  strength  an  integro- 
differential  equation  is  obtained  for  the  vortex  distribution. 

-i 

I  2h(  z  -  z  ' )  cos  ■ ( z' .  z' )  dz'dz '  hi  i  i 

J  r~2 - ; - 77 - — *2-1  J  coti 

4h2  ( z  -  z  ) 2  -  4  sin2  r  f;  -  c  ) 

L  *  -1  (2.5-4 

(Cent. 
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coefficients  can  be  equated  and  a  singular  integral  equation  is  obtained  for  each 
of  the  Euler  coefficients  of  the  vortex  strengths,  i.e.,  gn(z')  and  hn(z') 

--If'  Sn(  z'} 

Un  2T7  J0  (  Z  -  z '  ) 

.  J_  r”  hn(*'> 

V"  '  In  J0  (z  -  z') 

where 

_  na, 

Gf  z ,  z  '  )  =  —  +  a  j2 

a  j  =  2  hC  z  -  z  ‘  ) 


2 


The  function  Qn.,/k)  is  the  half  order  Legendre  function  of  the  second 
kind  and  k)  is  the  first  derivative  with  respect  to  the  argument  k.  These 

functions  are  well-known  and  have  been  tabulated  in  some  detail  by  Sluyter  [14] 
The  Legendre  functions  are  singular  at  ax  =  0  but  it  can  easily  be  shown  that 

Hr,  a  2[q;.H(k)  -  nQn.^k)]  =  -  1 
a  j  -»  0  u  J 

Both  Eqs.  (2.5-7)  and  (2.5-8)  are  singular  integral  equations  similar  to  Eq. 
(2.3-1)  but  with  considerably  more  complicated  coefficients.  Each  of  these 
equations  can  be  reduced,  however,  by  the  same  technique  used  in  section  II. 3, 
so  a  Fredholm  equation  of  the  second  kind  is  obtained  for  each  of  the  Euler 
coefficients.  It  should  be  noted  that  the  second  boundary  condition,  Eq.  (2.5-2), 
implies  that  gn(0)  =  hnrO)  -  0. 

For  an  axisymmetric  annular  airfoil  at  an  angle  of  attack,  these  equations 
reduce  to  a  more  simplified  form.  Consider  that  the  free-stream  velocity  is  at 
a  small  angle  to  the  duct  as  shown  in  Fig.  3.  The  linearized  kinematic  boundary 
condition  is  (see  Eq.  (2.5-1)) 


[Qn*^*4)  -  nQn-l*( 


k)]  +  2n  | 


sin  2n$'  cot  £'d5‘ 
£ a  2  +  4sin25'^j 


Gf  z,  z  1 )]  dz  '  , 


(2.5-8) 


[G(  z,  z' )]  dz  '  , 


^  fxd;0,:.i)  =  -;c'(z):s"z  (  -  rr  cos  c  .'0  J  z  1  1}  (2.5-S) 


and 


V1  =  0  • 
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Fig.  3  -  Free -stream  velocity  at  ar.  angle 
to  the  annular  airfoil 


Since  the  annular  airfoil  is  axisymmetric,  it  can  be  seen  that  the  source 
strength  is 

q(  z)  -  -2s '( z)  , 

which  is  the  same  as  obtained  in  section  II. 3.  If  the  right-hand  side  of  Eq. 
(2.5-9)  is  expanded  in  a  Fourier  series  in  c,  as  given  by  Eq.  (2.5-7),  it  is  found 
that  only  two  terms  exist,  i.e., 


uorzl  = 

- 

U(  z ) 

4- 

Ujfz)  = 

- 

r 

Un(z)  = 

0. 

( n  -  2.3.  .  .  .  ) 

Vn(Z)  = 

0 

( n  =1.2.3  . 

These  results  imply  that  the  Euler  coefficient  hn  z  is  zero,  as  it  must  be 
since  the  flow  is  even  about  the  x-F  plane.  All  the  coefficients  g./z  for  n  =  2  , 
3  ..  .  ~  are  also  zero  and  therefore  only  g0  and  Ej  exist.  If  these  coefficients 
are  substituted  into  Eq.  (2,5-7),  it  is  found  first  of  all,  that  z  =  -■<  z  ,  where 
-■(  z )  is  the  circulation  distribution  for  the  annular  airfoil  at  zero  incidence. 

The  solution  for  gB(  z)  is  given,  therefore,  by  Eq.  (2.3-15). 

The  Euler  coefficient  gjfzv  is  found  by  letting  n  =  1  in  Eq.  (2.5-7)  and 
substituting  for  iijfzv.  The  resulting  equation,  after  reducing  the  kernel  Gfz.z 
to  its  simplest  form,  is 

|  -J-_  z  -  Wj(  z-  z'l  dz  -  -h  j  gjfz'V  dz'  =  -  2“ur  (2.5-10) 

v  "0 
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where 
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It  can  easily  be  shown  that 


1  im 

z  '  r 


Equation  (2.5-10)  gives  the  contribution  to  the  circulation  due  to  the  angle 
of  attack  and  is  independent  of  the  section  shape  and  depends  only  on  the  chord- 
diameter  ratio  (h)  and  the  angle  of  attack  (ar).  The  reduction  of  this  equation 
to  a  Fredholm  equation  of  the  second  kind  follows  exactly  the  procedure  given  in 
section  II. 3.  The  resulting  equation  is 


f  .  1  \ 

1  2  f 

f  1  r 

sin  2  r  glt r) 

=  2-r  cos  j  r  -  ~  1 

cos  2  T 

\  / 

L 

£]  b„rf)  sin  r.f  gjff')dr'.  '2.5-11) 

T.=  l  j/ 


where 


Ceos  r" 
( cos  r 


COS  - ' )  -  1 
cos  r '  ) 


dr 


b  fr')  --  - 


W  j  ( co  s 


-  1 


(cos  r"  -  cos  f '  ) 


cos  -. r"d“ 


The  circulation  distribution  for  the  duct  at  an  angle  of  incidence  can  readilv  be 
calculated  from  Eq.  (2.5-5)  as 

/(-.*)  -  goe*l  *  gjfz)  cos  o 

=  '■(*)*  003  -  •  (2.5-12 


n.6  Inverse  Problem  of  the  Annular  Airfoil 

The  inverse  problem  is  to  determine  the  annular  airfoil  shape  when  the 
pressure  distribution  on  the  airfoil  is  given.  For  this  problem  the  duct  will  be 
taken  as  axisymmetric  and  at  zero  incidence.  It  is,  of  course,  not  possible  to 
determine  the  section  shape  in  the  presence  of  the  propeller  with  a  finite  num¬ 
ber  of  blades  since  the  pressure  distribution  is  essentially  time-depender.t.  It 
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is  possible,  however,  to  consider  the  average  effect  of  the  propeller  which  cor¬ 
responds  to  a  propeller  with  an  infinite  number  of  blades. 

The  coordinate  system  taken  will  be  the  same  as  given  in  section  II.  1,  with 
w+  denoting  the  velocity  tangent  to  the  outer  surface  and  denoting  the  veloc¬ 
ity  tangent  to  the  inner  surface.  The  linearized  Bernoulli  equation  is 


Pf  xd.  z)  -  p0  2*af xd,  z) 


(2.6-1) 


where  pf  xH,z'>  is  the  local  pressure  on  the  duct,  po  is  the  pressure  infinitely 
far  ahead  of  the  propeller,  *afxd,  z)  is  the  perturbation  axial  velocity  on  the 
duct,  and  o  is  the  mass  density.  Within  linearized  theory  giving  the  pressure 
distribution  is  equivalent  to  giving  the  perturbation  velocity.  Also  within  lin¬ 
earized  theory  the  axial  velocity  is  assumed  to  be  equal  to  the  tangential  veloc¬ 
ity.  The  velocity  is  given  by  the  velocities  induced  by  the  different  singu¬ 
larities  in  the  flow  and  the  total  tangential  velocity  is  given  by 


total 


r  ) 


(2.6-2) 


where  refers  to  the  ring  vortices,  q  to  ring  sources  and  pav„r  to  the  average 
velocity  induced  by  the  propeller.  From  this  equation  the  perturbation  velocity 
distribution  is 


*  f  r ) 


(2.6-3) 


From  Ref.  6,  the  velocities  induced  by  the  vortex  cylinder  and  source  cyl¬ 
inder  are  obtained  as 

_  .1 

=  yz  I  ~-(z‘)  k.Kfk  -  Efk)’dz'  :  ^  ( z)  (2.6-41 

L.  *JV  *0 


where 


5  '  '  Z  1  )  k  E.  k; 

(z-  z') 


dz  ' . 


(2.6-5) 


,  ■) 
K 


1 _ 

h2(i-  z’  2  -  1 


Substituting  Eq«  (2.6-4)  and  (2.6-5)  into  Eq.  (2.6-3)  gives  the  perturbation 
velocity. 
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Waf  Xd.  z) 


)  k  [K(k  )  -  E('k)]dz'  ;  ^7  (  z) 


i^\  y(z' 

o 

1  f1  s  '  (z  ‘ )  k  E(k)  dz  '  fw 

’  ^  1  71 


•z  -  z') 


L  sJp 

K  a  v  e  r 


A  mean  velocity  will  be  defined 


[ wa(  *  >~]  _  1  |~waC  Z)  +  »,( Z)-| 


2  L  v- 


(2.6-6) 


(2.6-7) 


Substituting  Eq.  (2.6-6)  into  this  equation  gives  the  following  equation: 


L  vs  J, 


_h 
2-  J 


r- 


'/(  z‘ )  k[Kfki  -  E(k)'.  dz  1 


J  f  s  '(  z‘)  kEfk  )  dz  ' 


-  =  ) 


(z-  z‘) 


(2.6-8) 


A  velocity  difference  is  also  defined  as 


rv 

r 

V, 

l_  s  _J 

d  i  f  f 

wYzi  :)' 


V. 


and  substituting  in  Eq.  (2.6-6)  gives 


(2.6-9) 


z 


(2.6-10) 


Since  fwa  V  )  „  and  r  Vs)dl , ,  are  both  known,  substituting  Eq.  (2.6-10) 

into  Eq.  (2.6-8)  gives  a  singular  integral  equation  for  the  slope  of  the  thickness 
distribution. 


s'(z')  k  E(k) 
(  z  -  z  ' ) 


’A"  (  Z 


dz  =  -- 


.1 
-  I 

2  J  V 


k  K  kl-EkV.dz' 


o  s  di  f ! 

w  z)‘ 


(2.6-lla) 


'".„r 


Once  the  thickness  slope  is  known,  the  slope  of  the  camber  line,  inc  tiding 
the  section  angle  of  attack,  is  given  by  Eq.  (2.3-1)  where  ■(  z.)  is  given  by  Eq. 
(2.6-10).  If  the  propeller  is  in  the  duct,  the  average  radial  velocity  induced  bv 
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the  propeller  must  be  included.  The  angle  of  attack  is  obtained  by  integrating 
Eq.  (2.3-1)  with  respect  to  z  from  0  to  1  and  noting  that 

f  =  °- 

o 

Following  the  procedure  given  in  section  II. 3,  the  equation  for  the  thickness 
slope  can  be  reduced  to  a  Fredholm  equation  of  the  second  kind.  For  conven¬ 
ience,  Eq.  (2.6-11)  is  rewritten  as  follows: 


_ ,  s'tz'l  __ 

g(z  ~  z  ^  ( fZ  P]  dz  -  Hf  z)  , 


(2.6-1  lb) 


where 


gtz-  z'l  =  kEfk) 


H(z) 


■if 


k  (Kfk)  -  £tk)]dz  '  +  7t( — 


w.\ 

,0 


The  term  g(0)  is  added  to  and  subtracted  from  the  integrand  of  the  integral 
in  Eq.  (2.6- lib) 


i(0) 


A  .1 

J  (Trp-)  dz'  +  j  Let  z -  z ' >  -  gfO)] 


dz'  r  Hfz)  .  (2.6-12) 

(  z  -  z  ) 


And  since  g(0)  =  1,  this  equation  simplifies  to 


1  s'(z') 


-  dz'  =  H(z)  -  [gfz  -  z  ' )  *  lj 


z  ) 


S  ’fz'  ) 
fz-  z') 


dz  ' 


(2.6-13) 


As  discussed  in  section  II. 3,  this  equation  has  a  unique  inverse  given  by 


i  ifvz'n-O-  ,  r 

s  (  z)  =  - - - - - -  f  (  z  )  dz  -  2  si'zidz 

-  vZ-(l-  Z)  l_  4  -  Z)  J0 

Since  the  section  must  be  closed 

j  s'f  z')  dz'  =  0 
Jo 

and  substituting  for  fo(z')  a  Fredholm  equation  of  the  second  kind  is  obtained 
for  the  thickness  slope. 
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where 


s  '(z) 


_ ^ _ 

v/zr  1  -  z) 


K(z.z') 


s  *  ( z ' ) dz ' 


(2.6-14) 


f  X(z) 


( z  '  -  z) 


H(  z  ' )  dz  ' , 


K(z.z') 


\Jz"(i  -  z")  .  i  -  e(z"  -  z ') ] 
(z"  -  z)(  z"  -  z') 


dz". 


This  equation  cannot  be  solved  in  this  form  since  the  thickness  slope  has 
a  square-root  singularity  at  both  the  leading  and  trailing  edges  of  the  section. 
To  remove,  the  following  change  in  variable  of  the  type  z  =  1  2  ( 1  -r  cos  ?)  is 
made  and  the  following  relationship  for  the  slopes  in  the  two  coordinates  sys¬ 
tem  is  noted. 


s  =  -  — 2—=  s  '(-)  . 

sin 

Equation  (2.6-14)  then  becomes 


s'(~)  -  ?f-)  -  I  Kf  -,r')  s'(r')  dr'  . 

-*o 


(2.6-15) 


where 


f  (•)  -  -  |  HC  -  '  )  si n2  -  ' d - '  . 

Jo 

-  if  '  1  -  k  E(  k  )"  sin2  "d- 

Kf  r  ■■  )  =  -t-  \ - : - =- - -  • 

-z  JQ  fcos  r  -ccsrlfcos  -  -  cos  -  ) 

Both  f(  ~)  and  Kf-.r'l  can  be  evaluated  by  using  Muskhelishvili's  rll 
method  for  evaluating  Cauchy  principle  integrals  or  by  expanding  part  of  the 
integrand  in  a  Fourier  series  and  interchanging  the  order  of  integration  and 
summation  as  was  done  in  section  II. 3.  The  Fredholm  equation  of  the  second 
kind,  for  the  thickness  slope,  Eq.  12.6-15),  can  be  evaluated  using  one  of  the 
methods  given  in  Ref.  13. 

In  this  section  the  vortex  strength  of  the  ring  vortex  has  been  shown  to  be 
equal  to  the  difference  between  the  velocity  inside  and  outside  the  duct.  The 
thickness  slope  was  shewn  to  be  given  by  a  Fredholm  equation  of  the  second 
kind  and  the  camber  slope  was  given  by  evaluating  integrals  of  the  difference 
velocity  and  the  thickness  slope. 
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II. 7  Approximate  Nonlinear  Theory  of  Annular  Airfoils 

Consider  an  annular  airfoil  in  a  uniform  stream  which  has  an  angle  of  inci¬ 
dence  (ar)  to  the  axis  of  the  airfoil.  Such  an  airfoil  is  shown  in  Fig.  3,  where 
equation  of  the  surface  is  given  by  r  =  f(z,0)  or  F(r,<p,z)  =  0.  If  rr,  rD  and 
Vz  are  unit  vectors  in  polar  coordinates,  the  velocity  V  in  terms  of  the  polar 
coordinate  velocities  is  given  by 


V  =  wrrr  +  wtr,  +  wa  r z  .  (2.7-1) 

The  radial,  tangential  and  axial  velocities,  wr,  wt,  and  wa,  respectively,  in 
terms  of  the  cartesian  coordinates  velocities  (wk,wy,wa)  are 


•«r  =  w„  cos  £  +  wy  sin 


wt  =  -wx  sin  £  +  wy  cos  <p 


\v  =  w  . 


(2.7-2) 

(2.7-3) 


In  terms  of  the  free-stream  velocity  and  the  perturbation  velocities  arising  from 
singularities  representing  the  duct,  the  velocities  wx,  w  and  wa  are 

Wx  =  wo  sin  ar  +  Wx  , 


'A*  =  -w  cos  a 


(2.7-4) 


The  velocities  wx,  w  and  wa  are  the  perturbation  velocities  arising  from  the 
singularities.  The  unit  tangent  vector  to  the  surface  of  the  duct  is 


dr  di"  dz 

t  =  -  r,  *  r  —  r,  +  —  r 

ds  ds  1  ds  * 


(2.7-5) 


where 


ds  =  \Jdr2  +  r*d  2  dz2  =  dz  J/ 


d-2  /dr\2 

dz)  dz/  ' 


If  the  annular  airfoil  is  axisymmetric  then  d-  ds  =  0  and  denoting  the  surface 
by  r  =  ff  z) ,  the  unit  tangent  vector  is 


1 


f '(  z)  r  -  r. 


V 1  +  :r(z)-.2  L 

The  tangential  velocity  on  the  surface  of  the  airfoil  is  given  by 


Vt  =  V  t  = 


1 


,  1  -  If 'c Z)l 


■  2  C 


*Tf'(z)  - 


(2.7-6) 


(2.7-7) 
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The  unit  normal  vector  on  the  surface  of  the  airfoil  is 


n 


grad  F(  r  ,<p,  z) 
grad  F 


Frrr  +  Ftti  +  7  F9Tt 


(2.7-8) 


The  normal  velocity  on  the  surface  of  the  airfoil  is  given  by  V  •  n  and  it  must  be 
zero  to  satisfy  the  kinematic  boundary  condition  for  a  solid  body. 


vn  =  V-n 


+  F.w, 


=  0. 


(2.7-9) 


If  the  body  is  axisymmetric,  then  F9  =  0  and  denoting  the  surface  by 
Ff  r,  tf>,  z)  =  f(  z)  -  r  =  0 


Fr  =  'I. 

Fz  =  f‘(z)  . 

Substituting  this  into  Eq.  (2.7-9),  the  boundary  condition  becomes 


(2.7-10) 


f'(z) 


2.7-11) 


In  the  linearized  form  which  has  been  discussed  in  previous  sections,  the 
kinematic  boundary  condition  is  not  satisfied  along  the  airfoil  surface  but  along 
a  circular  ring  representing  the  airfoil.  Also,  the  velocities  wr  and  wa  have 
square-root  singularities  at  the  duct  leading  edge  in  the  linearized  solution. 
Actually  along  the  representative  cylinder  the  tangential  velocity  is  taken  to  be 
the  axial  velocity,  i.e.,  Vt  =  wa,  and  since  the  linearized  wa  is  singular  at  the 
lerding  edge  a  physically  impossible  flow  is  predicted.  It  seems  reasonable  to 
assume  that  the  perturbation  velocities  wa  and  *r  in  Eq.  (2.7-12)  are  approxi¬ 
mated  by  their  values  along  the  ring.  If  the  squared  terms  are  neglected,  the 
tangential  velocity  becomes 


Vt(z) 


_1 _ 

v  i  *  f'tz);2 


L"w0  cos  ar 


/*)] 


(2.7-13) 


The  perturbation  velocity  wa  is  assumed  to  be  the  linearized  velocity.  If  the 
duct  is  not  axisymmetric,  this  equation  can  also  be  used  but  in  this  case  *a  is 
also  a  function  of  the  angular  position  and  the  slope  !'(z )  is  taken  as  ~z(o.z) 
In  the  form  of  Eq.  (2.7-13)  the  tangential  velocity  is  not  singular  at  the  leading 
edge  since  normal  airfoil  shapes  will  have  infinite  slopes  at  their  leading  edge 
which  will  cancel  the  singularity  arising  from  the  perturbation  velocity. 
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The  argument  for  the  validity  of  Eq.  (2,7-13)  is  heuristic  in  nature  and  not 
very  satisfactory.  For  instance,  if  both  linearized  velocities  are  substituted  into 
Eq.  (2.7-12),  it  is  found  that  the  tangential  velocity,  given  by  this  substitution,  is 
singular  at  the  leading  edge  of  the  duct.  However,  if  the  radial  velocity  is  neg¬ 
lected,  Eq.  (2.7-13),  this  velocity  is  finite.  Only  a  comparison  with  experimental 
results  or  the  exact  theory,  which  of  course  is  not  known,  will  establish  the 
validity  of  this  equation. 

In  two-dimensional  flow,  where  the  exact  theory  for  many  shapes  is  known, 
the  approximation  given  by  Eq.  (2.7-13)  is  known  as  Goldstein's  second  approx¬ 
imation  [12].  The  comparison  of  this  approximation  to  both  exact  theory  and 
experimental  results  is  quite  good.  In  fact,  for  the  ellipse  Eq.  (2.7-13),  using 
the  linearized  perturbation  velocity  wa,  can  be  reduced  to  the  equation  given  by 
the  exact  theory. 


II. 8  Velocity  and  Pressure  Distribution  and  Forces 
on  the  Annular  Airfoil 

The  velocity  field  of  the  ducted  propeller  is  found  by  summing  the  free- 
stream  velocity,  the  velocity  induced  by  the  duct  including  the  trailing  vortex 
system,  and  the  velocity  induced  by  the  propeller.  The  linearized  pressure 
distribution  on  the  duct  is  given  in  section  n.6  as 


Pfxrt,z)  -  po  2wa(*d,z} 


(2.6-1) 


where  wa(xd,z)  is  the  total  perturbation  velocity  in  the  field.  For  the  purely 
axisymmetric  case  the  axial  velocities  induced  on  the  duct  are  given  by  Eqs. 
(2.6-4)  and  (2.6-5).  The  pressure  distribution  on  an  axisymmetric  duct  at  an 
angle  of  incidence  is  given  by  the  same  equation  since  the  trailing  vortex  sys¬ 
tem  induces  no  axial  velocity.  If  the  equation  for  the  tangential  velocity  devel¬ 
oped  in  the  last  section  is  substituted  into  this  equation  for  wa,  the  calculated 
pressure  distribution  will  better  approximate  the  experimental  value.  For  the 
general  problem  where  *he  duct  is  not  axisymmetric  or  a  propeller  is  present, 
the  axial  velocities  induced  by  the  vortex  and  source  cylinder  are  considerably 
more  complicated.  These  velocities,  including  also  radial  and  tangential  com¬ 
ponents,  have  been  derived  from  the  law  of  Biot-Savart  in  Ref.  6  and  are  given 
here  without  the  derivation.  For  the  vortex  cylinder  the  velocities  induced  at 
any  point  in  space  except  on  the  cylinder  are 


*a 

\T  (*•  ~-zU 
~  (x.C.z)y 

*  S 


+ 


Zc X  Xd)  cos  (C-  c')  - 
R3 


2h(  z  -  z  * )  cos  (  c  -  c ' ) 
R3 


1 

—  <(c' .  z  ' )  dc'dz  ' , 


'  ( c ’ ,  z  ' )  dc'dz  1 , 


(2.8-1) 


(2.8-2) 
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V*  (x,0,  z) 


1  2 

M  j 

Jn  "'a 


2h(  z  -  z  ' )  sin  ($-  tp‘  ) 


y(<i>‘ ,  z ' )  d<p‘  d  z  ' 


(2.8-3) 


where 


R2 


+  4h 2(  z  -  z  ' )  2 


2  f—  \cos  (<p-  <f.‘) 
\xd  / 


(2.8-4) 


On  the  ring  itself,  the  velocity  is  found  by  letting  x  =  xd  in  these  equations. 
For  the  axial  velocity,  however,  there  is  a  discontinuity  in  the  axial  component 
which  follows  from  the  properties  of  vortex  sheets.  Thus  on  the  ring  itself,  the 
axial  component  is  given  as 


lCOS  (®-  c'  )  -  T  y(<p' ,  z  '  )  dc'dz  ' 


|4h2(z-z')2  +  4  sin2  -j  (C-e;'') 


i  2  y(-c'  z) 


(2.8-5) 


The  plus  signs  refer  to  the  outside  of  the  duct  and  the  minus  signs  to  the 
inside.  For  the  axisymmetric  duct,  i.e.,  y  is  not  a  function  of  c,  the  tangential 
velocity  is  zero  and  Eqs.  (2.8-1)  and  (2.8-2)  reduce  to 
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dz\  (2.8-6) 
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L  v*  '  2-  J  f*_'3 
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k^Wz-z')]  Kfkj)  -Efkj)  -- 


4h  ( z  -  z 


dz  ' , 


“(2.8-7) 


where 


(A) 


4h2(  z  -  z")  2  *  1 


At  the  duct  itself  these  equations  reduce  to  those  given  bv  Eqs.  (2.6-4)  and 
(2.3-1). 


The  velocities  induced  by  the  source  cylinder  as  obtained  in  Ref.  6  for  a 
general  point  in  space,  except  on  the  duct,  are 
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wa 

77  (X,0,z) 

v  s 
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S  J  q 


(X,J>,  z) 
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(2.8-8) 


(2.8-9) 


(2.8-10) 


The  velocities  induced  on  the  source  cylinder  itself  are  found  by  consider¬ 
ing  the  properties  of  source  surfaces.  Such  surfaces  have  a  discontinuity  in  the 
normal  velocity  which  is  given  by  Eq.  (2.2-3).  The  axial  and  tangential  veloci¬ 
ties  on  the  cylinder  are  found  by  letting  x  =  xd  in  Eqs.  (2.8-8)  and  (2.8-9),  re¬ 
spectively.  If  the  source  distribution  is  independent  of  angle,  the  tangential  in¬ 
duced  velocity  is  zero  and  Eqs.  (2.8-8)  and  (2.8-10)  reduce  to 
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On  the  duct  itself  these  equations  reduce  to  those  given  by  Eq.  (2.6-4)  and 
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In  the  equations  just  given  for  the  velocities  induced  by  the  ring  vortices 
and  sources  which  are  dependent  on  the  angle,  some  simplification  can  be  ob¬ 
tained  by  expanding  the  ring  vortex  strength  >(;.z)  and  ring  source  strength 
q( z)  in  a  Fourier  series  in  c.  The  integration  with  respect  to  the  angle  can, 
in  general,  be  performed  in  terms  of  Legendre  functions  [14].  This  was  shown 
in  section  II. 5.  Many  of  the  integrals  are  Cauchy  principal  value  integrals  which 
have  been  discussed  in  previous  sections. 

In  the  general  problem,  trailing  vortices  are  shed  from  the  duct  and  veloc¬ 
ities  induced  by  these  vortices  must  be  included.  In  the  presence  of  the  pro¬ 
peller  these  vortices  follow  helices  to  infinity  and  in  the  case  of  nonaxisvm- 
metric  duct  or  the  duct  at  an  angle  of  attack,  these  vortices  follow  straight  lines 
to  infinity.  The  velocity  induced  by  helical  vortices  will  be  discussed  in  section 
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in. 3.  The  straight  line  trailing  vortices  do  not  induce  any  axial  velocities  and 
the  other  components  are  [6], 
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On  the  vortex  cylinder  (x/xd  =  l)  and  the  radial  velocity  reduces  to  Eq. 
(2.5-3). 


The  force  f  on  any  section  of  the  duct  is  given  by  the  Kutta-Joukowski 
law  [12]  which  can  be  expressed  as 


F  =  pvr  .  (2.8-16) 

The  velocity  V  is  the  velocity  perpendicular  to  the  direction  of  the  force  and 
is  the  total  circulation  about  each  section.  The  velocity  v  does  not  include  the 
self-induced  velocities,  i.e.,  does  not  contain  the  velocities  induced  by  the  vortex 
and  source  rings.  To  obtain  the  total  force,  the  force  of  each  section  is  inte¬ 
grated  around  the  duct. 

The  induced  drag  coefficient  of  the  annular  airfoil  then  follows  from  Eq. 
(2.8-16)  as 
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It  should  be  noted  that  for  the  axisymmetrical  duct  at  zero  incidence  and  without 
the  propeller  that  the  induced  drag  is  zero.  For  the  case  of  the  axisymmetrical 
duct  at  an  angle  of  incidence  this  equation  reduces  to 
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The  lift  coefficient  also  follows  from  Eq.  (2.8-16).  For  the  lift  coefficient, 
the  lift  of  each  section,  dL(<?) ,  is  determined.  This  lift  is  normal  to  each  sec¬ 
tion  and  positive  outwards.  An  arbitrary  direction  must  be  defined,  the  lift  force 
of  each  section  determined  in  that  direction  (dL  cos  <p),  and  then  integrated 
around  the  duct,  or 


It  is  obvious  that  the  axisymmetric  duct  by  itself  at  zero  incidence  has  no 
lift  and  it  is  not  difficult  to  reason  that  lift  on  the  axisymmetric  duct  in  the 
presence  of  the  propeller  must  be  zero.  For  the  case  of  the  axisymmetric  duct 
at  an  angle  of  attack,  the  axial  velocity  induced  by  the  trailing  vortex  system  is 
zero  and  this  equation  reduces  to 


CL  =  f  gjfz ' )  dz '  .  (2.8-20) 

The  moment  on  the  axisymmetric  duct  at  zero  incidence  in  the  presence  of 
the  propeller  or  not  must  also  be  zero.  The  moment  about  the  leading  edge  of 
the  axisymmetric  duct  at  an  angle  incidence  is 


gjf  z)  (z-  1)  dz  .  (2.8-21) 


Some  of  these  coefficients  for  the  duct  at  an  angle  of  attack  have  been  tabulated 
by  Weissinger  [9].  It  should  be  noted  that  although  the  duct  at  zero  incidence 
produces  no  lift  or  moment  each  section  of  the  duct  does  and  these  equations 
can  be  used  to  calculate  the  stress  in  the  duct  if  the  integration  with  respect  to 
the  angle  is  carried  only  around  half  the  duct,  i.e.,  from  -~/2  to  v/2. 


£v’, 


III.  THE  PROPELLER  AND  ITS  INTERACTION  WITH  THE  DUCT 

The  velocities  induced  by  the  duct  at  the  propeller  depend  on  the  propeller 
circulation  while  the  velocities  induced  by  the  propeller  at  the  duct  depend  on 
the  duct  circulation.  Because  of  the  complexity  of  the  problem,  however,  these 
interaction  velocities  must  be  assumed  known.  To  consider  that  they  are  inter¬ 
dependent  implies  that  the  circulation  distribution  representing  the  duct  and  the 
propeller  blade  circulation  must  be  determined  simultaneously.  This,  of  course, 
is  not  possible  and  one  must  resort  to  a  method  of  iteration.  For  instance,  the 
duct  problem  could  be  solved  first  without  the  propeller  and  then  using  the  re¬ 
sulting  induced  velocities  the  propeller  problem  solved.  This  process  is  then 
repeated,  using  each  time  the  last  derived  induced  velocities,  until  satisfactory 
convergence  is  obtained. 
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In  the  following  sections  the  velocities  induced  at  the  duct  by  the  propeller 
will  be  given.  The  optimum  circulation  distribution  of  the  propeller  while  oper¬ 
ating  in  the  duct  will  be  derived  as  well  as  the  circulation  induced  on  the  duct  by 
the  propeller. 


m.l  Velocities  Induced  by  the  Propeller  at  the  Duct 

Lerbs  has  developed  the  theory  of  the  moderately  loaded  propeller  and  his 
general  approach  was  used  to  derive  the  equations  presented  here  [6],  In  this 
theory  Lerbs  considers  that  the  flow  about  each  blade  of  the  propeller  can  be 
represented  mathematically  by  a  lifting  line  and  a  helicoidal  trailing  vortex 
sheet.  The  influence  of  the  induced  velocities  at  the  lifting  line  on  the  pitch  of 
the  helical  vortex  sheet  is  considered  but  the  effects  of  centrifugal  force  and 
contraction  of  the  slip-stream  is  neglected.  In  addition,  the  change  in  shape  of 
the  vortex  lines  are  neglected  in  the  axial  direction,  i.e.,  they  are  of  constant 
pitch.  The  vortex  sheets  need  not  form  true  helical  surfaces  since  the  pitch 
may  vary  radially  but  each,  shed  vortex  line  is  of  constant  pitch. 

The  boundary  condition  imposed  on  the  bound  circulation  is  that  it  be  zero 
at  the  hub  [15] .  The  circulation  at  the  tip  is  also  zero  if  there  is  tip  clearance 
but  may  have  a  finite  value  if  there  is  no  clearance.  Using  these  assumptions 
the  velocity  required  for  solving  the  interaction  problem  can  be  derived.  Spe¬ 
cifically,  the  radial  velocity  induced  by  the  propeller  at  the  duct  as  required 
has  been  derived  in  Ref.  6  as 


L  5  Up  x . 


.(i)  n 


—  ,  =, Z  -  1 
\xd 


.(3)  /x 


dxo  •  (3.1-1) 


where  Gs(xp)  =  .  (x0)  2-RpVs  is  the  nondimensional  circulation  distribution  of 
the  propeller, 
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where 

b  is  the  propeller  number  of  blades, 
tan  /Sj  is  the  hydrodynamic  pitch  angle  of  the  propeller, 

zp  is  the  axial  coordinate  nondimensionalized  by  the  propeller  radius, 
T(xo)  is  the  local  circulation  of  a  propeller  blade,  and 
<Pp  is  the  angular  location  of  propeller  blade  number. 

The  function  is  a  nondime nsional  velocity  component  induced  by  the 

propeller  trailing  vortex  system  and  i(f3)  is  a  nondimensional  velocity  compo¬ 
nent  induced  by  the  propeller  bound  vortex  line.  These  velocity  components  are 
related  to  Lerbs’  induction  factors  [6]  and  are  dependent  only  on  geometry.  Un¬ 
like  induction  factors,  they  may  be  singular  at  certain  points  and  such  difficul¬ 
ties  are  discussed  in  Ref.  6.  The  velocity  component  i(1)  involves  the  evalua¬ 
tion  of  an  integral  with  infinite  limits.  Through  the  userof  a  Fourier  series 
expansion  this  infinite  integral  can  be  evaluated  in  terms  of  Bessel  functions 
which  must  be  integrated  over  a  finite  limit.  This  method  is  discussed  in  Ref.  6. 


III. 2  The  Propeller  Design  and  the  Optimum  Circulation 
Distribution  of  a  Propeller  in  a  Duct 

Lerbs  has  derived  the  theory  of  a  moderately  loaded  propeller  [15]  and  the 
same  theory  can  be  used  for  the  propeller  in  the  duct  [6],  The  modification  of 
this  theory  is  quite  simple  if  the  following  propeller  section  velocity  diagram 
is  considered. 


Morgan 


where 


uj0  is  the  angular  velocity  of  the  propeller  blade, 

/3  is  the  propeller  advance  angle, 

waP'  wtP  3X6  the  axial  and  tangential  velocities  induced  by  the  propeller 
itself,  and 

wad,  wtd  are  the  axial  and  tangential  velocities  induced  by  the  duct. 

The  difference  between  this  diagram  and  that  of  a  free-running  propeller  is  the 
inclusion  of  the  velocities  induced  by  the  duct.  Including  these  velocities  in  the 
theory  of  the  moderately  loaded  propeller  results  in  a  simple  modification.  For 
instance,  the  propeller  thrust  and  torque  coefficients  for  inviscid  flow  become 
simple  [6]. 
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Tj  is  the  inviscid  thrust,  and 
Q;  is  the  inviscid  torque. 


For  the  free-running  propeller  wtd  and  wad  are  zero.  The  induced  velocities 
wt  and  wap  are  velocities  induced  at  the  lifting  line  by  the  vortex  system  of 
the  propeller.  In  terms  of  the  induction  factors  (ia  and  id)  derived  by  Lerbs 
[15],  these  velocities  are 
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The  term  Gst  1 )  is  the  nondimensional  circulation  at  the  propeller  blade  tip 
which  must  be  zero  for  the  free-running  propeller. 


In  the  lifting  line  theory  of  the  propeller  an  integro-differential  equation  is 
derived  [6],  using  the  velocity  diagram  and  Eq.  (3.2-3),  for  the  circulation  dis¬ 
tribution  which  for  the  propeller  in  duct  is 
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(3.2-4) 


For  the  free-running  propeller  Gsfl),  wad  and  »-tH  are  all  equal  zero.  Since 
in  either  the  case  of  the  ducted  propeller  or  free-running  propeller,  the  right- 
hand  side  of  the  equation  is  assumed  known,  the  numerical  method  given  by 
Lerbs  for  solution  of  this  equation  can  be  used  without  modification. 

For  the  free-running  propeller  a  question  arises  as  to  what  is  the  circula¬ 
tion  distribution  so  that  a  propeller  produces  a  given  thrust  with  a  minimum 
amount  of  power.  A  similar  question  arises  for  the  ducted  system  but  the  force 
on  the  duct  itself  enters  the  problem.  The  problem  could  also  include  deter¬ 
mination  of  the  shape  of  the  duct  as  well  as  the  propeller  circulation  distribution. 

The  combined  problem  of  optimum  duct  shape  and  optimum  circulation  dis¬ 
tribution  along  the  propeller  blade  is  a  formidable  one  since  it  is  not  possible, 
within  the  concepts  of  the  theory  discussed  here,  to  obtain  the  interference 
velocities  in  explicit  form.  The  problem,  which  can  reasonably  be  solved  re¬ 
duces  to  the  determination  of  the  circulation  distribution  on  a  propeller  blade 
so  that  the  p  peller  produces  a  given  thrust  with  minimum  torque.  For  a 
solution  it  is  also  necessary  to  assume  that  the  circulation  at  the  blade  tip  is 
zero  and  that  the  free-stream  velocity  is  a  constant. 


A  method  which  can  be  used  for  determination  of  the  optimum  circulation 
distribution  is  the  method  of  the  calculus  of  variations.  This  method  was  ap¬ 
plied  in  Ref.  6  to  determine  the  optimum  circulation  distribution  using  the  as¬ 
sumptions  given  previously.  The  result  was  that  circulation  must  be  such  that 
the  following  equation  is  satisfied: 
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constant.  (3.2-5) 


If  the  integrals  in  this  equation  are  zero,  then  this  implies  x  tan  j2.  =  con¬ 
stant.  For  a  free-running,  lightly- loaded  propeller,  x  tan  /3.  =  constant  is 
known  as  Betz's  theorem.  Betz's  theorem  was  derived  using  momentum  theory 
so  it  would  not  be  expected  that  the  more  exact  theory  applied  here  would  give 
exactly  the  same  results.  It  would  be  expected,  however,  that  the  integrals  in 
Eq.  (3.2-5)  would  be  small. 


III. 3  The  Integral  Equation  for  the  Circulation  Distribution  of 
the  Annular  Airfoil  in  the  Presence  of  the  Propeller 

In  this  section  it  will  be  assumed  that  the  annular  airfoil  is  axisymmetrical 
and  at  zero  incidence,  however,  the  free-stream  flow  need  only  be  axisymmetric. 
The  integral  equation  for  the  ring  vortex  and  ring  source  strength  of  the  annular 
airfoil  of  arbitrary  shape  was  derived  in  section  II. 5.  It  was  found  that  the  ring 
source  strength  was  a  function  of  the  thickness  slope  only  and  since  the  annular 
airfoil  is  assumed  axisymmetrical  in  this  section,  the  ring  source  strength  is 
given  by  Eq.  (2.2-4).  Also  in  section  II. 5  the  ring  vortex  strength  was  found  to 
be  given  by  the  integro-differential  Eq.  (2.5-4).  For  the  annular  airfoil  with  a 
propeller,  the  vortex  strength  is  given  by  a  very  similar  equation.  The  only 
difference  being  that  the  function  V( :  z)  must  include  the  radial  velocities  in¬ 
duced  by  the  propeller  at  the  duct  and  the  duct  trailing  vortex  system  applying 
to  the  present  case  must  be  used. 

A  trailing  vortex  is  shed  from  each  point  on  the  duct  when  the  bound  vortex 
has  an  angular  variation  in  strength.  As  discussed  previously  the  trailing  vortex 
strength  is  (l  Rd)  (  ■  )  and  the  vortices  are  shed  at  an  angle  equal  to  the  flow- 

angle.  In  the  presence  of  the  propeller,  these  vortices  follow  streamlines  in  the 
rotating  coordinate  system.  This  implies,  as  in  the  case  of  the  propeller,  that 
the  induced  velocities  from  all  the  components  in  the  flow  field  have  an  effect 
on  the  trailing  vortex  system.  This  represents  a  problem  considerably  more 
difficult  than  the  propeller  problem  since  the  helical  vortices  are  shed  from  all 
over  the  duct  rather  than  along  a  line.  To  obtain  an  equation  in  a  form  which  is 
amenable  to  solution,  it  will  be  assumed  that  the  helical  vortices  are  all  shed 
at  the  advance  angle  of  the  duct  which  is 
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The  radial  velocity  induced  on  the 
derived  in  Ref.  6  as 


duct  by  the  trailing  vortex  system  was 
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This  equation  is  substituted  into  Eq.  (2.5-4)  in  place  of  the  straight  line  shed 
vortices  to  give  the  integro-differential  equation  for  the  vortex  strength.  In  the 
present  case  the  function  U(<£,  z)  is  found  to  be 
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where  H(  z)  is  given  by  Eq.  (2.3-3)  and  »rp  by  Eq.  (3.3-1). 

To  solve  the  resulting  integro-differential  equation  for  the  vortex  strength, 
the  same  approach  is  used  as  for  Eq.  (2.5-4)  and  equations  similar  to  (2.5-7) 
and  (2.5-8)  are  derived,  i.e.,  a  Fourier  series  expansion  is  used.  The  principle 
difference  is  that  the  equations  for  the  Euler  coefficients  are  now  coupled.  This 
coupling  arises  from  the  form  of  the  duct  helical  trailing  vortex  system.  The 
two  linear  singular  integral  equations  for  the  Euler  coefficients  of  the  ring 
vortex  strength  gn(z)  and  hn(  5),  in  terms  of  the  known  coefficients  un(z>  and 
vn(  z)  are 
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From  the  equations  for  un(z>  and  vn(z>  it  can  easily  be  concluded  that  no 
Euler  coefficients  gnt  z  and  hntz)  exist,  except  for  za(  z  >,  which  are  not  har¬ 
monic  with  the  number  of  blades.  From  a  practical  point  of  view  this  fact 
greatly  reduces  the  number  of  coefficients  which  must  be  calculated.  The  in¬ 
tegrals  occurring  in  the  equations  for  i(c',  i'5-',  k,,1  and  have  been 

discussed  in  more  detail  in  Ref.  6  with  particular  reference  to  their  evaluation 
and  the  singularities  occurring.  It  was  found  possible  to  obtain  the  infinite  in¬ 
tegrals  in  the  form  of  Bessel  and  Struve  functions  which  considerably  simplifies 
their  evaluation. 

The  coupled  integral  equations  for  the  function  and  hr  ,  Eq.  (3.3-4),  can 
be  reduced  to  two  coupled  Fredholm  equations  of  the  second  kind  by  application 
of  the  method  of  section  II. 3.  With  the  boundary  condition  that  En>0)  and 

-  0,  these  coupled  Fredholm  equations  of  the  second  kind  and  their  solu¬ 
tion  is  discussed  in  Ref.  6.  It  should  be  mentioned  that  Ordwav  in  Ref.  5  used 
a  somewhat  different  approach  for  obtaining  the  Euler  coefficients. 


Of  particular  interest  is  the  zero  order  case  of  Eq.  (3.3-4).  It  can  easily 
be  shown  that  for  n  0  that  this  equation  reverts  to  Eq.  (2.3-1)  with  a  term 
added  to  the  right-hand  side  for  the  average  radial  velocity  induced  by  the  pro¬ 
peller  which  causes  r.o  difficulty.  The  average  radial  velocity  induced  at  the 
duct  by  the  propeller  is  found  by  letting  n  0  in  Eq.  (3.3-7),  The  equation  for 
the  average  velocity  induced  by  the  propeller  then  can  be  reduced  to 
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where 
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It  should  be  noted  that  the  bound  vortices  do  not  contribute  to  the  average 
radial  velocity.  Using  this  equation  the  singular  integral  equation  for  the  vortex 
distribution  becomes 
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This  is  such  a  simple  modification  to  Eq.  (2.3-1)  that  it  is  not  necessary 
to  discuss  its  solution.  Of  interest  is  that  Eq.  (3.3-8)  represents  the  velocity 
induced  at  the  duct  by  a  propeller  with  an  infinite  number  of  blades. 


IV.  COMMENTS  ON  THE  USE  OF  THE  ANNULAR  AIRFOIL 

AND  DUCTED  PROPELLER  THEORY 

In  problems  of  the  type  discussed  in  this  paper  physical  reality  very  often 
becomes  lost  in  mathematical  details.  As  the  difficulty  of  the  problem  in¬ 
creases  these  details  become  more  involved  and  detract  immeasurably  from 
the  physical  significance  of  the  problem.  The  actual  numerical  values  of  the 
often  discussed  ring  vortex  and  ring  source  strength,  for  instance,  reveal  little 
information  as  to  the  performance  of  annular  airfoils  and  ducted  propellers. 

To  somewhat  offset  the  mass  of  mathematical  details  developed  so  far  in  this 
paper,  this  section  will  be  devoted  to  a  discussion  of  the  use  of  these  theories 
and  the  progress  of  numerical  calculations  and  experimental  verification.  The 
annular  airfoil  will  be  discussed  first  and  then,  the  ducted  propeller,  both  with¬ 
out  regard  to  the  validity  of  the  assumptions  made. 


IV.  I  Applying  the  Annular  Airfoil  Theory 

Many  problems  concerning  the  annular  airfoil  were  considered  in  the  pre¬ 
vious  sections  and  each  of  these  will  be  discussed  considering  application  of 
the  theory.  The  first  is  the  "direct”  problem  of  the  axisvmmetric  annular  air¬ 
foil  for  which  the  annular  airfoil  shape  is  given.  The  problem  might  be  posed 
as  follows:  For  an  axisvmmetric  annular  airfoil,  determine  the  pressure  dis¬ 
tribution  and  forces  on  and  the  flow  field  around  the  foil.  For  this  problem  the 
following  steps  must  be  followed. 

1.  Describe  the  annular  airfoil  section  by  a  thickness  distribution,  camber 
distribution  and  angle  of  attack  as  shown  in  Fig.  2. 
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2.  With  the  thickness  distribution  calculate  the  ring  source  strength  from 
Eq.  (2.2-4)  and  with  the  camber  distribution  and  angle  of  attack,  calculate  the 
ring  vortex  strength  from  Eq.  (2.3-8). 

3.  The  total  velocity  induced  at  a  point  in  space  by  the  annular  airfoil  is 
found  by  summing  the  velocities  induced  by  the  ring  vortex  and  ring  source. 

The  induced  axial  and  radial  velocities  from  the  ring  vortex  are  calculated  from 
Eqs.  (2.8-6)  and  (2.8-7)  and  the  induced  axial  and  radial  velocities  from  the  ring 
source  are  calculated  from  Eqs.  (2.8-11)  and  (2.8-12).  For  the  axisymmetric 
annular  airfoil,  the  tangential  induced  velocity  is  zero. 

4.  To  determine  the  pressure  distribution  on  the  duct,  the  axial  velocity 
induced  by  the  ring  vortex  and  source  on  the  duct  is  substituted  into  Eq.  (2.6-1). 
On  the  duct  itself,  the  axial  velocity  induced  by  the  vortex  ring  is  given  by  Eq. 
(2.6-4)  and  that  induced  by  the  source  ring  is  given  by  Eq.  (2.6-5).  For  better 
results  each  of  these  induced  velocities  should  be  corrected  by  the  approximate 
nonlinear  theory  as  given  by  Eq.  (2.7-13). 

5.  For  the  axisymmetric  annular  airfoil  at  zero  incidence,  no  net  forces 
act  on  the  duct  except  for  viscous  drag.  The  viscous  drag  problem  is  consid¬ 
ered  in  Ref.  10. 

This  problem  of  the  axisymmetric  annular  airfoil  has  been  programmed  for 
the  high-speed  digital  computers  at  the  David  Taylor  Model  Basin  and  prelim¬ 
inary  results  are  available.  All  the  coefficients  occurring  in  this  problem  which 
are  independent  of  the  thickness  and  camber  will  be  tabulated.  For  verifying  the 
theory  three  annular  airfoils  have  been  designed  and  built  and  are  presently 
being  tested.  It  should  be  mentioned  that  Weissinger  used  a  different  approach 
for  this  problem  and  has  tabulated  a  number  of  coefficients  for  his  method. 

The  second  problem  considered  will  be  to  determine  the  pressure  distribu¬ 
tion  and  forces  on  and  the  flow  field  around  an  axisymmetric  annular  airfoil  of 
a  given  shape  at  an  angle  of  incidence.  The  linearized  flow  field  about  such  a 
duct  was  shown  to  be  a  linear  combination  of  the  flow  about  the  airfoil  at  zero 
incidence  and  an  Euler  coefficient  involving  the  angle  of  incidence.  Since  the 
first  part  is  the  same  as  the  previous  problem  only  the  angle  of  incidence  term 
need  be  considered  in  detail. 

1.  The  Euler  coefficient,  go(z),  is  calculated  from  Eq.  (2.5-11)  and  the 
contribution  to  the  circulation  of  this  term  is  obtained  from  Eq.  (2.5-12). 

2.  The  total  velocity  induced  at  a  point  in  space  is  found  by  adding  the 
velocities  obtained  in  step  3  of  the  previous  problem  to  velocities  obtained  from 
the  added  circulation  term  gt(z)  cos  c,  and  the  trailing  vortex  system  which 
arises.  The  axial,  radial  and  tangential  velocities  induced  bv  the  added  cir¬ 
culation  term  are  given  by  substituting  the  added  circulation  into  Eqs.  f2.8-l), 
(2.8-2)  and  (2.8-3).  The  radial  and  tangential  velocities  induced  by  the  trailing 
vortex  system  are  obtained  from  Eqs.  (2.8-14)  and  (2.8-15).  For  the  trailing 
vortex  system  arising  in  this  problem,  there  is  no  induced  axial  velocity. 

3.  To  determine  the  pressure  distribution,  the  axial  velocity  induced  by 
the  added  circulation  term  is  substituted  into  Eq.  (2.6-1)  and  the  resulting 
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pressure  added  to  that  obtained  in  step  4  of  the  previous  problem.  On  the  duct 
itself,  the  axial  velocity  induced  by  the  added  circulation  is  obtained  from  Eq. 
(2.8-5).  This  velocity  should  also  be  corrected  by  Eq.  (2.7-13). 

4.  The  induced  drag,  lift  and  moment  on  the  annular  airfoil  at  an  angle  of 
incidence  are  obtained  by  substituting  the  values  of  the  Euler  coefficient,  gjfz), 
calculated  in  step  1  into  Eqs.  (2.8-18),  (2.8-20)  and  (2.8-21).  To  the  induced 
drag  must  be  added  the  viscous  drag  as  discussed  in  step  5  of  the  previous 
problem. 

The  third  problem  to  be  considered  is  to  determine  the  ideal  angle  of  at¬ 
tack  of  a  section  of  an  axisymmetric  annular  airfoil  when  the  camber  and  thick¬ 
ness  distributions  are  given.  The  forces  and  the  flow  around  the  resulting  an¬ 
nular  airfoil  are  also  desired. 

1.  The  ideal  circulation  distribution  is  calculated  from  Eq.  (2.4-2)  and 
substituted  into  Eq.  (2.4-5)  to  obtain  the  section  ideal  angle  of  attack. 

2.  The  ideal  circulation  is  used  in  problem  one  to  obtain  the  flow  field  and 
pressure  distribution.  The  only  net  force  is  the  viscous  drag  force. 

This  problem  is  programmed  for  the  high-speed  computers  at  DTMB  and 
preliminary  results  are  available.  All  coefficients  occurring  in  this  problem 
which  are  independent  of  the  section  shape,  will  be  tabulated.  Experimental 
verification  will  be  undertaken  at  some  future  date. 

The  fourth  problem  is  to  determine  the  pressure  distribution  and  forces 
on  and  the  flow  field  around  an  asymmetrical  annular  airfoil  of  a  given  shape. 
The  steps  are  as  follows: 

1.  Describe  the  annular  airfoil  sections  by  a  thickness  distribution, 
camber  distribution  and  angle  of  attack  as  shown  in  Fig.  2.  For  this  problem 
the  sections  are  a  function  of  their  angular  position. 

2.  With  the  thickness  distribution,  calculate  the  elemental  ring  source 
strength  from  Eq.  (2.5-3).  With  the  camber  distribution  and  section  angle  of 
attack,  calculate  the  Euler  coefficients  for  the  elemental  ring  vortex  strength 
from  Eqs.  (2.5-7)  and  (2.5-8).  The  elemental  ring  vortex  strength  is  then  ob¬ 
tained  from  Eq.  (2.5-5).  Since  the  annular  airfoil  is  asymmetrical,  trailing 
vortices  are  generated.  The  strength  of  these  is  calculated  using  Eq.  (2.5-6). 

3.  The  total  velocity  induced  at  a  point  in  space  is  found  by  summing  the 
velocities  induced  by  the  ring  vortex,  ring  source  and  the  trailing  vortex  sys¬ 
tem.  The  axial,  radial  and  tangential  velocities  induced  by  the  ring  vortices  are 
given  by  Eqs.  (2.8-1),  (2.8-2)  and  (2.8-3)  and  the  radial  and  tangential  velocities 
induced  by  the  trailing  vortices  are  given  by  Eqs.  (2.8-14)  and  12.8-15).  For  the 
source  ring  the  axial,  radial  and  tangential  velocities  are  given  by  Eqs.  (2.8-8). 
(2.8-9)  and  (2.8-10).  As  for  problem  2  the  trailing  vortices  induce  no  axial 
velocity. 

4.  To  determine  the  pressure  distribution  on  the  duct,  the  axial  velocitv 
induced  by  the  ring  vortex  and  source  are  substituted  into  Eq.  (2.6-1).  For  this 
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problem  the  pressure  distribution  on  a  section  is  a  function  of  the  angular  posi¬ 
tion  of  that  section.  The  axial  velocity  induced  by  the  ring  vortex  on  the  duct  is 
given  by  Eq.  (2.8-5)  and  the  axial  velocity  induced  by  the  ring  source  is  given  by 
Eq.  (2.8-8)  with  x  xfi.  These  velocities  should  also  be  correction  by  the  ap¬ 
proximate  nonlinear  theory  as  given  by  Eq.  (2.7-13). 

5.  The  induced  drag  and  lift  of  the  asymmetric  annular  airfoil  are  given  by 
Eqs.  (2.8-17)  and  (2.8-19).  The  velocities  induced  by  the  trailing  vortices  have 
been  discussed  in  step  3. 

No  plans  have  been  made  to  program  this  problem  at  the  present  time. 

Some  of  the  coefficients  which  arise  have  been  tabulated,  however. 

The  fifth  problem  is  the  "inverse”  problem,  i.e.,  given  a  pressure  distribu¬ 
tion  on  an  axisymmetric  annular  airfoil  at  zero  incidence,  determine  the  section 
thickness  and  camber  distribution  and  angle  of  attack.  The  steps  for  this  prob¬ 
lem  are  as  follows: 

1.  Using  the  pressure  distribution,  calculate  the  axial  velocity  on  the  inner 
and  outer  surfaces  from  Eq.  (2.6-1). 

2.  With  the  velocity  on  the  inner  and  outer  surfaces,  calculate  a  mean  ve¬ 
locity  and  a  velocity  difference  from  Eqs.  (2.6-7)  and  (2.6-9). 

3.  With  the  velocities  just  calculated,  the  slope  of  the  thickness  distribu¬ 
tion  can  be  obtained  from  Eq.  f2.6-15). 

4.  The  slope  of  the  camber  distribution  and  angle  of  attack  combined  is 
obtained  from  Eq.  (2.3-1)  using  the  thickness  slope  just  calculated  and  the 
vortex  strength  obtained  from  Eq.  (2.6-10).  The  camber  and  angle  of  attack 
are  separated  by  integrating  the  combined  slope  for  the  trailing  edge  to  the 
leading  edge.  Since  the  integral  over  this  range  of  the  camber  slope  is  zero, 
the  result  will  give  the  tangent  of  the  angle  of  attack. 

This  particular  problem  will  not  be  programmed  for  the  computers  nor 
will  experimental  results  be  obtained  until  problem  one  and  two  are  satisfac¬ 
torily  in  hand. 


IV. 2  Applying  the  Ducted  Propeller  Theory 

Because  of  the  more  complicated  nature  of  the  problem,  it  is  not  possible 
to  give  as  much  detail  in  a  step-by-step  procedure  tor  problems  of  the  ducted 
propeller  as  for  the  annular  airfoil.  The  first  problem  to  be  considered  is  to 
design  a  propeller  for  operation  in  an  axisymmetric al  duct  of  a  given  shape  so 
that  a  given  total  thrust  is  obtained. 

1.  Using  problem  one  of  the  previous  section  calculate  the  axial  velocity 
induced  at  the  propeller  by  the  duct. 
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2.  With  this  velocity  go  through  a  propeller  design  as  described  in  section 
3.2  using  an  assumed  hydrodynamic  pitch  distribution.  Calculate  the  radial  ve¬ 
locity  induced  on  the  duct  from  Eq.  (3.1-1). 

3.  With  this  propeller  induced  radial  velocity,  calculate  the  Euler  coeffi¬ 
cients  of  the  duct  circulation  from  Eq.  (3.3-4)  and  then  the  elemental  duct  cir¬ 
culation  from  Eq.  (2.5-5).  Helicoidal  trailing  vortices  are  generated  and  their 
elemental  strength  is  calculated  from  Eq.  (2.5-6). 

4.  The  axial  and  tangential  velocities  induced  by  the  duct  at  the  propeller 
must  be  calculated  next.  Velocities  induced  by  the  ring  sources,  ring  vortices 
and  trailing  vortex  system  must  be  summed.  The  axial  velocities  induced  by 
the  ring  sources  were  obtained  in  step  one  and  remain  unchanged.  The  axial 
and  tangential  velocities  induced  by  the  ring  vortices  are  given  by  Eqs.  (2.8-1) 
and  (2.8-2).  Equations  for  the  axial  and  tangential  velocities  induced  by  the  duct 
helicoidal  trailing  vortex  system  have  been  derived  in  Ref.  6. 

5.  With  the  axial  and  tangential  velocities  induced  by  the  duct  at  the  pro¬ 
peller,  again  go  through  a  propeller  design  as  discussed  in  step  two. 

6.  Repeat  steps  3  through  5  until  the  computed  value  of  the  duct  circulation 
converges.  When  convergence  has  been  obtained,  calculate  the  induced  duct 
drag  from  Eq.  (2.8-17)  and  the  viscous  drag  from  Ref.  10.  Calculate  the  thrust 
of  the  propeller  from  section  3.2  and  add  the  duct  drag  to  this  thrust. 

7.  The  net  thrust  is  then  compared  to  the  design  thrust  and  if  the  compari¬ 
son  is  not  satisfactory  the  propeller  pitch  must  be  changed  and  steps  3  to  6  re¬ 
peated  until  a  satisfactory  comparison  is  obtained. 

8.  Once  the  ducted  propeller  produces  the  desired  thrust,  the  propeller 
design  can  be  completed  as  discussed  in  Ref.  6. 

The  second  problem  to  be  discussed  is  to  determine  the  ideal  angle  of  at¬ 
tack  of  the  duct  section  when  the  propeller  is  within  the  duct.  The  ideal  angle 
can  only  be  considered  for  the  average  velocity  induced  on  the  duct  by  the 
propeller. 

1.  Calculate  the  average  radial  velocity  induced  on  the  duct  by  the  pro¬ 
peller  from  Eq.  (3.3-8). 

2.  W:ith  this  radial  velocity  calculate  the  ideal  circulation  distribution  from 
Eq.  (2  4-2)  where  the  function  H:  r  is  modified  as  shown  in  Eq.  (3.3-9). 

3.  Substitute  this  circulation  distribution  into  Eq.  (2.4-5)  and  calculate  the 
section  ideal  angle  of  attack. 

The  third  problem  to  be  discussed  is  to  determine  the  annular  airfoil  shape 
from  the  pressure  distribution  when  a  propeller  of  a  given  design  is  within  the 
duct.  This  problem  can,  also,  only  be  done  for  the  average  velocity  induced  by 
tne  propeller. 
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1.  Calculate  the  average  axial  velocity  induced  by  the  propeller  at  the  duct 
from  Ref.  6. 

2.  Calculate  the  section  shape  with  this  axial  velocity  included  using  problem 
five  of  the  previous  section.  The  equations  cited  in  this  problem  all  include  ref¬ 
erence  to  the  average  propeller  induced  velocity. 

Programming  of  the  first  problem  discussed  in  this  section  is  being  pursued 
and  many  of  the  functions  will  be  tabulated.  The  last  two  problems  can  be  solved 
by  simple  modifications  to  programs  discussed  in  the  previous  section.  Com¬ 
puter  programs  which  are  being  developed  in  this  section  will  incorporate  the 
last  two  problems. 

Another  problem  which  could  be  considered  is  to  determine  the  optimum 
circulation  distribution  for  a  ducted  propeller.  Once  a  propeller  circulation  is 
obtained  a  check  can  be  made  by  using  Eq.  (3.2-5)  to  see  if  it  is  optimum.  If  it 
is  not,  it  is  not  a  simple  matter  to  obtain  the  optimum.  The  integrals  in  Eq. 
(3.2-5)  will  be  computed  for  a  number  of  designs  to  determine  their  magnitude. 
For  a  first  estimate  of  the  optimum  circulation  distribution,  it  would  probably 
be  best  to  neglect  these  integrals  and  then,  the  optimum  circulation  can  easily 
be  obtained  since  the  equation  would  imply  that  x  tan  L  is  a  constant. 


V.  CONCLUSIONS 

It  is  hoped  that  the  theory  of  the  annular  airfoil  and  ducted  propeller  has 
been  given  in  enough  detail  so  that  some  appraisal  can  be  made  of  the  adequacy 
of  the  theory.  Certain  mathematical  details  which  are  important  are  not  given 
to  keep  the  paper  of  reasonable  length.  In  all  cases  where  questions  may  arise, 
however,  adequate  coverage  can  be  found  in  the  references. 

The  validity  of  many  of  the  assumptions  cannot  be  assessed  without  more 
complete  experimental  results.  Two  assumptions  are  made,  i.e.,  of  an  inviscid 
fluid  and  that  the  propeller  can  be  represented  by  a  lifting  line,  with  full  reali¬ 
zation  that  for  adequate  representation  of  the  flow  corrections  must  be  made. 
Accepting  the  validity  of  the  assumptions,  the  following  comments  can  be  made 
about  the  theory  of  annular  airfoils  and  ducted  propellers. 

1.  Linearization  of  the  annular  airfoil  boundary  conditions  results  in  the 
radial  velocities  induced  by  the  singularities  in  the  flow  being  equal  to  the  air¬ 
foil  surface  slope  on  a  cylinder  representing  the  duct. 

2.  The  strength  of  the  annular  airfoil  source  is  dependent  only  on  the 
thickness  slope. 

3.  The  strength  of  the  annular  airfoil  vortex  depends  on  both  camber  and 
thickness  and  radial  velocities  induced  by  other  singularities. 

4.  When  the  duct  is  not  axisymmetric,  is  at  an  angle  of  incidence,  or  is  in 
the  presence  of  other  singularities  in  the  flow,  trailing  vortices  are  shed  from 
the  duct. 
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5.  In  the  presence  of  the  propeller,  the  only  Euler  coefficients  of  the  cir¬ 
culation  strength  of  the  duct  which  arise  are  those  which  are  harmonic  with  the 
number  of  blades.  The  zero-order  term  includes  the  average  radial  velocity 
induced  at  the  duct  by  the  propeller  and  the  annular  airfoil  thickness  and  camber. 

6.  The  induced  drag  of  the  duct  is  zero  if  the  duct  is  by  itself  at  zero  inci¬ 
dence  and  axisvmmetric. 
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VH.  NOTATION 

a  duct  chord 

a;  axial  distance  between  leading  edge  of  duct  and  propeller 

a x  axial  distance  between  trailing  edge  of  duct  and  propeller 

b  number  of  blades 

Cj  2  mean  line  ordinate  of  the  duct  section  measured  from  the  nose- 
tail  line 

E  k  complete  elliptic  integral  of  the  second  kind 
G.  nondimensionalized  circulation  distribution  of  the  propeller 

( p  2  R;)  chord-diameter  ratio  of  the  duct 
k  modulus  of  the  elliptic  integrals 

K  k  complete  elliptic  integral  of  the  first  kind 
0  propeller  torque 

q  ring  source  strength 

R  duct  radius 

R.,  propeller  radius 

t.  cylindrical  coordinates 
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sc  z)  half-thickness  ordinate  of  the  duct  section 
T  propeller  thrust 
v  ship  speed 

■*a  axial  component  of  induced  velocity 
•*rj  r  radial  component  of  induced  velocity 

tangential  component  of  induced  velocity 
local  wake  fraction 

x  .  z  nondimensionalized  cylindrical  coordinates 

x  radial  coordinate  nondimensionalized  by  the  propeller  radius 
z  axial  coordinate  nondimensionalized  by  the  duct  chord 
zp  axial  coordinate  nondimensionalized  by  the  propeller  radius 

Z  Z  -  P. 

X 

angle  of  attack  of  a  duct  section 
, ideal  angle  of  attack  of  duct  section 

relative  angle  between  iree-stream  velocity  ar.c  duct 
propeller  advance  angle 
duct  advance  angle 

,  propeller  hydrodynamic  pitch  argile 

ring  vortex  strength 
0  angular  velocity 

Subscripts 

duct 

p  propeller 

a  ring  source 

ring  vortex 

trailing  vortex  system  of  the  vortex  cylinder 
Note:  Many  functions  are  defined  in  the  text. 
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DESIGN  DIAGRAMS  OF  THREE-BLADED 
CONTROLLABLE  PITCH  PROPELLERS 


Kiyoshi  Tsuchida 

Transportation  Technical  Research  Institute 
Tokyo,  Japan 


1.  INTRODUCTION 

Controllable  pitch  propellers  have  been  widely  used  for  tug  boats,  fishing 
boats,  ferries,  etc.  in  Japan.  To  study  the  performance  of  the  controllable  pitch 
propellers,  the  open  water  tests  of  their  models  have  been  performed  by  the 
author  at  the  Model  Basin  of  Transportation  Technical  Research  Institute  for 
several  types  of  propellers.  The  tests  results  and  the  design  diagrams  of 
three-bladed  controllable  pitch  propellers  are  reported  here! 


2.  MODEL  PROPELLERS 

The  particulars,  dimensions  and  forms  of  the  model  propellers  are  shown 
in  Table  1,  Table  2  and  Fig.  1  respectively.  The  diameter  of  the  propellers  is 
0.22  meters  and  the  boss  ratio  0.34.  The  blade  sections  are  nearly  similar  to 
the  Wageningen  B-series  aerofoils.  There  are  two  series  of  propellers  with  the 
expanded  blade  area  ratios  of  0.35  and  0.50.  As  shown  ir.  Fig.  1,  the  two  series 
of  the  propellers  have  the  same  form  of  bosses  and  have  the  same  section  shape 
at  the  roots  of  the  blades.  Four  model  propellers  having  the  constant  initial 
pitch  ratios  of  0.4,  0.6.  0.8  and  1.0  were  manufactured  ter  each  of  the  series  of 
propellers. 

As  shown  in  Fig.  2-a,  the  model  propellers  are  of  built-up  type  and  each  of 
the  blades  of  the  propellers  can  be  fixed  to  the  boss  by  four  set-screws.  In  these 
experiments  four  bosses  have  been  manufactured.  The  tapped  holes  on  the  sides 
of  each  boss  are  made  at  an  interval  of  20-degree  and  the  tapped  holes  of  each 


-The  similar  cesicr.  diagrams  o:  t'otir-bladed 
been  nearly  completed  and  :heyv.ill  be  reper 
Naval  Architects  o:  Japan  coming  tall. 
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Table  1 

Model  Propellers  and  Test  Conditions 


M.P.  No. 

979  980  981  982 

983  984  985  986 

Diameter  (m) 

Boss  ratio 

Pitch  ratio 

Expanded  area  ratio 

Max.  blade  width  ratio 
Mean  blade  width  ratio 
Blade  thickness  ratio 

Angle  of  rake 

Number  of  blades 

0.220 

0.340 

C.400  0.600  0.800  1.000 
0.350 

0.319 

0.278 

0.050 

0 

3 

0.220 

0.340 

0.400  0.600  0.800  1.000 
0.500 

0.473 

0.397 

0.050 

0 

3 

Test 

Condi¬ 

tions 

Revolution  per 
minutes  fm) 

Immersion  of 
shaft  (m) 

Temperature 
of  water  (c  : ) 

Reynolds 
number  fnD2  ■. ) 

11 

0.220 

14.3  -  17.0 

4.6-  4.9  x  105 
_ 

11 

0.220 

14.3  -  18.5 

4.6-  5.1  x  10  5 

_ 

Table  2 

The  Ordinates  of  the  Blade  Sections 


Distance  of  the  Ordinates  from 

the  Max.  Th. 

cknes 

s 

r  R 

To  Trailing  Edge 

To  Leading  Edge 

100cc 

8C Fr 

60  v 

400 

200 

200 

400 

60~ 

800. 

90~: 

95  v 

100~": 

^Ordinates  for  the  Back) 

_ 

48 

70 

86 

97 

93 

93 

84 

70 

60 

52 

_ 

- 

44 

18 

86 

97 

98 

92 

32 

67 

56 

43 

- 

- 

40 

66 

85 

96 

98 

39 

75 

56 

43 

35 

- 

- 

45 

70 

87 

97 

97 

37 

70 

45 

30 

24 

- 

0.95 

- 

45 

70 

89 

97 

97 

89 

70 

45 

32 

25 

- 

(Ordinates  for  the  Face) 

0.40 

18 

6 

2 

- 

- 

- 

- 

2 

i 

13 

IS 

35 

0.50 

10 

2 

- 

- 

- 

- 

- 

- 

4 

9 

13 

20 

0.70 

- 

- 

- 

- 

- 

- 

- 

- 

- 

2 

16 

N  uie " 

l  roe  or 

c:r.a*.e 

5  are 

give: 

♦  ...  r  C 

r  cent 

G.  L.. 

e  *  -  -  • 

- C 

•  ■  -  r  O 

.  ...r 

The  th 

cknes 

~  a  I  ! 

.e  o* a 

de  tin 

5  0": 

:r.e 

ciame: 

e  r . 
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boss  differ  in  position  by  5 -degree,  so  that  the  angle  of  the  blade  installation 
might  be  changed  every  5-degree  by  using  the  four  bosses  in  turns.  Using  four 
bosses  in  turns  also  makes  the  arrangements  of  tests  easy. 

In  recent  experiments  the  blades  can  be  fixed  to  the  boss  at  any  given 
angle,  using  the  models  as  shown  in  Fig.  2-b. 


3.  OPEN  WATER  TESTS 

Model  tests  were  conducted  by  changing  the  speed  of  advance  of  the  pro¬ 
pellers  with  the  constant  number  of  revolutions,  11  revolutions  per  second.  As 
the  water  temperature  at  the  time  of  the  tests  was  14.3  - 13.5  '  C,  Reynolds  num¬ 
ber  fnD2  •„)  was  4.6-5. 1  x  105.  The  immersion  of  the  propeller  shaft  was  0.22 
meters. 

The  angle  of  the  blade  installation  was  changed  every  5.0-degree  on  the 
basis  of  the  initial  pitch  ratio  (  =  0' )  as  follows: 

Initial  pitch  ratio  0.4  0.6  0.8  1.0 

Range  of  blade  installation 

angle  (  )  -25  --20  -30  — 15  -35  --10  -40  --5 

As  the  blade  angle  is  turned  toward  the  negative  side,  the  thrust  and  the 
torque  of  the  propellers  become  gradually  smaller.  The  thrust  becomes  nearly 
zero  at  the  zero  speed  of  advance  of  the  propeller^  when  the  blade  angles  are 
about  -10',  -15,  -20:  and  -25  for  the  propellers  of  initial  pitch  ratios  of  0.4. 
0.6,  0.8  and  1.0  respectively. 

Tests  of  the  astern  conditions  were  conducted  with  the  propellers  of  much 
smaller  blade  installation  angles.  In  this  case  the  propellers  were  installed 
reversely  to  the  shaft  of  the  propeller  dynamometer  which  revolved  reversely. 


4.  TESTS  RESULTS  AND  DESIGN  DIAGRAMS 


The  tests  results  are  shown  in  Figs.  3-6  for  the  series  of  propellers  of 
0.35  expanded  area  ratio  and  in  Figs.  7-10  for  the  series  of  0.50  in  the  dimen¬ 
sionless  form.  The  symbols  in  the  figures  are  given  as  follows: 


the  thrust  coefficient 

the  torque  coefficient 

the  advance  coefficient 

the  propeller  efficiency  (open) 

where 


Kt  =  T  r.:  D4 

kq  --  Q 


J  =  VA  TO 


=  TK-  2-  K- 


I  =  the  thrust  of  the  propeller  with  the  boss  resistance  deducted  'kg 
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Design  Diagrams  of  Three -B laded  Controllable  Pitch  Propellers 

0  =  the  torque  of  the  propeller  (kg-m) 
n  =  the  number  of  revolutions  of  the  propeller  (rps) 

D  =  the  diameter  of  the  propeller  (m) 
vA  =  the  speed  of  advance  of  the  propeller  (m/sec) 

=  the  density  of  water  (kg-sec2/m4). 

The  positive  sign  of  the  advance  coefficient  means  the  ahead  condition  and 
the  negative  sign  the  astern  condition.  The  positive  and  negative  signs  of  the 
thrust  coefficient  also  mean  the  ahead  and  astern  directions  respectively. 

The  tests  results  of  the  propellers  at  =  O'  are  summarized  in  Figs.  11 
and  12.  From  these  figures,  the  design  diagrams  of  /B^  and  ,  -  •  type 

for  the  propellers  of  initial  pitch  are  obtained  and  shown  in  Figs.  13-16.  The 
density  of  sea  water  was  taken  as  104.51  kg-sec  2  m4,  and  the  symbols  in  the 
diagrams  are  given  as  follows: 

Bp  =  np0-3  v2  3 

Bl.  =  .\T°  3  V2'5 

=  ND  VA 

N  =  the  number  of  revolutions  of  the  propeller  (rpm) 

VA  =  the  speed  of  advance  of  the  propeller  (metric  knot:  1852  m  hour) 

P  =  the  delivered  horse  power  (PS:  75  kg-m  sec) 

C  =  the  thrust  horse  power  (PS) 

D  =  the  diameter  of  the  propeller  (m) 

H  =  the  pitch  of  the  propeller  (m) 

H  D  =  the  pitch  ratio  of  the  propeller. 

These  diagrams  can  be  used  by  the  designers  at  the  stage  of  the  initial  de¬ 
sign  of  the  controllable  pitch  propellers,  to  determine  the  diameter,  the  initial 
pitch  and  the  efficiency.  Figures  3-10  can  be  used  to  calculate  their  perform¬ 
ances  under  the  various  working  conditions. 
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LARGE  HUB  TO  DIAMETER  RATIO 
PROPELLERS  WITH  PROGRAMMED 
BLADE  CONTROL 


W.  P.  A.  Joosen,  J.  D.  van  Manen  and  F.  van  der  Walle 
Netherlands  Ship  Model  Basin 
W’ageningen,  Netherlands 

with  an  Introduction  by  CDR  F.  R.  Haselton, 

Office  of  Natal  Research,  Department  of  the  Navy,  Washington,  D.  C. 


ABSTRACT 

A  theory  nas  been  formulated  for  calculating  the  properties  of  large 
hub  to  diameter  ratio  propellers  with  cyclic  pitch  control. 

In  addition  experimental  results  have  been  given  for  the  efficiency  and 
maneuvering  characteristics  of  such  a  device. 


INTRODUCTION 

In  October  1961  an  eight  months'  feasibility  study  was  started  by  the 
N.S.M.B.  under  an  O.N.R. -research  contract  on  propellers  with  a  large  hub  to 
diameter  ratio  and  cyclic  pitch  control. 

The  purpose  of  this  research  was  to  investigate  the  efficiency  of  such  a  de¬ 
vice,  the  excitation  of  transverse  forces  by  the  propeller  due  to  the  cyclic  pitch 
changes  and  finally  the  power  required  for  generating  a  certain  transverse 
force. 

The  various  parameters  are  defined  in  Fig.  1.  The  pitch  angle  -  is  con¬ 
trolled  according  to  a  prescribed  program  as  a  function  of  the  rotation  angle  i 
of  the  propeller  blade.  Owing  to  this  cyclic  pitch  control  transverse  forces  Fv 
and  and  moments  Mv  and  Mz  are  generated  in  addition  to  the  propeller 
thrust  T  and  the  torque  Q.  The  magnitudes  of  these  additional  forces  can  be 
varied  by  changing  the  cyclic  pitch  program. 
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The  application  possibilities  of  this  propulsion  system  both  for  submarines 
(maneuverability)  and  surface  vessels  (reduction  of  cavitation  and  vibration  due 
to  the  non-uniform  wakei  are  considered  as  much  promising. 

The  N.S.M.B.  started  simultaneously  the  development  of  a  quasi-stationary 
theory  for  this  special  propeller  type  and  the  design  and  manufacture  of  a  model 
for  experiments. 

This  report  gives  the  first  results  of  both  the  theoretical  and  the  experi¬ 
mental  part  of  the  program. 


Fig.  1  -  Definition  of  axis  and  symbols 


THEORETICAL  ANALYSIS  OF  SHROUDED  LARGE  HUB  TO 
DIAMETER  RATIO  PROPELLER 

The  mathematical  model  of  the  geometrical  configuration  of  the  hub- 
propeller-shroud  system  can  be  composed  by  means  of  vortex  and  source  dis¬ 
tributions.  As  the  reduced  frequency  is  very  small,  the  problem  is  considered 
to  be  quasi-stationary.  The  singularity  distributions  are  therefore  only  func¬ 
tions  of  the  dimensionless  space  coordinates  (x,y,z)  (or  x,r,c).  The  propeller 
tip  radius  is  arbitrarily  chosen  as  equal  to  1. 
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It  is  assumed  that  the  number  of  blades  of  the  propeller  is  infinite,  that  the 
circulation  on  the  blades  is  constant  in  the  radial  direction  and  that  the  propel¬ 
ler  diameter  is  equal  to  the  shroud  diameter.  Thus  the  propeller  disk  is  re¬ 
placed  by  a  continuous  bound  vortex  distribution  of  strength  r(o).  For  r  (■: )  is 
taken 


F(<p)  =  dQ  +  Cj  sin  tp  +  dj  cos  <s  . 

The  shroud,  radius  =  1,  length  camber  c(x),  thickness  d(x),  is  replaced 
by  a  bound-vortex  distribution 


P1(x,fp)  =  fQ(x)  g(x)  sin  -  f(x)  cos  -  . 

and  a  source  distribution  g(x)  =  d'(x).  See  Ref.  [  1 J. 

In  the  same  way  a  bound  ring  vortex  distribution  of  strength 

r2(x,<p)  =  hQ(  x  )  *  p(x)  sin  "  -  h(x)  cos  z 

exists  on  the  hub  with  radius 

A  distribution  of  free  helical  vortices  on  the  cylinder  r  =  1  of  strength 
T(o)  starts  from  the  tip  of  the  blades.  In  the  same  way  the  bound  vortices  of 
the  blades  can  be  thought  to  continue  at  the  hub  as  helical  vortices  of  the  same 
strength.  The  bound  vortices  on  shroud  and  hub  produce  a  system  of  free 
straight  line  vortices  in  the  wake,  respectively  with  strength 

—  .'  [( x,  •; )  at  r  -  1 

and 

t —  r2(x,p)  at  r  =  *.  . 

The  fact  that  these  vortices  are  situated  on  straight  lines  becomes  clear  by  the 
consideration  that  the  loading  on  hub  and  shroud  is  stationary  in  the  case  of  an 
infinite  number  of  blades. 

A  mathematical  explanation  is  given  in  chapter  2  of  Ref.  [2]. 

Besides  the  quantities 


and 


c,  .  d. 


shroud  length 
shroud  radius 


hub  diarreter 
shroud  dia-eter 


there  are  two  other  parameters  in  the  problem,  viz.,  _  =  u,  where  -  is  the 
angular  speed,  u  is  the  forward  speed  and  Rt  is  the  shroud  radius  and  finally  a 
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constant  a,  which  determines  the  position  of  the  shroud  in  regard  to  the  propel¬ 
ler  plane  *  -  0. 

The  total  mathematical  model  is  summarized  in  the  following  sketch,  where 
wa  ,  wt  and  »-r  are  the  dimensionless  velocities  induced  by  all  the  vortices  (re¬ 
spectively  in  the  axial,  tangential  and  radial  direction). 


I 


The  problem  is  to  find  a  solution  for  the  functions  ,  x.  and  2  or 

f0(x),  g(x),  f  x),  hc  x  .  p  x  and  hfx). 

The  linearized  boundary  conditions  on  shroud  and  hub  enable  the  derivation 
of  six  integral  equations  for  the  six  unknown  functions  by  separating  the  parts 
independent  on  :  ,  dependent  on  sin  .  and  dependent  on  cos  .. 

These  boundary  conditions  are  on  the  shroud  -*r  «  x  and  on  the  hub 

w  0. 
r 

The  velocities  induced  by  the  vortices  can  be  expressed  in  Bessel  functions 
and  complete  elliptic  functions  (see  chapter  4  through  6  of  Ref.  2]).  In  order  to 
see  the  influence  of  the  respective  parts  of  the  given  circulation  at  the  blades 
do  -  sin  .  -  dj  cos  .  the  unknown  functions  are  split  up  as  follows: 


= 

d  f  ixl 
o  o 

g(x  ) 

-  CjEj  X  -  djg2( X 

v*>  - 

d  h  ( x  ) 
o  o 

h  ( x  ; 

Cihj  x  djhvx 

f(x) 

Cjfj(xl  -  djf3(x) 

p'x 

c,Pj  X  -  dlP,.\ 

214 


Large  Hub  to  Diameter  Ratio  Propellers  with  Programmed  Blade  Control 

Then  the  integral  equations  can  be  split  up  as  well  and  5  sets  of  each  two  simul¬ 
taneous  equations  are  obtained.  These  equations  show  that  a  sin  or  cos  5 
distribution  on  the  blades  results  in  a  combined  sin  and  cos  distribution  on 
shroud  and  hub.  This  is  due  to  the  helical  effect  of  the  blade  tip  vortices.  (Chap¬ 
ter  7  of  Ref.  [2].)  As  a  consequence  it  can  be  expected  that  a  sin  variation  in 
the  cyclic  pitch  will  lead  to  a  transverse  force  in  the  y-  as  well  as  in  the  z- 
direction  (see  Fig.  1). 

A  singularity  arises  in  the  integral  equations  for  x  -  0.  In  order  to  re¬ 
move  this  singularity  it  is  necessary  to  assume  a  jump  discontinuity  in  the  vor¬ 
tex  distributions  on  shroud  and  hub  at  x  =  0.  It  is  clear  that  this  discontinuity 
is  the  mathematical  formulation  for  the  pressure  jump  across  the  propeller 
disc. 


A  second  point,  which  needs  attention  is  the  asymptotic  behaviour  of  the  hub 
vortex  distribution  for  x  -  Due  to  the  helical  vortices  the  radial  induced 
velocity  on  the  hub  for  x  -  •«.  behaves  like  A  cos  x  t  b  sin  x.  In  order  to  satisfy 
the  boundary  condition,  the  hub  vortex  distribution  should  approach  to  C  cos  x 
*  D  sin  x.  It  is  possible  to  derive  the  values  C  and  D  and  after  that  to  subtract 
these  asymptotic  functions  from  the  integral  equations,  which  enables  a  more 
convenient  numerical  computation.  (See  chapter  8  of  Ref.  '2].) 

The  integral  equations  can  be  transformed  into  systems  of  linear  equations 
by  substituting  series  with  unknown  coefficients  for  the  distribution  functions. 
Finally  the  induced  velocities  wa  and  w,  in  some  point  (o,r,  ;)  of  the  propeller 
disc  can  be  written  in  the  form: 

"a  =  Vo  *  'Vi  -  W  sin  •  ‘  'Vi 

"t  -  V!o  *  T-C!  '  Vl'  sin  •  ‘  Vl 

The  T  -factors  are  integrals  over  the  distribution  functions  and  follow  from 
chapter  10  of  Ref.  [2], 

As  a  first  step  the  N.S.M.B.  Computer  Centre  started  programming  of  the 
fixed  pitch  condition  ;)  -  dn.  The  main  point  in  the  program  is  the  solution 
of  the  two  simultaneous  integral  equations  for  the  unknown  shroud-  and  hub- 
vortex  distfibution  functions. 

For  convenience  sake  the  shroud  distribution  is  supposed  to  be  known. 

Then  the  hub  distribution  and  the  shroud  camber  line  can  be  computed.  For  a 
special  case  of  given  camber  the  solution  can  be  built  up  for  instance  with  the 
elementary  shroud  distribution  functions:  sinr.  -. 


-  T-dj  )  cos  ,  . 

-  T  j 0d !  )  cos  .  . 


(1) 


DESCRIPTION  OF  MODEL  AND  MEASURING  TECHNIQUE 

It  is  essential  for  large  hub  to  diameter  ratio  propellers  that  the  propeller 
is  tested  in  combination  with  some  kind  of  body.  For  the  experiments  described 
in  this  paper  a  body  of  revolution  was  chosen  as  this  resembles  more  or  less 
the  shape  of  a  modern  submarine.  A  photograph  of  the  model  is  shown  in  Fig.  2. 
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Fig.  2  -  Photograph  of  model 


A  rather  forward  location  of  the  propeller  arrangement  was  chosen  in  order 
to  reduce  boundary  layer  and  model  support  effects  as  much  as  possible.  More¬ 
over  this  arrangement  enables  a  comparison  to  be  made  between  the  efficiencies 
in  open  water  of  this  type  of  propeller  and  those  of  more  conventional  propeller 
types. 

A  shroud  was  fitted  to  the  propeller  arrangement  from  an  efficiency  point 
of  view;  it  is  clear,  however,  that  the  shroud  can  have  an  undesirable  effect  on 
the  generated  transverse  forces  as  these  forces  are  accompanied  by  a  sideways 
deflection  of  the  propeller  jet.  In  order  to  minimize  this  effect  the  shroud  was 
put  rather  forward  with  respect  to  the  propeller  disc.  In  addition  shroud  sup¬ 
ports  were  only  fitted  in  front  of  the  rotor  disc.  Close-ups  of  the  front  part  of 
the  model  are  shown  in  Figs.  3  and  4. 

The  following  dimensions  were  chosen  for  the  propeller  model: 


Hub  diameter 

=  180  mm 

=  7.1" 

Propeller  tip  diameter 

=  240  mm 

=  9.5" 

Shroud  length 

=  72  mm 

=  2.85' 

Shroud  thickness  ratio 

7  % 

Number  of  blades 

-  12 

Blade  chord 

=  12  mm 

=  0.49' 

Blade  span 

=  30  mm 

=  1.2" 

Blade  profile 

Percentage  of  shroud  length 

=  NASA  0016 

in  front  of  rotor  disc  =  60  °c 


No  attempt  was  made  to  optimize  the  design  of  the  propeller  system,  partly 
because  of  the  exploratory,  short-term  character  of  this  study  and  partly  be¬ 
cause  design  data  for  this  kind  of  propulsion  system  are  not  available.  The  de¬ 
sign  of  the  shroud  was  based  on  the  experience  with  more  conventional  shrouded 
propellers  with  small  hubs.  The  shroud  shape  was  corrected  for  the  streamline- 
curvature  and  inclination  as  induced  by  the  body. 
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Fig.  4  -  Forward  view  of  model 
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(T)  six  components  bol once  ®  guide  ring  for  pitch  control  section  A-A 

(?)  stoy  (5)  cyclic  pitch  control 

(3)  forebody  with  propeller  (lO)  meon  pitch  control  -J-® 

(4^  ofterbody  fixed  to  stoy 
©  electric  motor 
(6^  propel ler  blode 


Fig.  5  -  Schematic  drawing  of  model 


A  sketch  of  the  internal  geometry  of  the  model  is  given  in  Fig.  5. 

The  pitch  control  was  accomplished  in  the  following  way.  Each  blade  can 
pivot  around  an  axis,  the  rotation  of  this  axis  being  prescribed  by  a  lever  arm 
connected  to  a  ball  that  can  slide  in  a  cylindrical  race.  This  cylindrical  race 
itself  can  be  moved  parallel  in  the  axial  direction  of  the  body,  leading  to  a 
change  in  the  collective  propeller  pitch.  In  addition,  this  race  can  rotate  around 
a  horizontal  axis;  this  results  in  a  cyclic  pitch. 

In  the  experiments  the  total  pitch  angle  for  each  blade  can  be  varied  ac¬ 
cording  to  the  following  program  (see  Fig.  1): 


The  pitch  angle  for  positive  q  is  therefore  largest  in  the  top  position  of  the 
blade  and  smallest  in  the  bottom  position. 

Some  photographs  of  the  pitch  control  mechanism  were  taken  during  assem¬ 
bly;  see  Figs.  6,  7  and  8.  The  two  knobs  by  which  the  collective  and  cyclic  pitch 
parameters  and  i  can  be  varied,  are  clearly  visible.  As  already  remarked 
in  the  introduction  the  experiments  were  carried  out  in  order  to  yield  data  with 
respect  to 

1.  The  efficiency  as  a  propulsion  device 

2.  The  generated  transverse  forces  due  to  cyclic  pitch  control 

3.  The  power  required  for  generating  the  transverse  forces. 

The  model  was  equipped  with  a  six  component  balance  (see  Fig.  5).  As  the  time 
available  for  the  preparation  of  the  experiments  was  rather  short,  an  already 
existing  balance  of  a  rather  high  load  capacity  had  to  be  installed.  Consequently 
the  accuracy  was  rather  low1  for  the  following  components: 
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Fig.  7  -  View  of  pitch  change  mechanism 
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Fig.  8  -  View  of  propeller  blades  and  knobs 
for  pitch  control 
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(a)  the  transverse  forces 

(b)  the  propeller  torque. 

The  first  limitation  was  not  considered  as  essential  as  the  transverse  forces 
could  also  be  derived  from  the  moments  around  y-  and  z-axis  of  the  balance. 
The  balance  sensitivity  for  these  moments  was  acceptable  especially  since  only 
an  exploratory  study  was  initiated.  The  low  accuracy  in  measuring  the  propel¬ 
ler  torque,  however,  was  unacceptable  as  the  obtained  efficiency  is  an  important 
criterion  for  the  usefulness  of  this  propulsion  and  maneuvering  device.  A  sec¬ 
ond  series  of  tests  was  therefore  undertaken  in  which  the  propeller  torque  was 
measured  directly  on  the  propeller  shaft. 

In  order  to  eliminate  the  friction  losses  as  much  as  possible  the  pitch 
control- mechanism  was  removed,  restricting  these  tests  to  zero  cyclic  pitch. 
All  tests  were  performed  in  a  towing  tank  of  the  N.S.M.B.  at  carriage  velocities 
between  zero  and  4  msec  at  a  depth  of  immersion  of  0.9  meter.  Only  tests  at 
zero  angle  of  attack  and  yaw  have  been  performed  so  far.  The  reduction  of  the 
data  was  obtained  as  follows: 

1.  Thrust.  The  measured  total  axial  force  acting  on  the  model  was  cor¬ 
rected  by  the  resistance  of  the  body  without  propeller  and  shroud.  The  result¬ 
ant  net  thrust  T  was  made  non-dimensional  in  the  following  way: 

*  =7^ 


where 

p  =  specific  density  of  water 
n  =  number  of  revolutions 
D  =  diameter  of  propeller  tip. 

2.  Torque.  The  measured  total  torque  was  corrected  by  the  friction  losses 
measured  on  the  shaft  without  the  propeller.  The  resultant  net  torque  0  was 
made  non-dimensional  by 


m  ”  ,_n2D5~ 

3.  Transverse  forces.  The  moments  around  y-  and  z-axis  of  the  balance 
were  measured  for  zero  cyclic  pitch  and  for  the  particular  angle  ,  considered. 
The  difference  of  these  moments  yielded  the  net  yawing  and  pitching  moment  M2 
and  My  around  the  balance  axis. 

The  following  non-dimensional  parameters  were  introduced: 


k 


y 


M 

Z 

A~n2D4L 
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2  pn2D4L 

where  L  =  distance  between  propeller  plane  and  center  of  balance  (see  Fig  5). 

This  particular  type  of  non-dimensional  coefficients  was  chosen  because 
ky  and  k  2  give  directly  the  transverse  forces  in  the  propeller  plane  if  the  in¬ 
teracting  forces  on  the  body  can  be  neglected.  The  ratios  ky/kT  and  k2/kT  are 
then  in  fact  the  ratios  of  the  generated  transverse  force  and  the  thrust. 


RESULTS  OF  THE  EXPERIMENTS 
Results  for  Zero  Cyclic  Pitch 

Thrust  and  torque  were  measured  for  collective  pitch  angles  of  22°,  26°, 
30°  and  34°.  The  reduction  of  the  data  has  been  described  already  in  paragraph 
3.  The  non-dimensionless  thrust  and  torque  coefficients  kT  and  km  and  the 
efficiency  r  have  been  plotted  in  Fig.  9  as  a  function  of  the  advance  coefficient 
A  =  V/nD. 

The  maximum  efficiency  attained  is  around  70%  at  a  value  for  \  of  around 
1.3.  This  maximum  efficiency  is  of  about  the  same  level  as  found  for  normal 
propellers  in  open  water  tests.  In  addition  the  thrust  of  the  shroud  alone  has 
been  plotted.  The  same  test  data  have  been  plotted  in  Fig.  10  as  a  function  of 
the  parameter 


B 


p 


n. (P)°‘ 5 
V.2.5 


with 

n  =  revolutions  per  minute 

P  =  horsepower 

V  =  undisturbed  stream  speed  in  knots. 

For  comparison,  efficiency  curves  for  typical  normal  propeller  series  with 
and  without  shroud  have  been  given  also.  It  is  evident  that  the  large  hub  pro¬ 
peller  attains  lower  efficiencies  at  the  same  value  of  B  However,  it  must  be 
emphasized  that  the  Bp  -values  for  two  different  kinds  of  propellers  can  not  be 
compared  directly  with  each  other.  The  large  hub  propeller  is  due  to  its  geom¬ 
etry  a  small  r.p.m.  device  which  will  cause  the  efficiency  curves  to  shift  to 
lower  Bp  -values.  This  tendency  is  shown  by  Fig.  10.  The  following  design  data 
may  be  typical  for  instance  for  a  large  hub  propeller  for  a  submarine: 

N  =  50  r.p.m. 

P  =  7500  H.P. 

v  =  30  knots 
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Fig.  10  -  The  optimum  efficiencies  as  a  function  of  Bp  for  three  types  of  propeller  systems 
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The  resulting  value  of  Bp  becomes  then:  Bp  =  0.9  which  is  a  very  low  figure  in 
comparison  to  the  values  for  more  normal  propellers. 


Results  for  the  Transverse  Forces  due  to  Cyclic  Pitch 

The  transverse  forces  have  been  measured  for  collective  pitch  angles  of 
22°,  26°  and  30°  and  for  cyclic  pitch  amplitudes  6i  of  8°  for  a  range  of  A  =  v/nD 
values. 

Three  phenomena  are  of  Interest  with  respect  to  the  generated  side  forces, 
namely: 

a.  The  magnitude  and  the  direction  of  the  generated  side  force 

b.  The  change  in  the  thrust  due  to  cyclic  pitch 

c.  The  change  in  the  torque  due  to  cyclic  pitch. 

The  non-dimensional  transverse  force  coefficients  ky  and  kz  have  been  calcu¬ 
lated  from  the  test  data  according  to  the  procedure  described  in  paragraph  3. 
The  results  have  been  plotted  in  Figs.  11a,  b  and  c  as  a  fuAction  of  A.  It  is 
evident  that  an  appreciable  rotation  of  the  transverse  force  takes  place  when 
v  nD  increases. 

This  is  more  clearly  visible  in  Figs.  12a,  b  and  c  where  the  data  have  been 
plotted  in  vectorial  form.  The  arrows  represent  the  resultant  transverse  force 
both  in  magnitude  and  in  direction  as  seen  by  an  observer  upstream  of  the  pro¬ 
peller.  The  propeller  rotation  is  clockwise. 

For  the  cases  considered  the  side  force  increases  somewhat  with  increas¬ 
ing  values  of  \.  The  rotation  of  the  force  vector  is  in  accordance  with  the 
qualitative  theoretical  results  described  in  paragraph  2.  It  is  not  clear,  how¬ 
ever,  how  much  of  the  variation  in  direction  and  magnitude  of  the  transverse 
force  is  due  to  interaction  of  the  downstream  vortex  field  with  the  propeller 
loading  and  how  much  is  due  to  side  forces  generated  on  the  aft  body. 

In  a  further  extension  of  these  experiments  it  is  planned  to  measure  the 
forces  on  the  propeller  and  the  aft  body  separately. 

The  generation  of  side  force  is  accompanied  in  general  by  a  decrease  in 
thrust  and  an  increase  in  torque.  The  additional  thrust  coefficient  kT  has  been 
plotted  in  Fig.  13  and  the  additional  torque  coefficient  _k_  in  Fig.  14. 


CONCLUSIONS  AND  SUGGESTIONS  FOR  FURTHER  RESEARCH 

From  the  experimental  results  the  following  conclusions  can  be  drawn: 

a.  The  maximum  propulsion  efficiency  is  of  the  same  order  as  obtained 
with  more  normal  propeller  types. 
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Fig.  11a  -  The  transverse  force  coefficients  ky  and  kz 
as  a  function  of  A  for  6  =  ZZ  and  6-  =  8° 
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Fig.  11c  -  The  transverse  force  coefficients  k,.  and  kz 
as  a  function  of  A  for  SQ  =  30  and  =  8 


230 


Large  Hub  to  Diameter  Ratio  Propellers  with  Programmed  Blade  Control 


Fig.  12a  -  Vectorial  representation  of  the  transverse  force 
as  a  function  of  A  for  r0  =  22“  and  =  8' 
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Fig.  12c  -  Vectorial  representation  of  the  transverse  force 
as  a  function  of  A  for  -  =30  and  ,  =  S 

O  1 
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b.  The  transverse  force  does  not  decrease  with  increasing  velocity  in  the 
range  of  the  test  variables.  In  some  cases  there  is  even  some  increase. 

c.  The  direction  of  the  transverse  force  changes  by  an  appreciable  amount 
when  the  velocity  is  increased. 

It  seems  advisable  to  extend  this  research  in  the  following  directions: 

1.  The  determination  of  the  optimum  shape  of  the  shroud  as  a  function  of 
the  design  variables  (hub  to  diameter  ratio,  propeller  load,  etc.). 

2.  The  determination  of  the  influence  of  thick  boundary  layers  on  the  char¬ 
acteristics  as  a  propulsive  and  maneuvering  device. 

3.  A  more  detailed  determination  of  the  generated  transverse  forces  and 
measurement  of  the  interaction  of  the  body  with  the  deflected  propeller  jet. 

4.  Determination  of  the  influence  of  an  angle  of  yaw  on  the  characteristics. 
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ABSTRACT 

This  paper  contains  discussions  of:  The  historical  development  of 
supercavitating  and  ventilated  propellers;  their  operating  characte  ns  - 
tics;  and  the  mechanism  of  their  operation.  A  good  deal  of  the  material 
referring  to  the  latter  two  subjects  is  presented  here  for  the  first  time. 

The  part  on  historical  development  includes  a  discussion,  for  the  first 
time  in  recent  Western  literature  on  the  subject,  of  the  pioneering  re¬ 
search  of  the  Soviet  scientist  V.I_.  Posdur.ine  and  his  colleagues. 

The  operating  characteristics  are  discussed  largely  in  terms  of  four 
regimes  of  propeller  operation  for  which  definitions  are  given.  These 
are:  subcavitating,  partially  cavitating,  supercavitating,  and  fully  - 

supercavitating.  The  presentation  of  propeller  characteristics  in  vari¬ 
ous  forms  and  their  meaning  is  discussed.  The  arched  shape  of  the 
fully-super cavitating  characteristic  curve  (k.  vs.  J)  is  described  and 
explained. 

New  phenomena  which  dominate  the  mechanism  of  operation  of  super- 
cavitating  propellers  are  described.  These  are  cavity  blockage  ar.d 
blade-cavity  interference.  Some  quantitative  theoretical  results  relat¬ 
ing  to  these  phenomena  are  presented.  It  is  explained  how  these  phe¬ 
nomena  account  for  effects  on  thrust  and  efficiency,  observed  experi¬ 
mentally,  but  not  previously  understood.  Fundamental  differences  in 
the  mechanism  of  operation  of  sub  and  supercavitating  propellers  are 
revealed. 
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INTRODUCTION 

Ten  years  have  passed  since  the  systematic  development  and  exploitation  of 
supercavitating  and  ventilated  propellers  was  begun  in  this  country.  Our  prog¬ 
ress  has  been  slow  but  steady.  Our  present  knowledge  of  the  whys  and  where¬ 
fores  of  these  propellers  is  not  by  any  means  detailed  enough,  but  we  have  suf¬ 
ficient  acquaintance  with  them  to  be  encouraged  to  design  them  for  installation 
on  large  high  speed  hydrofoil  ships  and  planing  craft.  In  fact,  such  applications 
seem  likely  to  grow,  since  no  reasonable  alternative  for  ship  propulsion  in  the 
speed  range  between  40  and  80  knots  has  yet  presented  itself  to  us.  This  is  a 
very  important  reason  why  we  must  continue  to  work  hard  on  supercavitating 
propeller  problems. 

We  have  had  to  face  a  number  of  very  sobering  facts  since  our  first  experi¬ 
mentation  in  this  country  with  supercavitating  propellers.  We  early  became 
aware  of  the  terrible  strength  problems  which  accompany  very  high  speed  pro¬ 
peller  operation  in  sea  water.  These  problems  are  much  aggravated  by  the  thin 
leading  edges  with  which  we  would  like  to  equip  supercavitating  propellers,  and 
they  are  brought  to  a  virtual  crisis  by  the  deterioration  of  fatigue  strength  prop¬ 
erties  in  most  high  yield  materials  due  to  sea- water  corrosion.  We  have  been 
learning  through  experience  how  to  live  with  these  problems  and  to  accept  the 
penalties  in  performance  caused  by  them. 

We  have  also  discovered  that  the  thrusting  action  of  heavily  supercavitating 
propellers  is  unexpectedly  poor  during  off-design  operation.  For  this  reason, 
the  provision  of  adequate  thrust  to  a  hydrofoil  boat  at  taxe-off  has  become  an 
important  element  in  supercavitating  propeller  selection  and  design. 

Further,  despite  our  initial  successes,  we  have  finally  been  forced  to  admit 
that  our  only  published  design  methods  allow  us  to  predict  the  thrust  or  effi¬ 
ciency  of  supercavitating  propellers  only  roughly,  and  finally,  we  have  realized 
that  hydrodynamic  effects  occur  during  the  operation  of  supercavitating  propel¬ 
lers  which  we  had  not  in  the  beginning  expected  or  predicted,  and  we  have  there¬ 
fore  had  to  reconstruct  the  theory  of  their  operation.  This  has  been  done  to  a 
certain  extent,  although  many  details  remain  to  be  provided.  Nor  will  this  task 
be  easily  finished, 

I  suppose  that  these  experiences  are  not  at  all  -untypical  of  those  associated 
with  new  developments  of  this  kind.  Typically,  too,  we  somewhat  exaggerated 
the  "newness"  of  the  subject.  The  history  of  supercavitating  propellers  does 
not  begin  in  the  1950's,  nor  even  in  the  40's  at  the  time  of  intensive  Soviet  stud¬ 
ies  —  but  probably  in  1894  with  the  trial'  of  the  British  steam  vessel  TUR3INTA. 
It  is  a  very  interesting  history. 

In  the  present  paper  I  will  first  try  to  tell  something  about  the  historical 
development  of  supercavitating  propellers  and  especially  of  the  pioneering  re¬ 
search  of  the  Soviet  scientist  Posdunine,  then  to  discuss  in  general  terms  the 
important  operating  features  of  supercavitating  and  ventilated  propellers  and 
some  aspects  of  their  design,  and  finally  to  describe  briefly  those  "new"  hydro¬ 
dynamic  phenomena  which  we  have  recently  discovered  to  be  associated  with 
their  behaviour.  By  the  latter  I  refer  particularly  to  the  phenomena  of  blade 
cascade  interference  and  cavity  blockage.  The  reader  must  obviously  loox 
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elsewhere  for  a  discussion  of  systematic  experimental  data  or  for  a  bold  and 
clear  cut  formulation  of  the  design  process,*  but  it  is  hoped  that  this  paper  will 
help  him  in  the  interpretation  of  data  or  in  carrying  out  an  actual  design  by  pro¬ 
viding  some  familiarity  with  the  fairly  complicated  operating  characteristics 
and  mechanism  of  operation  of  supercavitating  propellers.  Much  of  this  mate¬ 
rial  is  being  presented  here  for  the  first  time. 


HISTORY 

Parsons  and  the  TURBINIA 

The  affair  of  the  British  steam  vessel  TURBINIA  provides  a  very  important 
chapter  in  the  history  of  ship  development.  This  vessel  displaced  44-1/2  tons 
and  was  100  ft  in  length  and  9  ft  in  beam.  She  was  designed  and  built  in  1894 
under  the  sponsorship  of  a  syndicate  formed  to  test  the  application  of  the  com¬ 
pound  steam  turbine  to  marine  propulsion.  The  sponsors  hoped  that  an  "unprec¬ 
edented”  speed  would  be  obtained,  i.e.,  a  speed  somewhat  in  excess  of  30  knots. 
A  single  turbine  and  propeller  were  initially  installed  without  gear  reduction. 

The  turbine  was  designed  to  develop  upwards  of  1500  horsepower  at  a  speed  of 
2500  RPM.  The  first  trials  were  terrible  failures,  speeds  of  only  about  20  knots 
being  obtained.  In  Sir  Charles  Parsons  own  words  [2],  "Trials  were  made  with 
screws  of  various  patterns,  but  the  results  were  unsatisfactory,  and  it  was  ap¬ 
parent  that  a  great  loss  of  power  was  taking  place  in  the  screw." 

Almost  nothing  was  known  about  the  effects  of  cavitation  on  screws  prior  to 
the  design  of  the  TURBINIA,  although  at  just  about  that  time  the  trials  of  the 
British  warship  DARING  drew  attention  to  the  subject,  and  caused  research  to 
be  done  by  S.W.  Barnaby  and  J.I.  Thomycroft  [31.  This  research,  together  with 
that  conducted  subsequently  by  Parsons,  revealed  that  heavy  cavitation  was  un¬ 
doubtedly  occurring  on  the  TURBINIA' s  screws  and  it  was  thus  concluded  that 
this  heavy  cavitation  was  the  cause  of  the  "great  loss  of  power." 

Parsons'  account  of  the  TURBINIA  affair  2  ,  is  decidedly  unemotional  in 
style,  but  it  is  not  difficult  to  imagine  the  effect  of  the  first  TURBINIA  trials  on 
both  designer  and  sponsors,  for  the  failure,  which  was  due  to  completely  unan¬ 
ticipated  effects,  clearly  threatened  to  jeopardize  their  entire  venture  and  in¬ 
vestment.  In  fact,  the  severity  of  the  difficulties  d.ove  the  designers  finally  to 
a  rather  extreme  but  successful  solution  involving  the  replacement  of  the  single 
turbine  by  three  smaller  turbines  of  equivalent  total  horsepower:  these  drove, 
without  reduction,  nine  screws  arranged  three  in  tandem  on  each  of  three  paral¬ 
lel  shafts.  In  1897  several  sets  of  screws  of  different  pitch  were  tried  arid  the 
refitted  TURBINIA  finally  achieved  a  speed  of  32.61  knots,  bringing  success  to 
the  venture  and  what  must  have  been  immeasurable  relief  to  the  designers  and 
sponsors.  Parsons  and  his  colleagues  subsequently  crowned  this  achievement 
with  further  technical  and  business  success  in  the  development,  adaptation,  and 
manufacture  of  steam  turbines  for  marine  use.  Of  course,  the  eventual  success 
of  the  steam  turbine  depended  very  much  on  the  introduction  by  Parsons  of 
reduction  gears  —  thus  really  saving  the  "cavitation  crisis." 


'■'In  Ref.  [l]  the  reader  will  find  the  most  complete  available  attempt  along  these 
lines  . 
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Parsons'  experimental  studies  in  the  two  years  following  the  initial  trial 
failures  were  made  on  2  inch  screw  models  operating  in  a  circular  tank  of  al¬ 
most  boiling  water  and  observed  with  a  stroboscope  (of  his  own  design! ).  Inthis 
way  he  was  able  to  observe  not  only  the  onset  of  cavitation  but  even  supercavi- 
tating  operation.  He  described  some  of  his  observations  as  follows:  "It  ap¬ 
peared  that  a  cavity  or  blister  first  formed  a  little  behind  the  leading  edge  and 
near  the  tip  of  a  blade;  then,  as  the  speed  of  revolution  was  increased,  it  enlarged 
in  all  directions,  'until,  at  a  speed  corresponding  to  that  in  TURBINIA’s  propel¬ 
ler,  it  had  grown  so  as  to  cover  a  sector  of  the  screw-disc  of  90  degrees.  When 
the  speed  was  still  further  increased,  the  screw  as  a  whole  revolved  in  a  cylin¬ 
drical  cavity,  from  one  end  of  which  the  blades  scraped  off  layers  of  solid  water, 
delivering  them  on  to  the  other.  In  this  extreme  case  nearly  the  whole  energy 
of  the  screw  was  expended  in  maintaining  this  vacuous  space.  It  also  appeared, 
when  the  cavity  had  grown  to  be  a  little  larger  than  the  width  of  the  blade,  that 
the  leading  edge  acted  like  a  wedge,  the  forward  side  of  the  edge  giving  negative 
thrust." 

The  exact  connection  between  such  observations  and  the  operation  of  the 
TURBINIA's  screw  remains  unclear,  both  because  the  experiments  were  carried 
out  in  water  whose  speed  was  undetermined,  and  because  the  scaling  procedure 
utilized  is  rather  vague.  Nevertheless,  the  first  failures  of  the  TURBINIA  and 
these  experiments  together  made  evident  in  dramatic  fashion  the  horrors  that 
can  attend  the  operation  of  heavily  cavitating  propellers.  The  experience  of 
others  in  Britain  at  about  the  same  time  taught  of  the  ills  to  be  visited  in  the 
form  of  blade  erosion  by  permitting  even  relatively  small  amounts  of  cavitation 
to  exist  on  a  screw.  These  lessens  were  perhaps  too  well  learned;  the  horrors 
thus  revealed  seem  in  fact  to  have  been  sufficiently  blinding  so  that  for  the  fol¬ 
lowing  forty'  years  man  felt  hardly  compelled,  even  out  of  scientific  curiosity,  to 
study  in  a  rational  and  systematic  way  the  operation  of  heavily  cavitating  screw- 
propellers.  Thus  our  scientific  understanding  remains  relatively  underdevel¬ 
oped  even  at  the  present  time. 

The  practical  possibilities  for  high  speed  propulsion  utilizing  supercavitat- 
ing  operation  were  of  course  not  completely  neglected  during  this  period,  and 
without  the  aid  of  any  theory  or  rational  design  methods,  heavily  cavitating 
screw  propellers  were  and  still  are  successfully  used  to  propel  small  racing 
boats  at  speeds  well  in  excess  of  100  knots.  A  great  deal  of  trial  and  error  in 
propeller  choice  must  be  involved  in  such  applications  since  the  attainment  of 
proper  rotative  speed  is  crucial  for  the  optimum  performance  of  racing  engines. 


Early  Soviet  Work  —  Y.L.  Posdunine 

In  about  1940,  V.L.  Posdunine,  a  Soviet  scientist  and  member  oi  the  Acad¬ 
emy  of  Sciences  of  the  USSR,  seems  to  have  commenced  his  systematic  studies 
of  heavily  cavitating  screw  propellers  4-11  ;  he  also  inspired  other  Soviet  work 
[  1 2- 1 5 ] .  Posdunine’s  studies  are  remarkable  in  a  number  of  respects.  In  the 
first  place,  they  comprise,  as  far  as  I  know,  the  first  really  rational  and  system¬ 
atic  studies  of  the  subject,  although  other  individuals  had  certainly  tested  and 
observed  in  isolated  instances,  propellers  operating  under  heavily  cavitating 
conditions.  Posdunine's  work  was  especially  strong  on  the  experimental  and 
intuitive  side  (the  theory  being  weaker)  and  he  observed  and  discussed  phenomena 
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which  have  only  recently  received  notice  ana  attention  in  our  own  work.  For  in¬ 
stance,  he  was  well  aware  that  the  inflow  to  a  supercavitating  propeller  is  quite 
different  than  that  to  be  expected  from  the  theory  of  subcavitating  propellers  or 
from  actuator  disc  theory;  in  fact,  he  wrote  of  observing  during  water  tunnel 
tests  that  the  inflow  speed  at  a  heavily  supercavitating  screw  was  actually  less 
than  the  approach  speed  far  ahead  of  the  screw;  for  this  reason  he  undoubtedly 
inspired  a  series  of  Soviet  theoretical  studies  r  1 2- 14  ,  attempting  (unsuccess¬ 
fully)  to  derive  an  appropriate  momentum  theory  for  supercavitating  propellers. 
He  also  seemed  to  understand  the  importance  of  blade  interference  for  the  oper¬ 
ation  of  supercavitating  propellers;  he  had  conducted  (others  actually  performed 
the  tests)  experiments  on  a  systematic  series  of  screws  with  blade  numbers 
from  2  to  16  and  blade  area  ratios  from  .09  to  1.12;  he  also  stimulated  theoreti¬ 
cal  work  on  non-linear  cascades  of  flapped  supercavitating  profiles  [l5],  Pos- 
dunine  was  in  fact  so  impressed  by  the  new  effects  introduced  into  propeller 
operation  in  the  supercavitating  regime  that  he  wrote  "The  operational  differ¬ 
ences  between  supercavitating  and  ordinary  noncavitating  propellers  are  so 
great  in  point  of  physical  phenomena  that  no  common  theory  of  operation  or 
single  type  of  construction  will  suit  the  two  kinds  of  screw."  He  clearly  recog¬ 
nized  the  importance  of  blade  profile  shape  and  by  1945  had  carried  out  experi¬ 
ments  on  at  least  28  hydrofoils  in  a  wide  variety  of  shapes;  the  most  advanced 
of  these  look  like  good  shapes  to  us  except  that  they  are  much  thicker  than  we 
would  ordinarily  use,  see  Fig.  1.  He  failed,  probably  for  this  reason,  to  produce 
lift-drag  ratios  greater  than  8.5.  Posdunine  did,  however,  determine  from  his 
experiments  at  least  two  very  fundamental  facts  about  supercavitating  profiles: 
(i)  that  their  quality  decreases  with  increasing  thickness,  and  (ii)  that  for  best 
results  they  should  be  operated  at  an  incidence  close  to  that  for  "shock-free  en¬ 
try."  Much  of  his  systematic  experimentation,  particularly  on  screw-s  them¬ 
selves,  has  not  yet  been  paralleled  by  us  and,  unfortunately,  he  described  his 
results  in  only  general  terms. 

In  his  published  work  (1941-47)  on  supercavitating  propellers,  Posdunine 
made  a  plea  for  a  better  theoretical  understanding  of  the  various  important  as¬ 
pects  of  supercavitating  propeller  flow,  including:  supercavitating  flow  about 
profiles  and  the  inflow  to  a  supercavitating  propeller.  The  published  Soviet 
work  in  emphasizing  fundamentals,  seems  to  fail  in  presenting  useful  formulae 
or  methods  which  allow  for  the  design  of  a  cavitating  screw  or  for  the  prediction 
of  its  performance,  and  we  are  left  only  to  wonder  whether  supercavitating  pro¬ 
pellers  of  rational  design  have  found  application  in  the  USSR.  Posdunine's  in¬ 
sight  into  the  problems  of  supercavitating  propellers  seem  most  impressive, 
despite  the  fact  that  his  insights  found,  at  best,  weak  expression  in  analytical 
terms.  While  foreseeing  most  of  the  problems  he  did,  however,  seem  to  neglect 
in  his  published  work  the  structural  problems  that  must  be  dealt  with  in  super¬ 
cavitating  propeller  develCpiiicul —  or  cun  lliis  perhaps  be  the  reason  that  he 
experimented,  finally,  with  such  thick  hydrofoil  sections? 

The  existence  of  Posdunine's  work  was  vaguely  known  in  the  West,  but  ex¬ 
cept  for  an  early  article  in  English,  published  in  the  Transactions  of  the  Institu¬ 
tion  of  Naval  Architects  [5,,  it  was  not  read.  Posdunine's  views  and  his  simple 
theory  as  expressed  in  his  short  British  paper  of  1943  are  difficult  to  under¬ 
stand  —  the  theory  is  in  fact  incorrect  in  its  assumptions  —  and  this  is  probably 
the  reason  why  he  did  not  inspire  us.  He  did  of  course  succeed  in  introducing 
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the  word  "supercavitating"  into  the  English  language,  through  the  publication  of 
Ref.  [o].  From  Great  Britain  this  word  seems  to  have  been  imported  directly 
into  the  David  Taylor  Model  Basin.* 

Developments  at  the  David  Taylor  Model  Basin 

Without  any  knowledge  of  the  history  so  far  recited,  I  began  theoretical 
studies  of  supercavi fating  two-dimensional  flows  at  the  David  Taylor  Model 
Basin  in  about  1952.  These  were  at  first  definitely  net  Inspired  by  a  specific 
interest  in  propellers  or  hydrofoil  craft,  but  by  a  simple  curiosity  about  the 


“in  view  of  this  fact  ft  does  seem  a  little  ironical  that  a  great  literature  having 
been  built  up  here  on  the  subiect  of  super  cavitation  and  surerca'.  •.ratine  pro¬ 
pellers,  a  movement  has  been  inaugurated  recer.tiv  tr.  Great  Britain  to  intro¬ 
duce  instead  the  use  of  the  term  ''heavily-cavitating .  ' 
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form  of  theory  for  thin  bodies  in  cavity  flow.  For  rny  beginning  knowledge  and 
interest  in  cavity  flows,  I  was  entirely  indebted  to  Refs.  116-17]  and  to  conver¬ 
sations  with  Phillip  Eisenberg.  The  first  application  of  linearized  theory  to 
supercavitating  flow  was  for  the  case  of  thin  strut  shapes  [  1 8] ,  and  then  with  a 
growing  interest  in  practical  applications  (as  anticipated  in  the  Introduction  to 
Ref.  [20] )  for  the  case  of  lifting  hydrofoil  sections  119-21  ] .  Thus  the  principal 
of  design  for  low  drag  was  discovered  and  applied,  as  an  example,  to  the  design 
of  a  particular  hydrofoil  section. 

These  theoretical  results  suggested,  somewhat  optimistically,  "that  super¬ 
cavitating  hydrofoil  sections  could  be  designed  with  efficiencies  comparable  to 
those  of  fully  wetted  sections.”  Thereupon  the  utilization  of  a  theoretical  low 
drag  section  in  a  supercavitating  propeller  was  undertaken  in  early  1954,  at 
first  by  H.  Lerbs  and  later  by  A.  Tachmindji.*  As  part  of  this  effort,  the  cal¬ 
culation  of  upper  cavity  streamlines  was  undertaken  in  1954  by  the  author  and 
Miss  Phyllis  Burkardt,  but  was  unfortunately  not  included  in  any  unclassified 
work.  It  was  first  attempted  to  design  a  three-bladed  propeller,  but  this  was 
too  highly  stressed  because  of  the  thin  blade  sections  being  utilized,  and  a  two- 
bladed  design  was  finally  accomplished,  TMB  Propeller  3460.  It  was  lightly 
loaded  (cT  =  0.145);  of  low  blade  area  ratio  (BAR  =  .196),  and  of  moderate  pitch 
(Pitch  Ratio  =  1.107).  It  is  further  described  together  with  its  performance  and 
the  design  method  utilized  in  Ref.  [23].  This  initial  supercavitating  propeller, 
designed  according  to  theory  and  without  the  use  of  any  experimental  hydrofoil 
data  whatsoever,  was  exceedingly  successful  in  that  the  design  performance 
with  regard  to  thrust  and  efficiency  were  very  closely  verified  during  tests. 

The  design  method  utilized  may  be  described  as  imbedding  two-dimensional 
supercavitating  theory  (linearized)  for  the  profile  performance  into  conventional 
(Ref.  [22])  modern  blade  element  theory.  Thus  no  account  at  all  is  taken  of 
possible  interference  (blade  cascade)  effects  on  the  blade  elements,  of  possible 
blockage  effects  that  the  thick  cavity  body  might  have  on  the  approaching  flow, 
or  of  the  possible  effect  of  the  cavities  on  curvature  or  pitch  corrections.  In¬ 
deed,  the  experimental  results  in  verifying  the  design  performance  suggested 
that  such  effects  could  be  safely  ignored,  and  such  was  the  interpretation  uni¬ 
versally  given  them.  This  interpretation  was  strengthened  by  the  similar  suc¬ 
cess  of  a  second  supercavi fating  propeller  of  somewhat  different  characteristics 
(TMB  Propeller  No.  3509,  Ref.  '23];  cT  =  0.28;  3  blades;  BAR  =  .332:  Pitch 
Ratio  =  1.533),  which  was  in  addition  to  laboratory  tests  installed  on  a  small 
hydrofoil  craft.  Problems  of  propeller  strength  were  to  a  certain  extent  recog¬ 
nized  and  dealt  with  during  these  early  developments  and  a  practical  design 
method  incorporating  hydrodynamic  (as  previously  indicated)  and  structural 
considerations  resulted,  Refs.  r 2 3- 24 ].  However,  the  structural  design  remained 
based  on  the  criteria  of  spanwise  bending  stresses  (Taylor's  method),  ignoring 
chordwise  bending.  The  latter  turn  out  to  be  important  for  high  speed  propellers 
with  thin  leading  edges.  This  design  method  thus  ignores  both  important  hydro- 
dynamic  and  structural  effects.  It  nevertheless  has  served  valiantly,  succeeding 
very  well  in  its  early  applications  and  it  remains  the  only  design  method  for 


:: A  number  of  other  people  at  the  Taylor  Model  3asir  played  ar.  important  roie 
in  this  early  development,  including:  Mr.  William  Morgan  arc  CD?,  (now  CA?T) 
Patrick  Leehey,  U5N'. 
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supercavitating  propellers  yet  set  forth  in  print;  designers  are  therefore  much 
indebted  to  the  Taylor  Model  Basin  and  the  authors  of  this  method. 

These  initial  developments  at  the  Taylor  Model  Basin  have  been  steadily 
expanded  there,  mainly  through  further  propeller  testing  in  both  tunnels,  towing 
tanks,  and  on  small  boats  [25-34];  these  are  well  reviewed  in  [i].  These  tests 
have  resulted  in  a  better  understanding  of  what  may  be  expected  in  the  way  of 
operational  characteristics  of  supercavitating  propellers,  if  not  in  an  increased 
understanding  of  their  mechanism  of  operation.  Outstanding,  in  our  opinion, 
among  the  revelations  of  these  tests  were  the  discoveries:  (a)  that  the  thrust 
coefficient  for  a  fully  supercavitating  propeller  possesses  a  maximum,  <b)  that 
strength  problems  including  leading  edge  vibration  or  "flutter’'  are  of  great  im¬ 
portance  in  actual  applications  of  supercavitating  propellers  and  (c)  finally,  that 
the  conventional  method  of  analysis  of  supercavitating  propellers  often  does  not 
lead  to  accurate  predictions  of  thrust  or  efficiency.  The  Taylor  Model  Basin 
also  introduced  the  ventilated  propeller,  which  operates  with  artificial  cavities 
created  by  the  introduction  of  air  to  the  suction  side  of  the  blades  [25,28  .  This 
work  was  then  followed  here  very  closely  by  intensive  studies  of  ventilated  pro¬ 
pellers  at  the  Naval  Ordnance  Test  Station  (NOTS)  in  Pasadena,  California. 


Ventilation 

It  had  been  known  at  least  since  the  wartime  w  ork  of  Reichardt  in  his  water 
tunnel  at  Gottingen  [35],  that  air  may  be  used  to  create  cavities  behind  blunt 
bodies  and  thereby  produce  flows  which  may  be  quite  precisely  correlated  with 
natural  cavitating  flows  on  the  basis  of  equal  cavitation  number,  defined  as  the 
ratio  of  the  difference  between  ambient  and  cavity  pressure  to  the  dynamic  head. 
Some  of  Reichardt's  experiments  were  repeated  at  the  Taylor  Model  Basin  just 
after  the  war  by  Phillip  Eisenberg  and  Hartley  Pond.  Attention  was  drawn  not 
only  in  this  way  to  so-called  ventilated  flows,  but  daring  the  same  period  a  good 
deal  of  experimental  and  theoretical  interest  in  cavity  flows  had  been  stimulated 
by  problems  involving  the  air-filled  cavities  formed  during  the  water  entry  of 
air  launched  torpedoes.  We  were  therefore  quite  consciously  aware  of  the  pos¬ 
sibility  of  ventilated  flows  from  the  beginning  of  our  research. 

In  1955  just  after  the  publication  of  Ref.  20  and  apparently  in  response  to 
the  predictions  of  the  theory  contained  therein,  personnel  of  the  Hydrodynamics 
Division  of  the  Langley  Laboratory  of  the  then  National  Advisory  Committee  tor 
Aeronautics  (N'ACA)  began  both  experimental  and  theoretical  studies  of  super¬ 
cavitating  flows.  The  greatest  part  of  this  work  was  done  by  Virgil  E.  Johnson, 
Jr.  The  aim  of  Johnson  and  his  co-workers  was  to  provide  information  which 
might  lead  to  improved  take-off  and  alighting  gear  for  water-based  aircraft. 
They  saw  in  supercavitating  operation  a  possible  way  to  avoid  the  dangerous 
transition  from  fully  wetted  to  cavitating  flows  which  had  up  to  that  time  pre¬ 
vented  the  use  of  hydrofoils  at  high  speeds.  In  the  beginning  of  this  work  it  was 
realized  that  ventilated  rather  than  naturally  cavitating  operation  offered  the 
better  prospect  for  smooth  operation  from  relatively  low  speeds  to  take-off 
The  NACA  work  did  indeed  confirm  the  advantages  and  reveal  the  feasibility  of 
ventilated  wing  systems  '36'.  In  fact,  at  the  very  early  initiative  of  Eugene 
Handler  of  the  Bureau  of  Naval  Weapons  a  ventilated  hydrofoil  was  designed  and 
has  been  successfully  applied  to  a  small  water-based  aircraft  37  .  Further. 
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in  good  part  as  a  derivative  of  the  early  NACA  work,  very  intensive  studies  of 
ventilated  wing  systems  for  high  speed  hydrofoil  craft  are  being  carried  out 
today  in  various  laboratories,  including  our  own. 

Thus  was  the  stage  well  set  for  the  introduction  of  the  ventilated  propeller 
in  1959.  Taylor  Model  Basin  tests,  including  air  requirement  measurements, 
on  a  simple  propeller  operating  both  ventilated  and  with  natural  cavitation 
showed,  as  was  to  be  expected,  that  performance  was  the  same  in  the  two  modes 
of  operation,  the  cavitation  number  being  fixed  [25].  More  recent  Soviet  tests 
have  shewn  the  same  thing  [38],  The  Soviets  have  gone  on  to  utilize  ventilation 
in  order  to  operate  supercavitating  propellers  on  self-propelled  models  at 
Froude  scaled  speeds.  In  this  way  and  by  pressure  measurements  on  the  model 
stem  they  have  shown  that  supercavitating  propellers  may  be  expected  to  re¬ 
duce  thrust  deduction.  Theory  leads  to  the  same  conclusion,  as  we  shall  see  in 
a  later  section  of  this  paper. 

The  Naval  Ordnance  Test  Station  (NOTS)  in  Pasadena,  California,  together 
with  the  Ordnance  Research  Laboratory  at  Penn.  State  University,  has  during 
the  last  four  or  five  years  conducted  intensive  studies  of  ventilated  propellers 
of  both  the  supercavitating  and  base  ventilated  type.  They  have  published  very 
interesting  accounts  of  their  research  [39-42],  which  included  tests  both  in  a 
water  tunnel  and  on  a  10  ft  torpedo-like  body  run  on  a  cableway.  The  effect  of 
air  flow  rate  to  the  propellers  on  the  thrust,  efficiency  and  radiated  noise  were 
determined.  This  research  was  of  a  pioneering  nature  in  many  regards.  Almost 
in  their  own  words,  "a  number  of  important  advances  .  .  .  (were)  made  for  the 
first  time:  (a)  a  ventilated  propeller  was  used  to  propel  a  marine  vehicle,  (b)  a 
gas  other  than  air  was  used  for  propeller  ventilation,  and  (c)  a  supercavitating 
propeller  was  used  to  propel  a  torpedo-like  vehicle."  Although  the  final  conse¬ 
quences  of  the  NOTS  test  are  unclear,  they  certainly  demonstrated  the  general 
feasibility  of  ventilated  propellers  for  real  applications.  In  connection  with  the 
NOTS  experimental  studies  of  ventilated  propellers,  particularly  of  the  base- 
vented  type,  it  should  be  mentioned  that  these  were  unquestionably  very  much 
stimulated  by  certain  theoretical  and  experimental  work  on  base- vented  hydro¬ 
foil  sections  conducted  in  the  same  laboratory  [43-44] ;  this  work  closely  paral¬ 
lels  that  of  Johnson  [45],  and  has  been  followed  by  more  recent  studies  46], 

Ventilation  clearly  offers  the  possibility  of  operating  supercavitating  pro¬ 
pellers  at  lower  forward  speeds  than  would  otherwise  be  possible  —  even,  as  the 
Soviets  showed,  at  the  very  low  speeds  associated  with  towing  tests.  This  is 
certainly  an  enticing  possibility,  but  no  full  scale  applications  to  ships  of  any 
size  have,  to  the  best  of  my  knowledge,  been  made.  The  development  of  venti¬ 
lated  propellers  is  continuing,  though,  as  for  instance  through  studies  of  air  re¬ 
quirements,  ventilation  inception,  and  cavity  pulsations  47-50  . 

It  is  worth  noting,  incidentally,  that  almost  all  steady  cavity  flow  theory  is 
equally  applicable  to  ventilated  and  natural  supercavitating  flows  since  no  ac¬ 
count  is  taken  of  the  exact  nature  of  the  light  gas  within  the  cavity.  This  is  not, 
however,  true  of  unsteady  cavity  flow  theory  where  the  compressibility  of  the 
cavity  gas  is  crucial  and  must  be  taken  into  account. 
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Developments  Abroad 

Following  the  publication  of  the  early  Taylor  Model  Basin  work  and  the  2nd 
ONR  symposium  on  Naval  Hydrodynamics,  active  interest  in  supercavitating 
propellers  spread  abroad,  particularly  in  Sweden,  Great  Britain,  the  Netherlands 
and  Japan.  Activity  has  involved  actual  application  to  high  speed  planing  boats 
(about  which  no  detailed  reports  on  performance  or  operating  experience  are 
yet  available)  and  tunnel  testing.  These  foreign  tests  contribute  well  over  half 
of  the  more  than  30  separate  supercavitating  propeller  test  results  available 
today  [51-54].  In  addition,  some  foreign  tests  have  not  been  reported,  as  in  the 
case  of  a  series  of  12  propellers  which  have  been  tested  by  KaMeWa  of  Sweden. 
Incidentally,  all  of  the  test  results  available  refer  to  propellers  tested  according 
to  the  DTME  design  method  [24],  with  the  exception  of  the  so-called  Newton- 
Rader  series  [51].  These  latter  propellers  utilize  blade  sections  developed  em¬ 
pirically  and  quite  unlike  our  own  sections,  Fig.  1. 

Variable  pitch  supercavitating  propellers  were  quite  early  suggested  and 
tested  by  KaMeWa  of  Sweden,  and  the  latter  has  made  available  some  test  re¬ 
sults  which  show  what  might  be  gained  during  off-design  operation  by  a  variable 
pitch  installation  [54]. 

These  are  confirmed  by  some  tests  conducted  in  our  own  water  tunnel  for 
the  Hamilton  Standard  Division  of  the  United  Aircraft  Corporation  [55],  which  I 
shall  touch  upon  again  later. 

Among  the  more  interesting  tests  conducted  abroad  were  those  at  the  NSMB 
in  Wageningen  [52],  in  which  supercavitating  screws  of  different  sizes  were 
tested  in  a  solid  wall  tunnel  in  order  to  obtain  information  on  wall  effects. 

These  revealed  the  existence  of  no  such  effects,  and  this  may  be  explained  the¬ 
oretically,  as  we  mention  again  later  in  discussing  the  momentum  theory  of 
supercavitating  propellers.  Also  in  connection  with  wall  effects,  certain  pro¬ 
peller  tests  carried  out  for  HYDRONAUTICS  in  a  solid  wall  tunnel  at  the  Swedish 
State  Experimental  Towing  Tank  in  Goteborg  are  interesting.  In  these  tests  we 
specified  that  the  length  of  the  cavity  behind  the  propeller  be  measured.  In  fact, 
over  part  of  the  measurement  range,  which  included  very  low  advance  coeffi¬ 
cients,  the  cavity  extended  completely  down  the  tunnel  — thus  causing  choking. 
This  phenomena  may  also  be  explained  and  predicted  theoretically  with  the  aid 
of  momentum  theory. 


Other  Developments  Here 

We  have  already  referred  herein  to  the  work  at  the  Taylor  Model  Basin  and 
to  ventilated  propeller  tests  at  the  Naval  Ordnance  Test  Station  in  Pasadena. 
Besides  these,  other  very  important  work  related  to  the  theory  and  application 
of  supercavitating  propellers  has  been  conducted  elsewhere  in  the  United  States 
during  the  last  nine  or  ten  years. 

Motivated  by  the  promise  held  forth  by  the  predictions  of  the  earliest  theory 
[19-20],  and  by  the  possibility  of  supercavitating  applications  to  hydrofoil  boats 
and  propellers,  the  Mechanics  Branch  of  the  Office  of  Naval  Research  deliber¬ 
ately  undertook  to  support,  encourage,  and  co-ordinate  a  research  program  in 
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the  area  of  supercavitating  flows  starting  in  late  1955.  A  number  of  groups  in 
Universities  were  supported  under  this  program,  including  those  in  the  Hydro¬ 
dynamics  Laboratory  at  the  California  Institute  of  Technology,  the  St.  Anthony 
Falls  Laboratory  of  the  University  of  Minnesota,  the  Mathematics  Departments 
at  the  Renssalaer  Polytechnic  Institute  and  at  the  Delft  Technical  University 
(the  Netherlands),  and  the  Ordnance  Research  Laboratory  at  the  Pennsylvania 
State  University.  In  addition  the  ONR  undertook  to  provide  the  means  for  tech¬ 
nical  co-ordination  of  the  Navy's  in-house  interests  in  this  field,  particularly 
between  certain  interested  groups  in  the  Bureau  of  Ships,  the  Bureau  of  Naval 
Weapons  and  their  laboratories.  The  ONR  further  sought  to  encourage  scientific 
interest  in  supercavitating  flows  through  the  2nd  ONR  Symposium  on  Naval  Hy¬ 
drodynamics  in  1958,  one-half  of  which  was  devoted  to  that  subject.  In  fact  the 
collected  papers  of  that  Symposium  already  reflect  the  success  of  the  ONR,  even 
at  that  early  date,  in  stimulating  activity  in  this  field  of  research.  Much  of  this 
work,  which  was  both  theoretical  and  experimental,  served  to  elucidate  our  un¬ 
derstanding  of  supercavitating  flow  past  foils  and  wings,  of  wall  interference,  of 
cascade  flows,  and  of  unsteady  effects.  It  has  provided  an  invaluable  foundation 
for  the  research  and  applications  which  followed,  bcth  in  reference  to  propellers 
and  hydrofoil  wings. 

During  the  past  five  years  the  groups  most  active  in  theoretical  research 
on  supercavitating  flows  have  been  located  at  the  California  Institute  of  Technol¬ 
ogy,  NOTS,  Pasadena,  Stanford  University,  and  at  HYDRONAUTICS,  Incorpo¬ 
rated.  A  thorough  review  of  the  literature  is  not  available,  but  reasonably 
lengthy  bibliographies  are  available  (in  the  form  of  references)  in  Refs.  [56-57]; 
these  are  supplemented  by  certain  references  in  the  present  paper. 

The  intensive  HYDRONAUTICS  effort  in  the  field  of  supercavitating  flows 
has  been  very  closely  associated  with  propeller  development.  This  work  has 
been  supported  primarily  by  the  Bureau  of  Ships  of  the  U.S.  Navy.  It  has  in¬ 
volved  theoretical  and  experimental  research  and  full  scale  design.  Some  of  the 
results  of  our  theoretical  research  on  the  mechanism  of  operation  of  supercavi¬ 
tating  propellers  are  indicated  in  another  section  of  this  paper;  these  results 
largely  explain  the  off-design  operation  of  supercavitating  propellers  and  have 
led  to  improvements  in  design.  In  addition  to  this  work,  detailed  studies  of  the 
performance  of  a  wide  variety  of  hydrofoil  sections,  including  strength  as  a 
parameter  have  been  carried  out  [ 5 8-59].  Without  results  such  as  these  it  is 
not  possible  properly  to  design  supercavitating  propellers  taking  strength  into 
account.  We  have  also  introduced  two  new  features  in  section  design,  which  im¬ 
prove  very  much  the  strength  qualities  of  useful  sections.  These  are:  (a)  the 
section  annex,  which  is  appended  to  the  base  of  the  usual  section  within  the  cav¬ 
ity  envelope,  thus  increasing  its  bending  strength  without  interfering  with  its 
hydrodynamic  operation  while  supercavitating  and  (b)  the  use  of  almost  parabolic 
thickness  in  addition  to  camber  and  incidence,  thus  increasing  in  an  optimum 
way  both  the  strength  of  the  nose  in  chordwise  bending  and  the  spanwise  bending 
strength  of  supercavitating  sections.  A  section  utilizing  both  of  these  features 
is  shown  at  the  bottom  of  Fig.  1. 

In  early  1960,  HYDRONAUTICS  undertook  studies  of  propellers,  pod  and 
tail  strut  for  the  H.  S.  DENNISON,  a  100  ton,  60  knot  hydrofoil  ship  built  by  the 
Grumman  Aircraft  Corporation  for  the  U.  S.  Maritime  Administration.  It  was 
recognized  from  the  beginning  that  the  propellers  would  have  to  be  supercavitating. 
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After  a  study  of  alternatives,  including  dual  propellers  mounted  fore  and  aft  on 
a  nacelle,  it  was  decided  to  utilize  a  single  propeller  mounted  at  the  aft  end  of  a 
fully  wetted  pod  and  attached  to  the  hull  by  a  vertical  strut  of  very  special  de¬ 
sign.  It  was  during  the  first  tests  (at  the  DTMB)  of  a  three  bladed  propeller  of 
our  design  for  the  DENNISON  that  it  was  first  discovered  that  a  supercavitating 
propeller  suffers  adverse  loss  of  thrust  at  low  advance  coefficients;  previous 
available  supercavitating  propeller  tests  had  not  been  conducted  at  sufficient  low 
advance  coefficients  to  reveal  the  arched  shape  of  the  fully  supercavitating  thrust 
characteristic  curve.  It  was  this  discovery  that  sparked  our  studies  of  cavity 
blockage  and  blade  interference  effects,  which  are  discussed  later  in  this  paper. 
This  first  propeller  proved  unsuitable  for  a  number  of  reasons  and  we  subse¬ 
quently  designed  and  had  manufactured  in  stainless  steel  a  two-bladed  42  inch 
propeller  of  pitch  ratio  0.98  employing  low-drag  annexed  sections  and  a  blade 
area  ratio  of  0.25.  Many  of  the  design  features  incorporated  were  a  result  of 
concern  about  the  provision  of  adequate  thrust  at  take-off,  as  this  became  of 
great  importance  to  us  following  the  revelations  of  the  earlier  tests.  This  two- 
bladed  propeller  was  tested,  final  revisions  in  design  incorporated,  manufac¬ 
tured,  and  finally  utilized  to  power  the  DENNISON  during  her  very  first  trials  in 
July  1962.  Quite  adequate  hydrodynamic  performance  both  off-design  and  at  the 
cruise  speed  were  attained,  the  propeller  being  very  well  matched  to  the  turbine 
[60]  ,  as  is  essential  for  fuel  economy  and  best  turbine  utilization.  After  a  few 
hours  of  operation  this  propeller  failed  in  an  outboard  region  near  the  leading 
edge  probably  due  to  corrosion  fatigue.  This  failure  had  been  preceded  about  a 
week  earlier  by  the  very  similar  failure  of  a  quite  different  three-bladed  super¬ 
cavitating  propeller  of  Taylor  Model  Basin  design  during  high  speed  model  tests. 
These  failures  together  led  to  the  realization  that  chordwise  bending  could  not 
be  neglected  in  the  design  of  supercavitating  propellers  and  that  available  meth¬ 
ods  of  propeller  stress  analysis  are  therefore  quite  inadequate.  An  alternate 
three-bladed  propeller  of  Taylor  Model  Basin  design  was  already  under  con¬ 
struction  prior  to  and  during  the  first  trials  of  the  DENNISON  and  following  the 
failure  of  our  two-bladed  propeller,  this  alternate  screw  was  modified  to  thicken 
the  leading  edges  and  was  subsequently  utilized  [60], 

The  DENNISON  w7as  a  successful  and  very  useful  pioneer  in  many  respects. 
Speaking  only  of  the  propeller,  she  demonstrated  that  a  supercavitating  screw 
could  successfully  take-off  and  propel  a  large  hydrofoil  boat  at  speeds  even  in 
excess  of  60  knots  with  propeller  efficiencies  in  the  neighborhood  of  60  percent 
and  while  absorbing  powers  approaching  15,000  h.p.  Furthermore  it  was  dem¬ 
onstrated  that  this  would  be  done  while  obtaining  a  good  matching  between  the 
propeller  and  turbine.  This  achievement  involved  a  solution  to  the  problem  of 
mating  the  propeller,  pod  and  supporting  strut,  and  of  the  recognition  and  partial 
solution  of  the  off-design  problem  for  supercavitating  propellers.  Finally,  of 
course,  the  experience  with  the  DENNISON  taught  us  the  invaluable  lesson  that 
stress  problems  for  high  speed  propellers  operating  in  seawater  are  more  se¬ 
vere  even  than  we  had  thought. 

The  design  and  construction  of  the  DENNISON  was  overall  a  bold  project. 

In  connection  with  propulsion  it  must  be  particularly  pointed  out  that  the  suc¬ 
cessful  development  of  shafting,  gears,  and  turbine  by  the  General  Electric 
Company,  to  deliver  over  15,000  h.p.  from  the  hull  to  the  submerged  screw- 
through  a  long  right-angle  drive  system  was  a  noteworthy  engineering  achieve¬ 
ment. 
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The  use  of  naturally  supercavitating  propellers  is  limited  to  sufficiently 
high  forward  speeds  and  loadings;  therefore  difficulties  arise  in  many  potentially 
fruitful  applications  involving  speeds  where  the  operation  of  subcavitating  pro¬ 
pellers  is  inevitably  accompanied  by  serious  harmful  cavitation,  but  which  are 
yet  not  high  enough  for  naturally  supercavitating  propellers  [61  ].  The  ventilated 
propeller  offers  the  possibility  of  supercavitating  operation  at  quite  low  forward 
speeds,  as  we  have  commented  here  already.  So,  too,  does  the  naturally  super- 
cavitatihg  propeller  in  a  Kort  nozzle  which  we  have  proposed  and  studied  ana¬ 
lytically  [62],  This  system  seems  to  offer  particular  advantages  for  the  propul¬ 
sion  of  hydrofoil  craft  in  the  speed  range  between  about  20-40  knots  and  would 
therefore  seem  to  deserve  some  experimental  study. 

In  order  to  bring  this  history  right  up  to  date,  a  recent  interesting  develop¬ 
ment  might  be  mentioned.  It  involves  the  proposal  for  a  variable  camber  super¬ 
cavitating  propeller  by  George  Rosen  of  the  Hamilton  Standard  Division  of  the 
United  Aircraft  Corporation.  The  propeller  would  employ  a  hinged  forward 
portion.  We  have  recently  designed  and  tested  such  a  supercavitating  propeller 
for  the  United  Aircraft  Corporation  [55];  these  tests  indicate  that  a  marked  im¬ 
provement  in  off-design  thrust  capability  is  attainable  with  a  variable  camber 
propeller  in  comparison  both  with  fixed  pitch  and  variable  pitch  propellers. 
These  results  are  not  only  of  potential  practical  importance,  but  they  seem  to 
us  to  confirm  our  theoretical  conclusions  (as  discussed  later  in  this  paper)  re¬ 
garding  the  nature  of  the  off-design  problem  and  the  importance  of  camber  in 
dealing  with  it. 


GENERAL  CHARACTERISTICS  OF  CAVITATING  PROPELLERS 
Definition  of  Supercavitating  Operation 

The  onset  of  cavitation  on  a  marine  propeller  has  been  described  many 
times.  Cavitation  may  occur  first  in  the  hub  vortex,  the  tip  vortices,  or  on  the 
blades.  At  first  appearance  it  has  little  effect  on  the  propeller  performance, 
although  it  may  be  accompanied  by  blade  erosion  and  radiated  noise.  The  ap¬ 
pearance  and  extent  of  cavitation  depends  both  upon  the  cavitation  number  based 
on  rotative  speed,  ~n,  and  the  propeller  loading.  In  general  the  spread  of  cavi¬ 
tation  over  a  blade  is  accelerated  by  reducing  rn  and  increasing  the  propeller 
loading.  Cavitation  generally  spreads  from  the  tip  downward  to  the  hub.  This 
is  illustrated  in  Fig.  2,  showing  the  cavitation  patterns  and  thrust  associated 
with  propeller  operation  over  a  range  of  rotative  speeds,  the  forward  speed  and 
ambient  pressure  being  fixed.  The  spread  of  cavitation  is  seen  to  be  accompa¬ 
nied  by  a  diminishing  of  the  rate  at  which  thrust  increases  with  rotative  speed, 
until  when  cavitation  occurs  over  nearly  the  whole  blade,  an  increase  of  RPM 
may  (as  in  the  case  illustrated)  result  in  no  additional  thrust,  or  even  a  slight 
decrease  of  the  latter.  In  these  cases  the  losses  due  to  cavitation  completely 
absorb  the  additional  power  supplied  to  the  screw.  If,  however,  the  rotative 
speed  is  even  further  increased,  then  the  thrust  generally  rises  again.  This  is 
illustrated  in  Fig.  3  which  is  schematic  based  on  actual  test  data.  At  the  same 
time  the  cavities  become  longer  and  more  fully  developed.  It  is  at  this  stage 
that  the  propeller  may  be  said  to  be  supercavitating.  To  be  precise,  we  may 
define  supercavitating  operation  as  beginning  at  the  rotative  speed  where  the 
rate  of~ thrust  increase  with  rotative  speed  is  first  a  minimum,  the  forward 
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Fig.  2  -  Cavitation  development  and  its  effect  on  thrust 
(after  Smith,  1937) 


speed  and  ambient  pressure  being  held  fixed.  This  definition  is  in  part  arbi¬ 
trary,  but  it  is  based  on  the  experimental  observation  that  the  thrust  increases 
more  rapidly  with  rotative  speed  once  the  spread  of  cavitation  over  the  blade 
from  tip  to  hub  is  completed. 

In  Fig.  4a  are  presented  the  thrust  characteristics  of  a  supercavitating 

firopeller  obtained  in  towing  tank  tests  with  simulated  cavitation  (ventilation) 

38].  They  represent  the  most  complete  set  of  thrust  characteristics  for  a  single 
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Fig.  3  -  Schematic  of  thrust  variation  with  rotative  speed  - 
carried  into  the  supercavitating  regime 
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propeller  known  to  the  author  and  they  are  at  the  same  time  typical  of  other 
available  data.  The  propeller  was  3  bladed,  had  a  pitch-diameter  ratio  of  1.4, 
an  area  ratio  of  0.51,  and  utilized  "wedge  sections  which  are  usual  for  super- 
cavitating  propellers"  although  "due  to  the  necessity  of  setting  the  tubes  for  air 
supply  and  cavity  pressure  measuring,  the  blade  thickness  including  the  thick¬ 
ness  of  the  leading  edge  was  increased  in  comparison  with  the  predicted  values.” 
The  operating  characteristics  for  the  same  propeller  are  shown  in  somewhat 
different  form,  Fig.  4b,  where  contours  are  given  for  constant  values  of  an 
rather  than  ?o  (note  that  the  cavitation  number  based  on  true  tip  circumferen¬ 
tial  speed  would  be  about  vn/io).  These  curves  are  very  instructive.  They  do 
not,  however,  permit  the  rapid  determination  of  conditions  which  correspond  to 
supercavitating  operation.  For  this  purpose,  these  same  thrust  characteristics 
are  presented  in  a  different  form  in  Fig.  5;  here  the  slope  of  a  given  contour  is 
proportional  to  the  rate  of  change  of  thrust  with  rotative  speed  (forward  speed 
and  ambient  pressure  fixed).  Utilizing  the  definition  of  supercavitating  opera¬ 
tion  just  given,  the  region  so  defined  is  drawn  in  and  is  later  used  in  construct¬ 
ing  Fig.  6.  The  narrow  extent  of  this  region  is  quite  evident,  and  particularly 
striking  is  the  shrinking  of  this  region  down  to  the  so-called  fully  super eavitat- 
ing  line  for  low  advance  coefficients.  This  diagram  also  reveals  that  for  low  J's 
there  exists  a  rotative  speed  for  which  the  thrust  is  a  maximum,  the  forward 
speed  and  ambient  pressure  being  fixed. 

The  chart  shown  as  Fig.  5  (CT  vs.  1  j;  c-Q  fixed)  seems  very  useful  to  us 
and  we  recommend  it  for  propulsion  system  analysis.  For  instance,  the  thrust 
required  vs.  forward  speed  for  a  given  craft  may  be  plotted  on  the  same  diagram, 
the  propeller  diameter  having  been  tentatively  selected,  and  the  required  rotative 
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Fig.  4a  -  Thrust  characteristic  curves  for  a  super¬ 
cavitating  propeller  ( fixed)  (from  Ref.  [40]) 
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Fig.  4b  -  Thrust  characteristic  curves  for  a  super- 
cavitating  propeller  ( ~n  fixed)  (from  Ref.  [40]) 


speeds  and  regimes  of  operation  of  the  super cavitating  propeller  are  then  ex¬ 
hibited  in  a  particularly  clear  way  for  the  whole  speed  range  of  the  craft. 


Fully  Supercavitating  Operation 

Imagine  that  the  rotative  speed  of  a  propeller  has  been  increased  until  su¬ 
percavitating  operation  begins,  and  is  now  fixed  along  with  the  forward  speed, 
but  that  the  ambient  pressure  is  decreased  or,  equivalently,  that  the  cavity  pres¬ 
sure  is  increased.  The  thrust  acting  on  the  propeller  will  now  at  first  decrease, 
because  the  lifting  effectiveness  of  the  blade  elements  is  reduced  by  the  effec¬ 
tive  increase  in  pressure  on  the  suction  side  (reduction  in  blade  cavitation  num¬ 
ber).  As  the  blade  cavitation  numbers  based  on  true  rotative  speed  approach 
zero  (say  —  become  less  than  .03  or  so)  further  loss  of  effectiveness  with  re¬ 
duction  of  ambient  pressure  is  virtually  halted.  The  thrust  thus  approaches  a 
certain  limiting  value  which  depends  on  the  advance  coefficient  and  is  hardly 
affected  by  further  decrease  of  the  cavitation  number.  We  might  then  say  that 
the  propeller  is  fully  supercavitating.  The  typical  characteristic  curve  for  fully 
supercavitating  operation  may  be  roughly  described  as  a  circular  or  parabolic 
arc  with  a  maximum  near  the  middle  of  the  propellers'  J  range.  This  curve  is 
quite  apparent  in  Figs.  4a  and  4b. 

Fully  supercavitating  operation  of  propellers  is  of  great  importance  for 
high  speed  hydrofoil  boats  (say  50  knots  and  up),  both  at  cruise  and  take-off  con¬ 
ditions.  For  example,  take  a  boat  with  a  cruise  speed  of  about  50  knots  (  0  = 
0.4),  a  take-off  speed  of  about  23  knots  (-Q  =  1.9),  using  the  supercavitating 
propeller  whose  characteristics  we  have  been  discussing.  Suppose  this  propeller 
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has  been  designed  for  kt  =  0.065  and  j  =  0.76  at  the  cruise  point.  Further 
suppose  that  the  take-off  at  23  knots  requires  the  same  thrust  as  at  cruise. 

Then  take-off  ( vo  =  1.9)  will  occur  close  to  the  point  on  the  fully- supercavitat¬ 
ing  curve  at  J  =  0.4  and  kt  =  0.065.  The  figures  used  are  typical  for  a  hydro¬ 
foil  craft,  and  they  demonstrate  that  high  speed  hydrofoil  boat  propellers  are 
likely  to  be  fully  supercavitating  or  nearly  so,  at  both  the  cruise  and  take-off 
points. 

Note  that  the  cruise  condition  is  to  the  right  and  the  take-off  condition  to 
the  left  of  the  maximum  in  the  fully -supercavitating  characteristic  curve.  In 
testing  a  propeller  for  application  to  a  high  speed  hydrofoil  boat  it  is  therefore 
important  to  obtain  data  adequate  to  define  this  curve  over  a  reasonable  range 
about  its  maximum.  In  fact,  the  first  evidence  that  this  curve  possessed  a  max¬ 
imum  at  all  was  obtained  in  tests  at  the  Taylor  Model  Basin  of  a  3  bladed  super¬ 
cavitating  propeller  designed  for  the  H.  S,  DENNISON.  The  shape  of  this  curve 


Fig.  5  -  Thrust  variation  with  rotative  speed  for  a  supercavitating  propeller 
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Fig.  6  -  Regimes  of  operation  for  a  supercavitating  propeller 


is,  of  course,  unfortunate  in  that  for  the  lower  advance  coefficients  it  implies 
reduced  thrusting  ability  of  the  propeller  with  reduced  forward  speed.  The  pro¬ 
peller  efficiency  is  at  the  same  time  dropping  with  decreasing  advance  coeffi¬ 
cient,  The  attainment  of  adequate  thrust  at  take-off,  where  more  is  generally 
needed  than  at  cruise,  is  thus  made  difficult  both  because  of  the  danger  of  run¬ 
ning  out  of  turbine  RPM  and  of  turbine  torque  (or  power).  Fortunately,  properly 
designed  supercavitating  propellers  generally  manage  at  take-off  if  the  thrust 
required  there  is  not  too  much  more  than  the  thrust  required  at  cruise. 

The  shape  of  the  fully  supercavitating  characteristic  curve  is  at  first  glance 
startling  and  unexpected,  for  the  reason  that  it  implies  for  operation  to  the  right 
of  the  maximum  in  the  curve  a  loss  of  lifting  ability  on  the  blades  (reduced  v. .) 
accompanying  an  increase  in  the  relative  flow  angle  to  the  blades  (reduced  j). 

In  fact,  we  are  now  quite  convinced  that  this  actually  occurs,  and  that  the  expla¬ 
nation  lies  in  the  interference  between  a  blade  and  the  cavity  shed  from  the  pre¬ 
ceding  blade.  This  interference  tends  to  reduce  the  blade  lift  by  an  amount 
which  increases  as  the  spacing  between  blade  and  preceding  cavity  narrows  —  as 
occurs  when  the  advance  coefficient  is  reduced.  Over  all  of  the  fully-supercav- 
itating  operating  range  this  blade-cavity  (or  cascade,  as  we  sometimes  call  it) 
interference  is  important  and  it  dominates  the  flow  behavior  at  the  lower  ad¬ 
vance  coefficients.  Later  on  in  this  paper  we  shall  give  some  theoretical  justi¬ 
fication  for  these  statements  and  we  shall  describe  in  a  little  more  detail  the 
nature  of  the  flow  through  and  about  fully- supercavitating  propellers.  Let  us 
only  state  h^re  that  quite  different  phenomena  than  we  are  used  to  for  non- 
cavitating  propellers  accompany  the  operation  of  fully-supercavitating  propel¬ 
lers;  that  not  only  is  the  interference  between  blades  and  cavities  important, 
but  also  the  overall  blockage  to  the  flow  which  is  due  to  the  great  volume  of 
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cavities  around  the  blades;  and  that  as  a  result  we  must  be  prepared  to  construct 
a  new  and  appropriate  theory  of  the  operation  of  fully- supercavitating  propellers. 


Partially  Cavitating  Operation 

The  particular  supercavitating  propeller  under  consideration  seems  to  op¬ 
erate  over  almost  all  of  its  thrust  characteristic  diagram  in  a  partially  cavitat¬ 
ing  state.  By  the  latter  we  mean  that  a  cavitation  sheet  does  not  completely 
cover  the  blade  back.  Generally  speaking)  operation  in  the  partially  cavitating 
regime  is  to  be  avoided  as  it  may  be  accompanied  by  harmful  cavitation. 

The  partially  cavitating  regime  may  be  divided  into  two  parts,  separated  by 
a  line  of  "maximum  thrust."  To  the  high  j  side  of  this  line  an  increase  in  ro¬ 
tative  speed,  the  forward  speed  and  ambient  pressure  being  fixed,  results  in  an 
increase  in  propeller  thrust,  while  to  the  low  J  side  of  this  line  the  same  in¬ 
crease  in  rotative  speed  causes  a  loss  in  thrust.  This  latter  behaviour  is  simi¬ 
lar  to  that  experienced  by  a  fully  supercavitating  propeller  at  suitably  low  ad¬ 
vance  coefficients,  and  is  probably  due  both  to  the  spread  of  the  cavitation  pattern 
down  to  the  inboard  portion  of  the  propeller  and  to  the  onset  of  blade-cavity  in¬ 
terference.  The  existence  of  these  regions  and  the  line  of  maximum  thrust  are 
of  considerable  practical  importance,  for  they  reveal  that  only  limited  amounts 
of  thrust  can  be  produced  by  a  given  propeller  for  a  given  ,  and  that  this 
maximum  thrust  is  not  necessarily  produced  at  the  highest  attainable  rotative 
speed. 


The  Four  Regimes  of  Propeller  Operation 

A  great  deal  more  might  be  said  about  supercavitating  propeller  operation 
such  as  can  be  deduced  from  the  various  thrust  characteristic  curves  of  the 
type  presented  here,  but  we  must  be  satisfied  for  the  present  to  have  defined 
and  briefly  commented  on  the  various  regimes  of  operation  and  briefly  to  dis¬ 
cuss  the  static  thrust  situation. 

The  four  (or  five)  regimes  of  propeller  operation  discussed  so  far  are  de¬ 
picted  in  Fig.  6.  A  map  such  as  this  is  useful  in  the  interpretation  of  data  pre¬ 
sented  in  the  usual  kt  -  j  diagram.  The  definitions  of  these  regimes  have  been 
given  earlier  in  this  paper  and  we  have  also  given  some  idea  about  how  the  flow 
about  the  propeller  is  different  in  these  various  regions.  This  information  is 
summarized  below: 

1.  Non- Cavitating  -  No  significant  cavitation.  Thrusting  ability  increases 
sharply  with  decreasing  advance  coefficient.  Thrust  increases  at  least  as  rap¬ 
idly  as  rotative  speed  squared.  A  single  thrust  characteristic  curve. 

2.  Partially  Cavitating  -  Significant  cavitation  present,  but  cavitation  pat¬ 
terns  are  not  completely  developed.  Part  of  the  blades  may  not  be  cavitating. 

A  family  of  thrust  characteristic  curves  which  depend  upon  a  cavitation  number. 
Thrusting  ability  generally  decreases  sharply  with  decreasing  advance  coeffi¬ 
cient  (for  ao  fixed)  or  cavitation  number  (for  j  fixed).  Regime  divided  into 
two  parts  by  a  line  of  maximum  thrust  (for  fixed  0): 
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(a)  INCREASING  THRUST  REGIME:  On  the  low  j  side  of  the  maximum 
thrust  line  an  increase  in  rotative  speed  results  in  an  increase  in  thrust.  Cavi¬ 
tation  effect  thus  relatively  weak. 

(b)  DECLINING  THRUST  REGIME:  On  the  high  J  side  of  the  maximum 
thrust  line  an  increase  in  rotative  speed  causes  a  loss  in  thrust.  Effect  of 
spreading  cavitation  and  blade-cavity  interference  thus  predominate. 

3.  Supercavitating  -  Cavitation  patterns  fully  developed.  All  blade  elements 
operating  in  supercavitating  flow.  However,  local  section  cavitation  numbers 
are  high  enough  so  that  effectiveness  of  blade  elements  decreases  with  decreas¬ 
ing  rn,  causing  thrust  loss.  A  compact  family  of  thrust  characteristic  curves. 
Interference  effects  between  bla.de  and  the  cavity  from  the  preceding  blade  are 
important.  Cavity  volume  large  and  causes  important  blockage  effects  on  the 
inflow  to  the  propeller. 

4.  Fully -Supercavitating  -  Section  cavitation  numbers  very  low(Jn  approx¬ 
imately  less  than  0.25-  0.30  for  most  of  the  J  range),  so  that  effectiveness  of 
blade  elements  ceases  to  change  significantly  with  decreasing  ~n .  A  single 
thrust  characteristic  curve  of  arched  shape.  Pronounced  blade  interference  and 
blockage  effects.  Inflow  and  blade  element  performance  quite  different  than  for 
non-cavitating  propellers.  This  regime  is  of  considerable  importance  for  high 
speed  hydrofoil  craft  and  for  ship  propulsion  at  speeds  in  excess  of  40-45  knots. 


Static  Thrust 

A  propeller  can  suffer  severe  deterioration  of  its  thrusting  ability  due  to 
cavitation  even  at  zero  forward  speed  if  it  is  operating  at  high  rotative  speeds. 
In  fact,  based  on  the  evidence  presented  in  Fig.  6  it  seems  likely  that  static 
thrust  operation  often  occurs  in  the  "declining  thrust"  portion  of  the  partially 
cavitating  regime,  and  this  means  that  the  propeller  operation  is  dominated  by 
the  effects  of  cavitation,  including  blade-cavity  interference.  There  exists  no 
adequate  theory  to  deal  with  operation  in  this  regime.  It  is  therefore  especially 
useful  to  have  such  thrust  data  as  is  presented  in  Fig.  4a  for  low  and  zero  ad¬ 
vance  ratio.  These  data  are  not  presented  in  that  figure  in  their  most  useful 
form  for  the  rapid  estimation  of  static  thrust,  and  in  Fig.  7  are  shown  the  re¬ 
sults  of  a  replotting  in  the  form  of  8k,  -  -n  vs.  1  n.  The  advantage  of  this 
curve  is  that  it  immediately  allows  an  estimation  of  the  variation  of  thrust  with 
rotative  speed. 


Efficiency 

A  subcavitating  marine  propeller  suffers  power  losses  on  account  of  the 
friction  acting  on  its  blades  and  on  account  of  the  kinetic  energy  which  it  trans¬ 
fers  to  the  fluid  passing  through  its  disc  (induced  losses).  The  former  depends 
on  the  blade  area  and  to  a  certain  extent  on  the  blade  loading,  while  the  latter 
depends  largely  on  the  net  thrust  loading,  CT;  therefore  the  relative  losses  due 
to  these  two  distinct  causes  depends  very  much  on  the  net  thrust  loading.  For 
moderately  or  lightly  loaded  subcavitating  propellers,  the  frictional  losses  will 
usually  predominate. 
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A  supercavitating  body  generally  (although  not  always)  experiences  a  pres¬ 
sure  drag  which  accompanies  the  separation  of  the  flow  streamlines  and  which 
has  no  counterpart  in  the  smooth  flow  about  a  streamlined  body  such  as  a  sub- 
cavitating  blade  element  at  normal  loadings.  The  shape  of  modern  supercavitat¬ 
ing  foils  is  constructed  to  minimize  this  pressure  or  cavity  drag.  Nevertheless, 
the  losses  suffered  by  a  heavily  supercavitating  propeller  are  largely  due  to 
cavity  drag.  Other  losses,  usually  smaller,  are  also  incurred  due  to  the  friction 
drag  on  the  pressure  face  and  in  many  cases  where  the  cavity  thickness  is  in¬ 
adequate,  by  friction  on  the  upper  blade  surface.  The  induced  losses  are,  we 
believe,  much  less  for  a  supercavitating  propeller  than  for  its  subcavitating 
counterpart  operating  at  the  same  net  thrust  loading.  In  fact,  ideal  efficiencies 
greater  than  unity  may  in  fact  be  experienced  by  supercavitating  propellers. 

This  situation  is  discussed  later  on  in  this  paper. 


Despite  the  possible  alleviation  of  frictional  and  induced  losses,  the  effi¬ 
ciencies  of  supercavitating  propellers  are  in  general  not  as  high  as  those  en¬ 
joyed  by  properly  designed  subcavitating  propellers  operating  at  the  same  thrust 
and  advance  coefficients.  Of  course  it  is  often  not  at  all  possible  to  avoid  cavi¬ 
tation,  because  the  speed  or  loading  is  too  high,  and  in  such  cases  a  properly 
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designed  supercavitating  propeller  is  called  for,  not  always  because  of  efficiency 
but  often  in  order  to  avoid  blade  erosion.  But  all  of  this  is  well  known  [  1 ,24,6 1], 

The  cavity  drag  of  supercavi fating  blade  elements  depends  very  much  on  the 
foil  shape  [19-21],  and  the  use  of  appropriate  camber  is  crucial  for  the  produc¬ 
tion  of  optimum  blade  efficiency.  Detailed  theoretical  studies  of  two-dimensional 
supercavitating  foil  design  including  strength  as  a  parameter  have  been  carried 
out  [58-59].  It  has  not  generally  been  appreciated,  however,  that  the  two- 
dimensional  efficiency  of  supercavitating  blade  elements  is  degraded  in  appli¬ 
cation  to  a  propeller  or  wing  due  to  the  reduction  in  blade  lift  effectiveness 
caused  by  finite  span  effects;  this  is  discussed  again  later  in  this  paper. 

Achievable  supercavitating  efficiencies  depend  upon  a  variety  of  parame¬ 
ters.  Foremost  among  these  are:  loading  (CT),  advance  coefficient  (J),  and 
strength  requirements.  The  influence  of  loading  is  seen  from  the  experimental 
points  in  Fig.  8,  which  all  refer  to  propellers  designed  according  to  the  TMB 
method  [24].  Therefore,  they  all  have  similar  strength  characteristics.  How¬ 
ever,  they  do  represent  different,  although  typical,  values  of  advance  coefficient. 
Despite  this  the  influence  of  loading  is  clearly  to  be  seen.  Also  shown  are  esti¬ 
mations  of  efficiency  for  a  family  of  typical  propellers  calculated  according  to 
the  TMB  method  [24],  which  is  known  generally  to  overestimate  efficiency  [l], 
and  as  estimated  by  our  own  method,  which  takes  into  account  the  effect  of 
wide-bladedness  and  back-wetting  on  sectional  efficiency.  These  calculations 
have  been  carried  out  by  Mr.  R.  Barr  of  HYDRONAUTICS. 

In  our  opinion  the  strength  of  propellers  designed  according  to  Ref.  [24]  may 
often  not  be  adequate,  so  that  generally  thicker  blades  must  often  be  utilized. 
Neither  are  such  propellers  designed  to  operate  in  strongly  non-uniform  flows, 
which  require  increases  in  the  mean  incidence  of  the  elements  in  order  to  avoid 
face  cavitation.  For  both  of  these  reasons  the  efficiencies  indicated  in  Fig.  8 
are  not  necessarily  to  be  achieved  in  practice. 

In  the  early  stages  of  design  a  cruise  advance  coefficient  must  be  selected. 
The  achievable  efficiency  depends  very  much  on  this  selection,  which  is  usually 
based  on  a  compromise  between  the  interests  of  the  gear  and  shaft  designers 
and  the  propeller  designer.  Therefore  the  improvement  of  supercavitating  pro¬ 
peller  efficiencies  in  high  speed  applications  depends  not  only  on  the  solution  of 
hydrodynamic  problems,  but  also  upon  mechanical  developments. 

The  variation  of  propeller  efficiency  during  heavily  supercavitating  opera¬ 
tion  at  off-design  conditions  is  of  considerable  importance  for  hydrofoil  appli¬ 
cations,  as  the  possibility  of  running  ou  t  of  turb  ine  power  at  take-off  is  by  no 
means  unsignificant.  The  detailed  calculation  of  off-design  efficiency  is  not  in 
general  possible,  but  good  estimations  may  be  made.  In  fact,  the  behaviour  of 
the  efficiency  is  rather  simple;  at  sufficiently  low  advance  coefficients  the 
supercavitating  efficiency  becomes  essentially  independent  of  the  cavitation 
number  and  linearly  dependent  on  j!  This  is  illustrated  in  Fig.  9  which  is  a 
schematic.  This  result,  which  has  been  found  for  many  supercavitating  propel¬ 
lers,  is  at  first  glance  surprising,  since  at  a  given  J,  the  thrust  produced  by 
the  cavitating  propeller  depends  a  great  deal  on  the  cavitation  number.  There 
is,  however,  a  simple  explanation  for  this  resuit. 
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Fig.  8  -  Super cavitating  propeller  efficiencies  at  design  conditions 


At  sufficiently  low  advance  coefficients  the  production  of  thrust  due  to  blade 
incidence  will  dominate  the  camber  produced  thrust.  The  force  acting  on  each 
blade  element  will  thus  very  closely  be  normal  to  the  line  between  the  blade 
leading  and  trailing  edges.  This  force  decomposes  into  contributions  to  the 
thrust  and  torque  whose  ratio  depends  only  on  the  blade  pitch  but  not  on  the 
magnitude  of  the  blade  normal  force;  this  ratio  is  thus  independent  of  the  inflow 
conditions.  Under  these  conditions  the  blade  efficiency  becomes  independent  of 
cavitation  number,  and  linearly  dependent  on  advance  coefficient.  This  result  is 
indicated  in  the  sketch  inset  in  Fig.  9,  which  shows,  for  simplicity,  a  flat-faced 
blade  element. 


THE  MECHANISM  OF  OPERATION  OF  SUPERCAVITATING 
PROPELLERS 

Subcavitating  Propellers  -  Review 

The  observation  in  water  tunnels  of  operating  supercavitating  propellers 
reveals, the  existence  of  substantial  cavity  formations,  such  as  are  shown  in 
Figs.  10a-  lOd.  Indeed,  the  existence  of  these  large  cavities  was  noted  by 
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Fig.  9  -  Schematic  of  propeller  efficiency  under  cavitating  conditions 


Parsons  some  TO  years  ago.  These  cavities  are  so  large  and  their  proximity  to 
the  blades  so  close  that  it  would  be  really  surprising  should  they  not  seriously 
affect  the  operation  of  the  propeller.  In  fact,  they  cause  the  flow  through  a 
supercavitating  propeller  to  be  altogether  different  than  for  a  subcavitating  pro¬ 
peller.  Let  us  review  some  of  the  things  we  know  about  the  latter. 

Usual  subcavitating  propeller  blades  are  sufficiently  thin  so  that  the  effect 
of  their  thickness  on  the  flow  is  not  in  any  way  essential.  The  action  of  the 
blades  is  thus  primarily  due  to  their  camber.  They  may  thus  be  thought  of  as 
vortex  surfaces  composed  of  continuous  distributions  of  vortex  lines.  These 
lines  must  of  course  be  continuous  in  the  fluid,  so  that  they  are  shed  from  the 
blades  into  the  propeller  wake  to  form  there  one  continuous  trailing  helical 
sheet  per  blade.  The  space  behind  the  propeller  is  thus  to  a  certain  extent  filled 
by  shed  vorticity.  The  latter  may  at  each  point  where  it  exists  be  vectorially 
decomposed  into  a  longitudinal  and  circumferential  component,  which  induce, 
respectively,  rotational  and  axial  velocities  in  the  flow. 

If  the  number  of  blades  becomes  very  large  and  the  chord  of  each  very 
short,  it  becomes  possible  to  represent  the  axial  flow  field  due  to  the  propeller 
by  consideration  only  of  the  effect  of  the  circumferential  component  of  the  shed 
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Fig.  10c  -  <70  =  0.5,  J  =  0.60  Fig.  lOd  -  cro  =  0.5,  J  =  0.40 

Fig.  10  -  Supercavitating  propeller  flows  (taken  at  HYDRONAUTICS) 


vorticity.  This  vorticity,  may,  in  turn  be  thought  of  as  comprising  a  continuous 
distribution  of  concentric  vortex  sheaths.  These  are  of  a  radius  which  contracts 
behind  the  propeller,  but  for  light  loadings  this  contraction  may  be  neglected. 

The  propeller  blades  themselves  degenerate  into  a  disc  composed  of  essentially 
radial  vortex  lines.  These  induce  equal  but  opposite  circumferential  velocities 
across  the  disc.  The  longitudinal  shed  vorticity  induces  angular  velocities  which 
exactly  cancels  out  the  influence  of  the  disc  at  any  point  in  front  of  or  outside  the 
propeller  slipstream,  where  the  flow,  in  view  of  its  irrotationality,  cannot  pos¬ 
sess  angular  momentum.  The  angular  velocities  just  behind  the  disc  are  thus 
half  due  to  the  longitudinal  component  of  shed  vorticity  and  half  due  to  the  bound 
vorticity  in  the  disc.  The  increase  in  angular  momentum  at  any  point  across 
the  disc  is  in  reaction  to  and  linearly  related  to  the  local  torque  on  the  blade 
system. 


Simple  momentum  theories  incorporate  the  axial  flow  system  as  described 
above  plus  an  assumed  discontinuity  in  flow  stagnation  pressure  across  the  disc, 
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but  neglects  the  rotational  flow  in  the  slipstream  —  this  may  be  shown  to  be  a 
consistent  procedure.  Furthermore,  in  the  case  of  light  loadings  it  is  possible 
to  represent  the  flow  field  due  to  the  trailing  vortex  sheath  by  a  disc  of  sink 
singularities  whose  radial  strength  depends  on  the  loading  distribution,  and  the 
actuator  disc  rather  than  the  vortex  sheath  picture  is  usually  taken  as  the  start¬ 
ing  point  of  the  momentum  theory.  Despite  the  usual  neglect  of  rotation,  the 
idealization  of  the  propeller  action  introduced  in  the  simple  actuator  disc  model 
is  fair  enough  in  portraying  the  propeller  as  a  device  functioning  continuously  to 
accelerate  fluid  aft  and  to  do  useful  work  as  a  result  of  the  reaction  on  the  blades 
and  shaft.  The  axial  flow  field  is  asymmetric  when  viewed  from  the  propeller 
plane  by  an  observer  moving  with  the  speed  that  prevails  there.  This  asymme¬ 
try  has  as  a  consequence  that  the  total  increase  in  flow  momentum  as  observed 
in  the  wake  far  downstream  where  the  pressure  has  returned  to  ambient  is  just 
twice  the  increase  in  flow  momentum  as  observed  at  the  propeller  disc.  The 
pressure  just  behind  the  disc  is,  of  course,  greater  than  ambient  and  therein  is 
stored  half  of  the  momentum  eventually  to  be  delivered  to  the  slipstream.  In 
view  of  continuity  the  flow  velocity  immediately  in  front  of  the  disc  is  identical 
to  the  velocity  just  aft  of  it,  but  no  work  having  been  done  on  those  fluid  ele¬ 
ments  which  have  yet  to  pass  through  the  disc,  the  increased  momentum  of  the 
incoming  flow  has  been  realized  at  the  expense  of  the  pressure,  which  is  suit¬ 
ably  reduced. 

In  the  absence  of  blade  friction  or  form  drag,  the  work  done  on  an  element 
of  the  flow  on  passing  through  the  disc  is  simply  the  pressure  increase  across 
the  disc  times  the  velocity  of  the  flow  at  the  disc,  say  u1(  while  the  useful  work 
done  by  the  corresponding  element  of  the  propeller  is  simply  the  net  thrust 
loading  times  the  absolute  forward  velocity  of  the  propeller,  say  UD .  The  net 
thrust  loading  is  also  just  equal  to  the  head  rise  across  the  disc.  The  ideal  ef¬ 
ficiency  is  thus  U^/  Uj .  The  pressure  increase  across  the  actuator  disc,  which 
equals  the  local  net  thrust  loading,  is  also  just  equal  to  the  gain  in  kinetic  en¬ 
ergy  represented  by  the  acceleration  of  the  flow  from  far  upstream  to  far  down¬ 
stream.  As  noted  earlier,  this  pressure  rise  is  also  equal  to  the  loss  in  rota¬ 
tional  kinetic  energy  across  the  disc.  These  last  facts  allow  the  derivation  of 
the  result  that  the  induced  velocity  at  any  point  in  the  propeller  disc  is  normal 
to  the  resultant  relative  velocity  of  a  blade  section. 

A  prediction  of  the  actual  thrust  produced  by  a  given  propeller  depends  of 
course  upon  the  hydrodynamic  performance  of  the  blades  themselves,  and  this 
is  usually  predicted  from  two-dimensional  theory  or  tests,  suitably  corrected 
for  "wide-blade"  or  aspect  ratio  effects  through  the  application  of  so-called 
"curvature  corrections,"  see  [63-65].  These  are  generally  designed  to  compen¬ 
sate  for  the  reduction  in  blade  lift  effectiveness  due  to  spanwise  changes  in  the 
blade  and  due  to  the  flow  spillage  about  the  tip.  A  most  noteworthy  aspect  of  the 
situation  for  subcavitating  blades  is  that  the  performance  of  the  separate  blade 
elements  is  hardly  at  all  affected  by  the  presence  of  the  other  blades  [64],  In 
other  words,  blade  interference  or  cascade  effects  are  of  negligible  importance. 
This  is  in  sharp  contrast  to  the  case  of  super cavi fating  blades,  as  we  shall  see. 


Cavity  Blockage 

The  shed  vortex  field  which  we  have  described  above  also  exists  in  the  case 
of  2.  thrusting  super  cavitating  propoller,  but  superimposed  upon  this  is  an  equally 
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important  field  due  to  the  cavities  themselves.  The  latter  flow  may  be  thought 
of  as  due  to  cavity  drag,  while  the  former  is  due  to  thrust.  The  shape  of  cavi¬ 
ties  shed  from  a  supe  rcavitating  propeller  are  highly  variable;  they  depend  upon 
the  propeller  thrust  and  efficiency,  and  upon  the  cavitation  number.  They  may 
also  depend  upon  tunnel  wall  effects  —  especially  in  the  case  of  a  completely 
closed  water  tunnel  test  section.  These  cavities  originate  in  the  plane  of  the 
propeller  blades  and  extend  downstream  of  the  latter.  Their  length  increases 
with  decreasing  cavitation  number  and  becomes  infinite  for  a  =  o.  Generally, 
however,  cavity  lengths  lie  between  1/2  and  2  propeller  diameters.  By  reducing 
the  available  flow  area  behind  the  propeller  disc  they  cause  the  flow  speed  there 
to  accelerate  rapidly.  In  fact,  they  cause  the  flow  speed  behind  the  disc  to  take 
on  a  value  which  just  corresponds  to  a  flow  pressure  there  equal  to  the  cavity 
pressure. 

The  rotating  cavities  act  in  the  manner  of  an  obstacle  to  the  flow  approach¬ 
ing  them  and  thus  tend  to  retard  this  flow.  The  smaller  the  blade  cavitational 
efficiency  the  stronger  is  this  action.  Due  to  this  effect  the  accelerating  action 
of  thrust  upon  the  approach  flow  may  often  be  largely  eliminated  for  a  fully 
supercavitating  propeller  and  it  may  not  be  uncommon  for  such  propellers  to 
operate  with  a  net  retardation  of  the  inflow  at  the  disc.  It  is  clear  that  the  usual 
subcavitating  predictions  of  axial  inflow  are  inapplicable;  these  facts  are  dem¬ 
onstrated  by  Eq.  (1),  given  later.  On  the  other  hand,  the  angular  induced  veloc¬ 
ity  at  the  disc  is  entirely  torque  dependent  and  may  be  calculated  in  much  the 
same  way  for  subcavitating  and  supercavitating  propellers.  Note  that  the  net 
induced  velocity  at  the  disc  of  a  supercavitating  propeller  is  not  normal  to  the 
relative  blade  velocity  as  it  is  in  the  subcavitating  case. 

For  a  subcavitating  propeller,  the  ideal  efficiency  always  takes  on  values 
less  than  unity.  In  the  present  case,  however,  the  inflow  may  be  retarded,  and 
the  ideal  efficiency  may  thus  assume  values  in  excess  of  unity.  This  is,  at  first, 
startling  to  contemplate.  However,  it  is  well  known  that  even  subcavitating  pro¬ 
pellers  operating  in  strong  wakes  (regions  of  retarded  flow)  may  enjoy  efficien¬ 
cies  greater  than  unity.  In  blocking  the  oncoming  flow,  the  cavities  on  a  super¬ 
cavitating  propeller  create,  in  a  sense,  a  wake  ahead  of  the  propeller  and  in  this 
way  an  increase  in  ideal  efficiency  is  caused  at  the  expense  of  cavity  drag  or 
blade  efficiency. 


Thrust  Deduction 

Subcavitating  propellers  placed  behind  a  hull  normally  cause  an  increase  in 
the  drag  of  the  latter  because  of  the  falling  pressure  gradient  (suction  field) 
which  accompanies  the  acceleration  of  the  flow  in  front  of  the  disc.  This  drag 
or  so-called  "thrust  deduction"  is  often  significant.  In  the  case  of  a  supercavi¬ 
tating  propeller  placed  behind  a  hull  the  thrust  deduction  may  be  largely  elimi¬ 
nated;  this  has  been  noticed  experimentally  [38,66].  The  thrust  deduction  may 
conceivably  take  on  negative  values,  especially  in  the  case  of  very  close  prox¬ 
imity  of  the  hull  and  supercavitating  propeller.  This  effect  arises  because  of 
the  flow  retardation  due  to  cavity  blockage,  as  this  retardation  may  result  in  net 
rising  pressure  gradients  around  the  ships  stern.  In  considering  the  combined 
effects  of  the  thrust  field  and  the  drag  (or  cavity)  field  on  the  thrust  deduction, 
it  should  be  kept  in  mind  that  the  spatial  decay  of  these  two  fields  directly  ahead 
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of  the  screw  are  different,  the  induced  velocities  due  to  thrust  decaying  in  the  far 
field  like  (distance) ' 1 ,  while  those  induced  due  to  drag  decay  like  (distance)  ‘ 2. 

It  is  thus  conceivable  that  the  flow  might  be  retarded  directly  before  the  screw, 
but  slightly  accelerated  at  larger  distances  forward.  For  this  reason  there 
probably  exist  no  very  simple  relation  between  the  ideal  efficiency  and  thrust 
deduction  accompanying  fully  supercavitating  operation. 

Typical  flow  patterns  accompanying  sub  and  supercavitating  operation  are 
shown  in  Fig.  11.  It  is  worthwhile  to  examine  those  carefully.  The  altogether 
different  character  of  the  supercavitating  and  the  subcavitating  cases  is  easily 
seen. 


New  Momentum  Theory  for  Super cavitating  Flows 

The  designer  will  be  interested  to  know  just  how  serious  are  the  cavity 
blockage  effects  on  the  inflow,  for  he  must  accurately  predict  the  latter  if  his 
design  is  to  meet  the  specifications.  I  have  recently  derived  a  momentum  theory 
suitable  for  fully  supercavitating  propellers  which  allows  a  prediction  of  the 
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axial  induced  velocity  at  the  propeller  disc  in  terms  of  the  non-dimensional 
thrust  loading  (c,.),  the  blade  cavitation  efficiency  (vc),  and  the  free  stream 
cavitation  number  ( cro).  An  important  result  of  this  theory  is: 

— -  =  >/l  +  %  +  ct/t>c  -  v/ct(1-t,c)/7)c  supercavitating  (1) 


v/here 

UQ  is  the  free  stream  speed 

Uj  is  the  axial  speed  at  the  propeller  disc 

a  is  the  free  stream  cavitation  number,  p  -  p  /-  pu  2 

o  ’  'e/  2  ‘O 

/l  2 

CT  is  the  thrust  coefficient,  t/  —  pUD  Ad 

r]c  is  the  blade  cavitation  efficiency,  r/-qi 
r:i  is  the  ideal  efficiency,  U0/U, 
t)  is  the  net  propeller  efficiency. 

This  result  may  be  compared  with  that  from  the  usual  (subca  vita  ting)  mo 
mentum  theory: 


Uj  i  +  y  i  +  cT 
v~o  =  2 


subcavitating  (2) 


Numerical  calculations  from  Eq.  (1)  for  typical  values  of  CT,  a0  and  t;c 
show  quite  clearly  that  the  distribution  of  flow  velocities  and  pressures  which 
attend  the  operation  of  a  heavily  supercavitating  propeller  will  not  at  all  corre¬ 
spond  to  the  predictions  of  theory  for  subcavitating  propellers,  as  we  have  stated 
earlier.  The  use  of  the  latter  thus  seem  to  us  to  be  unjustified.  Even  for  a  rel¬ 
atively  weakly  supercavitating  propeller  it  seems  problematical  that  predictions 
of  inflow  speed  based  on  subcavitating  propeller  theory  are  useful. 

A  number  of  other  very  useful  facts  may  be  deduced  from  this  new  momen¬ 
tum  theory.  It  can,  for  instance,  be  shown  that  in  an  unbounded  stream  the  cavity 
length  is  finite  for  <ro  >  o  and  is  infinite  for  o-o  =  o.  The  cavity  maximum  di¬ 
ameter  is  shown  in  the  latter  case  to  be  finite  only  when  the  inflow  and  free 
stream  speeds  are  identical.  In  the  case  of  cavities  of  finite  length,  a  loss  of 
head  occurs  across  the  region  of  cavity  collapse.  The  resulting  head  in  the  wake 
is  still  higher  than  the  free  stream  head  for  a  thrusting  propeller  and  lower  for 
a  drag  disc.  The  outflow  speed  just  behind  the  region  of  cavity  collapse  is  shown 
to  be  greater  than  the  inflow  speed  for  all  cases  of  retarded  inflow  and  for  mod¬ 
erate  degrees  of  accelerated  inflow;  for  sufficiently  large  thrusts  the  reverse 
may  be  true.  It  can  also  be  shown  that  no  corrections  to  inflow  speed  are  re¬ 
quired  for  a  supercavitating  propeller  operating  either  in  an  open  jet  or  between 
solid  walls;  this  is  somewhat  in  contrast  to  the  case  of  the  subcavitating 
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propeller  for  which  inflow  speeds  must  be  corrected  for  the  presence  of  solid 
walls.  Finally  it  may  be  shown  that  conditions  occur  under  which  a  supercavi- 
tating  propeller  will  choke  a  solid  wall  water  tunnel;  that  is,  the  cavity  length 
will  become  infinite  at  non-zero  cavitation  number  (cto  >  o).  All  of  these  re¬ 
sults  should  serve  to  convince  us  that  in  dealing  with  the  design,  testing,  and 
operation  of  super cavitating  (or  ventilated)  propellers  we  are  faced  with  certain 
phenomena  which  have  no  counterpart  in  our  previous  propeller  experience. 


Blade  Interference  Effects 

Supercavitating  blades  of  the  same  propeller,  unlike  their  subcavitating 
counterparts,  interact  with  each  other  in  a  most  serious  way.  In  fact,  as  we 
have  already  discussed  earlier,  it  is  essential  to  take  into  account  the  interfer¬ 
ence  between  a  blade  and  the  cavity  shed  from  the  preceding  blade  in  order  to 
understand  and  explain  the  arched  shape  of  the  fully  supercavitating  character¬ 
istic  curve  (k ,  vs.  j).  Furthermore,  these  effects  generally  occur  not  only 
during  off-design  operation,  but  at  the  design  point  too. 

In  order  to  understand  the  nature  of  blade  interference  it  is  conceptually 
useful  first  of  all  to  depict  the  blade  section  as  an  element  in  a  two-dimensional 
cascade,  Fig.  12,  although  we  should  not  forget  that  the  real  connection  between 
cascade  and  propeller  flows  is  somewhat  vague.  For  the  high  stagger  angles 
(low  pitch  angles)  usually  utilized  in  supercavitating  propellers,  the  largest  part 
of  the  cascade  effect  would  seem  to  be  taken  into  account  simply  by  allowing  for 
the  presence  of  a  free  surface  beneath  the  blade  element,  Fig.  13.  This  is  much 
simpler  to  do  than  to  deal  with  the  cascade  flow  itself  and  as  long  as  the  cascade 
turning  angle  is  small,  leads  to  reasonably  good  agreement  (for  the  hydrofoil 
force  coefficients)  with  results  from  the  cascade  theory  itself,  as  we  show  later 
(Figs.  14  and  15).  This  simple  theory  is,  furthermore,  probably  just  as  valid  as 
cascade  theory  in  application  to  propeller  flows. 

In  a  fully  supercavitating  propeller,  the  gap  between  the  pressure  face  of 
each  blade  and  the  cavity  shed  from  the  preceding  blade  is  not  large  relative  to 
the  blade  chord.  If  the  cavity  is  thin,  then  this  gap  —  in  ratio  to  the  blade  chord 
and  measured  normal  to  the  chord  —  depends  upon  the  ratio  of  the  local  advance 
ratio  of  the  blade,  and  the  local  blade  area  ratio;  as  the  cavity  thickens,  this 
ratio  decreases.  Thus, 


Gap  <  Uo  *  cos  £  _  cos  ,£ /M  x  Z77 pg\ 
Chord  nBc  77  )  l  Be  )' 

where 


Uo  is  the  free  stream  speed 
n  is  the  rotative  speed  in  rev. /unit  time 
Dj  is  the  local  disc  diameter  at  the  section 
B  is  the  number  of  blades 
c  is  the  local  chord 
p  is  the  local  pitch  angle. 


(3) 
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Front  view  -  marine  propeller 


Typical  cascade  section 

Fig,  12  -  Conventional  development  of  a  cascade  section 


As  an  approximation  for  the  entire  propeller,  this  may  be  written, 

-2fP_  <  J.  .  (4) 

Chord  tt  x  BAR 

where  J  is  the  usual  advance  ratio  and  BAR  is  the  expanded  blade  area  ratio.  It 
is  thus  clear  that  for  usual  supercavitating  propellers  ( J  <  l.o;  BAR  >  0.3)  the 
gap-chord  ratios  for  the  blades  are  always  less  than  1.0.  In  fact,  they  are  often 
less  than  0.5. 

When  a  supercavitating  hydrofoil  operates  under  a  free  surface  at  depth- 
chord  ratios  less  than  1.0,  it  is  well  known  that  the  performance  characteristics 
of  the  hydrofoil  are  very  much  influenced  by  the  proximity  of  the  free  surface 
[58].  The  same  proves  to  be  true  when  a  hydrofoil  operates  above  a  free  surface. 
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Fig.  13  -  Interference  between  supercavitating  blade  and  neighboring  cavity 


The  solution  of  the  appropriate  boundary  value  problem  is  given  in  Ref.  [56]  for 
a  flat  plate  hydrofoil  at  0,  and  the  result  is  presented  in  Fig.  14.  The  lift 
is  increasingly  reduced  as  the  plate  approaches  the  free  surface,  as  is  to  be  ex¬ 
pected.  For  a  cambered  foil,  the  effect  of  the  surface  is  not  as  pronounced,  as 
is  shown  in  Fig.  15,  which  is  based  on  unpublished  theory  and  calculations.  This 
fact  can  be  taken  advantage  of  in  designing  to  mitigate  the  adverse  effects  of 
blade-cavity  interference  during  off-design  operation. 


Also  shown  in  Figs.  14  and  15,  for  comparison,  are  results  taken  from 
more  elaborate  computations  based  on  cascade  theory  and  presented  in  Refs. 
[67-68]  (for  the  flat  plate)  and  [69]  (for  the  cambered  plate).  The  former  of 

- - x  xi _ _ _  —  J  xi - i„xx«_  f i - \  ii - 1 - 1  xi -  rp - XU - 

uicoc  uuu&ca  CAdd.  uicuiy  diiu  me  lduci  ^lwu;  inicdJ.iz.cu  uicuiy.  j.wu  ui  tucsc 

theories  (Refs.  [67,69])  are  based  on  a  choked  flow  model,  i.e.,  the  cavitation 
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number  is  not  fixed  in  advance,  but  varies  with  the  geometrical  parameters 
(stagger  angle,  incidence,  camber,  and  solidity)  so  as  to  produce  an  infinite 
length  cavity.  Other  theory  relating  to  choked  cascade  flows  is  presented  in 
Refs.  [15,70-71].  The  only  detailed  study  of  cascade  flows  with  finite  cavities 
has  been  carried  out  by  Cohen  and  Sutherland  [68],  using  linearized  theory,  and 
it  relates  to  flat  plate  cascades. 

The  phenomena  of  cascade  choking  has  implications  for  fully  supercavitat- 
ing  propeller  flows  and  is  therefore  important  to  discuss,  although  it  is  not 
likely  to  occur  in  propellers  because  of  the  relieving  effects  of  the  radial  flow. 
Two-dimensional  choking  is  most  easily  understood  through  reference  to  a  non¬ 
lifting,  or  simple  cascade  such  as  a  series  of  vertical  plates  arrayed  at  equal 
intervals  —  one  above  another.  The  flow  around  one  of  these  plates  is  exactly 
like  the  flow  around  the  same  plate  between  solid  walls  which  are  separated  by 
the  same  distance  as  separates  the  plates  in  cascade,  Fig.  16.  The  drag  on  the 
plate  must  result  in  a  net  axial  momentum  difference  between  the  flow  far  up¬ 
stream  and  far  downstream.  If  the  cavity  pressure,  pc,  is  identical  with  the 
upstream  pressure,  p0,  then  the  velocities  far  upstream  and  far  downstream 
are  identical  and  no  plate  drag  can  be  accounted  for  — nor,  incidentally  can  the 
mass  flow  be  balanced  unless  the  cavity  thickness  vanishes.  If  the  plate  drag  is 
not  zero  it  is  thus  quite  clear  that  the  cavitation  number  corresponding  to  infi¬ 
nite  cavity  length  must  of  necessity  be  greater  than  zero.  Indeed,  a  simple  re¬ 
lationship  between  choking  cavitation  number,  a* ,  and  the  product  of  plate  drag 
coefficient  and  plate  spacing  ratio  may  be  derived: 


CD  *  ^ =  C7*  +  2  -  2  vl  +  <+*  •  (5) 

This  is  shown  as  Fig.  16. 

An  increase  in  lift  on  the  cascade  element  lowers  the  choking  cavitation 
number  as  the  net  consequence  of  flow  turning  between  far  upstream  and  far 
downstream.  The  relations  governing  a  choked  cascade  flow  may  be  derived 
from  momentum  considerations  and  are: 


1  (i)  s 


+2-2  cos  i 


yrr 


CL  »  ( )  =  2  sin  t  J~\  +  cr~  - 


(t)  = 


ctn  3  , 


(6) 

(7) 


where 

CL  is  the  lift  coefficient 

s  is  the  turning  angle  (see  Fig.  17) 

£  is  the  pitch  angle  (see  Fig.  17),  and 

a*  is  the  choking  cavitation  number  based  on  the  relative  speed  to  the 
section. 
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Fig.  17  -  Choking  in  a  lifting  cascade 
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The  relieving  effect  of  flow  turning  due  to  lift  on  the  choking  cavitation  number 
is  indicated  in  Fig.  17.  It  is  even  seen  to  be  possible  to  operate  a  turning  cas¬ 
cade  at  zero  cavitation  number  provided  that  the  blade  efficiencies  (l/d)  are 
suitably  high.  If  (D/L)2  «  l,  then  for  a*  -  o: 


For  smaller  L/D's  than  given  by  (8),  a’  is  greater  than  zero.  With  the  aid  of 
(8)  it  may  be  shown  that  a  flat  plate  cascade  typical  of  a  supercavitating  propel¬ 
ler  is  much  too  inefficient  to  operate  unchoked  at  low  but  typical  section  cavita¬ 
tion  numbers  {several  hundredths);  even  a  cambered  cascade  is  unlikely  to  op¬ 
erate  unchoked  down  to  zero  cavitation  number. 

We  have  already  commented  that  the  radial  flow  that  occurs  in  the  flow 
through  a  propeller  probably  relieves  the  tendency  toward  cascade  choking.  It 
is  nevertheless  useful  to  understand  the  two-dimensional  results,  for  they  serve 
to  convince  us  that  we  cannot  likely  make  estimates  of  the  length  or  shape  of  the 
cavities  shed  from  the  blades  on  the  basis  of  isolated  flow  results  pertaining  to 
the  length  and  shape  of  cavities  shed  by  the  individual  sections.  On  the  contrary, 
the  overall  length  and  shape  of  the  collective  cavity  or  "bubble"  behind  the  pro¬ 
peller  disc  is  almost  surely  determined  by  the  flow  around  the  outside  of  that 
bubble  together  with  gross  characteristics  such  as  thrust  coefficient  (cT),  for¬ 
ward  cavitation  number  (cr0),  and  blade  cavitational  efficiency  (tjc). 

The  existence  of  cascade  choking  and  a  lower  bound  to  possible  cavitation 
numbers  in  the  two-dimensional  theory  hampers  us  in  its  application  to  propel¬ 
lers,  since  theoretical  predictions  at  suitably  low  section  cavitation  numbers 
may  not  therefore  be  attainable.  Furthermore,  the  validity  of  a  cascade  model 
for  a  typical  propeller  flow  is  somewhat  dubious.  For  these  reasons  and  be¬ 
cause  of  its  much  greater  simplicity  we  very  much  favor  the  interference  model 
based  on  a  hydrofoil  operating  over  a  free  surface.  This  model  has  in  our  ex¬ 
perience  proven  to  be  very  useful  for  the  estimation  of  propeller  section  force 
coefficients. 

Based  on  this  model,  the  lift  on  a  cascade  element  may  be  written: 

L  =  s/2  U2*  c  x  y  ax  g(h  c)  ,  (9) 

where 

U  is  the  relative  speed  to  the  element 
a  is  the  entering  incidence,  and 

g(h  c)  is  a  function  which  takes  into  account  the  effect  of  the  gap  in  re¬ 
ducing  lift  (for  h/c  g  -  1.0). 

It  might  be  suggested,  taking  heed  of  Acosta's  comments  in  [69],  that  the 
correlation  between  this  model  and  the  real  cascade  flow  might  be  improved  by 
taking  into  account  the  turning  of  the  flow  in  tne  latter,  which  tends  to  reduce 
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the  effective  incidence  of  the  flat  plate  elements.  Thus,  the  effective  angle  of 
attack,  aeff ,  might  be  taken  as  the  average  of  the  incidence  of  the  flow  entering 
and  leaving  the  cascade,  or  aef  f  =  a  -  s/2,  where  s  is  the  turning  angle.  The 
latter  may  be  estimated  from  the  following  result,  which  may  be  obtained  by 
equating  the  transverse  force  on  the  blade  row  to  the  rate  of  change  of  trans¬ 
verse  momentum: 


s 


cl«4> 

2 


(10) 


However,  for  low-pitch  cascades  such  as  are  involved  here,  this  angle  is  always 
small  compared  to  the  entering  incidence,  so  that  aeff  %  a. 

The  validity  of  our  approximations  (at  least  relative  to  cascade  flows)  for 
low  pitch  angles  may  be  judged  by  the  correlation,  presented  earlier  in  Figs.  14 
and  15,  between  the  lift  effectiveness  as  calculated  thereby  with  calculations  ac¬ 
cording  to  both  linearized  and  exact  theories;  the  correlation  is  seen  to  be  quite 
good  enough  for  our  present  purposes. 

Appropriate  values  of  g(h/c)  in  (9)  may  be  obtained  from  Fig.  14.  For  the 
flat  plate: 

gtt(h/c)  %  .50  h/c  for  (h/c)  <  1.0  .  (ID 


This  useful  result  allows  a  prediction  of  the  highly  nonlinear  lift  curves  of 
foils  in  cascade,  as  shown  below. 


The  Fully  Supercavitating  Characteristic  Curve 

The  parabolic  or  arched  shape  of  the  supercavitating  characteristic  curve 
(kt  vs.  j)  may  now  be  explained.  To  do  this  we  consider  the  performance  of  a 
flat  plate  cascade  at  a  pitch  angle  typical  for  the  outboard  sections  of  a  super¬ 
cavitating  propeller,  as  shown  in  Fig.  18. 


Fig.  18  -  Cascade  schematic 
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The  flow  entering  between  any  two  blades  is  conserved,  so  that 


wo  X  s  X  Sin  (/3o-a)  =  w,  x  h  , 


(12) 


where  it  has  been  assumed  that  the  flow  between  the  plate  and  cavity  beneath  it 
is  essentially  parallel.  For  small  <rn,  then  wD  ^  wt  and 


h 


s 


%  (30-a) 


or 


h  <A“  a> 


(BAR) 


(13) 


where  it  has  been  assumed  that  /30  %  sin  /Sa,  i.e.,  that  3  <  about  30°,  as  is 
usual  over  the  most  important  part  of  the  blade.  Again,  BAR  is  the  propeller 
expanded  blade  area  ratio. 


In  order  to  simplify  the  result  further  we  may  assume  that  h/c  <  about  1.0, 
as  is  very  often  the  case.  Then,  (9)  becomes,  using  (11)  and  (13) 


(14) 


The  lift  produced  by  the  cascade  thus  reaches  a  maximum  at  an  incidence 
equal  to  one-half  of  the  section  pitch  angle,  i.e.,  when  a  =  30  2.  The  maximum 
lift  reached  is 


—  (max.  ) 
qs 


(15) 


The  maximum  lift  is  seen,  in  this  approximation  at  least,  to  be  independent  of 
the  blade  area  ratio  or  cascade  solidity. 

The  meaning  of  the  result  (14),  is  that  the  decrease  in  blade-cavity  gap 
which  accompanies  an  increase  in  entering  incidence  (a)  causes  a  loss  in  lift 
effectiveness  which  for  sufficiently  small  gaps  (corresponding  to  a  >  2)  more 

than  offsets  the  increase  in  lift  due  to  increasing  incidence  along.  This  is  the 
way  in  which  the  arched  shape  of  the  fully  supercavitating  thrust  characteristic 
curve  may  be  explained.  We  may,  in  fact,  write 


or 


L_ 

qs 


4k((max.)  x 


(16) 
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where  we  have  neglected  terms  of  the  order  ^o3,  where  >. 


is  j/7t,  and  where 


k  t( max.  ) 


(17) 


It  would  be  surprising  if  this  analysis,  in  addition  to  explaining  qualitatively 
the  observed  behaviour  cf  fully  supercavitating  propellers  could  be  used  as  well 
for  prediction,  for  many  approximations  have  been  made.  For  example,  the 
change  in  propeller  inflow  which  accompanies  changes  in  the  thrust  and  cavita- 
tional  efficiency  has  been  neglected.  Nevertheless  we  have  made  a  comparison 
between  the  experimentally  determined  fully  supercavitating  characteristic 
curve  earlier  presented  in  Fig.  4,  with  the  prediction  according  to  (16).  The 
result  is  shown  as  Fig.  19. 
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Fig.  19  -  Comparison  of  predicted  fully  supercavitating  thrust 
with  experiment  for  flat-faced  blades 


The  Advantages  of  Camber 

It  is  well  known  that  the  use  of  camber  in  supercavitating  hydrofoils  is  es¬ 
sential  for  the  optimization  of  the  lift-drag  ratio  [ 20],  and  intensive  quantitative 
studies  of  optimum  foil  design  have  been  carried  out  taking  into  account  the  foil 
strength.  (The  latter  is,  incidentally,  absolutely  crucial  to  consider  in  any  re¬ 
alistic  comparison  of  foils,  and  conclusions  reached  in  the  absence  of  structural 
considerations  are  not  likely  to  be  meaningful.) 

Further,  our  preceding  analysis  of  blade-cavity  interference  reveals  the 
additional  advantage  of  camber  in  improving  the  thrusting  performance  of  fully 
supercavitating  propellers  during  off-design  operation.  This  advantage  lies  in 
the  relatively  milder  effect  of  the  cavity  proximity  in  reducing  lift  due  to  camber 
in  comparison  to  its  effect  on  lift  due  to  incidence,  as  is  shown  by  comparison 
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of  Figs.  14  and  15.  Experience  bears  out  theory  in  this  respect,  to  the  extent 
that  larger  maximum  values  of  kt  are  attainable  with  cambered  blades  than 
without. 


The  Effects  of  Blade-Cavity  Interference  at  the  Design  Point 

It  seems  crucial  to  consider  interference  effects  in  estimating  performance 
not  only  during  off-design  operation  but  at  the  design  point  itself.  In  fact,  we 
have  found  that  lack  of  agreement,  Refs.  [  1,52] ,  between  experimental  and  pre¬ 
dicted  design  thrust  coefficients  and  efficiencies  for  supercavitating  propellers 
designed  according  to  the  method  of  Ref.  [24],  is  very  much  reduced  by  the  ap¬ 
plication  of  interference  and  blockage  corrections  to  both  thrust  and  efficiency. 
The  interference  corrections  to  the  thrust  take  into  account  the  reduced  lift  ef¬ 
fectiveness  caused  by  the  proximity  to  the  pressure  faces  of  the  cavity  from  the 
preceding  blade,  while  the  blockage  correction  takes  into  account  the  increased 
incidence  due  to  reduced  inflow  speeds.  These  two  effects  act  in  opposite  direc¬ 
tions  and  often  tend  to  cancel  each  other.  This  is,  in  our  opinion,  the  reason  why 
in  the  case  of  the  first  few  supercavitating  propellers  designed  and  tested  at  the 
Taylor  Model  Basin  such  good  results  were  obtained.  However,  these  effects  do 
not  always  negate  each  other,  as  in  the  case  of  the  three  supercavitating  propel¬ 
lers  tested  at  the  NSMB  [52],  The  agreement  with  design  kt  was  not  good. 

When  account  is  taken  of  interference  effects  in  the  prediction  of  however, 
good  agreement  is  obtained  as  is  shown  in  Fig.  20.  The  latter  is  based  on  cal¬ 
culations  carried  out  by  Mr.  R.  Barr  of  HYDRONAUTICS.  In  these  calculations 
curvature  corrections  derived  from  subcavitating  theory  were  used  and  pitch 
corrections  based  on  curvature  corrections  were  utilized,  as  we  believe  is  ap¬ 
propriate.  The  generally  good  agreement  that  we  have  obtained  leads  us  to  be¬ 
lieve  that  supercavitating  curvature  corrections  are  unlikely  to  differ  very  sig¬ 
nificantly  from  the  subcavitating  case.  The  experience  of  Johnson  [36],  in  his 
very  successful  application  of  the  subcavitating  Jones  finite- span  correction  to 
low  aspect  ratio  supercavitating  wings  further  reinforces  our  belief.  At  any 
rate  we  cannot  agree  with  Ref.  [l]  in  blaming  the  disagreement  between  conven¬ 
tional  predictions  and  experimental  values  of  thrust  on  incorrect  curvature  cor¬ 
rections.  Rather  we  believe  that  most  of  the  disagreement  lies  in  the  neglect 
of  blockage  and  blade  interference  effects. 

It  is  also  now  agreed  [l],  that  experimental  efficiencies  at  the  design  point 
consistently  fail  to  attain  the  values  predicted  by  the  conventional  design  method 
[24].  The  explanation  for  this  is  not,  in  our  opinion,  to  be  found  in  any  single 
weakness  of  the  theory,  but  rather  is  due  to  a  number  of  faults.  First  of  all, 
and  very  important,  a  reduction  of  lift  effectiveness  whether  in  incidence  or 
camber  inevitably  results  in  a  proportionate  reduction  in  lift-drag  ratio.  The 
reason  for  this  lies  simply  in  the  fact  that  following  a  reduction  of  lift  effective¬ 
ness  an  increase  in  incidence  or  camber  must  be  employed  to  maintain  approx¬ 
imately  the  same  pressure  distribution  or  lift;  and  since  the  drag  is  proportional 
to  the  product  of  the  bottom  slopes  of  the  hydrofoil  and  the  bottom  pressures, 
the  drag  itself  is  consequently  increased  in  proportion  to  the  incidence  or  cam¬ 
ber.  The  lift  effectiveness  of  two-dimensional  sections  in  isolated  flow  is  re¬ 
duced  when  these  sections  are  employed  in  a  propeller  both  on  account  of  blade- 
cavity  interference  and  finite  span  effects  (the  curvature  correction).  In  fact, 
over  the  outboard  regions  of  supercavitating  propellers  the  lift  effectiveness  and 
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Fig.  20  -  Comparison  of  predicted  and  measured  thrust  coefficients 


resultant  section  efficiencies  (l  d)  may  be  reduced  to  1/4  of  the  theoretical 
values  for  isolated  flow.  The  conventional  method  of  efficiency  prediction  does 
not  take  this  reduction  into  account.  A  second  important  reason  for  disagree¬ 
ment  between  predictions  and  results  lies  in  the  usual  assumption  that  the  backs 
of  the  blades  are  not  wetted  and  therefore  do  not  suffer  frictional  resistance.  It 
is  a  fact  [l],  that  many  super cavitating  propellers  do  not  in  fact  operate  with 
cavities  well  clear  of  the  blade  backs.  This  is  probably  partly  due  to  the  incor¬ 
rectness  of  the  basic  design  procedure  and  partly  to  the  employment  of  sections 
whose  backs  have  been  designed  empirically.  Mr.  Barr  of  HYDRONAUTICS  has 
estimated  the  design  point  efficiencies  of  supercavitating  propellers  taking  into 
account  by  theory  the  loss  of  section  L  D  due  to  reduced  lift  effectiveness  and 
assuming  that  the  frictional  resistance  of  the  backs  is  50  percent  of  that  of  the 
faces.  The  results  are  compared  with  experimental  measurement  from  various 
sources  and  are  seen  to  be  in  good  general  agreement. 
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We  have  been  using  a  design  method  taking  into  account  all  of  the  factors 
discussed  in  the  foregoing  and  have  experienced  good  results.  We  are  thus  con¬ 
vinced  that  we  have  at  least  approached  a  good  understanding  of  the  mechanism 
of  operation  of  fully  supercavitating  propellers. 


SUMMARY  AND  CONCLUSIONS 

The  present  paper  is  designed  to  serve  a  number  of  purposes.  It  contains 
a  review  of  the  historical  background  and  development  of  supercavitating  pro¬ 
pellers.  This  review  includes  a  discussion  of  the  pioneering  research  of  the 
Soviet  scientist  Posdunine  and  of  the  early  work  at  the  Taylor  Model  Basin,  as 
well  as  a  brief  survey  of  other  U.  S.  and  foreign  work  carried  out  up  to  the  pres¬ 
ent  time.  This  paper  also  discusses  in  general  terms  the  important  operating 
features  of  supercavitating  and  ventilated  propellers  and  some  aspects  of  their 
design.  Four  regimes  of  propeller  operation  are  defined:  subcavitating,  par¬ 
tially  cavitating,  supercavitating,  and  fully -supercavitating.  Further,  the  par¬ 
tially  cavitating  regime  is  shown  generally  to  be  divided  into  two  regions  wherein 
the  thrust  either  increases  or  decreases  with  increasing  rotative  speed.  A  non- 
ambiguous  definition  of  supercavitating  operation  is  given,  as  beginning  where 
the  rate  of  change  of  thrust  with  rotative  speed  is  a  minimum.  It  is  shown  how 
to  present  propeller  data  so  as  to  allow  rapid  determination  of  the  supercavitat¬ 
ing  regime  of  operation,  and  it  is  shown  with  a  specific  example  that  the  super¬ 
cavitating  regime  occupies  a  relatively  small  region  of  the  complete  propeller 
operating  map.  The  characteristic  arched  shape  of  the  fully-supercayitating 
curve  (v t  vs.  j)  is  described  and  explained  in  terms  of  blade-cavity  interfer¬ 
ence.  The  relatively  simple  shape  of  the  supercavitating  efficiency  curve  at 
moderate  and  low  advance  coefficients  is  also  described  and  rationalized. 

An  important  purpose  of  this  paper  is  to  briefly  describe  the  mechanism  of 
operation  of  supercavitating  propellers  and  especially  to  introduce  some  "new" 
hydrodynamic  phenomena  which  are  associated  with  their  behaviour.  By  the 
latter  I  refer  particularly  to  blade-cavity  interference  and  cavity  blockage. 

Taken  together,  these  effects  cause  the  flow  about  supercavitating  propellers  to 
be  fundamentally  quite  different  than  the  flow  about  subcavitating  propellers. 
Cavity  blockage  even  causes  the  inflow  to  a  supercavitating  propeller  to  be  re¬ 
tarded,  and  may  thus  result  in  negative  thrust  deductions  and  ideal  efficiencies 
exceeding  unity.  Blade-cavity  interference  drastically  effects  the  lift  effective¬ 
ness  and  profile  efficiency  of  supercavitating  blade  elements.  It  is  directly  re¬ 
sponsible  for  the  arched  shape  of  the  iully-supercavitating  characteristic  curve 
(kt  vs.  j)  and  thus  for  the  poor  thrusting  ability  of  supercavitating  propellers 
at  very  high  rotative  speed.  Supercavitating  cascades  and  choking  are  also  dis¬ 
cussed  herein  in  connection  with  blade-cavity  interference.  Quantitative  results 
pertaining  to  both  cavity  blockage  and  blade-cavity  interference  are  given.  The 
latter  lend  further  importance  to  the  use  of  camber,  not  only  to  optimize  design 
efficiencies  but  also  to  improve  off-design  performance.  Finally  it  is  stated 
that  performance  predictions  which  take  into  account  the  "new"  phenomena  dis¬ 
cussed  herein  are  in  good  general  agreement  with  experimental  results,  and 
some  specific  results  of  calculations  are  given.  We  conclude,  therefore,  that 
we  have  at  least  approached  a  good  understanding  of  the  mechanism  of  operation 
of  fully-supercavitating  propellers.  At  the  same  time  it  must  be  admitted  that 
present  theory  is  entirely  inadequate  to  calculate  many  details  of  the  flow  about 
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super cavitating  propellers,  and  that  a  great  deal  of  work  therefore  remains  to 
be  done. 
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TUNNEL  TESTS  ON  SUPERCAVITATING 
PROPELLERS 


C.  B.  van  de  Voorde  and  J.  Esveldt 
Setherlands  Ship  Model  Basin 
Wagenmgen,  Setherlands 


SUMMARY 

This  paper  presents  the  results  of  tests  on  several  supereavitating  propel¬ 
ler  models  (c  =  42  cm)  with  different  profiles.  The  tests  were  carried  out  in 
the  NSMB  90  x  90  cm  cavitation  tunnel  with  homogeneous  flow.  The  propellers 
were  designed  mainly  according  to  the  method  as  outlined  by  Tachmindji.  The 
results  show'  a  considerable  shortage  in  effective  pitch  and  efficiency.  The  ef¬ 
fect  of  the  tunnel  walls  on  the  measured  propeller  characteristics  was  examined 
by  testing  three  geometrically  similar  models  with  diameters  of  30,  36  and  42 
cm  respectively. 

Based  on  the  very  small  differences  in  results  it  can  be  concluded  that  no 
significant  tunnel  wall  interference  occurs. 


1.  INTRODUCTION 

In  recent  years  there  has  been  increased  interest  in  supereavitating  pro¬ 
pellers  for  use  on  high-speed  ships.  "Supereavitating"  indicates  such  a  flow- 
configuration,  that  the  suction  side  of  the  blade  sections  is  completely  enclosed 
within  a  cavity,  which  originates  at  the  sharp  leading  edge  of  the  blade  and  ex¬ 
tends  beyond  the  trailing  edge. 

Both  Tulin  [1  and  Johnson  2  have  theoretically  analysed  the  characteris¬ 
tics  of  low  drag  supereavitating  sections.  Morgan  [3  has  shown  that  the  opti¬ 
mum  lift  coefficient  (for  minimum  drag-lift  ratio)  for  the  Tulin  S.C.  section 
with  the  prescribed  limits  for  angle  of  attack  is  0.16.  Moreover  he  shows  that 
the  Johnson  five-term  section  has  theoretically  the  least  drag  for  a  given  lift. 
Tachmindji  and  Morgan  r4j  have  developed  the  procedure  for  the  design  of  S.C. 
propellers. 
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The  purpose  of  the  research  carried  out  by  the  N.S.M.B.  was  to  establish 
experimentally  the  properties  of  the  various  sections,  i.e.,  Tulin's  two- term 
and  Johnson's  three-  and  five-terms  sections,  by  investigating  propeller  models, 
which  were  designed  for  each  type  of  section  according  to  Ref.  [4].  The  results 
of  these  tests  showed,  that  none  of  the  propeller  models  meets  the  design  re¬ 
quirements,  but  that  each  has  a  considerable  shortage  in  effective  pitch  and 
efficiency. 

The  design  of  the  propellers  and  the  results  of  the  tests  carried  out  in  the 
N.S.M.B.  cavitation  tunnel  with  homogeneous  flow,  will  be  discussed  in  this 
paper.  Appendix  A  deals  with  the  investigation  into  the  effect  of  the  tunnel  walls 
on  the  test  results.  Due  to  the  large  cavities  behind  a  S.C.  propeller  model  the 
wall  effect  might  be  considerably  larger  than  for  a  conventional  propeller  model. 
In  order  to  examine  whether  this  is  true,  three  geometrically  similar  propeller 
models,  having  diameters  of  30,00  cm,  36,00  cm  and  42,14  cm  respectively  were 
tested.  Appendix  B  deals  with  a  mathematical  analysis  of  some  tunnel  test 
results. 


2.  PROPELLER  MODELS 

The  following  models  were  tested: 

No.  2873  -  with  Tulin  sections.  In  order  to  investigate  the  effect  of  the 
Ludwieg-Ginzel  camber  correction  factor,  this  correction  was  omitted  here  for 
comparison  purposes  with  propeller  model  No.  3010  (with  camber  correction 
factor).  The  design  angle  of  attack  -  *  2C  for  0.0548  <  <  0.2,  i.e.,  for  the 

sections  outward  of  0.4  R  and  a  «  10  Cj  for  Cj  >  0.2,  i.e.,  for  the  inner  sections, 
as  recommended  in  Ref.  [4]. 

No.  2900  -  with  Johnson  three-term  sections.  ;  =  2’  constant  for  each 
radius. 

No.  2901  -  with  Johnson  three-term  sections,  a  =  3.5 ;  constant  for  each 
radius. 

No.  2948  -  with  Johnson  five-term  sections.  =  3.5:  constant  for  each 
radius. 

No.  3010  -  with  Tulin  sections.  For  the  sections  outward  of  0.7  R  i  =  2  and 
for  the  inner  sections  a  gradually  increases  from  -  =  2;  at  x  =  0.7  to  =4  at 
the  hub  (x  =  0.25). 

The  mentioned  models  were  manufactured  in  propeller  bronze  and  have  a  diam¬ 
eter  of  42.14  cm  (scale  1  :  1.922).  The  principal  full  scale  dimensions  are 
given  in  Table  1;  further  details  on  the  propeller  drawings,  Figs.  1  through  4. 


3.  DESIGN  DATA 

The  propellers  were  designed  for  a  triple  screw  high  speed  motor  boat, 
complete  test  results  of  which  were  available. 
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Table  1 


Propeller  No. 

2873 

2900 

2901 

2948 

3010 

Diameter 

810  mm 

810  mm 

810  mm 

810  mm 

810  mm 

Number  of  blades 

3 

3 

3 

3 

3 

Pitch  at  root 

774  mm 

734  mm 

780  mm 

757  mm 

799  mm 

Pitch  at  tip 

818  mm 

779  mm 

863  mm 

851  mm 

828  mm 

Pitch  at  0.7  R 

794  mm 

759  mm 

822  mm 

807  mm 

809  mm 

P/D  at  0.7  r 

0.980 

0.937 

1.014 

0.996 

0.999 

Blade  area  ratio 

0.388 

0.388 

0.388 

0.388 

0.414 

Hub- diameter  ratio 

0.25 

0.25 

0.25 

0.25 

0.25 

=  =<C=E^L£=  2372.  290C.  7K',  Til- 
K15 


Fig.  i  -  General  arrangement  o:  propellers 


The  design  data  are: 

2800  DHP  (metric)  per  shaft 

Speed  of  advance,  41  knots  (assuming  zero  wake) 

C  =  0.828  n  _  =  2360  rpm  giving  J  =  0.66 

c’  =  0.534  °'-:0  =  0.5 

Kt  =  0.0914  -  =  0.040 

Kq  =  0.0149 
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PROPELLER  2373 


Fig.  2  -  Blade  sections  o:  the  propellers 
with  Tulin  orofiles 
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PROPELLER  2900 


van  de  Voorde  and  Esveldt 


PROPELLER  2943 


1  on 

1-016 

0-996 

a  976 

0.961 

0  946 


Fig.  4  -  Blade  sections  of  the  propellers  with 
Johnson  5-term  profiles 


The  efficiency  for  operation  at  zero  cavitation  number  *P  =  0.665  is 
based  on  Fig.  6  of  Ref.  [4].  From  Fig.  14  of  the  same  reference  a  drop  in  effi¬ 
ciency  of  3^  was  estimated  for  the  difference  between  the  actual  cavitation  num¬ 
ber  rQ  =  0.5  and  ro  =  0,  resulting  in  -n  =  0.646. 

2 

Plotting  the  design  point  J  =  0.66  and  100  H  =  2.26  (notation  according 
to  Ref.  [4])  in  Fig.  1  of  Ref.  [4]  shows  that  this  point  lies  in  the  marginal  region 
for  practical  application  of  supercavitating  propellers. 


4.  PROPELLER  DESIGN 

4.1  Calculation  of  the  Lift  Distribution 

For  all  propellers,  except  No.  3010,  the  non-viscous  thrust  coefficient  has 
been  calculated  to  be  CT  =  0.559  (Cr  =  0.534).  With  -?.  =  0.838  according  to 
Kramer's  diagram  the  lilt  distribution  has  been  established,  making  use  of  the 
Goldstein  reduction  factors.  With  cj  =  0.16  at  0.7  R  and  the  recommended 
radial  distribution  of  c  c0  -  [4],  the  lift  coefficient  c;  at  each  radius  was 
known. 

Owing  to  the  poor  results  of  the  propellers,  it  was  decided  at  the  time  of 
designing  propeller  No.  3010,  to  abandon  the  original  purpose  of  comparing  only 
the  influence  of  the  camber  correction,  but  to  make  a  completely  new  design  in 
order  to  meet  the  design  requirements  as  close  as  possible.  For  this  purpose 
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the  following  alterations  were  introduced  in  the  design  of  propeller  3010,  as 
compared  with  that  of  propeller  2873  (both  propellers  with  Tulin  profiles): 

a.  a  camber  correction, 

b.  an  artificially  increased  non-viscous  thrust  coefficient  CT  =  0.574  (with 

=  0.823), 

c.  the  Tachmindji  reduction  factors, 

d.  a  radial  distribution  of  the  design  angle  of  attack  n,  as  mentioned  in 
item  3,  in  order  to  obtain  a  supereavitating  sheet  emanating  from  the 
leading  edge  all  over  the  blade. 


4.2  Calculation  of  the  31ade  Sections 
4.2.1  Face  ordinates 

For  the  Tulin-profiles  (propellers  2873  and  3010): 

^  '  t[t  '  f  £)”"•£) ’] 

with  respect  to  the  reference  line 

yfacg'c  r  h  ll  -  1  '*!'  3  2  -  4  '*1  2  .2 

c  2  [_  c  3  c  /  4  c  _ 

with  respect  to  the  chord  (  is  small) 

i  8 

-  ~5~  C  l0 

"-  face’  r  for  *'  =  c  A1 
"i  c  "6 


Fie.  5  -  Sketch  for  definint  the  face  ordinates 


v,  . c  c  has  its  maximum  for  x'  c  =  0.5317.  From  this  can  be  calculated 

-  race 

(^L. =  °’306c  A> 
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or 


or 


Now 


Hence 


=  0.3060  jz 


114.6 


/y  f  ace ■ C\ 

c  /sal. 


0. 1553  c  £  -  0.00426  a  . 


y  face*  C 
c 


[y  face' 
\  ~ 


— L_  i  ,  jl! 

0.612  u3  c 


(A) 


(B) 


The  values  of  this  ratio  for  various  x'  are  given  in  Table  1  of  Ref.  [4]. 

With  the  aid  of  Eqs.  (A)  and  (B)  and  with  the  known  values  of  ,  i  and  c 
the  distribution  of  yface.c  at  each  radius  has  been  calculated. 

For  the  three-term  Johnson  profiles  (propellers  2900  and  2901): 


'  face* 


■  ^  Mt)  -  »  (t) 


3  2  /  ")  ,  ?  -> 

X  -  X  3  - 

-  80  T  -  64  - 


3-  C ;  114  6 


face 


r  for  x  '  =  c 


10 


>  fa 


A 

To 


i  4  JL  -  20  - 

0  c 


-  50  — 

\  c 


64 


For  the  fiv 

-  face-  r 


e-term  Johnson  profiles  (propeller 
L210  (T  -  2240  T  3  2  -  12600 

-  35S40 


2948): 


(*'  3 

c  / 


30912 

15360  — 


A  l 


6_  - 
5-  \C-  114.  6  ") 
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.  -Vfac jLLrf°r  x'  =  c 


138  . 
315  Al 


yface-c 


315 


12  fc)  -  2240  (^)  -  12600  (^)  -  30912  (^)  * ' 

*  35840  (-^)  3  -  15360  (^)  ? 


The  distribution  of  yface,c  has  been  determined  at  each  radius  with  the  aid  of 
the  calculated  value  of  for  the  known  values  of  c?,  -x  and  c.  The  face  ordi¬ 
nates  v/ere  corrected  for  the  effect  of  flow  curvature  (except  those  of  propeller 
2873)  with  the  known  Ludwieg-Ginzel  correction  factors 


Vf. 


.  c  \ 


^  co rrecte 


klk2 


4.2.2  Thickness  distribution 

For  the  Tulin-profiles  (propellers  2873  and  3010).  The  chordwise  distribu¬ 
tion  of  the  thickness  (t)  at  each  section  was  calculated  by  t  c  -  F'c,"  -  S'  .  F' 
and  N'  are  given  in  Table  1  of  Ref.  [4]. 

For  the  Johnson-profiles  (propellers  2900,  2901  and  2948)  the  blade  thick¬ 
nesses  were  found  by  calculating  the  cavity  boundary  for  ~local  =  0.  The  cavity 
boundary  is  given  by 


F  c  a  v  *  r 


yc»v~  r 

c 


c,’ 


(with  respect  to  the  reference  line),  where 


..  r' 


-  Vt  >T  -  Vt  -  r-  1  -2  -  2  w  -  Vt 


and 


c  a.r.be  r 


C 


For  Johnson  three-term  sections 


2 

3~  ; 


a 


3_ 

4  ' 
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For  Johnson  five-term  sections 


k 


a 


_5_ 

5 


For  Tulin  sections 


The  thickness  according  to 

t  _  y  c  a  v  1  r  y  f  ace’  r 
C  ”  C  C 


leads  to  extreme  thin  sections  near  the  nose  for  propeller  2900  with  a  *  2'. 
Therefore  the  thicknesses  near  the  nose  of  this  propeller  were  taken  the  same 
as  those  of  propeller  2901  with  a  =  3.5'.  (These  thicknesses  are  about  equal  to 
those  of  propeller  2873.) 

The  trailing  edge  thickness  of  all  three  propellers  has  been  taken  equal  to 
that  of  propeller  2873. 


4.3  Calculation  of  the  Pitch 


The  effect  of  finite  cavitation  number  is  combined  with  both  the  ideal  and 
the  design  angle  of  attack  into  one  additional  angle  of  attack  ij,  which  is  given  b 

For  the  Tulin  sections  (propellers  2873  and  3010): 


57.  3  K_ 


114.  6 


57. 3 


K_‘ 


0.0849  c.- 


0.01512  ~  v  . 


For  the  Johnson  three-term  sections  (propellers  2900  and  2901): 

'  1  4  f 

i ,  =  3 ;  ,  3  K  <  -  -  -r  *  —  c :  -  -  -  v 

1  r  57.3  10  3“  1  114.5 


57.3  K.  <  -  0.0424  c -  0.01562  -  ) 


For  the  Johnson  five-term  sections  (propeller  2948'): 

135  6  • 

- !  -  3  .3  K.<  — —  -  — —  <  —  c ;  -  - 

1  si .3  31s  1  114.6 


=  5T.  3  K_  <-  0.  1673  ct-  -  0.02204  a 
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Kt  has  been  taken  from  Fig.  4  of  Ref.  [4]  for  ~0  7  =  0.0414.  The  correction 
in  pitch  angle  a,  for  lifting  surface  effects,  calculated  according  to  the  formulas 
given  in  Ref.  [4],  amounts  to  z2  =  2.035°.  The  pitch  correction  is  then  defined  by 

+  TP,  D  tgC,:-;  +  1  T  "-2)0.  7 

P/D  tgf/Tj  +  a.) 

1  1  0  .  7 

The  same  percentage  is  applied  to  the  other  radii,  hence  the  final  pitch  is  given 
as 


P  D  =  -x  (!  +  — J  . 


5.  TESTS  CARRIED  OUT  AND  THEIR  RESULTS 

The  propeller  models  were  tested  and  observed  over  a  certain  range  of  J 
and  at  various  <r0  viz.  4.0;  1.5;  0.9;  0.6  and  0.5.  The  speed  of  the  water  and 
the  pressure  in  the  tunnel  were  kept  constant  for  each  r  . 

The  curves  of  KT,  KQ  and  rp  as  a  function  of  J  for  the  various  ~0  are 
presented  in  Figs.  6  through  20.  The  cavitation  phenomena  for  the  various  ~0 
and  the  design  J-value  of  0.66  are  given  in  the  sketches  (Figs.  21  through  25). 
The  sketches  on  Fig.  26  show  the  cavitation  phenomena  on  the  propellers  at  full 
power  absorption  (2800  DHP). 


6.  DISCUSSION  ON  THE  RESULTS 

The  curves  show  that  none  of  the  propellers  meets  the  design  requirements 
Kt  =  0.0914;  Kq  =  0.0149  and  -p  =  0.646  at  J  =  0.66  and  ro  =  6.5. 

A  performance  prediction  has  been  made  for  each  propeller  behind  the 
triple  screw  motor  boat  concerned. 

Starting  from  the  known  thrust-speed  relationship  of  the  motor  boat  and  the 
measured  KT,  Kg  -  J  relations,  the  required  shaft  horse  power  and  the  corre¬ 
sponding  number  of  revolutions  were  determined  for  various  ship  speeds,  which 
correspond  to  the  cavitation  numbers  as  tested  viz.  rQ  =  4.0;  1.5;  0.9:  0.6  and 
0.5.  In  Fig.  27  these  values  of  DHP  and  r.p.m.  are  plotted  on  basis  of  ship 
speed. 

The  performances  at  the  design  power  of  2800  DHP  and  the  shortages  in 
effective  pitch  and  efficiency,  expressed  as  percentages  of  design  r.p.m.  and 
design  -  are  listed  in  Table  2. 

The  shortage  in  effective  pitch  of  the  propellers  2900  and  3010  is  consid¬ 
erably  smaller  than  that  of  the  other  propellers. 

The  cavitation  sketches  show  that  at  J  =  0.66; 
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Table  2 


Propeller 

No. 

Speed  in 
Knots  at 
2800  DHP 

R.P.M. 

CTo 

J 

% 

R.P.M. 
Percent¬ 
age  too 
High 

Percent¬ 
age  too 
Low 

2873 

39.2 

2515 

0.545 

0.595 

6.5 

13.3 

2900 

40.3 

2455 

0.535 

0.624 

4.0 

6.0 

2901 

39.0 

2540 

0.552 

0.588 

0.558 

7.6 

13.6 

2948 

38.2 

2640 

0.575 

0.551 

0.530 

11.9 

17.0 

3010 

39.0 

2430 

0.552 

0.611 

0.558 

3.0 

13.6 

Design 

41.0 

2360 

0.500 

0.660 

0.646 

- 

- 

a.  Propeller  2900  with  Johnson  profiles  a  =  2°  produces  no  supercavitating 
sheet  emanating  from  the  leading  edge  of  the  blades. 

b.  Propellers  2901  and  2948  with  Johnson  profiles  a  =  3.5°  are  fully  super¬ 
cavitating  at  cro  <  0.7. 

c.  Propeller  2873  with  Tulin  profiles  produces  no  supercavitating  sheet 
emanating  from  the  leading  edge  of  the  blades  at  the  inner  radii  with 
a  =  10  cf.  (For  this  reason  a  was  increased  at  the  inner  radii  in  the 
design  of  propeller  3010.) 

d.  Propeller  3010  produces  no  supercavitating  sheet.  (It  has  been  observed 
that  at  a  lower  j-value  J  =  0.60  and  =  0.5,  a  sheet  is  generated  at  all 
radii. 


7.  CONCLUSIONS 

The  poor  supercavitation  properties  of  propeller  2900  are  apparently  due 
to  a  too  small  design  angle  of  attack  a. 

That  the  propellers  2873  and  3010  are  not  supercavitating,  is  likely  to  be 
caused  by  too  thick  sections  near  the  nose.  These  propellers  have  Tulin  pro¬ 
files,  with  thicknesses  based  on  the  formula  t  c  =  F'cp  -  N'a,  making  use' of  the 
values  for  F’  and  N'  as  given  in  Ref.  [4],  These  values  result  in  sections, 
which  are  considerably  thicker  than  the  theoretical  cavity  shape  for  ~Iocal  =  0. 

With  another  propeller  model  with  Tulin  profiles,  designed  for  a  high  speed 
craft  exactly  according  to  Ref.  [4],  the  same  discrepancies  were  found  as  for 
the  propellers  2873  and  3010  viz.  a  too  small  effective  pitch,  a  too  low  efficiency 
and  no  supercavitating  sheet  emanating  from  the  leading  edge. 

This  propeller  model  was  modified  by  removing  material  from  the  back,  so 
that  this  was  just  within  the  calculated  cavity  boundary  for  crx  =  0.  The  modified 
model  showed  good  supercavitation  properties  and  a  considerable  increase  in 
efficiency  as  well  as  in  effective  pitch. 
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A  similar  modification  will  be  applied  to  propeller  model  3010. 

Propellers  2901  and  2948  show  good  supercavitation  properties.  Never¬ 
theless  these  two  propellers  have  the  largest  shortage  in  effective  pitch  and 
efficiency;  propeller  2948  still  more  than  2901. 

These  discrepancies  might  be  due  to  imperfections  in  the  design  method. 

It  appeared  that  for  the  lowest  oa -value  of  0.5  the  difference  in  head  of 
water  at  0.7  r  in  the  vertical  upper  and  lower  position  amounts  to  about  23-1/2% 
of  the  pressure  in  the  tunnel  at  the  shaft  centre  line  (for  a  42  cm  <t>  propeller 
and  Va  =  7  m/sec.  So  the  variation  in  the  cavitation  number  along  the  circum¬ 
ference  of  the  circle  with  a  radius  of  0.7  R  amounts  to  about  -12%  for  the  upper 
to  +12%  for  the  lower  position.  The  higher  the  speed  of  advance  at  which  the 
propellers  are  tested  in  the  tunnel,  the  lower  this  variation  will  be.  (If  this 
speed  could  be  increased  so  that  the  law  of  Froude  is  fulfilled,  the  variations  in 
the  tunnel  will  be  equal  to  those  in  full  scale  conditions.) 

In  how  far  the  described  variations  are  responsible  for  the  discrepancies 
between  the  design  requirements  and  the  tunnel  test  results,  cannot  yet  be 
overlooked.  As  for  example,  that 

a.  the  actual  contributions  of  the  camber  and  of  the  design  angle  of  attack 
to  the  lift  may  be  lower  than  the  theoretical  values; 

b.  the  application  of  the  normal  Ludwieg-Ginzel  correction  factors  may  be 
incorrect  in  the  case  of  supercavitating  propellers,  for  which  the  cavity 
has  probably  to  be  considered  as  a  part  of  the  profile  sections; 

c.  the  application  of  the  correction  for  finite  cavitation  number  may  be 
erratic,  as  the  same  correction  factor  Kt  is  used  for  each  section, 
whereas  the  sectional  cavitation  number  varies. 


REMARK 

During  the  tests  on  the  propellers  a  considerable  difference  in  cavity  length 
behind  the  trailing  edge  of  a  blade  in  the  vertical  upper  and  lower  position  was 
observed,  especially  at  low  values  of  c-Q  (low  pressure-levels  in  the  tunnel;  ~0 
based  on  the  pressure  in  the  tunnel  at  shaft  centre).  See  Fig.  28. 


Appendix  A 

INVESTIGATION  INTO  THE  EFFECT  OF  TUNNEL  WALLS 
ON  THE  MEASURED  PROPELLER  CHARACTERISTICS 


During  the  tests  previously  discussed  it  was  observed  that  immediately 
behind  the  propeller  model  the  cavitation  area  expanded  radially,  whereas 
behind  a  normal  propeller  a  contraction  of  the  flow  occurs  (see  Figs.  28  and  29). 
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Fig.  28  -  Silhouette  of 
a  S.C.  propeller  model 
in  the  cavitation  tunnel 


Fig.  29  -  Silhouette  of  a 
conventional  propeller 
model  in  the  cavitation 
tunnel 


This  phenomenon  raised  the  idea,  that  supercavitating  propeller  models 
might  suffer  more  from  tunnel  wall  interference  than  normal  propeller  models. 

In  order  to  investigate  whether  this  idea  is  true,  tests  were  carried  out  on 
two  new  propeller  models,  geometrically  similar  to  propeller  model  2901.  The 
diameters  of  these  new  models  are  30  and  36  cm,  whereas  the  original  model 
2901  has  a  diameter  of  about  42  cm.  The  results  of  the  tests  are  given  in  Fig. 
30.  This  figure  shows  the  relative  unimportant  role  of  tunnel  wall  interference 
at  j  =  0.66,  if  there  is  any. 

It  seems  at  least  reasonable  to  state  that  the  discrepancies  between  the 
design  requirements  and  the  actual  test  results  can  not  be  attributed  to  tunnel 
wall  influence. 


Appendix  B 

ANALYSIS  OF  SOME  TUNNEL  TEST  RESULTS 


The  theoretical  values  for  the  contributions  of  the  camber  and  the  design 
angle  of  attack  to  the  lift  have  been  used  for  the  design  of  the  propellers.  It  has 
been  tried  to  calculate  these  values,  based  on  the  results  of  the  tunnel  measure¬ 
ments,  and  the  assumption  that  all  other  quantities  are  introduced  correctly. 

The  following  equations  are  valid: 


CT  =  8 


x 

/ 


tg2/3 


( tg  I3i  -  tg  ( 1  +  tg  /3  tg  /3;)  tg  /3j 
(1+  tg2/3;)2 


dx 


(i) 
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The  contributions  of  the  camber  and  of  the  angle  of  attack  to  the  lift  have 
been  introduced  as  unknowns  by  respectively  the  factors  p  and  q. 

Contrary  to  the  method  of  correction  for  finite  cavitation  number  as  de¬ 
scribed  in  Ref.  [4],  and  as  used  for  the  design,  this  correction  is  taken  into 
account  as  follows: 

C(  =  Cf  (1  +  CT  )  , 

cr  a  =  0 

where  ci  =  pA,  +  qa. 

a-0 

The  following  quantities  in  the  Eqs.  (1)  through  (5)  are  known: 

CT  ,  J ,crQ  the  equations  refer  to  the  measured  value  of  KT  at  a  cer¬ 
tain  J  and  cro;  hence  CT  =  KT  (8/ttJ2)  is  known  and  CT  can 
be  estimated,  1 

the  Tachminaji  reduction  factor  for  an  estimated  value  of 


from  tg  3  =  J  '77 x, 

and  (P  D) x  from  the  propeller  geometry, 

the  correction  for  lifting  surface  effect;  for  this  correction 
the  value  used  in  the  design  has  been  taken, 

for  the  Tulin  profiles, 

M  1 

a.  =  -  —  for  the  three-term  Johnson's  profiles. 

Substitution  of  a  =  (known  quantity)  -  3-t  from  Eqs.  (4)  and  (5)  into  Eq.  (3) 
yields  with  Eqs.  (1)  and  (2)  three  equations  with  four  unknowns,  viz,  p,  q, 
and  c  p . 

By  taking  into  consideration  another  measuring  point  six  equations  are  ob¬ 
tained  with  six  unknowns,  viz,  p,  q,  J;  i ,  J;  ,  cp  and  cf  (indices  1  and  2  refer 
to  the  two  measuring  points). 

In  this  way  p  and  q  have  been  solved  for  the  three-term  Johnson  profile 
by  considering  the  following  two  measuring  points  for  propeller  2901: 

ro  =  0.5  and  cto=  0.5  and 

J  =  0.64  J=  0.70 

Kt=  0.0690  Kt=  0.0660 

From  this  follows  CT  =  0.452  From  this  follows  cT  =  0.358 

*  i  i 

The  results  are:  P  =  3.253 

q  =  0.008. 

313 


van  de  Voorde  and  Esveldt 


The  theoretical  values  are 


p 


3  T7 

4 


2.355 


and 


q 


TT  1 

T*  57.3 


0.028  . 


The  same  procedure  has  been  followed  for  the  Tulin  profiles  of  propeller 
3010.  The  measuring  points  were: 


cto  =  0.5  and 
J  =  0.61 
Kt  =  0.078 
CT  =  0.559 

The  results  are:  p  =  1.740 

q  =  0.0148, 


and 


cro  -  0.5  and 
J  =  0.56 
Kt  =  0.084 
CT  =  0.714 

i 


whereas  the  theoretical  values  are 


p 


5~r 
8  ~ 


1.962 


and 


q 


i  l 
~2  57.3 


0.028  . 


Finally  the  calculations  were  carried  out  for  the  Tulin  profiles  by  consid¬ 
ering  one  test  point  of  propeller  model  2873  and  a  second  one  of  propeller  model 
3010. 


The  results  are: 


Propeller  2873 

c7q  =  0.5  and 
J  =  0.60 
Kt  =  0.074 
CT  =  0.546 

i 

P  =  -0.954 
q  =  0.050. 


Propeller  3010 

ro  =  0.5  and 
J  =  0.56 
Kt  =  0.084 
CT  =  0.714 


It  is  concluded  that  the  results  are  far  away  from  being  consistent,  notwith¬ 
standing  the  fact  that  only  test  points  have  been  considered  at  which  the  propel¬ 
ler  model  was  completely  supercavitating. 

Calculations  were  also  carried  out  for  two  test  points  (of  propeller  model 
2901)  with  the  same  J  but  different  .  This  results  into  a  negative  value  for  q. 
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The  general  conclusion  is  that  there  must  be  other  factors  than  a  possible 
deviation  of  p  and  q  from  the  theoretical  values,  which  have  played  an  impor¬ 
tant  role  in  the  causes  that  the  propellers  did  not  meet  their  design  require¬ 
ments. 

NOTATION 

Propeller  Characteristics 

D  propeller  diameter 

R  max.  propeller  radius  =  D/2 

r  radius  of  any  propeller  blade  section 
x  non-dimensional  radius  (r/R) 

P  pitch 

p  density  of  fluid 

n  number  of  revolutions  per  unit  time 

va  speed  of  advance 

J  speed  coefficient  (va  nD) 

PHP  delivered  horse  power 

T  propeller  thrust 

Q  propeller  torque 

Kt  thrust  coefficient  (T/pn2D4) 

Kg  torque  coefficient  (Qcr^D5) 

CT  thrust  coefficient  (t  -ipVa2-D2) 

Cp  power  coefficient  (2~Qa  ^ -Va3  -  D2) 

CT  non-viscous  thrust  coefficient 

7j  propeller  efficiency 

v  ideal  propeller  efficiency 

p  i 

cr  cavitation  number  relative  to  shaft  center  line 

O 

z  number  of  blades 
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lection  Characteristics 

c  blade  section  chord  (nose-tail  line  of  section  face) 
x'  fractional  distance  along  chord  measured  from  leading  edge 
yface,r  face  ordinate  with  respect  to  reference  line 
yface,c  face  ordinate  with  respect  to  chord 
ycav,r  cavity  ordinate  with  respect  to  reference  line 
t  section  thickness 

F*  coefficient  for  determining  section  thickness 

N'  coefficient  for  determining  section  thickness 

cf  section  lift  coefficient 

eg  section  lift  coefficient  due  to  camber  (cp  at  a  =  0) 


o 

Aj  coefficient  for  determining  the  face  ordinates 

a  design  angle  of  attack  with  respect  to  the  reference  line 

a;  ideal  angle  of  attack  =  the  angle  of  the  flow  in  the  direction  of 
the  reference  line  with  respect  to  the  chord 

a j  geometrical  angle  of  attack  corrected  for  finite  cavitation  number 

2  additionai  angle  of  attack  due  to  lifting  surface  effect 

kj  k2  camber  correction  factors 

K_  correction  factor  for  finite  cavitation  number 

cavitation  number  based  on  inflow  velocity  at  the  section  x 

-  Tachmindji  reduction  facto* 

ad\ance  angle 

i  advance  angle  taking  into  account  the  induced  velocities 

;  advance  coefficient  taking  into  account  the  induced  velocities,  at 

X  =  0.7,  i0  7  =  0.7  tgf- 

P  factor  determining  the  contribution  of  the  camber  to  the  lift 

P  =  ?cf  -Aj 
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q  factor  determining  the  contribution  of  the  design  angle  of  attack 
to  the  lift  q  =  do  p/da  per  degree 
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VENTILATED  PROPELLERS 


J.  W.  Hoyt 

U.  S.  Naval  Ordnance  Test  Station 
Pasadena,  California 


Midway  between  the  best  operating  points  of  conventional  propellers  for  low 
speed  ship  propulsion  and  supercavitating  propellers  for  very  high  speed  there 
exists  a  region  where  the  application  of  mixed  gas-water  flows  to  propeller  de¬ 
sign  seems  to  be  most  appropriate. 

Two  major  design  techniques  have  been  suggested.  If  a  gas  is  admitted  into 
the  vapor  cavity  of  a  supercavitating  propeller,  the  propeller  is  said  to  be  ven¬ 
tilated,  and  early  experiments  [  1 ,2]  have  indicated  the  feasibility  of  doing  this 
in  practice.  The  effective  cavitation  number  of  the  propeller  is  reduced,  thus 
allowing  the  "supercavitating"  type  of  operation  to  extend  over  a  somewhat  lower 
speed  range.  It  seems  possible  that  radiated  noise  may  be  reduced,  together 
with  cavitation  erosion  caused  by  portions  of  the  cavity  collapsing  on  the  blade 
surface. 

Another  approach  is  to  design  the  propeller  specifically  for  operation  with 
gas  flow,  using  recently  developed  base-vented  blade  sections  which  have  good 
cavitation  resistance  and  low  drag  when  ventilated.  These  sections  offer  the 
possibility  of  achieving  high  propeller  efficiency  in  the  intermediate  range  be¬ 
tween  conventional  and  supercavitating  propellers. 

This  paper  will  present  some  results  from  experiments  with  both  a  venti¬ 
lated  supercavitating  propeller,  and  a  base-vented  propeller  designed  for  high 
efficiency.  Both  propellers  were  designed  to  operate  in  the  wake  of  a  body  of 
revolution  15  inches  in  diameter  and  about  120  inches  long.  The  experiments 
were  conducted  on  the  underwater  cableway  of  the  Naval  Ordnance  Test  Station, 
and  in  the  Garfield  Thomas  Water  Tunnel  of  the  Ordnance  Research  Laboratory. 


VENTILATED  SUPERCAVITATING  PROPELLER 

This  propeller  was  designed  by  the  David  Taylor  Model  Basin  to  operate  in 
the  wake  of  an  existing  cableway  test  dynamometer.  The  design  conditions  of 
the  propeller  were  65  knots  forward  speed,  7500  rpm,  and  a  thrust  of  1341 
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pounds  at  a  propeller  efficiency  of  70%.  The  propeller  diameter  is  11  inches, 
thus  giving  a  design  advance  ratio,  j  -  v  nD,  of  0.96,  where 

V  =  forward  velocity,  ft/sec 

n  =  rotative  speed,  rev/sec 

D  =  propeller  diameter,  ft. 

Two  views  of  the  propeller  are  given  in  Fig.  1.  The  blade  sections  are  of 
the  Tulin  type,  modified  by  the  addition  of  two  drilled  holes  for  ventilation  gas 
on  the  upper  surface  of  each  blade.  One  hole  can  be  seen  near  the  blade  root; 
the  other  terminates  in  a  slot  extending  over  the  outer  region  of  the  blade.  All 
ventilation  holes  communicate  to  the  hub  of  the  propeller. 


Fig.  1  -  Two  views  of  the  ventilated, 
supercavitating  propeller 
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A  sketch  of  the  cableway  dynamometer  is  shown  in  Fig.  2.  A  turbine  oper¬ 
ating  on  decomposed  hydrogen  peroxide  drives  the  propeller;  the  gaseous  exhaust 
products  from  the  turbine  then  pass  down  the  propeller  shaft  and  into  the  pro¬ 
peller.  A  metering  arrangement  in  the  hub  allows  various  flow  rates  to  be  ad¬ 
mitted  into  the  propeller;  the  remainder  is  discharged  axially  from  the  propeller 
hub. 


0SC/U06MM  POWfJf  PUNT  CONTROLS  N/TNOftN  TAM  ITS 


PMOPSUCM 


Fig.  2  -  Sicetch  of  the  cableway  dynamometer 


The  Underwater  Cableway  facility  is  located  at  Morris  Dam,  near  Azusa, 
California.  It  consists  of  a  pair  of  steel  cables  stretched  under  the  surface  of  a 
lake  to  form  a  path  about  1000  yards  long,  and  about  60  feet  deep  at  the  maxi¬ 
mum  point.  The  artist's  sketch  (Fig.  3)  gives  the  general  idea.  Internal  instru¬ 
mentation  in  the  dynamometer  gives  temperature,  pressure,  and  forward  speed 
information;  hydrophones  are  arranged  to  study  the  radiated  noise  of  the  vehicle. 
Figure  4  shows  the  vehicle  attached  to  the  cables  before  submerging  for  a  test 
run. 


A  summary  of  the  principal  test  data  taken  on  the  cableway  is  given  in 
Table  1.  Most  of  the  experiments  were  run  at  about  43  knots;  two  were  made  in 
the  55-60  knot  range.  Ventilation  flow  rates  ranged  from  0  to  50  cubic  feet  per 
minute  (CFM)  at  standard  temperature  and  pressure,  and  in  calculating  this  flow 
the  steam  in  the  exhaust  products  passing  into  the  propeller  was  disregarded. 
The  propeller  was  thus  considered  to  be  ventilated  with  oxygen  gas  only. 

Figure  5  is  a  plot  of  the  velocity  and  rotative  speed  for  Run  12.  The  pres¬ 
sure  in  the  hydrogen  peroxide  decomposition  chamber  is  also  given.  The  figure 
illustrates  the  rapid  acceleration  of  the  test  dynamometer;  the  peak  forward 
velocity  of  100  ft/sec  was  achieved  6  seconds  after  the  run  began. 

In  general,  good  propulsion  performance  was  indicated.  Based  upon  the 
estimated  drag  of  the  dynamometer  plus  an  allowance  for  thrust  deduction,  and 
the  measured  torque  and  rotative  speed,  propeller  efficiencies  of  about  75% 
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Table  1 

Cableway  Test  Data  Ventilated  Supercavitating  Propeller 


Run  Number 

: 

1 

2 

3 

5 

12 

13 

Speed,  knots 

42.8 

42.9 

42.9 

45.8 

41.5 

59.3 

56.3 

RPM 

4410  1 

4430 

4500 

4800 

6300 

Advance  ratio,  J 

1.08 

1.07 

1.05 

1.02 

0.96 

1.00 

0.99 

Ventilation  flow,  CFM 

0 

0.7 

3 

20 

40 

50 

I _ 

All  data  taken  at  50  ft  depth. 


Hoyt 


were  achieved.  However,  in  examining  the  test  data  it  was  noticed  (Fig.  6)  that 
the  self- propulsion  advance  ratio,  J ,  varied  over  a  wide  range  depending  upon 
both  depth  and  ventilation  rate.  (Additional  data  from  Run  7,  a  repeat  of  Run  3, 
are  included  in  this  figure.)  The  variation  of  self-propulsion  advance  ratio  with 
operating  depth  may  impose  a  severe  problem  in  considering  this  type  of  device 
for  underwater  vehicle  operation,  however,  it  is  expected  that  J  will  approach 
some  constant  value  as  depth  is  further  increased.  If  a  constant  operating  depth 
is  assumed,  the  self-propulsion  advance  ratio  is  seen  to  decrease  with  increas¬ 
ing  ventilation  flow  rate. 


< 


Fig.  6  -  P.ot  o:  advance  ratio  a  =  a  function 
of  operating  depth  and  ventilation  flow  rate 


In  order  to  obtain  further  information  on  the  performance  of  this  propeller, 
the  full-scale  vehicle  was  placed  in  the  Garfield  Thomas  Water  Tunnel  of  the 
Ordnance  Research  Laboratory,  State  College,  Pennsylvania.  This  is  a  48  inch 
diameter  working  section  tunnel  with  provision  for  gas  removal  by  a  vacuum- 
pump  system.  The  working  section  of  the  tunnel  was  fitted  with  a  contoured 
liner  to  better  approximate  open-flow  streamlines  at  the  tunnel  wall.  The  tur¬ 
bine  drive  of  the  cableway  vehicle  was  replaced  by  a  calibrated  electric  motor, 
and  air  was  introduced  into  the  propeller  by  piping  through  the  support  strut  of 
the  vehicle.  The  external  size  and  contour  of  the  test  body  was  identical  to  the 
cableway  configuration  with  the  exception  that  the  cableway  attachment  struts 
were  removed.  Before  test  data  were  taken,  the  velocity  profile  just  ahead  of 
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the  propeller  was  adjusted,  by  empirical  roughness  additions,  to  that  measured 
at  the  same  location  during  the  cableway  tests. 

Data  were  taken  over  a  range  of  advance  ratios  from  0.85  to  1.20  at  cavita¬ 
tion  numbers  t?v>  based  upon  the  vapor  pressure  of  water,  ranging  from  about 
0.45  to  1.35.  The  tunnel  was  operated  at  a  working  section  velocity  of  35  ft/sec, 
and  air  was  discharged  through  the  propeller  at  rates  from  0  to  about  7  cfm  STP. 


—  Ov=  1.28 


OB  0  9  10  l.l  12  13 

Fig.  7  -  Variation  of  efficiency,  torque 
coetficient,  and  thrust  coefficient  tor 
propeller,  without  ventilation,  as  a  func¬ 
tion  of  advance  ratio 


Figure  7  is  a  plot  of  efficiency.  torque  coefficient,  Kq,  and  thrust  co¬ 
efficient,  kt,  as  a  function  of  advance  ratio.  J,  for  the  propeller  without  air 
flow,  i.e.,  as  a  supercavitating  propeller.  The  coefficients  are  defined  as  follows 
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KT  J 

-  --  Kc  2- 

where 

Q  =  torque 
.  =  density  of  fluid 
n  =  propeller  rotative  speed 
D  =  propeller  diameter 
T  =  thrust  of  propeller. 

At  the  design  J  of  0.96,  efficiency  appears  to  maximize  near  the  design 
value  of  70%  for  three  values  of  \  tested.  However,  the  character  of  the  flow- 
changes  as  j  is  increased  from  0.85  to  1.0  as  shown  by  the  photographs.  Fig¬ 
ure  8  shows  the  cavity  from  the  leading  edge  of  the  propeller  typical  of  super- 
cavitating  operation,  with  j  -  o.^5.  The  situation  when  j  is  increased  to  1.0  is 
shown  in  Fig.  9,  and  it  is  seen  that  the  point  of  cavity  formation  has  moved  back 
to  the  ventilation  slot.  At  this  J,  the  propeller  could  not  be  made  to  cavitate 
from  the  leading  edge  of  the  blade,  even  at  the  lowest  -..  tested. 


.k:c.  6  -  Water  tunnel  photo  o:  propel.er 
with  J  =  3. Sr,  rv  =  ..45c,  and  no  airflow 
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Fig.  9  -  Water  tunnel  photo  o:  propeller 
with  J  =  1.0,  rv  =  0.73  and  no  airflov. 


This  change  in  the  flow  pattern  has  important  effects  as  air  is  introduced 
into  the  propeller.  Figure  10  shows  that  the  performance  at  J  =  0.  c-5  falls  off 
somewhat  as  the  air  flow  parameter,  Q  ,  is  increased.  Torque  and  thrust  co¬ 
efficients  appear  to  approach  a  constant  value  as  Q'  is  further  increased  thus 
indicating  the  efficiency  curves  will  tend  to  merge  at  a  constant  value  also. 

The  drop-off  in  efficiency  is  probably  due  to  the  influence  of  blade  friction. 
In  potential-flow^  theory,  ventilation  should  lower  both  lift  and  drag  coefficients 
of  the  blade  section,  but  their  ratio  should  remain  constant.  The  influence  of 
friction  is  unchanged  by  ventilation  and  thus  the  L  D  =  c.  C-  -  cf  ■  of  the  blade 
section  decreases,  and  hence  the  propeller  efficiency  also. 

The  airflow  parameter  is  defined 


where 


Q' 


14  7 


P, 


c  a  I 


Qstp  =  airflow  rate,  stp 
2  =  number  of  blades 
AB  =  base  area  of  each  blade 
r c  =  radius  of  centroid  of  AB. 
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EFFICIENCY, 

n 


0 


0  6  V 


IOKq 
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0,=  1  30 

a,  =0  72  ■ 

• 

Gy  =0  47 
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Fie.  10 -Effect  of  airflow  or.  performance 
of  ventilated,  iuoercaviia-.ir.g  oroneller 
with  J  =  J.b 5 


and  may  be  thought  of  as  the  ratio  of  the  local  gas  flow  to  the  volume  swept  out 
by  the  blunt  base  or  trailing  edge  of  the  propeller  blades  as  they  move  through 
the  water.  As  a  comparison,  values  of  O'  ranging  from  0  to  about  0.075  were 
measured  at  the  50  foot  depth  during  the  runs  on  the  underwater  cableway. 

At  J  =  1.0,  air  addition  causes  immediate  lowering  of  the  efficiency,  as 
shown  in  Fig.  11.  The  difference  between  behavior  at  J  =  c  ;5  and  j  :  .  is 
believed  to  be  because  of  the  difference  in  cavity  attachment  point  location  and 
the  occurrence  of  some  pressure-face  ventilation.  Figures  12  and  13  compare 
the  ventilated  cavity  appearance  for  the  two  J  conditions.  Maximum  ventilation 
(Q’  =  0. 10)  would  not  force  the  cavity  forward  to  the  leading  edge  when  J  1.0  . 
Some  pressure-face  ventilation  is  barely  detectable  in  Fig.  13.  Pressure-face 
cavitation  was  noticed  at  all  higher  J  values,  and  it  is  probable  that  separation 
occurs  near  j  =  i.o.  Strong  ventilation  wculd  tend  to  flow  into  that  region, 
around  the  blade  tip. 

A.G.  Fabula  [3]  has  shown  in  a  theoretical  study  that  Fiat  plates  ventilated 
at  mid-chord,  for  example,  lose  lift  much  more  rapidly  when  the  cavitation 
number  based  upon  cavity  pressure,  ,  is  decreased  than  a  corresponding  Fiat 
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plate  ventilated  at  its  leading  edge.  This  may  explain  the  foregoing  curves,  as 
well  as  the  data  replotted  as  a  function  of  ,  where 


P  -  P 

local  cavity 


%  V‘ 


The  cavity  pressures  were  measured  by  a  static  pressure  tap  on  one  pro¬ 
peller  blade  at  the  0.7  radius  point,  located  between  the  ventilation  slot  and  the 
trailing  edge  as  shown  in  Fig.  14. 


Plots  of  efficiency  and  thrust  and  torque  coefficients  as  functions  of  for 
J  =  0.85  and  1.0  are  given  in  Fig.  15.  A  shortcoming  of  these  data  is  that  even 
for  no  ventilation  airflow,  is  always  much  less  than  .  v,  suggesting  either 
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cavity  pressurization  from  dissolved  or  free  air 
in  the  recirculating  water  flow  of  the  tunnel,  or 
inadequacies  in  the  measuring  method.  (The 
range  of  <■/„  in  these  data  is  from  0.47  to  1.30.) 
Since  the  cavity  pressure  method  involves  a  ro¬ 
tating  seal  and  complex  passages,  the  latter  is 
far  from  impossible.  The  blade  pressures  and 
the  performance  data  were  taken  during  different 
runs  under  presumably  identical  conditions.  The 
data  serve  to  illustrate  the  considerable  differ¬ 
ence  in  the  effect  of  on  the  efficiency  at  the 
two  J  values. 


w 
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Fig.  14  -  V ie v.1  of 
cavity  -  pressure 
measuring  tap  or. 
propeller  blade 


The  water-tunnel  tests  also  shed  some  light 
on  another  problem  observed  during  the  cableway 
tests.  Song  and  Silberman  [4]  have  shown  exper¬ 
imentally  that  ventilation  reduces  the  radiated 
noise  of  cavities  shed  from  simple  bodies  over  a 
wide  range  of  frequencies.  However,  as  shown  in 
Table  2,  ventilation  of  this  super cavitating  pro¬ 
peller  reduced  the  radiated  noise  of  the  cableway 

test  dynamometer  in  the  higher  frequencies  only.  At  frequencies  below  1  kc,  the 
radiated  noise  actually  increased  for  increased  ventilation.  The  water  tunnel 
photographs  offer  a  partial  explanation  of  this  result.  Figure  16  shows  the  pro¬ 
peller  in  operation  at  J  =  1.07  and  C'  =  0.22,  i.e.,  very  heavy  ventilation.  The 
hole  at  the  root  of  the  propeller  blade  is  seen  to  vent  directly  into  solid  water, 
and  pulsations  appear  on  the  surface  of  the  air  cavity.  Song  [5]  has  studied  pul¬ 
sations  in  ventilated  cavities  and  concluded  that  the  frequency  of  vibration  is  a 
function  of  cavity  length  and  number  of  modes  of  pulsation.  Song  writes 


1  2 


where 

f  =  frequency  of  vibration 
'  =  cavity  length 

n'  =  number  of  modes 
U  =  local  velocity. 

Estimates  of  cavity  pulsation  frequency  based  upon  the  above  formula  and 
observed  cavity  lengths  and  number  of  vibration  modes  indicate  that  the  low- 
frequency  noise  peaks  measured  on  the  cableway  may  be  due  to  this  source. 

Song's  theory  requires  a  free  surface  near  the  resonating  cavity  for  steady 
pulsation;  evidently  an  adjacent  cavity  can  serve  in  this  regard  also. 

It  is  planned  to  operate  this  propeller  on  the  underwater  cableway  again, 
with  the  root  ventilation  hole  closed,  to  determine  experimentally  whether  this 
was  the  source  of  low  frequency  noise  observed  in  the  cableway  runs. 
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04, 


0  3- 


i'ig.  15  -  Propeller  periorrtar.ee  as  a 
function  o:  .  Airflow  rate,  Q'  ,  varies 

trorr  0  to  0,  ,**  and  ~v  vartes  trom  0.4 
to  1.30 


BASE  VENTED  PROPELLERS 

T.G.  Lang  [6,7]  has  pioneered  in  the  experimental  study  of  a  family  of  base- 
vented  profiles  which  offer  good  cavitation  resistance,  structural  strength,,  and 
low  drag.  A  base-vented  cambered  parabola  is  shewn  operating  in  Fig.  17. 

When  applied  to  a  propeller,  these  profiles  should  allow  a  design  having  high 
efficiency  and  fairly  rugged  blade  sections.  They  should  find  a  place  midway 
between  the  operating  regimes  of  conventional  propellers  and  supercavitating 
propellers.  A  five-bladed  base-vented  propeller  has  recently  been  designed  for 
the  test  dynamometer  described  above.  The  design  conditions  are  4503  rpm  at 
45  knots  (J  =  l.n)  and  -v  =  0.9.  The  propeller  (Tig.  18)  has  the  same  hub 
size  and  tip  diameter  (11  inches)  as  the  supercavitating  propeller  previously 
discussed.  Four  small  holes  in  the  blunt  base  of  each  blade  provide  ventilation. 
The  basic  blade  section  is  an  ellipse  with  a  parallel  after-section.  All  lift  is 
accomplished  through  camber,  using  the  NACA  a  =  0.5  camber  line. 


i 
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Table  2 

Change  in  Radiated  Noise  Level  with  Propeller  Ventilation 


Ventilation  Flow  Rate,  CFM 

Frequency,  cycles/sec 

0.7 

3 

20 

50 

300 

+7.0 

-1.0 

+8.5 

|  1 

1.5 

5.5 

3.7 

5.5 

4.3 

; 

-3.3 

0 

:•  j 

-0.7 

0 

3,000 

-2.0 

-6.3 

-7.1 

5,000 

1.2 

-6.8 

-1.3 

-12.5 

10,000 

20,000 

0.3 

-4.2 

-6.2 

-10.7 

-8.3 

-11.3 

-13.8 

-13.3 

1 

Values  shown  in  the  table  are  the  changes  in  radiated  noise  (in  decibels)  from 
that  recorded  from  during  non-ver.tilated  operation.  All  data  taker,  at  43  knots 
and  50  foot  depth. 


Fie.  16  -  Water  tunnel  photo  showing 
propeller  ir.  operation  at  J  =  1.07. 
rv  =  0.76,  and  Q’  =  0.22 


This  propeller  was  also  tested  in  the  Garfield  Thomas  Water  Tunnel.  The 
primary  object  of  these  tests  was  to  obtain  the  efficiency  of  the  propeller  oper¬ 
ating  in  the  wake  for  which  it  was  designed,  to  study  the  effect  of  airflow  on  pro¬ 
peller  performance,  and  to  determine  the  cavitation  resistance  of  the  propeller 

Figure  19  shows  the  propeller  efficiency  as  a  function  of  advance  ratio,  for 
a  Q'  of  0.037.  At  a  of  1.29,  good  efficiency  was  attained,  reaching  over  807- 


\ 


Fig.  17  -  View  of  a  base-vented  cambered  parabola  blade 
section  operating  in  a  water  tunnel 


Fig.  18  -  View  of  a  base-vented  propeller 


at  J  =  l  16.  For  cavitation  numbers  below  the  design  value  of  rv  =  o.9  the 
efficiency  is  much  lower,  indicating  that  performance  is  being  affected  by 
severe  cavitation. 

The  effect  of  airflow  rate  upon  performance  (Fig.  20)  is  also  indicative  of 
cavitation  effects.  The  curve  at  =  1.3  as  in  the  theory  rises  to  the  peak 
efficiency  and  remains  at  that  level  with  increased  airflow.  The  data  point  at 
Q’  =  0.037  ,  rv  =  1.3,  did  not  match  with  independent  measurements  of  electri¬ 
cal  power  to  the  motor,  and  this  point  was  disregarded  in  fairing  the  data.  In¬ 
stead,  an  estimate  based  upon  the  electrical  measurements  was  used.  For  a 
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Fig.  19  -  Base-vented  propeller  efficiency 
as  a  function  of  advance  ratio  with  Q'  =  0.037 


lower  ~v,  air  addition  causes  lowering  of  performance,  as  with  the  ventilated 
supercavitating  propeller. 

After  the  performance  tests  were  completed,  a  cavitation  diagram  was  pre¬ 
pared  for  the  propeller  as  shown  in  Fig.  21.  Due  to  slight  differences  in  manu¬ 
facturing  and  some  hand-finishing  on  the  leading  edges,  each  of  the  five  blades 
has  a  different  point  of  incipient  cavitation.  The  cavitation-free  zone  drawn  in 
the  diagram  is  based  upon  the  poorest  blade  in  the  propeller  from  the  standpoint 
of  cavitation  resistance.  The  diagram  shows  that  the  design  -v  of  0.9  could  not 
be  reached  without  cavitation  at  the  leading  edge  of  the  suction  face,  and  "bur¬ 
bling"  over  the  suction  side  of  most  of  the  blades.  One  or  more  blades  may 
have  reached  the  cavitation-resistance  design  goal.  The  performance  tests  at 
a-v  -  1.30  and  J  =  1. 16  are  inside  the  cavitation-free  zone,  as  determined  with¬ 
out  airflow.  Tests  at  other  J  and  -v  values  ?re  clearly  in  the  cavitation  region, 
with  adverse  effects  from  cavitation  aggravated  by  air  addition. 

Figure  22  is  a  water-tunnel  photograph  showing  the  propeller  operating 
near  the  peak  performance  conditions.  Further  plans  for  this  propeller  include 
operation  on  the  underwater  cableway  to  obtain  self-propulsion  advance  ratio 
and  radiated  noise  information. 
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Fig.  20  -  Effect  of  airflow  or. 
performance  of  base-vented 
propeller 


10  l.l  1.2  U  14 
J 


Fig.  21  -  Cavitation  diagram 

for  base -vented  propeller  with¬ 
out  airflow.  (Base  cavitation 
neglected.) 


SUMMARY 

The  experimental  evaluation  of 
both  the  ventilated  supercavitating 
propeller  and  the  base- vented  propel¬ 
ler  has  indicated  a  number  of  prob¬ 
lems  as  well  as  considerable  promise 
in  each  type  of  design. 


The  water-tunnel  tests  as  well  as  the  cableway  evaluation  [8]  of  the  venti¬ 
lated  supercavitating  propeller  have  shown  large  changes  in  performance  with 
changes  in  ventilation  flow  and  advance  ratio.  The  method  of  ventilation  needs 
further  attention,  since  it  appears  that  under  some  conditions,  ventilation  is  in¬ 
effective  in  reducing  radiated  noise. 


The  base-vented  propeller  suffered  from  excessive  cavitation  near  the  de¬ 
sign  point,  thus  rendering  the  analysis  of  its  performance  difficult.  This  was 
probably  due  to  the  general  propeller  design  method  and  manufacturing  tech¬ 
niques,  rather  than  deficiencies  in  blade  section  theory.  Further  work  is  needed 
to  clarify  the  areas  of  good  performance  achievable  in  practice  with  this  type  of 
propeller.  First  results  indicate  considerable  gains  in  efficiency  over  the 
supercavitating  propeller  can  be  realized  through  the  base-venting  technique. 
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Fig.  22  -  Base-vented  propeller  operating 
near  peak  performance  conditions 
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SHROUDED  SUPERCAViTATiNG 
PROPELLERS 


C.  F.  Chen 

HYDRONAUTICS,  Incorporated 
Rockville,  Maryland 


L  INTRODUCTION 

The  supercavitating  propeller  offers  the  possibility  for  efficient  marine 
propulsion  at  speeds  sufficiently  high  to  guarantee  supercavitating  operation  of 
the  blade  sections.  The  minimum  speed  for  the  effective  utilization  of  a  super¬ 
cavitating  propeller  depends  on  the  shaft  depth  and  propeller  advance  ratio,  but 
ranges  from  about  35  knots  for  small  craft  to  over  40  knots  for  very  large  ves¬ 
sels  [1].  In  order  to  extend  the  useful  range  of  supercavitating  operation  to 
lower  ship  speeds,  Tulin  has  proposed  the  use  of  supercavitating  propellers  in 
accelerating  (Kort)  nozzles;  a  shrouded  propeller  system  with  pre-turning  vane 
is  shown  in  Fig.  1.  In  the  period  from  April  1960  to  August  1961,  personnel  of 
HYDRONAUTICS,  Incorporated  have  conducted  a  detailed  feasibility  study  of 


Fig.  1  -  Shrouded  propeller  system  with  pre-turning  vanes 
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shrouded  supercavitating  propellers  under  contract  NObs-78451  with  the  Bureau 
of  Ships,  whose  Code  436  has  technical  cognizance.  This  paper  summarizes 
some  of  the  results  obtained  in  the  course  of  research. 

The  problem  of  shrouded  subcavitating  propellers  has  been  treated  by  many 
authors  since  its  conception  by  Kort;  the  number  of  papers  on  this  subject  is 
increasing  rapidly  because  of  the  application  of  ducted  propellers  for  vertical 
take-off  aircraft.  An  excellent  bibliography  is  provided  by  Morgan  in  his  paper 
on  shrouded  subcavitating  propellers  appearing  in  the  same  volume. 

In  this  paper,  by  using  the  one-dimensional  momentum  consideration,  sim¬ 
ple,  approximate  relationships  have  been  found  for  the  determination  of  thrust 
developed  on  the  nozzle,  and  the  mean  through  flow  velocity  induced  by  the 
nozzle  for  given  loading  and  geometry  of  the  nozzle  and  the  disk  loading  on  the 
propeller.  These  simple  relations  give  results  which  compare  favorably  with 
the  results  of  more  accurate  calculations  by  Dickmann  and  Weissinger  [2]  and 
Kobylinsky  [3].  Based  on  these  relationships,  the  pressure  reduction  obtain¬ 
able  at  the  plane  of  the  propeller  can  then  be  calculated.  A  method  of  perform¬ 
ance  characteristics  of  the  shrouded  subcavitating  or  supercavitating  propeller 
system  can  be  calculated  when  the  geometry  of  the  system  and  the  performance 
of  the  isolated  propeller  is  known.  Calculated  results  for  shrouded  subcavitat¬ 
ing  propellers  compare  favorably  with  the  test  results  of  van  Manen  [4],  Pres¬ 
sure  distribution  on  the  shroud  is  estimated  so  that  the  approximate  range  of 
forward  speeds  within  which  operation  of  such  a  system  is  feasible  can  be  es¬ 
tablished.  In  conclusion,  a  discussion  on  the  method  of  design  is  given. 


II.  ESTIMATE  OF  THE  THRUST  DEVELOPED  ON  AND 

THE  PRESSURE  REDUCTION  IN  THE  NOZZLE 

It  is  customary  to  idealize  a  lightly  loaded,  many  blaaed  subcavitating  pro¬ 
peller  to  be  an  actuator  disk  in  the  momentum  considerations  of  the  problem. 
This  idealization  greatly  simplifies  the  analysis.  For  supercavitating  propel¬ 
lers,  the  actuator  disk  model  must  be  modified  because  of  the  blockage  effects 
of  the  trailing  cavities  as  discussed  by  Tulin  elsewhere  in  the  same  volume. 
Since  the  present  investigation  was  concluded  before  the  initiation  of  Tulin's 
research,  blockage  effects  have  not  been  included.  In  this  respect,  the  present 
analysis  is  yet  to  be  extended. 

For  the  one-dimensional  momentum  consideration,  we  consider  a  cylin¬ 
drical  coordinate  system  x.r.  with  the  origin  at  the  center  of  the  propeller, 
and  the  x-axis  in  the  direction  of  the  uniform  stream  velocity  uo  (see  Fig.  2). 
Let  the  propeller  be  in  the  center  of  the  nozzle  and  have  a  radius  R:  the  nozzle 
extends  from  x  =  -C  2  and  x  =  C  2.  Let  the  nozzle  radius  be  R  at  the  propeller 
plane,  x  =  0.  Applying  the  one-dimensional  momentum  consideration,  the  total 
thrust  T  acting  on  the  fluid  due  to  the  action  of  the  propeller  and  the  nozzle  is  '5 

T  =  -A  [uo-u]  uD  .  (1) 

where  A  is  the  area  of  the  disk,  u  is  the  mean  additional  velocity  induced  by  the 
nozzle-propeller  system  at  x  -  0,  and  uo  is  the  additional  velocity  in  the  slip¬ 
stream  at  x  =  jc.  The  thrust  developed  by  the  propeller,  T  ,  can  be  obtained  by 
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Fig.  2  -  Schematic  diagram  showing  the  coordinate  system 


calculating  the  pressure  difference  across  the  actuator  disk  through  the  use  of 
Bernoulli's  equation  as 


TP  =  A  (vo  -  \  uoj  uo  .  (2) 

This  is  exactly  the  same  expression  as  in  the  case  of  a  propeller  operating  in  a 
free  stream.  The  areas  of  the  slipstream  in  these  two  cases  are,  however,  nec¬ 
essarily  different.  The  thrust  developed  by  the  nozzle,  tn  ,  due  to  the  action  of 
the  cross  flow  on  the  ring  vortices  is 


TN  -  T  -  Te 


,  f  1 

A  u  -  -  uc 


It  is  thus  clear  that  the  mean  velocity  induced  by  the  nozzle  is 


un  r  u  -  J  %  • 


f3) 


M) 


If  the  reasonable  assumption  is  made  that  the  effect  of  the  nozzle  may  be  con¬ 
sidered  as  due  to  ring  vortices  of  constant  radius  R  with  vorticity  distribution 
(x),  for  -C  2  <  x  <  C  2,  then 


Tn 


2-R  UD 


C  2 


v  x .  R ) 

( x .  R  )  — — -  dx  . 


(5) 


where  vr(x.R)  is  the  radial  velocity  induced  by  the  propeller.  fThe  vortex 
strength  is  considered  positive  when  the  lift  generated  is  toward  the  interior  of 
the  nozzle.)  For  a  linearized  analysis,  the  vorticity  distribution  -fx)  may  be 
considered  as  the  sum  of  1)  the  vorticity  generated  by  the  radial  angle  of  attack 
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due  to  the  induced  radial  velocity  of  the  propeller,  yjx),  2)  the  vorticity  due  to 
camber,  y6(x),  and  3)  the  vorticity  due  to  the  thickness  of  the  profile,  yt(x) . 

For  given  nozzle  geometry,  ys(x)  and  yt(x)  may  be  determined  by  the  methods 
of  Dickmann  [6]  and  of  Weissinger  [7]  respectively.  ya(x),  however,  is  inter¬ 
related  to  the  flow  field  of  the  propeller. 

The  radial  velocity  induced  by  the  propeller  is  a  function  of  the  total  disk 
loading  as  well  as  of  its  distribution  on  the  propeller.  It  has  been  shown  by 
Yim  and  Chen  [8]  that  a  loading  distribution  proportional,  r5  *  (R-  r),  induces 
an  effective  radial  velocity  at  r  =  R  not  significantly  different  from  that  induced 
by  a  uniformly  loaded  propeller  of  the  same  total  loading.  We  therefore  assume 
that  the  loading  on  the  propeller  is  radially  uniform.  The  radial  velocity  induced 
by  a  uniformly  loaded  propeller  is  expressible  in  terms  of  complete  elliptic  in¬ 
tegrals  (see  for  example  Ref.  [5]).  Therefore,  the  evaluation  of  the  integral  in 
Eq.  (5)  requires  numerical  methods.  For  an  approximate  evaluation  of  Eq.  (5), 
however,  we  make  the  simplifying  assumption  that  y(x)  in  Eq.  (5)  may  be  re¬ 
placed  by  its  mean  y  defined  as 


7 


a/c) 


y(  X)  dx  . 


Then  Eq.  (5)  becomes 


T 


N 


2~R  pUQyC 


(6) 


(7) 


where  vr  is  the  mean  value  of  vr(x.R).  Normalizing  TN  with  respect  to  the 
free  stream  dynamic  pressure,  1/2^  UD2  and  the  area  of  the  propeller  disk,  A, 
and  by  using  the  definition  of  sectional  lift  coefficient 


Eq.  (7)  can  be  written  as 


PUp~C 
1  2~'Ud2C 


c 


TN 


(8) 


(9) 


The  propeller  may  be  regarded  as  operating  in  open  water  in  an  equivalent 
stream  of  velocity  UD  +  un.  Then  vr  UQ  may  be  written  as  [9] 


'Tp 


1  +  u  U 


(10) 


where  v*  is  evaluated  as  a  function  of  C  R  from  the  known 
flow  field  of  a  uniformly  loaded  actuator  disk.  The  value  of 
as  a  function  of  C  R  in  Fig.  3.  When  Eq.  (10)  is  substituted 


results  of  the  radial 
(C  R)  v*  is  plotted 
into  Eq.  (S),  w*e 


obtain 
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Fig.  3  -  Non-dimensional  mean  radial  velocity 
induced  by  the  propeller  at  the  nozzle  surface 


C 


TN 


2CTpCl  Cv* 
1  ♦  un/Uc  R 


Solving  Eqs.  (11)  and  (3)  simultaneously  yields 


where 


4CTpcL  CvJ.)  2 

"l\  K  1 


of  ’  [■  *  CTp] 


1  2 


-  1  , 


(ID 


(12) 


(13) 


as  is  easily  obtained  from  Eq.  (2).  Equations  (11)  and  (12)  are  the  desired  rela¬ 
tionships  from  which  the  thrust  developed  on  the  nozzle,  CTO,  and  the  mean 
through  flow  velocity  induced  by  the  nozzle,  uN,  are  readily  computed  once  the 
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nozzle  chord-radius  ratio,  C/R,  nozzle  sectional  lift  coefficient,  CL,  and  the 
propeller  thrust  coefficient,  CTp>  are  given. 

Since  Eqs.  (11)  and  (12)  will  serve  as  the  basis  for  all  subsequent  calcula¬ 
tions,  we  now  compare  our  results  with  those  obtained  by  Dickman  and  Weis- 
singer  [2].  In  their  paper,  the  propeller  is  represented  by  a  uniformly  loaded 
actuator  disk  located  at  the  entrance  of  the  nozzle  and  the  vortex  distribution 
for  the  nozzle  is  elliptic.  The  ratio  TN  '1  have  been  calculated  by  the  use  of 
Eqs.  (3),  (11),  and  (12)  for  the  case  CTp  Pi,  and  C'R  =  0.5  and  1.  Our  results 
compare  favorably  with  those  obtained  by  Dickmann  and  Weissinger  [2]  as 
shown  below: 


VTP 

tn  Tp 

C  R 

Dickmann  and 

Present 

Weissinger 

Results* 

0.5 

0.162 

0.164 

1.0 

0.202 

0.186 

Now  we  extend  the  results  to  include  the  effect  of  a  finite  hub.  Applying  the 
momentum  theorem,  the  expressions  for  the  total  thrust,  Eq.  (1),  and  the  thrust 
developed  by  the  propeller,  Eq.  (2),  remain  the  same  as  in  the  case  of  no  hub. 
However,  the  area  to  be  used  in  these  expressions  must  be  that  of  the  annular 
region  between  the  hub  and  the  nozzle.  By  the  same  procedure,  one  easily  ob¬ 
tains  for  a  hub  of  radius  Rh 


The  average  increment  in  velocity  due  to  the  hub,  uf  ,  is  estimated  as  follows: 
at  x  =  -(1  2)R,  we  locate  a  source  whose  strength  is  such  that  when  combined 
with  the  uniform  flow,  it  generates  a  half  body  of  radius  R  at  x  -  0:  the  aver¬ 
age  through  flow  in  the  annular  region  Rh  _  r  R  at  0  is  then  computed 
and  the  mean  velocity  is  evaluated.  The  value  of  uh  thus  calculated  is  shown 
in  Fig.  4. 

We  are  now  in  a  position  to  estimate  the  pressure  reduction  achieved  by 
the  use  of  a  nozzle.  We  define  the  mean  cavitation  number  at  the  propeller 
plane,  ~ ,  as  the  difference  between  the  mean  static  pressure  and  the  vapor  pres¬ 
sure  there  normalized  with  respect  to  the  local  dynamic  pressure 


*In  the  present  calculation,  v*  is  different  from  that  presented  in  Fig.  3  because 
the  position  of  the  propeller  is  not  at  the  center  of  the  nozzle. 
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Fig.  4  -  Mean  increment  of  axial  velocity 
due  to  the  hub  as  a  function  of  hub  size 


P-  Pv 


1  2 P  [uo  +  un  +  uh]: 

By  defining  the  pressure  coefficient  Cp 

P-  P„  un  + 


Cp  = 

1  2.UC 

and  the  cavitation  number  of  the  free  stream 

P0-Pv 


1  2_  U, 


(16) 


(16)  can  be  written  as 


Calculations  of  -  corresponding  to  different  forward  speeds  at  a  depth  of  sub¬ 
mergence  of  20  feet  have  been  made  for  nozzles  with  the  same  lift  coefficient, 
CL  =  1,  but  different  values  of  C  R,  and  a  hub  of  radius  Rh  =  0.4R.  The  results 
are  shown  in  Fig.  5.  Supposing  that  the  rotational  speed  and  the  pitch  of  pro¬ 
peller  is  such  that  supercavitating  operation  is  possible  when  the  mean  cavita¬ 
tion  number  is  below  0.5,  the  range  of  speeds  between  -  =  0  and  0.5  for 
each  size  nozzle  may  be  considered  as  approximating  the  maximum  range  of 
possible  operation.  It  is  remarked  here  that  the  blockage  effects  of  the  trailing 
cavities  further  reduces  the  pressure  in  front  of  the  propeller.  Supercavitating 
operation  would  tiien  be  possible  for  even  higher  mean  cavitation  numbers,  or 
equi\ alently,  lower  forward  speeds. 
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Fig.  5  -  Mean  cavitation  number  as  function  of 
nozzle  size  and  forward  speed 


ni.  PERFORMANCE  CALCULATIONS 

In  this  section,  a  method  is  developed  to  allow  calculation  of  the  perform¬ 
ance  of  a  propeller  (whether  supercavitating  or  subcavitating),  enclosed  by  a 
nozzle  from  knowledge  of  the  performance  of  such  a  propeller  in  open  water  and 
of  the  nozzle  geometry.  We  assume  that  the  sectional  lift  due  to  camber,  thick¬ 
ness,  and  angle  of  attack  of  the  nozzle  may  be  linearly  superposed.  The  lift  due 
to  the  thickness  distribution  can  be  calculated  by  the  method  given  by  Weissin- 
ger  [7].  The  lift  due  to  camber  and  angle  of  attack  can  be  calculated  by  the 
method  given  by  Dickmann  [6].  It  is  noted  here  that  the  effective  angle  of  attack 
of  the  nozzle  will  be  altered  by  the  induced  radial  velocity  of  the  propeller.  Let 
now  the  maximum  thickness  ratio  of  the  nozzle  profile  be  t,  the  maximum  cam¬ 
ber  ratio  i  (which  is  defined  as  the  maximum  distance  of  the  camber  line  from 
the  nose-tail  line  divided  by  the  chord  length),  and  the  angle  of  attack  of  nose- 
tail  ao,  then  the  lift  coefficient  developed  on  the  nozzle  section  is 
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in  which  ihe  first  term  in  the  bracket  is  the  radial  angle  of  attack  q  induced 
by  the  propeller  flow  field.  The  lift  due  to  thickness,  CLt,  is  a  function  of  C/R 
and  the  thickness  distribution.  Since  its  magnitude  is  very  small,  we  shall  use 
the  value  calculated  by  Weissinger  [7]  for  a  Joukowsky  profile  as  shown  in  Fig. 
6.  The  lift  due  to  camber  can  be  calculated  by  the  method  of  Dickmann  [6];  for 
an  elliptic  vorticity  distribution,  with  a  resulting  camber  which  is  nearly 
parabolic,* 


4  77 


1  + 


M»!)' 


128 


(19) 


The  value  of  Cls/4t r  is  shown  as  a  function  of  C/R  in  Fig.  7.  The  lift  due  to 
radial  angle  of  attack  for  ring-airfoils  has  been  calculated  by  Dickmann  [6], 
The  lift  generated  on  the  ring-airfoil  is  larger  than  that  generated  on  a  flat 
plate  set  at  the  same  angle.  This  ratio  of  lift  coefficients,  or  equivalently  the 
ratio  of  total  circulation  generated,  is  shown  in  Fig.  8. 


For  given  total  thrust  coefficient  CT  to  be  developed  by  the  nozzle-propeller 
system,  the  geometry  of  the  nozzle,  and  the  hub  radius,  Eqs.  (3),  (11),  (14)  and 
(18)  give  the  four  unknowns  CTO,  CTp,  CL,  and  un/uo.  Now  we  assume  that  the 
propeller  is  operating  in  an  equivalent  free  stream  of  velocity  uo  +  uN  +  uh, 
therefore,  with  respect  to  this  stream,  the  thrust  coefficient  of  the  propeller  is 


^Tp 


(20) 


Fig.  6  -  Lift  due  to  thickness 
effect  (Weissinger) 


*Although  the  theory  of  Dickmann  is  for  small  values  of  CR  the  values  of 

the  induced  velocities  due  to  camber  on  the  nozzle  surface,  Eq.  (28),  are  within 
5%  of  those  given  by  Kuchemann  and  Weber  [5]  up  to  C'R  =  2.  It  is  assumed, 
then,  Eq.  (9)  is  valid  for  C/R  up  to  2. 
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where  the  prime  denotes  quantities  referred  to  the  equivalent  free  stream.  With 
this  value  of  c|p,  and  given  pitch  ratio  of  the  propeller,  one  can  find  from  the 
performance  characteristics  of  the  propeller  in  open  water  the  efficiency,  tj'  , 
and  the  advance  ratio,  J' .  Since  the  efficiency  of  the  propeller,  V,  is  defined  as 


V 


VUo  +  uN+uh) 

Qa 


(21) 


where  Q  is  the  torque  input  and  co  is  the  angular  velocity  in  radians  per  second, 
the  overall  efficiency,  v,  of  the  nozzle-propeller  system  is 


n 


(T„  +  T  -  D  )  U 

v  n  p  pn '  o 

Qcj 

U  T  -  D 


0  +  u  +  u. 


(22) 


in  which  Dpn  denotes  the  profile  drag  of  the  nozzle  section.  The  advance  ratio 
J  of  this  system  is 


J 


J' 


u 


IL  +  u„  +  u. 


(23) 


With  these  results,  one  is  able  to  construct  a  performance  curve  of  the  nozzle- 
propeller  system,  under  the  assumption  that  the  losses  on  the  propeller  are 
exactly  the  same  as  those  of  a  free  propeller  operating  in  this  equivalent 
stream. 

There  exist  no  data  for  shrouded  supercavitating  propeller  systems.  How¬ 
ever,  van  Manen  (4]  has  tested  certain  shrouded  subcavitating  propeller  systems 
using  Wageningen  Series  propellers  whose  open-water  performance  is  known  [10], 
and  these  results  afford  the  possibility  of  comparison  with  predicted  perform¬ 
ance.  The  geometry  of  the  nozzle  chosen  for  comparison  is  as  follows: 

Chord-Radius  Ratio,  CD  1 

Section  Profile  NACA  5415 

Angle  of  Attack  12.7° 

The  nozzle  encloses  a  Wageningen  Series  B3-50  propeller.  Calculations  of  the 
efficiency,  v,  the  total  thrust  coefficient,  KT,  and  the  thrust  coefficient  of  the 
nozzle,  Kto  at  different  values  of  advance  coefficient  J,  have  been  made  and 
compared  with  test  results  for  propellers  of  pitch-diameter  ratio,  P  D,  of  0.6 
and  1.4  in  Fig.  9.  The  profile  drag  is  estimated  from  the  data  presented  in 
Ref.  [11]  for  NACA  4-digit  series  airfoil  sections.  It  is  seen  that  for  P  D  =  0.6, 
up  to  J  =  0.4,  the  calculated  values  of  ,  KT,  and  KTO  agree  very  well  with  the 
test  results.  In  the  high  pitch-diameter  ratio  case,  P  D  =  1.4,  up  to  j  =  0.8, 
agreement  between  the  calculated  values  of  and  those  obtained  by  tests  are 
good.  However,  predictions  on  the  thrust  coefficients  are  not  as  good  as  in  the 
P  D  =  0.6  case. 
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Fig.  9  -  Comparison  of  calculated  performance  charac¬ 
teristics  with  test  results  for  a  nozzle-subcavitating 
propeller  system 


In  a  recent  paper,  Kobylinsky  [3]  has  modified  the  method  of  Dickmann  and 
Weissinger  [2]  to  include  the  effect  of  load  variation  on  the  propeller  disk.  A 
nozzle-propeller  system  which  gives  a  cTp  =  3.07  has  been  designed  and  tested, 
From  the  geometry  of  the  system,  we  have  computed  the  ratio  of  the  thrust  de¬ 
veloped  on  the  nozzle  and  that  developed  on  the  propeller,  Tn/T  ,  according  to 
the  method  stated  above.  Our  result  compares  favorably  with  the  theoretically 
calculated  value  by  Kobylinsky: 
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Kobylinsky  [2] 

Theoretical  Experimental 

TN/Tp  0.407  0.380 


Present 

Calculation 

0.410 


It  seems  that  the  method  developed  here  is  quite  adequate  for  shrouded  sub- 
cavitating  propeller  systems.  The  validity  for  shrouded  supercavitating  propel- 
ler  systems,  however,  is  yet  to  be  verified  by  systematic  experimentation. 


IV.  PRESSURE  DISTRIBUTION  ON  THE  NOZZLE  SURFACE 

Should  cavitation  occur  on  the  interior  surface  of  the  nozzle,  where  the 
pressure  is  low,  the  propeller  would  no  longer  be  operating  in  a  homogeneous 
fluid.  Should  cavitation  occur  on  the  exterior  surface  of  the  nozzle,  the  drag  of 
the  nozzle  would  become  excessive.  In  either  case,  the  efficiency  of  the  system 
would  begin  to  decrease,  and  cavitation  erosion  difficulties  would  ensue.  There¬ 
fore,  cavitation  on  the  nozzle  must  be  prevented.  This  is  especially  difficult  in 
view  of  the  fact  that  as  the  thrust  requirement  is  changed,  so  does  the  induced 
radial  velocity  of  the  propeller,  thus  resulting  an  effective  angle  of  attack  for  the 
nozzle  sections  different  from  that  at  design.  In  order  to  evaluate  the  cavitation 
characteristics  of  the  nozzle,  the  pressure  distribution  must  thus  be  found  for  a 
range  of  operating  conditions. 

The  additional  velocity  due  to  the  thickness,  ut,  on  the  surface  of  the  nozzle 
can  be  found  by  the  method  of  Weissinger  [7],  and  Bagley,  Kirby,  and  Marcer  [12]. 
However,  the  results  are  obtained  by  series  solutions  of  integral  equations,  and 
they  are  difficult  to  apply.  We  have  developed  a  simple  correction  formula  based 
on  a  continuity  argument,  which  gives  results  in  good  agreement  with  those  of 
Bagley  et  al.  [12].  Consider  1)  a  nozzle  of  radius  R  with  profile  of  maximum 
thickness  ratio  t,  and  2)  a  two-dimensional  configuration  consisting  of  airfoils 
of  the  same  profile  placed  symmetrically  opposite  each  other  with  a  gap  of  2R. 
The  area  change  AA/A  for  the  nozzle  is 

(x)N  =  E  i +  °(t2>  •  <24> 

and  for  the  two-dimensional  configuration  is 


(25) 


By  simple  continuity  argument,  the  relative  increase  in  velocity  from  the  two- 
dimensional  case  to  the  nozzle  case  is 


<Uo+U«)N 

(AA/A) 

(Uo^,)2d 

(AA/A), 

1  +  tC 

1  2R 

(26) 
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It  is  known  that  the  velocity  increase  on  one  of  the  profiles  due  to  the  presence 
of  the  other  profile  in  two-dimensional  flow  is  of  the  order  (tC/R)2 .  If  we  limit 
our  considerations  to  nozzles  of  C/R  not  very  much  larger  than  1,  this  slight 
increment  may  be  neglected.  Therefore,  we  arrive  at  the  result  on  the  interior 
surface  of  the  nozzle 


ii  +  u , 


(27) 


in  which  the  subscript  "sect  "  denotes  sectional  value.  Comparison  of  the  re¬ 
sults  obtained  by  this  method  and  those  by  the  more  exact  method  of  Bagley  et 
al.  [12]  is  shown  in  Fig.  10  for  a  R.A.E.  101  -  10%  section  with  C/R  =  1  and  2. 
It  is  seen  that  the  simple  approximate  method  is  adequate,  and  the  error  is  on 
the  conservative  side.  For  the  exterior  surface,  we  will  assume  the  velocity 
increment  is  the  same  as  the  sectional  value. 


-0.5  -0.3  -0.1  0.1  0.3  0.5 

x 

—  ,Non-Dimensionol  Distonce  Along  the  Nozzle 

Fig.  10  -  Increment  in  axial  velocity  on 
nozzle  surface  due  to  thickness 
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If  we  assume  the  chordwise  vorticity  distribution  is  elliptic  on  the  nozzle 
surface 


Vx) 


(28) 


the  additional  velocity  due  to  camber  calculated  according  to  the  method  of 
Dickmann  [6]  is* 


CLss 


±  [l  -  (2x/C)2] 


1/2  -fn(32R/C)-l 

+  SR'C 


8  x2,  C2  -  1 
16  RC 


-C/2  <  x  <  C/2  (29) 


The  plus  and  minus  signs  refer  to  the  interior  and  exterior  surfaces  of  the 
nozzle  respectively.  The  camber  line  is  nearly  parabolic. 

The  effect  of  the  propeller  slipstreams  is  to  produce  an  effective  radial 
angle  of  attack  on  the  nozzle.  According  linear  theory,  when  the  effective  radial 
angle  of  attack  is  finite,  the  velocity  at  the  leading  edge  becomes  infinite.  In  the 
actual  case,  the  leading  edge  of  the  foil  is  rounded;  the  velocity  there  is  finite, 
though  very  large.  Since  near  the  leading  edge,  the  flow  is  approximately  two- 
dimensional,  the  values  given  by  Abbott  et  al.  [11]  can  be  used  here.  The  addi¬ 
tional  velocity  due  to  angle  of  attack,  then,  is 


U  ~  2~  (aiP  '  ( u  )  •  (30) 

To  obtain  the  pressure  on  the  nozzle  surface,  we  use  the  following  formula: 

p-po  1  r  2 

- 2=  1  "  —  [ut  iU51U.  •  (31) 

1/2pU0  U0 

with  appropriate  signs  for  us  and  us.  Although  this  formula  is  not  consistent 
with  the  linear  theory,  it  proves  to  be  more  successful  for  airfoil  sections  than 
its  linear  counterpart  [11].  The  minimum  pressure  determines  the  cavitation 
inception  speed. 

For  the  purpose  of  illustration,  the  inception  speeds  of  the  nozzle  on  a 
shrouded  supercavitating  propeller  system  designed  for  a  hydrofoil  craft  have 
been  calculated  and  shown  in  Fig.  11.  The  sectional  characteristics  are  given 
by  Patterson  and  Braslow  [13].  At  the  design  speed  of  35  knots,  there  is  little 
or  no  effective  radial  angle  of  attack.  As  the  speed  is  increased,  the  required 
CT  decreased,  thus  moving  the  stagnation  point  to  the  interior  surface  of  the 
nozzle.  Eventually  the  pressure  on  the  exterior  surface  near  the  leading  edge 
becomes  so  low  that  cavitation  results.  If  the  speed  is  decreased  from  that  of 
design,  the  CT  required  increases,  with  the  stagnation  point  moving  to  the 


*See  footnote  for  Eq.  (19). 
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Fig.  11  -  Nozzle  cavitation  characteristics  of  a  shrouded 
supercavitating  propelle  r  system  designed  for  a  hydro¬ 
foil  craft 


exterior  surface  of  the  nozzle.  Cavitation  on  the  interior  surface  results.  It  is 
of  interest  to  note  that  if  one  is  willing  to  accept  leading  edge  bubbles,  which 
would  hardly  affect  the  operation  of  the  propeller,  the  range  of  applicability  of 
the  shrouded  supercavitating  propeller  is  considerably  increased. 


V.  DISCUSSION  ON  THE  METHOD  OF  DESIGN 

In  the  design  of  a  shrouded  supercavitating  propeller  system,  the  following 
factors  must  be  considered: 

1.  Supercavitating  operation  of  the  propeller  at  design  speed. 

2.  Avoidance  of  cavitation  on  the  nozzle  surface  at  design  speed. 

3.  Propeller  blade  strength  requirements. 

4.  Propulsive  efficiency. 
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5.  Off  design  considerations:  nozzle  cavitation  and  supercavitating  opera¬ 
tion  of  the  propeller;  thrust  requirement. 

6.  Mating  of  the  shrouded  supercavitating  propeller  system  with  the  propul¬ 
sion  pod  or  the  hull. 

The  general  procedure  is  to  determine  first  the  nozzle  size  and  shape  (there¬ 
fore  the  propeller  size)  and  the  rotational  speed  of  the  propeller  taking  into  ac¬ 
count  the  factors  listed  above.  Then,  a  thrust  distribution  which  minimizes  the 
losses  must  be  calculated.  Finally,  the  blade  section  must  be  designed  to  give 
adequate  strength  and  low  drag-lift  ratios. 

Since  the  tip  effect  of  the  propeller  is  minimized  by  the  presence  of  the 
nozzle,  it  may  be  profitable  to  design  the  blades  to  produce  the  optimum  thrust 
distribution  calculated  according  to  the  assumption  of  light  loading  and  very 
large  number  of  blades.  Glaurt  [14,  p.  258]  has  given  the  optimum  thrust  dis¬ 
tribution  for  such  a  case  taking  into  account  the  profile  drag  (in  the  present 
case,  this  consists  of  the  cavity  as  well  as  the  frictional  drag)  of  the  blades.  In 
his  derivation,  which  was  mainly  for  aircraft  application,  the  inflow  speed  is 
neglected  when  compared  with  the  tangential  speed  of  the  propeller.  This  situa¬ 
tion  is  easily  remedied  as  shown  by  Chen  [15];  the  result  indicates  that  even  at 
J  =  1,  the  difference  between  these  two  "optimum”  thrust  distribution  is  very 
small. 

Once  the  thrust  distribution  is  determined,  the  radial  variation  of  the  prod¬ 
uct  of  sectional  lift  coefficient  and  the  chord  can  be  calculated  by  the  blade  ele¬ 
ment  theory.  The  choice  of  the  chord  distribution  or  equivalently  the  lift  dis¬ 
tribution,  rests  on  strength  and  efficiency  considerations.  The  blade  section 
can  then  be  designed  according  to  the  method  given  by  Auslaender  [16].  To 
obtain  the  pitch  distribution,  the  velocity  induced  by  the  nozzle,  the  hub,  as  well 
as  the  propeller  itself  (without  tip  effects)  must  be  taken  into  account.  When  the 
shrouded  supercavitating  propeller  system  has  to  be  mounted  on  a  propulsion 
pod;  as  is  the  case  for  hydrofoil  craft  applications,  the  supporting  vane  should 
be  designed  to  pre-turn  the  flow  such  as  to  reduce  rotational  losses. 

The  three-dimensional  (camber  correction)  as  well  as  the  cascade  or  block¬ 
age  effects  (association  with  heavy  cavitation)  on  the  blade  section  designs  have 
been  purposely  left  out  of  this  discussion.  Needless  to  say,  there  remains  much 
to  be  done  both  in  theoretical  and  in  systematic  experimental  investigations. 
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ABSTRACT 

A  mathematical  model  has  been,  formulated  for  the  growth  of  nuclei  that 
are  transported  in  the  flow  around  profiles.  In  addition  the  formation  of 
nuclei  from  crevices  in  the  surface  has  been  treated.  The  various  scaling 
laws  have  been  derived  for  the  different  types  of  cavitation  mechanisms. 
Results  of  numerical  calculations  have  been  givenforthe  inception  values 
of  the  cavitation  number  for  hemispherical  bodies.  The  results  are  dis¬ 
cussed  and  compared  with  already  published  experimental  data. 


1.  INTRODUCTION 

It  is  generally  accepted  now  that  cavitation  inception  and  some  of  the  full- 
grown  cavitation  patterns  are  influenced  to  a  large  extent  by  the  presence  of 
nuclei  in  the  waterstream.  Such  a  nucleus  grows  first  by  gas  diffusion  until  a 
certain  critical  size  has  been  reached  after  which  it  bursts  into  vaporous  cavi¬ 
tation  [l].  The  source  of  these  nuclei  is  two  fold.  In  the  first  place  nuclei  may 
be  present  in  the  oncoming  stream  itself;  in  many  cases  however  these  nuclei 
will  not  be  the  most  important  ones,  as  the  available  time  is  often  too  short  for 
growth  by  gas  diffusion  to  a  sufficiently  large  size.  These  nuclei  will  be  denoted 
by  stream-nuclei.  The  other  source  of  nuclei  is  found  in  crevices  in  the  wall  of 
the  body  that  is  immersed  in  the  flow.  Every  crevice  can  generate  a  continuous 
stream  of  nuclei  just  as  can  often  be  seen  in  a  glass  of  sodawater  where  such 
continuous  streams  of  small  bubbles  emerge  from  slight  imperfections  in  the 
wall  of  the  glass.  These  nuclei  will  be  denoted  by  wall-nuclei. 

In  many  cases  these  wall-nuclei  play  a  more  important  role  than  stream- 
nuclei  as  the  available  growth  times  are  essentially  larger  due  to  the  fact  that 
these  nuclei  are  attached  to  the  wall  during  at  least  part  of  their  life.  This  is 
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demonstrated  for  instance  by  the  experimental  results  of  Kermeen,  McGraw  and 
Parkin  [2]. 

The  function  of  the  wall  as  a  generator  of  nuclei  can  be  characterized  as  a 
"seeding  action”  by  which  nuclei  are  introduced  into  the  stream  at  certain  posi¬ 
tions  on  the  body.  After  these  nuclei  have  been  generated  at  the  wall,  they  will 
be  transported  within  the  boundary  layer  at  a  velocity  that  can  be  appreciably 
less  than  the  velocity  of  the  main  stream.  Kermeen,  McGraw  and  Parkin  found 
that  the  transport  velocity  averaged  around  50%  of  the  main  stream  velocity  [2], 

Although  the  influence  of  nuclei  and  their  growth  process  have  been  known 
more  or  less  for  some  time,  no  corresponding  scaling  laws  have  been  derived 
in  the  literature. 

The  work  of  Oshima  [3]  is  a  first  approach  in  this  direction.  It  is  evident 
that  a  mathematical  model  has  to  be  formulated  for  the  nuclei  and  the  growth 
and  generation  processes. 

As  the  exact  characteristics  of  nuclei  are  rather  complicated  and  probably 
of  a  statistical  nature  this  mathematical  model  has  to  be  of  an  approximate 
nature. 

As  indicated  already  by  Silverleaf  [4],  it  can  be  expected  that  cavitation 
inception  will  appear  to  be  a  rather  complicated  phenomenon  in  which  no  single 
effect  plays  a  dominating  role:  i.e.,  the  contributions  of  the  various  effects  are 
more  or  less  of  equal  magnitude  and  therefore  all  have  to  be  taken  into  account. 
As  a  consequence  the  equations  that  govern  the  generation,  the  growth  and  the 
inception  of  nuclei  tend  to  be  rather  complicated  which  necessitates  the  use  of 
electronic  computing  methods. 

In  this  report  an  attempt  is  made  to  present  an  at  least  qualitatively  correct 
picture  of  the  phenomena  that  lead  to  cavitation  inception  and  of  the  scaling  laws 
that  govern  these  phenomena.  In  chapter  2  the  various  physical  processes  and 
allowable  approximations  have  been  discussed  qualitatively  whereas  in  chapter  3 
a  summary  has  been  given  of  the  scaling  laws  and  of  the  expressions  that  deter¬ 
mine  the  inception  value  of  the  cavitation  number  a  . 

In  chapter  4  the  results  are  compared  with  experimental  data. 


2.  BASIC  CONSIDERATIONS 
2.1  General 

In  analysing  cavitation  inception  it  will  be  acceptable  in  general  to  neglect 
the  dimensions  of  the  bubbles  in  comparison  with  the  other  involved  distances 
as  f.i.,  the  distance  between  the  bubbles  and  the  length  of  the  cavitating  body. 

As  a  consequence  no  direct  interaction  effects  between  the  various  bubbles 
will  have  to  be  considered  and  it  will  suffice  therefore  for  this  qualitative  dis¬ 
cussion  to  consider  one  single  bubble. 
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In  addition  it  will  be  possible  to  consider  the  pressure  inside  the  bubble  as 
uniform. 


When  a  bubble  is  transported  in  a  flow  field,  the  static  pressure  in  the  fluid 
surrounding  the  bubble  will  change. 

As  a  consequence  the  bubble  radius  and  the  temperature,  pressure  and  den¬ 
sity  inside  the  bubble  will  vary,  leading  therefore  to  a  heat  flow  across  the  bub¬ 
ble  liquid  interface  and  to  a  gas-diffusion  in  the  liquid. 


In  addition  evaporation  and  condensation  can  take  place  at  this  interface  and 
inside  the  bubble.  Therefore  the  relationship  between  the  static  pressure  vi 
and  the  bubble  radius  R  is  governed  by  the  following  equations  resp.  phenomena: 


(1)  The  dynamic  equation,  including  the  effects  of  surface  tension  a  and 
dynamic  viscosity  p,  etc.  This  equation  reads  (see  f.i.  [5]): 


P  +  p 


_  2?  f_  d2R  3/dR\2) 

'  T  =  ^  2U) 


dR 
R  dt 


(2.1) 


where 

Pa  =  gas  pressure  inside  bubble, 

Pv  =  vapour  pressure  inside  bubble, 

P 1  =  liquid  pressure  at  large  distances  from  bubble, 

PI  =  liquid  density, 
m  =  dynamic  viscosity  of  liquid, 
t  =  time. 

(2)  The  heat  conduction  equation.  This  equation  is  in  spherical  coordinates 
of  the  following  type  when  convection  terms  are  neglected: 


dT  _  Dt  a(r2  at 
it  r2 


(2.2) 


where 

T  =  temperature, 

Dt  =  thermal  diffusivity  =  k/cp , 
k  =  coefficient  of  heat  conduction, 
c  =  specific  heat  at  constant  pressure, 
p  =  density. 
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The  heat-flux  that  is  flowing  through  the  interface  is  given  by: 

0  =  >-  (g)r=R  (2.3) 

(3)  The  gas  diffusion  equation  in  case  other  gases  than  the  liquid  vapour 
come  into  play.  This  equation  reads: 


(2.4) 


where 

Pae  =  equilibrium  pressure  of  dissolved  gas  in  the  liquid, 
D  =  diffusion  coefficient. 

a 

The  mass  flow  of  gas  crossing  the  interface  is  given  by: 


HM 

_ a 

dt 


3  Da 


(2.5) 


where 

a  =  solubility  =  volume  of  gas  that  dissolves  in  liquid/volume  of  liquid  in 
which  gas  dissolves, 

pa  =  gas  density. 

(4)  The  equation  of  state  of  the  gas-vapour  mixture  inside  the  bubble  in 
combination  with  the  equation  that  governs  evaporation  and  condensation. 

(5)  The  equation  that  governs  the  transport  of  the  bubble  through  the  fluid. 

The  complete  set  of  equations  is  a  rather  complicated  one;  a  solution  can 
only  be  attained  with  reasonable  effort  when  certain  simplifications  are  intro¬ 
duced. 

The  influence  of  viscosity  can  be  neglected  safely  in  normal  hydraulic  appli¬ 
cations.  The  viscosity  term  of  Eq.  (2.1)  is  only  important  in  ultrasonic  applica¬ 
tions  of  very  high  frequency  (>  105  c.p.s.)  and  during  the  forming  of  foam  mate¬ 
rials  from  solidifying  highly  viscous  fluids.  Even  with  this  simplification,  the 
set  of  equation  is  still  rather  complicated.  It  is  possible  however  to  isolate 
certain  important  phenomena  that  may  become  dominant  at  certain  values  of  the 
controlling  parameters.  As  such  can  be  mentioned: 

a.  The  static  stability  of  small  bubbles. 

b.  The  influence  of  gas  diffusion  on  the  growth  speed  of  small  bubbles 
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c.  The  opposing  influence  of  dynamic  and  heat  conduction  effects  on  the  ul¬ 
timate  growth  speed  of  larger  bubbles. 

d.  The  forces  acting  on  a  bubble  in  a  fluid  stream  with  streamwise  pres¬ 
sure  gradient. 

These  phenomena  will  be  discussed  now  in  the  next  paragraphs. 


2.2  The  Static  Stability  of  Small  Bubbles  [l] 

Neglecting  frictional  effects  equation  (2.1)  can  be  written  as 

<2'61 

When  gas  diffusion  can  be  neglected  and  the  bubble  temperature  is  assumed 
constant,  p  and  p  can  be  written  as: 

a  v 


The  index  0  applies  to  the  equilibrium  condition  with 


(2.7) 


dR  _  d2R 
"  dt2 


0 


Assume  further  that  the  bubble  is  in  equilibrium  at  t  =  0.  This  equilibrium 
will  only  be  stable  against  disturbances  in  the  radius  R  when: 


p  .  _  i£l 
V  R 


<0 


<  0 


(2.8) 


dR 


dR 


Only  under  this  condition  the  bubble  will  return  to  its  original  equilibrium  con¬ 
dition  after  a  small  change  in  the  radius  Ro. 

Static  instability  is  attained  therefore  as  soon  as: 


or 


(2.9) 


(2.10a) 


361 


van  der  Walle 


or  in  dimensionless  form: 


4 

V  "  3(Cp  +  Cr) 

where 


(2.10b) 


pm~  pressure  in  undisturbed  stream. 

As  soon  as  the  pressure  coefficient  cp  and  the  bubble  radius  parameter  r> 
satisfy  relation  (2.10b)  the  bubble  becomes  essentially  unstable  against  disturb¬ 
ances. 


As  a  consequence  the  bubble  will  grow  continuously  in  size  even  without  gas 
diffusion;  the  growth  speed  being  determined  by  either  dynamic  limitations  or 
heat  conduction  effects  (see  par.  2.5).  Dependent  on  which  of  these  two  limita¬ 
tions  is  the  important  one  the  growth  process  will  be  termed  cavitation  or 
boiling. 

If  the  critical  condition  as  given  by  Eq.  (2.10a)  is  attained  by  a  reduction  of 
the  liquid  pressure  p /  to  a  value  pc  (cavitation  pressure)  it  can  easily  be  de¬ 
rived  that  [l] 


This  equation  expresses  the  well  known  fact  that  the  onset  of  vaporous  cavi¬ 
tation  in  the  absence  of  gas  diffusion  is  only  possible  when  the  liquid  pressure 
falls  below  the  vapour  pressure. 


This  is  also  evident  from  Eq.  (2.10b)  as  the  critical  radius  parameter  r,  at¬ 
tains  only  a  positive  value  for  cp  <  -a-. 

When  the  bubble  is  in  stable  equilibrium,  growth  of  the  bubble  at  a  constant 
liquid  pressure  is  only  possible  by  gas  diffusion  (see  par.  2.3)  or  by  boiling. 
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2.3  The  Influence  of  Gas  Diffusion  on  the  Growth  of  Small  Bubbles 

From  Eq.  (2.4)  it  follows  that  a  diffusion  length  La  can  be  defined  as  follows: 

L.  =  )/D^7  (2.12) 

where  tc  is  a  characteristic  time,  i.e.,  either  a  period  in  case  of  an  acoustical 
disturbance  or  a  passage  time  in  case  of  the  flow  along  a  body. 

The  diffusion  length  L,  is  a  measure  of  the  radial  extent  by  which  the  dis¬ 
solved  gas  equilibrium  pressure  has  been  disturbed  in  the  liquid  surrounding 
the  bubble. 

Equation  (2.12)  is  valid  for  not  too  large  values  of  tc ;  the  diffusion  length  is 
maximum  of  the  order  of  the  bubble  radius  R ,  i.e.: 

La  <  R  (see  §  2.7).  (2.13) 

From  Eq.  (2.5)  it  follows  that  the  change  in  gas  volume  is  proportional  to: 

V  =  a  D  4 "  R2  =  a  477  R2  L 

‘  La 

The  relative  change  in  the  gas  volume  is  given  by: 


2. 


a 


a4  -R^ 

_  a 


(2.14) 


The  influence  of  the  gas  diffusion  will  be  small  for  small  values  of  Za .  Now  is 
for  air  in  water  at  atmospheric  temperature: 


Da  =  2.10’9  m2/sec. 


a  =  0.017. 


An  impression  of  the  importance  of  the  gas  diffusion  can  be  obtained  by 
calculating  the  value  of  the  characteristic  time  tc  for  which  Z„  is  equal  to  one. 

These  values  have  been  given  in  Table  2.1.  In  Fig.  1  the  quantity  za  has 
been  plotted  as  a  function  of  tc  and  R0. 


Table  2.1 

Required  Times  for  Appreciable  Growth  of  Air  Bubbles  in  Water 


R0  =  1mm 

0.1  mm 

0.01  mm 

0.001  mm 

t.  =  104  sec 

c 

1 _ _ 

1 

102  sec 

! _ _ _ 1 

1  sec 

lO'4  sec 

l -  1 
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Fig.  1  -  The  eas  diffusion  parameter  Z  as  a  function 
of  bubble  radius  R  ar.d  characteristic  time  t 

o  c 


-2 


It  follows  from  this  table  that  in  normal  flow  problems  gas  diffusion  is  only 
important  for  very  small  bubbles  where  the  characteristic  times  are  mostly  of 
the  order  of  10°  seconds  or  less  and  are  therefore  of  the  same  order  of  magni¬ 
tude  as  the  passage  times.  For  larger  bubbles  the  characteristic  times  are 
normally  appreciably  larger  than  the  passage  time  and  gas  diffusion  is  therefore 
rather  unimportant. 

When  acoustical  disturbances  are  considered  of  frequencies  above  1000  Hz 
the  gas  diffusion  appears  to  have  no  effect  for  bubbles  larger  than  0,001  mm. 
However,  there  can  be  a  slow  change  due  to  rectified  diffusion  when  the  acoustic 
excitation  extends  over  long  times.  Rectified  diffusion  is  a  non-linear  effect 
that  is  caused  by  the  fact  that  in  the  low  pressure  part  of  the  acoustic  cycle  the 
inflow  of  dissolved  gas  occurs  over  a  slightly  larger  area  than  in  the  high  pres¬ 
sure  part. 
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2.4  The  Opposing  Influence  of  Dynamic  and  Heat  Conduction 

Effects  on  the  Ultimate  Growth  Speed  of  Larger  Bubbles 

At  the  radial  velocities  that  are  of  interest  in  cavitation  and  boiling  it  can 
be  assumed  that  the  vapour  conditions  inside  the  bubble  are  always  in  equilib¬ 
rium  with  the  liquid  temperature  at  the  bubble  wall  [6], 

When  the  pressure-temperature  condition  around  a  bubble  is  altered  sud¬ 
denly  by  a  certain  amount  from  the  vapour  equilibrium  conditions  the  bubble 
starts  to  grow.  It  will  be  assumed  that  the  bubble  sizes  are  such  that  surface 
tension  effects  can  be  neglected.  The  ultimate  growth-speed  of  the  bubble  is 
limited  then  to  that  of  either  one  of  the  following  two  limiting  cases: 

a.  The  temperature  conditions  are  such  that  the  bubble  wall  is  essentially 
isothermal,  i.e.,  heat  conduction  is  assumed  to  occur  infinitely  fast.  In 
that  case  the  vapour  pressure  is  constant  and  equal  to  the  equilibrium 
vapour  pressure  corresponding  to  TV.  It  follows  from  Eq.  (2.1)  that  the 
growth-speed  due  to  a  sudden  drop  in  temperature  is  limited  to 


dR 

dt 


ci 


(2.23) 


i.e.,  the  growth  speed  is  determined  by  dynamic  effects. 

b.  The  heat  diffusion  is  the  limiting  parameter.  At  any  time  the  vapour 
pressure  is  equal  to  the  liquid  pressure,  i.e.,  it  is  assumed  that  dynamic 
effects  due  to  the  bubble  expansion  are  unimportant.  In  the  case  of  a 
sudden  drop  in  pressure,  the  temperature  of  the  bubble  is  then  given  by: 


T 


b  - 


(2.24) 


with  B  dp  dT  -  gradient  of  vapour  pressure  curve  as  a  function  of 
temperature,  and 

p  =  sudden  drop  in  pressure. 

The  growth-speed  is  essentially  determined  by  the  rate  of  evaporation:  the 
heat  flux  available  for  evaporation  being  given  by  Eq.  (2.3). 

Introducing  again  the  concept  of  diffusion  length  (see  par.  2.3)  the  order  of 
magnitude  of  this  heat  flux  becomes: 


Q  =  4- R: 


The  diffusion  length  Lt ;  is  again  a  measure  for  the  radial  extent  by  which  the 
temperature  distribution  in  the  liquid  is  disturbed.  A  dimensionless  measure 
for  this  diffusion  length  is  the  quantity 
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Fig.  2  -  The  heat  diffusion  parameter  Zt  as  a  function 
of  the  bubble  radius  R„  and  the  characteristic  time  tc 


L'i 

“t  "  R 

has  been  plotted  in  Fig.  2  as  a  function  of  the  characteristic  time  tc  and  the 
bubble  radius  R  . 

O 

Comparison  of  Figs.  1  and  2  reveals  that  heat  diffusion  is  an  essentially 
quicker  process  than  gas  diffusion. 

The  heat  flux  Q  is  available  for  evaporation  of  a  mass  of  water  m  for  which 
the  relation  holds: 
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dm  _  Q 
dt  ”  A 


with  A  =  latent  heat  of  evaporation. 

The  volume  growth  of  the  bubble  is  given  by: 


dj7*3  _ 

dt 

The  limiting  growth-speed  becomes  then: 


1  dm 

dt 


dR  _  H  AP 

dt  -  c2  -  pvLt/  B. A 


(2.25) 


Which  one  of  these  limiting  cases  determines  the  growtn-speed,  is  depend¬ 
ent  upon  the  ratio  of  and  C2 : 


£}_  Py  B.  A 

*  '  c2  tc;  vzt;m 


(2.26) 


For  <<  1  dynamic  effects  are  the  important  ones  and  heat  diffusion  occurs 
such  fast  that  the  bubble  wall  is  essentially  isothermal,  and  for  2  »  i  dynamic 
effects  are  unimportant;  heat  diffusion  being  the  limiting  factor. 

Use  will  be  made  of  the  following  data  for  water  [6]. 


Table  2.3 


Temperature 

15°C 

100°C 

_ 

210  =  C 

V 

0.129  x  10’1 

5.98  x  10’1 

95.9  xlO'1  kg/m3 

p 

V 

0.017  x  10s 

1.01  x  10s 

19.1  x  105  N/m3 

B  =  dpv/dT 

1.10  x  102 

36.2  x  102 

382  x  102  N/m  2  =  C 

A 

2.46  x  106 

2.26  x  106 

1.90  x  106  kg 

p'i 

0.999  x  103 

0.958  x  103 

0.853  x  103  kg/m3 

0.587 

0.68 

0.659  x  N/sec;K 

i  Dt,f' 

1.41  x  IQ'7 

1.89  x  10-7 
_ 

2.35  x  10-7  m 2/sec 

367 


van  der  Walle 


Equation  (2.26)  can  be  written  as: 


p„|/ 

e  = 

f  dt 


where  has  been  taken  to  be: 


=  vXA 


(2.27) 


and  where  dp  dt  =  derivative  of  pressure  with  respect  to  time. 

The  quantity  Vdp  dt  has  been  given  in  Table  2.4  as  a  function  of  the 
temperature  T . 


Table  2.4 


The  Quantity  2r  Vdp  dt  as  a  Function  of  T 


T  = 


15'C 


100  '-C 


210:C 


Vdp  dt  =  57.8 


N1  ^ 


m,  sec 


—  8.22  x  IQ4— N1  2- 

1  2  m  sec1  2 


14.3  /•  10' 


X1  2 
m  sec1  2 


It  is  evident  from  Table  2.4  that  is  much  larger  at  the  higher  tempera¬ 
tures.  As  a  consequence  it  is  found  that  the  growth-speed  of  vapour  bubbles  at 
these  temperatures  is  essentially  limited  by  the  heat  diffusion  process  r6'. 

Practical  applications  for  this  type  of  problems  are  for  instance  in  insta¬ 
tionary  boiling  in  atomic  reactors.  In  that  case  the  bubble  growth  is  caused  by 
a  temperature  gradient  instead  of  a  pressure  gradient  and  the  analogous  expres¬ 
sion  for  Eq.  (2.27)  becomes: 


V>D:  >B.A 


The  quantity  tdT  dt  has  been  given  in  Table  2.5  as  a  function  of  the  tem¬ 
perature  T. 


Table  2.5 

The  Quantity  7.r  I'd!  dt  as  a  Function  of  T 


1 5'  C 


100  C 


210  C 


-  C1  2 

>dT  dt  =  5.52  — - - 

sec 1  2 


1.37  \  103  C' 

sec1  2 


7.31  •  104 


C1  2 
sec  1  2 
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In  normal  boiling-applications  the  temperature  increase  rates  are  of  the 
order  of  0.01  C/sec,  whereas  in  nuclear  reactors  values  of  up  to  200G;C/sec 
can  be  encountered  [6].  Comparison  with  the  data  of  Table  2.4  shows  that  even 
for  the  very  high  heating  rates  the  bubble  growth  is  essentially  determined  by 
the  heat  diffusion  process  in  boiling  applications  (  1).  In  normal  cavitation 

on  ship  propellers  temperatures  of  around  15^C  will  prevail. 

An  estimate  of  the  order  of  magnitude  of  dp/dt  has  been  obtained  in  Table 
2.6  for  some  typical  cases: 


Table  2.6 


Full  Scale 
Application 

] 

Model  Scale 

Propeller  circum¬ 
ferential  speed  V  = 

20  m/sec 

10  m/sec 

Characteristic  length 
of  cavitating  zone  K  - 

0.3  m 

0.015  m 

Order  of  magnitude  of 

dp  dt  =  '  = 

1.34  x  10 7  N/m2  sec 

3.34  x  10"  N/m2  sec 

at  T  -  15  C 

1 _ 

0.016 

0.010 

In  both  cases  the  values  for  Le  are  small  compared  to  one.  Therefore  in 
normal  cavitation  the  cavity  can  safely  be  assumed  to  be  isothermal  and  the 
growth-speed  of  the  bubbles  is  essentially  determined  by  the  dynamic  effects. 


2 . 5  The  Forces  Acting  on  a  Bubble  in  a  Fluid  Stream  With 
Streamwise  Pressure  Gradient 


The  forces  that  act  on  a  bubble  either  in  the  free  stream  or  originating  from 
a  wall  crevice  are: 

1.  The  drag  D  of  the  bubble. 

2.  The  streamwise  component  T  of  the  surface  tension  forces  between 
bubble  and  wall  in  case  the  bubble  is  attached  to  the  wall. 

3.  The  buoyancy  force  F  on  the  bubble  due  to  a  streamwise  pressure 
gradient. 

All  forces  will  be  taken  positive  when  directed  in  the  streamwise  direction. 

Neglecting  inertia  forces,  the  equilibrium  condition  becomes  for  a  babble 
that  is  attached  to  the  wall: 
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D  r  T  -  F  =  0  (2.29) 

Due  to  these  forces,  the  shape  of  the  bubble  will  deviate  from  a  spherical 
one.  A  qualitative  estimate  of  the  various  forces  can  be  given  as  follows: 

D  =  CD  -|-  pi  v?ttR2  (2.30) 

-5.2R  <  T  <  t  5 .  2F  (2.31) 

F  =  -r*3.£  =  -fR3^£  (2-32) 

where 

V  =  mean  velocity  in  boundary  layer  along  height  of  the  bubble, 

F  =  characteristic  length  of  the  bubble,  analogous  to  the  radius  of  a 
spherical  bubble, 

5  =  surface  tension, 

CD  =  drag  coefficient, 
pj  =  density  of  the  fluid, 

Cp  ='  pressure  coefficient, 

U-  =  undisturbed  stream  speed. 

The  surface  tension  force  is  similar  to  a  friction  force,  in  that  its  direction 
can  be  reversed  and  its  magnitude  can  adjust  itself  within  two  limiting  values. 

The  important  point  to  note,  is  that  both  surface  tension  force  T  and  buoy¬ 
ancy  force  F  can  compensate  in  principle  the  drag  D;  therefore  making  it  possi¬ 
ble  for  the  bubble  to  remain  stationary  with  respect  to  the  wall.  The  buoyancy  F 
is  only  stabilizing  for  positive  values  of  the  pressure  gradient 

The  surface  tension  force  is  proportional  to  R  and  the  buoyancy  force  to  R3. 
It  is  evident  therefore  that  for  small  bubbles  surface  tension  is  the  dominating 
stabilizing  effect  whereas  with  larger  bubbles  this  role  is  fulfilled  by  the  buoy¬ 
ancy  force. 

The  drag  coefficient  Cq  is  dependent  upon  the  Reynolds  number  Re  based 
on  the  bubble  "diameter"  2R.  Now  is: 

Re  =  1 Iff  (2.33) 

where  -  =  dynamic  viscosity  of  the  fluid. 
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The  dependency  of  Cd  upon  the  bubble  radius  R  is  relatively  small;  it  fol¬ 
lows  therefore  from  Eqs.  (2.30),  (2.31)  and  (2.32)  that  the  surface  tension  force 
T  is  proportional  to  R,  the  drag  D  more  or  less  to  R*  and  the  buoyance  force  F 
to  R3. 


As  a  consequence,  the  force  equilibrium  for  small  bubbles  is  mainly  deter¬ 
mined  by  D  and  T  whereas  for  larger  bubbles  D  and  F  are  dominant. 

Introducing  Eqs.  (2.30)  and  (2.31)  in  (2.29)  it  can  be  shown  therefore  that  a 
maximum  value  for  R  exists  in  a  first  approximation  above  which  no  stable  po¬ 
sition  on  a  body  is  possible  due  to  surface  tension  effects  alone  in  case  the 
buoyancy  force  F  can  be  neglected.  This  maximum  value  is  given  by: 


R 


max 


(2.34) 


In  the  same  way  it  is  found  for  larger  bubbles  from  Eqs.  (2.29),  (2.31)  and 
(2.32)  that  a  minimum  value  for  r  exists  below  which  no  stable  position  is  pos¬ 
sible  due  to  a  positive  pressure  gradient  alone  in  case  T  can  be  neglected. 

The  minimum  value  is  given  by: 


r  -  L  .  .  (1\  _3  (i\  (2.35) 

min  4  dep  \  U  /  4  dep  \u  ) 

ds  df 

where  C  =  characteristic  length  of  body,  and  f  =  s  c. 

This  minimum  value  decreases  with  increasing  values  of  the  gradient  of  the 
pressure  coefficient.  This  means  that  once  a  bubble  has  grown  to  such  a  size 
that  it  floats  in  equilibrium  in  the  pressure  gradient,  it  will  stay  in  equilibrium 
when  it  increases  in  size.  During  its  increase  in  size  the  bubble  shifts  upstream 
towards  a  position  with  a  smaller  pressure  gradient. 

Qualitatively  it  can  be  stated  that  in  general  such  a  condition  can  only  be 
attained  with  the  characteristic  slow  growth  speeds  due  to  gas  diffusion  when 
the  value  forRmin  as  given  by  Eq.  (2.35)  is  equal  to  or  smaller  than  the  value 
for  Rmjx  given  by  Eq.  (2.34).  Only  in  such  a  case  will  it  be  possible  for  a  bubble 
to  remain  in  stable  equilibrium  during  the  whole  period  of  growth  from  its  orig¬ 
ination  from  the  wall  crevice  to  the  ultimate  bursting  in  vaporous  cavitation. 

This  procedure  seems  a  logical  explanation  for  the  typical  occurrence  of  sheet 
cavitation  on  blade  leading  edges  with  their  associated  large  pressure  gradients 
as  distinct  from  blade  cavitation  that  is  more  characterized  by  bubbles  that 
sweep  along  the  cavitating  body.  In  this  last  case,  in  general  no  pressure  gradi¬ 
ent  will  be  available  of  sufficient  magnitude  to  stabilize  the  position  of  the  bub¬ 
bles  with  respect  to  the  blade. 

It  must  be  said,  however,  that  once  Rain  and  RxtJt  have  approximately  the 
same  value,  the  basic  assumptions  underlying  Eq.  (2.34)  and  (2.35)  are  not  ful¬ 
filled  anymore  as  all  three  forces,  D,  T  and  F  are  of  the  same  order  of  magni¬ 
tude  then.  In  that  case  the  full  equation  (2.29)  has  to  be  considered. 
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In  the  flow  around  not  too  slender  shapes,  as  ogives  for  instance  somewhat 
mixed  conditions  may  exist  if  compared  with  sheet  cavitation  on  one  hand  and 
blade  cavitation  on  the  other  hand. 

The  pressure  gradients  will  not  be  large  enough  to  keep  the  bubble  attached 
during  its  whole  growth  period.  As  a  consequence  the  bubble  will  detach  once  it 
has  reached  a  certain  size.  During  its  transportation  in  the  boundary  layer  it 
will  continue  to  grow  until  it  may  either  burst  into  vaporous  cavitation,  become 
attached  again  as  a  fixed  cavity  of  either  the  gaseous  or  the  vaporous  type,  or  it 
may  collapse  again  at  a  more  downstream  position.  That  an  increase  in  size 
due  to  gaseous  or  vaporous  cavitation  can  cause  the  bubble  to  remain  stationary 
due  to  buoyancy  effects  has  been  demonstrated  by  the  experiments  of  Kermeen, 
McGraw  and  Parkin  [2]. 

Under  these  conditions  the  function  of  the  wall  as  a  generator  of  nuclei  can 
be  characterized  therefore  as  a  "seeding  action"  by  which  nuclei  are  introduced 
into  the  stream  at  certain  positions  on  the  body.  The  important  point  to  note  is 
that  the  stabilizing  influence  of  the  buoyancy  force  F  is  limited  to  regions  with 
positive  pressure  gradient.  This  gives  an  explanation  of  the  experimentally 
found  fact  that  inception  occurs  in  many  cases  preferably  in  the  region  aft  of 
suction  peaks. 

For  those  cases  that  the  three  forces  D  .  T  and  F  are  more  or  less  of  the 
same  order  of  magnitude  the  full  Eq.  (2  29)  has  to  he  used.  The  following  rela¬ 
tions  hold: 

-2  -  R  _  D  -  F  -  2  ”  R  the  bubble  remains  fixed  to  the  wall, 

D  -  F  >  2  _  R  the  bubble  will  detach  and  move  in  the  downstream 
direction, 

D  -  F  -2"R  the  bubble  will  detach  and  move  in  the  upstream 
direction. 

Introducing  the  dimensionless  variables:  ;  =  s  c  with  c  =  characteristic 
length  (chord  f.i.)  and  -  =  --  :R  2'  ,  the  relations  become  with 


A 


D  -  F 


-VC. 


- 

\uJ 


dcp  ^ 


a.  For  a  stable  bubble:  (A)  s  1.  (2.36) 

b.  For  a  bubble  that  will  detach  and  move  downstream  X  1  (2.37 

c.  For  a  bubble  that  will  detach  and  move  upstream  A  <.  -1  (2  381 

d.  A  bubble  that  has  been  detached  already  will  become  attached  again  as 
soon  as  A  becomes  negative. 

A  qualitative  picture  of  the  pressure  distribution  at  the  suction  side  of  a  hydro¬ 
foil  is  given  in  Fig.  3. 
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Fig.  3  -  Qualitative  picture  of  the  press-re  cistributicr.  cr.  the 
suction  side  of  a  hydrofoil 


As  has  been  remarked  already  the  most  favourable  region  for  the  genera¬ 
tion  of  wall-nuclei  is  around  point  c  where  the  pressure  gradient  attains  a 
maximum  positive  value  and  where  the  stabilizing  influence  of  the  buoyancy 
force  F  is  the  largest  therefore. 

As  soon  as  the  absolute  value  of  A  will  surpass  1  the  bubble  will  detach: 
for  positive  values  of  A  the  bubble  will  move  downstream  at  an  ever  increasing 
speed  when  no  additional  growth  takes  place. 

On  the  other  hand,  for  negative  values  of  A.  the  bubble  will  move  upstream 
until  equilibrium  is  attained  somewhere  between  points  B  and  c  at  such  a  value 
of  the  pressure  gradient  that  the  net  force  on  the  bubble  is  zero  again 

In  case  the  bubble  keeps  on  growing  this  stable  position  will  approach  more 
and  more  the  pressure  minimum  in  B.  This  kind  of  cavitation  with  fixed  cavi¬ 
ties  is  possible  therefore  even  when  the  static  pressure  is  everywhere  larger 
than  the  vapor  pressure.  It  can  be  termed  gaseous  cavitation  with  stabilization 
of  the  cavity  by  pressure  gradient  effects. 
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It  can  easily  be  shown  that  the  quantity  A  is  solely  dependent  upon  the  fol¬ 
lowing  dimensionless  parameters. 

1 .  Rf  =  c/M  =  Reynolds  number  based  on  the  chord  c  . 

2.  o/fiu*  =  Rt.?/pu2'^c  a  dimensionless  measure  for  the  surface  tension. 

3.  r  =  p^2'-R/25  a  dimensionless  measure  for  the  bubble  radius. 

4.  dc  p/d; 

5.  f  =  s/c  i.e.,  the  place  where  the  bubble  is  originated. 

6.  The  relationship  between  Cp  and  p  v  R/u  (Reynolds  number  based  cm  the 
flow  condition  around  the  bubble). 

Some  calculations  have  been  made  of  the  quantity  A  as  a  function  of  these 
parameters.  It  has  been  assumed  that  the  shape  of  the  bubble  is  an  ellipsoid 
with  an  axis- ratio  of  2.  The  relationship  between  CD  and  c  v  R.  _is  then  a  given 
function  and  a  is  then  solely  dependent  upon  R#,  5/_  ux  and  -  for  given  values 
of  dcp'dg  and 

Two  typical  cases  have  been  considered  namely: 

a.  dcp,  df  =  100  and  f  =  0.04. 

This  is  thought  to  be  typical  of  the  condition  in  leading  edge  cavitation 
inception. 

b.  dcp  d-  =  2  and  -  =  0.75. 


This  is  considered  to  be  typical  of  blade  cavitation. 

In  both  cases  laminar  as  well  as  turbulent  boundary  layers  have  been  con¬ 
sidered.  For  sake  of  simplicity  the  flat  plate  boundary  layer  thicknesses  have 
been  used  in  the  calculations. 

Results  of  calculations  have  been  plotted  in  Figs.  4a  through  4h.  Instead  of 
the  two  parameters  Re  =  ;_c  _  and  ”  -u  the  data  have  been  plotted  with  the  ve¬ 
locity  u  and  the  chord  C  as  parameters;  the  quantities  ?,  "  and  -  will  normally 
be  constants  in  most  hydraulic  applications.  Although  the  curves  can  only  be 
expected  to  give  qualitatively  correct  results,  it  is  evident  that  complete  stabili¬ 
zation  of  bubbles  is  only  possible  under  leading  edge  cavitation  conditions. 

Once  the  bubble  is  detached  from  the  wall,  it  will  be  transported  down¬ 
stream  within  the  boundary  layer.  During  its  travel  the  bubble  will  tend  to  grow 
by  gas  diffusion  (see  section  2.7)  whereas  the  static  pressure  surrounding  the 
bubble  will  increase  (see  Fig.  3).  Vaporous  cavitation  will  occur  as  soon  as 
condition  (2.10b)  is  attained,  i.e.,  when 
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Fig.  4b  -  The  quantity  A  as  a  function  o:  R. 

Blade  cavitation  -  laminar  flow. 

This  critical  value  of  -  will  increase  continuously  with  increasing  values 
of  C  .  In  addition  it  is  evident  that  vaporous  cavitation  is  only  possible  when 
Cp  <  (static  pressure  below  vapor  pressure). 


Once  vaporous  cavitation  has  started,  the  bubble  will  expand  to  macroscopic 
dimensions.  It  is  dependent  then  upon  the  pressure  gradient  parameter  and  the 
speed  of  growth  whether  or  not  the  cavity  will  become  fixed  to  the  surface  as  a 
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Fig.  4c  -  The  quantity  A  as  a  function  o:R. 
Leading  edge  cavitation  -  laminar  Cot. 


cavitating  sheet.  It  has  often  been  found  in  experiments  that  a  visible  cavity 
may  develop  in  regions  where  the  static  pressure  is  higher  than  the  vapour 
pressure.  From  Eq.  (2.39)  it  follows  that  vaporous  cavitation  can  not  be  a  pos¬ 
sible  explanation  of  this  phenomenon. 
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Fig.  4d  -  The  quantity  A  as  a  function  o:  R. 

Leading  edge  cavitation  -  laminar  flow. 

The  only  possibility  seems  to  be  that  this  kind  of  fixed  bubble  cavitation  is 
caused  by  gaseous  cavitation  in  a  bubble  that  is  fixed  to  the  wall  in  a  region  of 
sufficiently  large  positive  pressure  gradients. 

One  may  speculate  whether  these  conditions  might  occur  in  the  cases  shown 
in  Fig.  4c  for  U  =  20  and  30  m/sec. 
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R  in  m 

Fie.  4e  -  The  quantity  A  as  a  i.rctior.  of  R. 

Blade  cavitation  -  turbulent  Cow. 

In  these  cases  the  pressure  gradients  near  the  leading  edge  have  been 
somewhat  too  small  to  cause  a  complete  stabilization  ol  the  bubble  over  the 
whole  range  of  bubble  radii.  As  a  consequence  the  bubble  detaches  once  a  criti¬ 
cal  size  Rj  has  been  attained.  Figure  4c  shows  however  that  at  a  slightly  larger 
value,  R,  of  R,  complete  stabilization  will  be  possible  again  in  case  the  bubble 
grows  sufficiently  quick  in  the  region  where  the  pressure  gradient  is  of  the 
same  order  of  magnitude. 
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Fig.  4£  -  The  quantity  A  as  a  function  of  R  . 

Blade  cavitation  -  turbulent  flow. 

It  is  shown  by  Fig.  4c  that  the  value  of  R  for  which  A  becomes  smaller  than 
1  again  is  about  the  same  as  the  value  of  R  for  which  A  passes  through  zero. 

The  attachment  limit  for  traveling  bubbles  and  attached  bubbles  is  therefore 
about  the  same.  The  growth  in  size  from  Ri  to  R2  may  be  possible  now  by  gas 
diffusion  during  the  travel  of  the  detached  bubble  There  are  indications  that 
the  position  of  the  transition  point  plays  a  dominating  role  in  this  growth  process 
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Fig.  4g  -  The  quantity  A  as  a  function  of  R  . 

Leading  edge  cavitation  -  turbulent  flow. 

(see  section  4).  Once  the  new  equilibrium  condition  has  been  established,  the 
cavity  will  remain  attached  to  the  wall  and  may  continue  to  grow  by  gas  diffusion 
even  if  the  static  pressure  is  above  vapor  pressure. 

The  ultimate  size  of  the  cavity  is  determined  in  this  case  by  the  equilibrium 
between  gas  transportation  to  the  bubble  by  gas  diffusion  and  transportation  from 
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Fig.  4h  -  The  quantity  A  as  a  function  of  R. 

Leading  edge  cavitation  -  turbulent  flow. 

the  bubble  by  entrainment.  Summarizing,  it  can  be  stated  that  basically  three 
types  of  the  curve  of  A  versus  -  have  to  be  considered,  namely: 

a.  Those  cases  where  always  A  <  1.  (The  case  of  complete  stabilization  ) 

b.  Those  cases  where  only  in  a  rather  small  region  of  values  of  a  is 
larger  than  1.  (The  partly  not  stabilized  cases.) 
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c.  Those  cases  where  A  is  only  smaller  than  1  in  a  limited  region  of  rt 
values  between  zero  and  some  positive  value.  (The  only  partly  stabilized 
case.) 


2.6  The  Generation  of  Nuclei  from  Crevices  in  the  Wall 

The  process  of  generation  of  nuclei  by  a  crevice  is  shown  pictorially  in 
Fig.  5a  through  5d.  If  the  pressure  in  the  mainstream  is  sufficiently  low,  the 


WALL 


(a) 


WALL 


(b) 


INTERFACE 
FLOW 


WALL 


(d) 


Fig.  5  -  The  process  of  generation  o:  wall-nuclei 
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small  gas  pocket  in  a  crevice  will  start  to  grow.  The  radius  of  curvature  of  the 
bubble  liquid  interface  will  change  from  convex  to  concave  during  this  process. 
The  radius  of  curvature  attains  a  minimum  and  the  internal  bubble  pressure 
therefore  a  maximum  when  the  gas  pocket  has  grown  to  a  certain  critical  size 
(see  Fig.  5c).  This  is  approximately  the  case  when  the  bubble  forms  more  or 
less  a  hemisphere  above  the  surface  of  the  wetted  body.  This  minimum  radius 
of  curvature  Rc  is  an  important  characteristic  property  of  the  crevice.  For  a 
stationary  bubble,  Eq.  (2.1)  becomes: 

pa  +  pv  "  *1  ~  -y  =  0  (2.40) 

where  R  =  radius  of  curvature  of  interface  (see  Fig.  5a -d)  or,  written  in  di¬ 
mensionless  form: 


-  c 


-  -  =  0 


(2.41) 


where 


Growth  of  a  bubble  by  gaseous  diffusion  is  only  possible  when  the  equilib¬ 
rium  pressure  of  the  dissolved  gas  Pae  is  larger  than  the  internal  gas  pressure 
pa  Or  if: 


"p. 


with 


'p.. 


Growth  ox  a  bubble  is  only  possible  therefore  if: 


(2.43) 


(2  44) 


(2.45) 
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The  right  hand  side  of  this  inequality  attains  for  given  values  of  cp  and  a  a 
maximum  at  the  minimum  value  rlc  for  the  radius  parameter  7,  (i.e.,  if  R  =  R„). 

Growth  above  the  critical  condition  R  -  Rc  is  therefore  only  possible  if: 


C 

p.„ 


>  c 

-  p 


a 


2_ 

r'c 


where 


(2.46) 


f'u  £  Rr 


It  will  be  assumed  that  after  detachment  of  a  gas  pocket  with  r  -  rc  a  bub¬ 
ble  will  be  formed  with  radius  Rc . 


The  characteristic  crevice  parameter  re  =  pu!C2Rc/2v  determines  therefore 
the  maximum  value  of  y  above  which  no  growth  of  a  bubble  to  larger  values  of 
R  is  possible. 

The  same  reasoning  applies  to  stream  nuclei  if  it  is  assumed  that  these 
nuclei  are  formed  in  crevices  of  solid  particles  in  the  main  stream.  In  order  to 
distinguish  between  wall-  and  stream-nuclei  the  critical  radius  parameter  of 
curvature  will  be  denoted  by 


(2.47) 


in  that  case. 

A  second  limitation  exists  for  bubbles  with  less  air  content  than  correspond¬ 
ing  to  the  critical  bubble  with  radius  rc  .  These  bubbles  can  be  formed  on  the 
wall  even  if  the  relation  (2.45)  is  not  satisfied.  In  case  these  bubbles  are 
sheared  off  from  the  wall,  they  will  quickly  dissolve  again  unless  the  dissolved 
gas  content  is  sufficiently  high.  This  is  due  to  the  fact  that  the  internal  bubble 
pressure  becomes  essentially  larger  for  these  bubbles  once  they  are  detached 
from  the  wall. 

These  bubbles  will  not  be  dissolved  alier  detachment  only  if  Eq.  (2.45)  is 
satisfied  with  Rc  replaced  by  R  (i.e.,  the  bubble  radius  after  detachment)  or  if: 


(2.48) 


In  deriving  (2.48)  it  has  been  assumed  that  the  air  pressure  pa  in  the  bub¬ 
ble  equals  the  equilibrium  saturation  pressure  of  the  dissolved  gas  at  the  instant 
of  detachment.  Normally  the  air  pressure  pa  will  lag  behind  the  equilibrium 
saturation  pressure  of  the  dissolved  gas.  This  lag  will  be  negligible  in  case  the 
inception  condition  is  approached  sufficiently  slow.  In  the  remainder  an  infinitely 
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slow  approach  of  the  inception  conditions  will  be  assumed,  making  pa  equal  to 
Par.  at  the  instant  of  detachment. 

Equation  (2.48)  yields  therefore  a  lower  size-limit  for  the  wall-nuclei  that 
can  effectively  contribute  to  inception. 

Once  a  wall-nucleus  becomes  detached,  the  bubble  will  be  compressed  in 
general  due  to  the  normally  increasing  pressure  in  the  downstream  direction. 

If  gas  diffusion  can  be  neglected,  the  total  air  content  of  the  bubble  is  constant 
and  it  can  easily  be  shown  that  the  following  relation  holds  for  the  radius  param¬ 
eter  r  : 


2 

i 


(2.49) 


where  the  index  1  applies  to  the  condition  at  detachment  and  2  applies  to  the 
downstream  position  considered.  Now  is 


C 


pi 


(2.50) 


where  pat.  =  equilibrium  pressure  of  the  dissolved  gas. 

The  decrease  in  the  bubble  radius  will  be  more  pronounced  at  lower  values 
of  the  dissolved  gas  content  parameter  Cp  . 


2.7  The  Growth  of  Nuclei  by  Gas  Diffusion 

The  growth  of  wall-nuclei  by  gaseous  diffusion  need  not  be  considered  as  in 
principle  an  infinitely  large  time  is  available  for  growth  in  that  case. 

With  stream  nuclei  however  the  situation  is  quite  different  as  the  available 
time  is  of  the  order  of  the  passage  time  for  fluid  particles  that  flow  along  the 
wetted  body.  The  growth  of  the  bubbles  is  determined  by  the  Eqs.  (2.4)  and  (2.5). 

If  some  approximations  are  made  the  following  relation  can  be  derived  for 
the  variation  of  the  bubble  radius  parameter  as  a  function  of  the  streamwise 
coordinates. 

(v-x-r 

(2.51) 


3aX- 

.3 


C„ 


-Cp)d--  - 


3aX 
~  J 


Cp  -Cp 


34 - - 
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where 


=  value  of  t  at  f  =  -0, 
'  =  s  c, 


c  =  characteristic  length, 


a  =  solubility  =  volume  of  gas  that  is  dissolved  in  liquid/ 
volume  of  liquid  in  which  gas  dissolves, 


X  y  U_3  C  D  a  /  2  ' 


dimensionless  diffusion  coefficient, 


(2.52) 


dimensionless  gas  concentration  parameter.  (2.53) 


The  first  two  terms  of  Eqs.  (2.51)  form  in  fact  the  law  of  Boyle  for  a  gas 
bubble  of  constant  gas  content  (pressure  ✓  volume  =  constant).  The  two  integrals 
represent  the  inflow  of  gas  due  to  diffusion.  For  a  more  detailed  derivation  of 
Eq.  (2.51)  the  reader  is  referred  to  Ref.  9.  Equation  (2.51)  contains  an  incon¬ 
sistency  in  that  the  surface  tension  influence  has  not  been  neglected  in  the  first 
three  terms  whereas  it  is  neglected  in  the  two  integrals  giving  the  gas  diffusion 
flow  towards  the  bubble.  This  inconsistency  is  due  to  the  somewhat  "mystic" 
character  of  the  nuclei  which  necessitates  the  neglect  of  surface  tension  effects 
for  explaining  the  growth  of  these  nuclei  whereas  the  retainment  of  the  surface 
tension  influence  is  necessary  in  the  later  phases  of  the  growth  period  in  order 
to  find  the  correct  instability  limit  as  given  by  Eq.  (2.10b).  In  these  later 
phases  the  nucleus  has  increased  its  size  so  much  that  it  can  be  regarded  as  a 
normal  bubble  where  surface  tension  effects  have  to  be  considered  in  the  normal 
way. 


The  derivation  of  Eq.  (2.51)  is  justifiable  therefore  from  this  point  of  view. 
Some  results  of  calculations  have  been  given  in  Fig.  6. 

A  sinusoidal  pressure  distribution  has  been  considered  of  the  type 


The  point  where  the  travelling  bubble  bursts  into  vaporous  cavitation  is  de¬ 
termined  by  relation  (2.10b).  The  location  of  this  point  is  a  function  of  the  initial 
bubble  size  as  characterized  by  -  and  of  the  cavitation  number 

For  every  value  of  there  is  a  minimum  value  for  for  which  vaporous 
cavitation  takes  place.  This  minimum  value  has  been  calculated  for  the  follow¬ 
ing  cases: 

1.  C  =  -1.5:  ~  =  20  (typical  of  leading  edge  cavitation  conditions), 

■  i  n 

2.  C  =  -0.6;  "  =  1  (typical  of  blade  cavitation  conditions). 

j  n 

In  both  cases  two  values  of  X  and  CP  have  been  considered,  one  corre¬ 
sponding  to  full  scale  conditions  and  one  to  model  size. 
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Fig.  6b  -  The  growth  of  a  travelling  bubble  by  gas  diffusion 
around  a  hydrofoil  at  leading  edge  cavitation  conditions 
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The  values  for  nmin  have  been  plotted  in  Figs.  7a  and  7b. 

Scale  effects  are  present  in  two  respects: 

1.  The  values  for  rimin  nay  be  different  for  full  scale  and  model  size. 

2.  The  values  for  X  and  Cp  will  differ  appreciably  between  full  scale  and 
model  size. 

The  curves  show  the  correct  tendencies  in  that  cr.  -  -C  for  ?  .  -  x 

i  p  .  min 

and  that  c.  —  ■  for  ?  .  -  0.  m,n 

i  min 

The  results  show  that  vaporous  cavitation  due  to  stream  nuclei  will  only 
occur  at  rather  low  values  of  a  if  the  radius  parameter  rx  of  the  nuclei  in  the 
undisturbed  stream  is  of  the  order  of  unity.  This  corresponds  to  nuclei  of  a 
couple  of  microns  in  diameter. 

It  is  not  expected  that  appreciably  larger  nuclei  will  be  present  normally  in 
the  mainstream. 

Based  upon  these  results  one  could  expect  that  the  contribution  of  stream 
nuclei  to  the  inception  process  will  be  rather  small  compared  to  that  of  wall 
nuclei. 

It  must  be  remarked  however  that  the  derivation  of  Eq.  (2.51)  is  based  on 
the  assumption  that  the  bubbles  move  with  the  same  speed  as  the  main  stream. 

From  paragraph  2.5  it  can  be  concluded  however  that  appreciable  amounts 
of  slip  may  be  present  between  bubble  and  main  stream  due  to  streamwise  pres¬ 
sure  gradients. 

This  will  increase  the  gas  diffusion  appreciably  as  additional  convection 
terms  have  to  be  considered  in  Eq.  (2.4). 

Further  research  in  this  direction  is  necessary  therefore  in  order  to  be 
able  to  compare  quantitatively  the  influence  of  stream  nuclei  with  those  of  wall- 
nuclei. 


3.  SUMMARY  OF  THE  SCALING  FACTORS  AND  THE 
RELATIONS  FOR  THE  INCEPTION  VALUE  OF  a 

From  the  discussions  of  paragraph  2  the  relations  for  the  inception  value 
of  can  be  derived.  The  scaling  factors  follow  directly  from  these  relations. 
It  is  evident  from  paragraph  2  that  several  possibilities  for  the  inception  proc¬ 
ess  exist  (gaseous  versus  vaporous  cavitation  and  due  to  stream  nuclei  versus 
wall-nuclei,  etc.). 

Each  of  these  possibilities  has  to  be  considered  and  the  one  with  the  highest 
value  of  ;  is  the  critical  one.  It  is  also  possible  that  the  cavity  patterns  are 
different  for  different  cavitation  processes.  In  such  a  case  more  than  one 
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- ► 

Fig.  7b  -  The  minimum  value  of  the  nuclei  radius  parameter 

T).in  that  will  lead  to  vaporous  cavitation  as  a  function  of  a 

for  m  =  1;  C  =  -0.6  (blade  cavitation) 
i  n 
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inception  value  for  a  can  be  defined  each  of  which  will  be  related  to  one  cavity 
pattern  (see  f.i.,  Ref.  7  and  8). 

The  various  possibilities  for  the  cavitation  mechanism  can  be  character¬ 
ized  according  to  the  following  criteria: 

1.  The  type  of  nuclei,  i.e.,  either  wall-  or  stream-nuclei. 

2.  The  type  of  cgvitation,  i.e.,  gaseous  or  vaporous. 

3.  The  type  of  the  curve  of  A  versus  v . 

The  results  of  paragraph  2  can  be  summarized  as  follows: 

1.  Heat  conduction  effects  can  be  neglected  as  soon  as 


2.  Vaporous  cavitation  takes  place  as  soon  as: 

-4 

77  "  3(Cp  +  cr) 

or  if 


For  very  large  values  of  n  this  reduces  to: 


Cp  =  -O- 

3.  Gaseous  cavitation  takes  place  as  soon  as: 


C  >  C  +  cr  +  - 

P.f  -  P  V 

4.  Stream  nuclei  have  to  be  characterized  by  the  dimensionless  parameter: 


f“x2  K 
~  2  c 


5.  Growth  of  nuclei  by  gaseous  diffusion  during  transportation  in  the  main 
stream  is  determined  by  the  similarity  parameters: 


p-fiJcDB 

2a 
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a  =  solubility, 


and 

c  =  dissolved  gas  content  parameter. 

6.  The  generation  of  wall-nuclei  is  influenced  by  the  shape  of  the  curve  of 
A  versus  v.  The  type  of  the  curve  is  to  a  large  extent  determined  by  the  pres¬ 
sure  gradient  in  the  following  way: 


a.  Large  positive  pressure  gradient;  A  <  1.  (Fully 
stabilized  case.)  Bubbles  of  every  size  are 
stabilized. 


t 


b.  Medium  positive  pressure  gradient;  A  >  1  for 
t,  <  7)  <  t)2-  (Partly  not  stabilized  case.)  The 
bubbles  detach  for  r  values  between  ^  and  r2. 


c.  Small  positive  pressure  gradient  (partly  stabi¬ 
lized  case).  A  >  1  for  t-  >  tjj.  The  bubbles  de¬ 
tach  for  r  values  larger  than 


The  quantitative  values  for  r:l  and  2  are  determined  by  the  following  sim¬ 
ilarity  parameters: 

1.  Re  =  uxc  V  (Reynolds  number). 

2.  -  r-  (dimensionless  measure  for  the  surface  tension). 


The  inception  criteria  have  beer  summarized  in  Table  3.1,  according  to  the 
above  described  classification. 


The  scaling  factors  appear  to  differ  appreciably  for  the  various  cavitation 
process. 

The  following  general  remarks  can  be  made: 

1.  For  all  cases  considered  <r;  approaches  the  limiting  value  _(cp)min  if 
Ux  increases  monotonically  and  all  other  variables  are  kept  constant. 


2.  The  influence  of  the  shape  manifests  itself  in  two  ways: 

a.  By  means  of  the  curve  of  A  versus  which  is  influenced  appreciably 
by  the  pressure  distribution. 

b.  The  gaseous  growth  of  travelling  bubbles  is  influenced  by  the  pres¬ 
sure  distribution. 
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3.  In  the  case  of  gaseous  cavitation  it  appears  advisable  to  plot  a.  -  C 

against  the  various  parameters  involved.  *  P,e 

4.  The  influence  of  the  Reynolds  number  is  twofold: 

a.  An  increase  in  the  Reynolds  number  at  equal  a/V tends  to  increase 
the  boundary  layer  thicknesses.  As  a  consequence,  the  curve  of  A 
versus  -q  will  shift  more  or  less  to  the  fully  stabilized  case.  This 
will  be  a  rather  smooth  influence. 

b.  An  increase  in  Reynolds  number  can  shift  the  transition  point  to  more 
forward  positions.  If  the  transition  shifts  into  or  upstream  of  the 
region  where  the  nuclei  are  generated  or  are  growing  by  gaseous  dif¬ 
fusion  a  sharp  influence  on  a .  may  be  expected,  cr.  can  be  decreased 
as  well  as  increased  by  such  a  forward  shift.  In  the  above  mentioned 
case  6b  it  can  be  expected  that  a  shift  of  the  transition  point  upstream 
of  the  generation  point  of  the  wall  nuclei  will  lead  to  a  drastic  de¬ 
crease  in  rjj  and  therefore  to  a  decrease  in  for  the  cavitation 
pattern  due  to  wall-nuclei. 

If,  however,  the  transition  moved  upstream  to  a  position  between  the  gener¬ 
ation  point  of  wall -nuclei  and  the  place  where  the  cavity  becomes  attached  to  the 
body,  it  could  well  be  that  the  increased  turbulence  intensity  around  the  growing 
bubble  would  increase  the  diffusion  process  in  such  a  way  that  an  increase  in  c; 
resulted  from  it. 

5.  The  influence  of  the  velocity  is  rather  complicated  as  many  parameters 
are  influenced  by  it. 

6.  It  is  advisable  to  describe  the  dissolved  gas  content  in  terms  of 

cp.,  =  Pae  /  !4 p  U«c 2  instead  of  in  the  more  usual  form  of  gas  concentration  in 
parts  per  million  (P.P.M.)  [7], 


4.  COMPARISON  WITH  AVAILABLE  EXPERIMENTAL  DATA 

Much  experimental  data  has  been  obtained  on  hemispheres  of  various  sizes 
and  at  different  flow  velocities  [2,  8].  The  quantity  A  has  been  determined 
therefore  as  a  function  of  r,  for  this  body  shape  for  a  number  of  values  of  Re 

and  o  /  Uoo/L 

For  the  sake  of  simplicity  the  flat  plate  boundary  layer  equations  have  been 
used  for  the  determination  of  boundary  layer  thickness  and  velocity  profile 

The  value  vi  of  v  for  which  A  becomes  greater  than  1  has  been  plotted  in 
Figs.  8a  and  8b.  Laminar  as  well  as  turbulent  flow  has  been  considered. 

The  value  of  q l  determines  directly  the  size  of  the  bubbles  that  detach 
from  the  wall.  As  can  be  seen  from  Fig.  8a  for  laminar  flow,  m  values  of 
around  20-100  are  attained,  corresponding  to  bubble  diameters  of  the  order  of 
some  hundredth's  of  a  millimeter.  This  corresponds  roughly  with  the  bubble 
sizes  measured  by  Kermeen  a.o.  [2]. 
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Fig.  8a  -  The  radius  parameter  ■q1  at  detachment  for  wall 
nuclei  as  a  function  of  the  Reynolds  number  Re  and  of 
a/U^fi  for  laminar  flow  around  hemispheres 
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Fig.  8b  -  The  radius  parameter  [  at  detachment  for  wall 
nuclei  as  a  function  of  the  Reynolds  number  Re  and  of 
cr .'U  pc  for  turbulent  flow  around  hemispheres 
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In  addition  it  can  be  mentioned  that  these  values  for  17 1  are  appreciably 
larger  than  the  expected  corresponding  values  for  stream  nuclei  (see  par.  2.7). 

Increasing  values  of  ■r]l  will  lead  to  increasing  values  of  c;. 

It  follows  from  Fig.  8a  that  the  influence  of  the  velocity  is  appreciably 
larger  than  the  influence  of  the  size.  This  is  shown  by  the  three  cases;  A,  B 
and  C.  Doubling  the  scale  (A  -  B)  gives  an  increase  in  rjl  of  around  32% 
whereas  doubling  the  velocity  results  in  an  increase  of  -7  of  around  68%.  Prob¬ 
ably  this  gives  an  explanation  for  the  experimentally  found  fact  that  the  inception 
value  of  a  seems  to  correlate  in  some  cases  with  the  parameter  Ux  Vc  [8].  The 
correct  correlation  parameter  is  then: 


(see  also  the  discussion  of  Ref.  2). 

It  is  evident  however  that  the  dependency  is  more  complicated  than  this 
simple  parameter  suggests. 

Figure  8b  shows  that  an  appreciable  reduction  in  177  will  result  from  a  for¬ 
ward  shift  of  the  transition  upstream  of  the  generation  point  of  the  nuclei.  This 
will  cause  a  drastic  decrease  in  the  inception  value  of  ■?. 

The  experimental  results  of  Kermeen  a.o.  on  inception  on  hemispheres  have 
been  plotted  in  Fig.  9  as  a  function  of  Re  and 

As  the  cavitation  pattern  is  evidently  due  to  gaseous  cavitation  a,  -  CPar 
has  been  plotted  instead  of  -  itself. 

For  the  same  geometry  the  values  of  Vi  have  been  calculated. 

In  the  tests  of  Kermeen  it  has  been  found  that  the  transition  point  lies  be¬ 
tween  the  point  of  generation  of  the  nuclei  and  the  attachment  point  of  the  fixed 
cavity. 

All  along  the  wall  upstream  of  the  transition  point  wall  nuclei  will  be  gener¬ 
ated.  The  largest  ones  will  be  created  just  in  front  of  the  transition  point  as  the 
boundary  layer  will  be  thickest  there. 

Aft  of  the  transition  point  the  wall  nuclei  will  be  appreciably  smaller  due  to 
the  higher  shearing  stresses  in  the  wall  region  of  the  turbulent  boundary  layer. 

This  is  demonstrated  also  by  Figs.  8a  and  8b,  which  give  the  values  for  1 
for  laminar  and  turbulent  flow. 

The  radius  parameter  -1  is  appreciably  smaller  in  the  case  of  turbulent 
flow. 

Some  typical  curves  of  the  quantity  A  as  a  function  of  the  bubble  radius  R 
have  been  plotted  in  Figs.  10a  and  10b. 
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Fig.  9  -  The  cavitation  number  for  inception  as 
measured  for  hemispheres 


It  is  evident  that  the  flow  along  a  hemisphere  belongs  to  the  partly  not  sta¬ 
bilized  case  ol  Table  3.1.  It  is  found  from  theoretical  calculations  that  the  bub¬ 
ble  radii  at  the  moment  of  detachment  are  of  the  order  of  0.01  -  0.1  mm  in  the 
laminar  case,  whereas  attachment  occurs  again  for  radii  of  around  3  mm  in  the 
laminar  as  well  as  in  the  turbulent  case.  This  has  to  be  compared  with  the  ex¬ 
perimentally  found  figures  of  around  0.01  mm  and  0.5  mm.  In  view  of  the  rather 
rough  approximation  that  was  used  in  the  calculation  of  the  boundary  layer  the 
agreement  can  be  considered  quite  reasonably.  The  following  inception  process 
suggests  itself  on  the  basis  of  these  considerations. 

The  wall  nuclei  that  will  determine  the  inception  conditions  are  those  that 
are  generated  just  in  front  of  the  transition  point  as  these  will  be  the  largest 
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Fig.  10a  -  The  quantity  A 
radius  R  for  laminar  flo-v 
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On  the  Growth  of  Nuclei  and  the  Related  Scaling  Factors  in  Cavitation  Inception 


Fig.  11  -  The  cavitation  number  for  inception  , 
as  calculated  by  theory  for  hemispheres 


ones  available.  In  the  transition  region  very  high  gas  diffusion  rates  will  be 
realized  due  to  the  highly  turbulent  nature  of  the  flow.  The  nucleus  will  grow 
enormously  therefore  if  this  nucleus  satisfies  the  gaseous  cavitation  criterion 
at  the  moment  of  detachment;  it  will  implode  by  gas  diffusion  when  this  criterion 
is  not  satisfied. 

It  will  be  assumed  now  that  the  growth  in  the  transition  region  is  such  rapid 
that  the  inception  conditions  are  reached  as  soon  as  the  gaseous  cavitation  cri¬ 
terion  is  satisfied  at  the  point  of  detachment. 
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The  inception  values  of  ari  have  been  calculated  accordingly  and  the  results 
have  been  plotted  in  Fig.  11.  These  purely  theoretical  values  should  be  com¬ 
pared  with  experimentally  determined  data  of  Fig.  9. 

The  close  resemblance  of  the  curves  can  be  called  quite  good  especially  if 
the  rough  approximation  in  the  calculation  of  the  boundary  layer  is  taken  into 
account. 
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ABSTRACT 

At  the  Technical  Research  Laboratory  of  Hitachi  Shipbuilding  &  Engi¬ 
neering  Co.,  Ltd.,  the  authors  have  conducted  the  measurement  of  the 
torque  and  thrust  of  newly-built  merchant  ships  in  recent  years  at  their 
speed  trials,  and  have  successfully  obtained  the  results  of  simultaneous 
measurements  which  are  believed  quite  reliable,  concerning  the  rela¬ 
tions  among  the  speeds  of  ships,  propeller  revolutions,  torque  and  thrust. 

In  this  paper,  an  attempt  is  made  to  briefly  explain  the  method  of  the 
thrust  measurement  used,  followed  by  the  analysis  of  the  results  of  these 
speed  trials  as  compared  with  those  of  model  experiments.  Finally,  the 
scale  effect  on  the  self-propulsion  factors  are  examined. 

As  a  conclusion,  it  may  be  said  that  as  far  as  the  relative  rotative  effi¬ 
ciency  is  concerned,  there  exists  very  little  scale  effect  between  full- 
scale  ships  and  similar  models.  Accordingly',  it  is  believed  that  LCf 
values  calculated  directly  from  the  measured  thrust  will  not  be  very 
different  from  those  which  are  calculated  indirectly  by  using  the  values 
of  measured  torque,  the  open  propeller  characteristics  and  self¬ 
propulsion  factors  derived  from  the  model  experiments. 


INTRODUCTION 

In  order  to  analyze  the  propulsive  performance  of  a  ship,  it  is  strongly  de¬ 
sired  to  know  the  exact  value  of  thrust  as  well  as  that  of  torque  acting  on  an  in¬ 
termediate  shaft  of  an  actual  vessel  at  her  speed  trial  on  the  mile-post  course. 

At  the  technical  research  laboratory  of  Hitachi  Shipbuilding  &  Engineering 
Co.,  Ltd.,  the  authors  have  been  engaged  in  the  measurement  of  torque  and 
thrust,  at  the  speed  trials,  of  the  merchant  ships  newly-built  at  their  shipyards 
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in  recent  years,  and  have  obtained  the  results  of  measurements  which  are  be¬ 
lieved  quite  reliable. 

This  paper  deals  with  the  method  of  measuring  the  thrust  of  any  merchant 
ship  at  any  time  desired  without  much  trouble,  and  further  explains  the  analyti¬ 
cal  results  obtained  at  the  speed  trials,  by  comparing  them  with  those  of  model 
experiments.  Finally,  the  scale  effect  on  the  self-propulsion  factors  are  ex¬ 
amined. 


THE  METHOD  OF  MEASURING  THRUST 

Up  to  this  time,  a  thrust  meter  of  the  Michell  type  has  been  widely  used  for 
the  purpose  of  thrust  measurement  at  sea,  but  it  is  not  possible  for  this  meter 
to  be  applied  to  any  ship  and  at  any  time  desired.  In  order  to  investigate  the 
problem  of  ship  propulsion,  therefore,  the  authors  have  made  an  effort  in  obtain¬ 
ing  a  kind  of  thrust  meter  which  may  be  easily  attached  to  and  removed  from  a 
ship  without  remodeling  any  part  of  it. 

Accordingly,  the  method  adopted  by  the  authors  for  the  thrust  measurement 
at  sea  trials  of  actual  ships,  is  to  pick  up  the  compressive  strain  caused  on  the 
intermediate  shaft  by  the  thrust,  using  the  wire  strain  gauges  attached  on  it.  At 
first,  16  sheets  of  strain  gauges  were  arranged  as  in  the  case  of  "A"  ship  shown 
in  Fig.  1.  Soon  after  that,  however,  the  arrangement  of  the  gauges  was  altered 
as  in  the  case  of  "B"  ship  which  is  shown  in  the  same  figure,  in  order  to  make 
the  work  simpler  and  more  accurate. 


Fig.  1  -  Arrangement  of  strain  gaages 
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A  slip  ring  and  a  brush  were  used  to  supply  or  take  out  the  current  to  or 
from  the  strain  gauges  attached  on  the  rotating  shaft,  but  it  was  found  that  this 
circuit  contained  some  substantially  unstable  factors.  In  view  of  the  above,  the 
authors  gave  up  this  method  and  adopted  FM  strain  telemeter  to  eliminate  these 
unstable  factors  from  the  circuit.  Thus,  eliminated  from  the  circuit  were  the 
slip  ring,  the  brush  and  the  long  wire  cords  connecting  the  strain  gauges  with 
the  strain  meter  in  the  measuring  room. 

In  the  FM  telemeter  method,  battery  box  (source),  subcarrier  oscillator, 
bridge  balancer  and  FM  transmitter  are  firmly  bound  on  the  shaft,  as  shown  in 
Fig.  2,  and  the  strain  signal  is  transmitted  on  FM  carrier.  The  strain  signal 
can  be  easily  caught  by  the  antenna  arranged  around  the  shaft,  and  led  to  the  re- 
ceiv'ng  set  in  the  measuring  room.  This  is  the  simplest  and  most  reliable  of 
any  measuring  method  which  the  authors  have  ever  tried  by  means  of  wire 
strain  gauges. 


"t"  SHIP 


Fig.  2  -  Arrangement  of 
parts  of  telemeter 


An  example  of  the  arrangement  of  slip  ring  and  brush,  and  that  of  the  ar¬ 
rangement  of  FM  strain  telemeter  on  the  shaft,  are  shown  in  Fig.  3  and  Fig.  4 
respectively.  An  example  of  oscillogram  recording  the  value  of  thrust  by  FM 
strain  telemeter  is  shown  in  Fig.  5. 


THE  RESULTS  OF  THRUST  MEASUREMENTS 

At  the  first  stage,  it  was  found  difficult  to  keep  the  zero  point  constant 
throughout  the  entire  measurement.  Accordingly,  the  authors  aimed  at  the 
measurement  of  the  amplitude  of  thrust  fluctuations  rather  than  the  absolute 
values  of  thrust,  concerning  the  analysis  of  the  longitudinal  vibration  of  the 
crank  shaft  of  diesel  engine.  Figure  6  shows  the  results  of  the  measurements 
at  this  stage.  The  thrust  was  measured  only  when  the  engine  was  powered  up 
step  by  step,  and  at  each  step,  the  engine  was  kept  steady  for  a  few  minutes  with 
a  constant  number  of  revolutions,  for  the  purpose  of  torsional  vibration  test  of 
the  shaft. 
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Fig.  4  -  A  photograph  of  telemeter  (F  ship) 
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>2  OUT  PUT 

97.  S3 
BHP=  5940 
T  =  44.  6t 


calculated  values  ACCORDING  to  torque  veasjr 
PROPELLER  CHARACTERISTICS  AND  SELF- PROPULS  Of 
FACTORS  DERIVED  FROM  MODEL  TEST 


x  MEASURED  VALUES 


Fig.  5  -  An  oscillogram 

recording  the  value  o:  thrust 

"A"  SHIP,  CARGO  LINER 

"B"  SHIP,  SUPEP  TANKER 

I45m  x  lS6'r  x  124"’ 

ENG  2,500  6HP  x  M5  RPV 

I97m  x  264m  x  5  lm 
ENG  5,000  BhP  x  i:5  RR*» 

t  ■-  8.225  t 

A  =  43,520  t 
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Referring  to  the  figure,  the  cross-marks  show  the  values  of  the  measured 
thrust,  but  the  circular- marks  indicate  the  calculated  values  of  thrust  from  the 
torque  measured  at  the  speed  trial  on  the  mile-post  course,  the  open  propeller 
characteristics,  and  the  self-propulsion  factors  derived  from  the  model  experi¬ 
ment.  Although  these  two  kinds  of  values  are  not  values  of  simultaneous  meas¬ 
urement,  they  coincide  pretty  well  in  the  case  of  "A"  ship.  In  the  case  of  ”B” 
ship  it  may  be  supposed  from  Fig.  6  that  the  zero  began  to  move  from  the  point 
which  had  been  set  before  the  engine  was  started. 

After  making  some  further  experiments,  the  authors  were  successful  in  ob¬ 
taining  satisfactory  results  of  simultaneous  measurement  of  torque  and  thrust 
at  the  standardization  trial  of  ”C"  ship  conducted  by  the  41st  Research  Commit¬ 
tee  of  Shipbuilding  Research  Association  of  Japan  in  1960. 

The  measurement  was  carried  out  mainly  at  the  speed  trial  on  the  mile¬ 
post  course,  and  also  when  the  engine  was  powered  up  in  the  manner  as  men¬ 
tioned  above,  soon  after  the  engine  was  started,  and  during  the  torsional  vibra¬ 
tion  test.  All  the  test  results  are  plotted  in  Fig.  7,  and  the  fact  that  the  plots  lie 
on  the  45 “-line  in  the  figure  means  that  the  relation  between  torque  and  thrust 
measured  at  the  model  can  be  applied  as  it  is  to  that  of  the  full-scale  ship. 


"c"  SHIP.  SUPER  TANKER 

211. Bm  x  31  7 m  x  15. Im 
ENG  17500  SHP  x  105  RPM 
Ar  =61,440  »  (FULL) 


THRUST  IN  TONS,  CALCULATED  ACCORDING  TO 
TORQUE  MEASURED,  PROP.  CHARACTERISTICS 
AND  SELF-PROPULSION  FACTORS 

Fig.  7  -  Comparison  between  values  o:  thrust, 
measured  and  calculated 


412 


Experimental  and  Analytical  Results  of  Thrust  Measurements  on  Merchant  Ships 


WITH  WIND  AGAINST  WIND 

°  V  MEASURED  VALUE 

- • -  - V -  CORRECTED  FOR  WIND 


FULL  LOAD  LIGHT  LOAD 


_j _ I _ L _ i _ I — 

0 15  016  0  17  0  18  0  19 

FROUDE  NUMBER,  F  --  V//^T 


0  '6  0 17  C  18  0  19 

'ROUDE  NUMBER ,  F  7 


Fig.  8  -  Kt>  Kq  and  curves  o:  "C'  ship 


Based  on  the  results  of  the  speed  trial,  the  curves  of  torque  and  thrust  co¬ 
efficients,  obtained  in  the  course  of  analysis  by  the  standardized  method  adopted 
by  the  J.T.T.C.,  and  the  relative  rotative  efficiency  of  the  ship  calculated  from 
these  values  of  torque  and  thrust,  are  shown  in  Fig.  8. 

Ever  since,  the  authors  have  been  conducting  simultaneous  measurement  of 
the  torque  and  thrust  at  the  speed  trials  of  various  types  of  merchant  ships. 
Following  are  the  results  of  these  measurements  in  the  same  form  as  shown  in 
Fig. 8. 

Among  them,  "D"  ship,  for  which  the  results  of  measurement  are  shown  in 
Fig.  9,  was  still  measured  by  the  slip  ring-brush  method  FM  telemeter  method 
was  applied  to  "E”  ship  for  the  first  time,  the  results  of  which  are  shown  in 
Fig.  10  both  for  the  full  load  and  light  load  conditions. 

This  method  has  always  been  used  since  then,  and  was  applied  to  "F"  and 
"G”  ships,  the  results  of  which  are  shown  in  Fig.  11  and  Fig.  12  respectively. 
"F"  ship  is  a  sister  ship  of  "A"  ship.  Their  hulls,  engines  and  propellers  are 
just  the  same,  and  so  in  Fig.  11,  the  same  curve  as  in  Fig.  6  was  added. 

Fig.  5,  inserted  before  as  an  example,  is  one  of  the  measuring  records  on 
"G"  ship.  It  is  the  most  recent  measurement. 
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"D"  SHIP,  REFRIGERATED  BOAT 

75m  x  12  6m  x  6  3m 
ENG.  2,400  BHP  x  200  RPM 

A  =  1,644  t 

WITH  WIND  AGAINST  WIND 

°  V  MEASURED  VALUE 

- -  - f -  CORRECTED  FOR  WIND 


NO.  OF  PROP  REV  PER  MIN  ,  N 


1. 10 


T)r  curve 


I  00 


_l _ I _ I _ I _ I _ I — 

23  .24  25  .26  .27  .28 


FROUDE  NUMBER,  F  ■ 


Fig.  ?  -  Kt,Kq  ar.c  K  curves 
o:  D  ship 


ANALYTICAL  RESULTS  OF  THE  TRIAL  DATA 

These  trial  data  were  analyzed  and  corrected  for  wind  and  tidal  current  by 
the  method  of  standardized  analysis  of  speed  trial  results  adopted  by  the  J.T.T.C 
as  mentioned  before.  Accordingly,  reliable  values  of  ship's  speed,  number  of 
propeller  revolutions  per  minute,  torque  and  thrust  in  the  condition  of  no  wind 
and  still  water  could  be  obtained  at  the  speed  trials,  corresponding  to  those  ob¬ 
tained  at  the  self-propulsion  test  of  the  similar  models 

The  final  results  of  the  speed  trials  were  further  analyzed,  and  the  wake 
fraction  and  relative  rotative  efficiency  of  actual  ships  could  be  calculated.  The 
open  propeller  characteristics  used  in  the  calculation,  except  in  the  case  of  "C' 
ship,  were  deduced  from  the  Troost  B-series,  and  corrected  for  boss  ratio, 
blade  area  ratio  and  so  on,  because  the  propellers  of  those  ships  belong  to  the 
modified  Troost  type.  In  the  special  case  of  "C"  ship,  the  open  test  of  the  model 
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Il2m  x  16  8-r  x  8.8m 
FULL  LOAD,  A  =  10  024  t 


ENG  3,800  BHP  x  200  RPM 
HALF  LOAD,  L--  6  221  t 


THE  CORRECTION  FOR  WIND  WAS  OMMITTED 
CONSIDERING  THAT  THE  EFFECT  OF  WIND  WAS 
NEGLIGIBLE 


WITH  W  NO 
o 


against  wind 
V 


MEASURED  VALUE 
CORRECTED  FOR  WIND 


propeller  quite  similar  to  the  actual  one  was  carried  out.  and  its  result  was  used 
in  the  calculation. 

The  model  experiments,  except  in  the  case  of  "D"  ship,  were  carried  out  at 
Mejiro  Model  Basin  of  Transportation  Technical  Research  Institute,  but  "D"  ship 
only  was  experimented  at  the  experimental  tank  of  Osaka  Pref.  University  with 
a  small  model,  and  the  values  of  torque  at  the  self-propulsion  test  could  not  be 
measured  Moreover,  the  sectional  size  of  the  tank  seemed  to  be  small  in  rela¬ 
tion  to  that  of  the  model.  Accordingly,  the  wake  fraction  depending  on  Kc  and 
relative  rotative  efficiencv  of  the  model  shiD  are  left  in  blank,  and  the  wake 
fraction  depending  on  KT  seems  to  be  less  reliable  than  others. 

The  wake  fraction  and  relative  rotative  efficiency  are  calculated  as  follows: 

1.  to  calculate  the  thrust  coefficient  K7  and  torque  coefficient  Kc ,  where 
kT  =  T  n:DX  kq  =  0  :cl  • 

2.  to  find  the  advance  coefficient  J-  and  the  open  propeller  efficiency  -P 
in  the  chart  of  open  propeller  characteristics  corresponding  to  K-. 
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"r“  ship,  CARGO  LINER 

45"  1  196"  *  12.4" 
ENG  i2,5C0  BmP  ,  5  RPM 

L  *  e  140  t 


V  SHIP,  CARGO  SOAT 

43"  *  2  0"  *  2  5" 
ENG  '2,000  £hp  «  i5  RRV 

L  =  8  670  t 


SC  Cr  s»£v  *£»  If  **  ,  *» 


Fig.  11  -  Kt  ,  Kq  ar.c  •- p  curves 
of  "F  ship 


Fig.  12  -  K: 
curves  of 


a.r.c  -? 
ship 


3.  to  find  the  advance  coefficient  Jq  corresponding  to  Kq  as  mentioned 
above. 

4.  to  calculate  the  advance  speed  of  propeller  V1T  and  v.q,  depending  on 
KT  and  Kc  respectively;  where  v,  -  r.Dj. 

5.  to  calculate  the  wake  fractions,  as  l  -  -  \'i  Vj.  Thus,  two  kinds  of 

wake  fractions  *7  and  *q  are  obtained  depending  on  kt  and  Kq  respectively. 

6.  to  calculate  the  propeller  efficiency  behind  the  ship  1,  where 
~p  -  KtJt  2-Kq,  Then  the  relative  rotative  efficiency  -K  -  -p,-s. 

Thus,  the  scale  effect  on  the  two  of  the  self-propulsion  factors  is  clarified 
in  comparison  with  the  values  of  similar  models.  It  is  regretted,  however,  that 
the  thrust  deduction  coefficients  cannot  be  examined  because  the  resistance  of 
the  hulls  is  unmeasurable. 

The  wake  fractions  and  relative  rotative  efficiencies  thus  obtained  are  tabu¬ 
lated  both  on  the  actual  ships  and  the  similar  models  in  Tables  1-C  to  1-G.  ana 
the  ratios  of  wake  fractions  of  an  actual  ship  to  that  of  a  model  ship,  expressed 
l  -  ws  1  -  »  v,  are  plotted  in  Fig.  13-1  and  Fig.  13-2  based  on  K7  and  Kq  re¬ 
spectively.  The  same  ratios  of  relative  rotative  efficiency.  RS  rv.  are  shown 
in  Fig.  14. 
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Experimental  and  Analytical  Results  of  Thrust  Measurements  or  Merchant  Ships 


"C"  Ship,  Suffer  Tanker 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

(  r 

Coefficients  J 

I  C 


211  .4  m  x  31.7  m  x  15.14  m 

Full  Load 

11.374  m 

61,470  t 

0.746 

0.7  91 

0.594 


Machinery  17,500  SHP  x  105  RPM 

Propeller 

Dia.  x  Pitch  Ratio  6.605  m  x  0.745 


Model  Length  6.500  m 

Scale  of  Model  1  32.54 

Table  1-C 
Analytical  Results 


vs  in  X, 

14.294 

14.205 

14.293 

16.641 

'  16.760 

16.720 

17.034 

17.145  17.234 

0.15  c«j 

0.1573 

0.1542 

0.1447 

. 0.1455 

0.1451 

0.1446 

0.1503 

0.1904 

Rp  x  10  •*  (Hull) 

1.229 

1.221 

1.225 

1 .  4  J4 

1.441 

1.437 

1.464 

1.47- 

1.4.2 

Ke  x  10  '  (Prop.) 

2.370 

2.363 

2.364 

2.475 

2.454 

2.495 

2.975 

2.553 

2.554 

Si  *TS 

0.414 

0.417 

0.420 

0.403 

0.404 

0.402 

0 . 40  o 

0.405 

0.411 

f. ! 

0.465 

0.466 

0.465 

0.450 

0.450 

0.450 

0.444 

0.444 

0.44! 

!  1  ~  T  S  1~WTM 

1.044 

1.052 

1.04  4 

1.05 

(MM 

‘Ufa 

IMS'* 

1.071 

1.067 

-  5T  v 

Qs 

0.345 

0.344 

0.350 

0.34  4 

0.350 

0.390 

0.394 

0.39  4 

i  0.400 

r  *QM 

0.424 

0.430 

0.42  4 

0.404 

0.404 

0.404 

0.406 

0.406 

'  .4'  ~ 

!  -  :  i-'os 

1 .057 

1.074 

1.067 

1.027 

...24 

1.024 

usm 

mu 

1 .012 

.1 

*  *  |  PS 

1.034 

1.034 

1.034 

1.014 

1  .01  5 

1.014 

1.015 

1.014 

1.014 

~  ^  t  ~  Rw 

1.024 

1.027 

1.024 

1.030 

1.029 

1.029 

1.026 

.  1.025 

1 .024 

—  ,  ~FS  ”'rm 

1.010 

1.011 

1.010 

0.54  4 

0.549 

0.949 

0.949 

0.900 

1  - 

0.755 

0.755 

0.755 

0 .  5  02 

0  .*02 

0.502 

0.403 

.  .4-.-u 

0.404 

Table  2-C 
LCt  Values  x  10;‘ 


k 

I.T.T.C.  1557 

HI 

-0.037 

0.001 

0.001 

O.oOo 

05  5 

0.03:  C 

.025 

X 

u:  ‘ 

Schoenherr 

-0.116 

-0.102 

-0.126 

-0.041 

-0.079 

-  •> 

022 

-..'’41  -C 

'.053 

- 

c 

Hughes 

0.257 

0.310 

0.257  j 

0.313 

0.316 

i.  .315 

tj  ( 

570 

45 

.u37 

u 

O' 

I.T.T.C.  1957 

-0.056 

-0.047 

-0.066  ; 

0.046 

.  4- 

C  .  C  5  C 

o, 

102 

.  >:  4 

X 

Schoenherr 

-0.145 

1-0.134 

-0.155 

-0.036 

-0.033 

-0.0  31 

o, 

022 

C  .005 

'.010 

si 

Hughes 

0.264 

;  0.275 

0.254 

0.374 

0.362 

0.364 

414 

. .  94  . 

.  - 

Note:  Hughes'  Form  Factor  K  =  0.307 
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Kinoshita,  OV.ada  and  Sudo 


"C"  Ship,  Super  Tanker 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

rcB 

Coefficients^  CP 
C 


2 1 1 . »  m  x  31.7  m  x  15.14  m 
Half  Load 
7.315  rr. 

35,040  t 
0.760 
0.707 
0.550 


Machinery 

Propeller 

.Jia.  x  Pitch  Ratio 

del  Length 
~cale  of  Model 


17.500  SHP  x  103  RPM 
6.605  m  x  0.7; 5 

6.500  m 
1  32.5: 


Table  1-C' 
Analytical  Results 


VS  ir‘  K: 

14.566 

14.713 

17.145 

17.051 

1  ”  5  *"  3 

17.447 

"5. 

0.1646 

0.1625 

'  0.1:52 

;  0.1546 

0.1531 

R,  x  10-5  (Hull) 

1.211 

1.15: 

1.357 

1 .392 

1.432 

1.421 

R,  x  10'  ’  (Prop.) 

2.259 

o  03 h 

4.  .  (  j  1 

2.753 

,  O  C3>9 

2.500 

r  . 

*  T- 

T  s 

1  0.470 

0.46: 

0.450 

0.445 

0.451 

»« 

i  0.522 

0.522 

0.515 

0.515 

0.512 

0.513 

r 

1-»TS 

1.105 

1.113 

1.136 

1.123 

1.127 

Vs 

0.422 

0.421 

0.426 

M!K  -  1  y 

0.433 

0.431 

*Q« 

0.510 

.  0.511 

0.500 

0.500 

0.45: 

0.450 

‘•'os  !-Vv 

1.1:0 

1.1:4 

1.14: 

1.150 

1.105 

1.116 

•jZ  ~  R  s 

1 .065 

1.065 

1.030 

1.031 

1.023 

1.025 

—  R  V 

1 .005 

1.015 

1.017 

1 .016 

—  P  5  RW 

1.055 

1.060 

1.015 

1 .016 

:  .006 

1.009 

l-'v 

0.75: 

0.7C.C 

0.503 

0.503 

.  0.502 

0.503 

i  able  2-C  ’ 
Cfx  103 


- 

I.T.T.C.  1557 

0.171  0.1:2 

0.251 

0.297 

0.202 

<*,  *>  -) 

Schoenherr 

0.O57  0.053 

0.20: 

127 

0.14“ 

-  : 

Hughes 

0  -IT0  (1  .ICO 

0.577 

0.591 

0.453 

0.515 

I.T.T.C.  1557 

-0.035  -0.021 

0.225 

..  5 

■  ”c 

0.1 53 

l  * 

Schoenherr 

-0.122  -0.110 

0 . 1 52 

0 . 1 62 

0.103 

0.1c  5 

-  = 

Hughes 

0.263  0.275 

0.521 

0.532 

0.469  j 

0.476 

Note: 

(1)  Hughes'  Form  Factor  K  =  0.315. 

(2)  Water  on  the  mile-post  course  ;s  35 
to  have  an  effect  on  the  values.  But 

r*  in  cep:r. 

'  C .  values 

,  50  the  sh a 

are  correc 

] low  water  seems 

ted  lor  the  shau- 

low  water  effect  by  Sudo's  method  iJ.S..  N .  A .  o:  -Japan  No.  10:,  1950). 
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Experimental  and  Analytical  Results  of  Thrust  Measurements  on  Merchant  Ships 

"D"  Ship,  Refrigerated  Boat 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

''Ce 

Coefficients  ■>  C^ 

[c 

Machine  ry 
Propeller 

Dia.  x  Pitch  Ratio 

Model  Length 
Scale  of  Model 


75.0  m  x  12.6  m  x  6.3  m 

about  1/5  Load 

2.77  m 

1,664  t 

0.6 19 

0.671 

0.992 

2,400  BHP  x  200  RPM 

3.300  m  x  0.661 

2.273  rr, 

1  33.0 


Table  1-D 
Analytical  Results 


I.T.T.C .  1957 


i  * 


fchoenherr 


Hughes 


V5  in  K- 

WmEM 

Em 

IBB  %  , 

‘ 

0.2415 

wesm 

46  T  Y  »  HH4I 

R  e  X  10-9  (Hull) 

0.4153 

0.4190 

0.4764 

0.4-04 

0.4-32  0.4:94 

R.  x  10-  7  (Prop.) 

1.249 

1.511 

1.523 

1.561  1.5:0 

WTS 

0.369 

0.369 

0.344 

0.346 

0.342  0.34: 

*TM 

0.560 

0.55“ 

0.515 

0.513 

0.512  0.310 

1-*TS  1*»T« 

1.434 

1.427 

1.352 

1.343 

1.34-  1.330 

*0S 

0.362 

0.362 

0.334 

0.336 

0.32  ?  0.332 

*QW 

*'*0S  1**OM 

a  | 

RS 

1.011 

1.012 

1.015 

1.015 

1.016  1.023 

RV 

R  S  RM 

1 _ hln 

0.765 

0.765 

0.765 

0.765 

0.765  0.765 

Table  2-D 
-IC-x  103 

\  * 

I.T.T.C.  1957 

0.6  S3  0.635 

0.11; 

- 1  '4-1 

0.176  -0.032 

Schoenherr 

.  “  -  '.45- 

-0.044 

-0.166 

0.01?  -0.1*1’ 

Hughes 

1.067  1.016 

0.475 

0.3:6 

45 4  : 

Note:  (1)  Hughes'  Form  Factor  K  =  0.2S2. 

(2)  Size  of  the  exp.  tank  used  is  small  in  relation  to  that  of  the  model. 

(A  at  =  0.0331.  Results  of  exp.  were  corrected  tor  the  restricted  effect  by 
Nagasaki  Method  (Tech.  Rep.  of  Mitsubishi  Zosetil.  But  values  of  still 
seem  to  have  some  effect. 
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Kinoshita,  Ok.ada  ar.d  Sudo 


”E"  Ship,  Small  Tanker 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

C  r 

I  '"B 

Coefficients  J  CP 
'X 


112.0  m  x  16.6  m  x  6.60  m 

Full  Load 

7.310  m 

10,024  t 

0.713 

0.722 

o.s«5 


Machinery  3,500  BHP  x  200  RP.M 

Propeller 

Dia.  x  Pitch  Ratio  3.600  rr.  x  0.642 


Model  Length  5.500  m 

Scale  of  Model  1/20.36 

Table  1-E 
Analytical  Results 


Vs  in  K. 

11.706 

11.723  |  13.576 

13.615 

14.200 

14.166 

0.1794 

0.2176 

0.2171 

R 

e  X  10*  »  (Hull) 

0.6260 

■ 

0.7616 

0.7557 

R 

.  x  10‘7  (Prop.) 

1.611 

1.606  I  1.515 

1.623 

2.022 

2.017 

c ! 

*71  1 

BEMBM 

0.450 

lifM 

3  | 

*TM 

0.360 

0.350  [  0.350 

0.350 

0.350 

0.350 

|  | 

1-*TS  >-*Ty 

0.506 

0.507  .  0.5:7 

0.557 

0.557 

0.557 

I  7  , _ 

T 

0.415 

0.421  .  0.366 

0.356 

0.355 

0.365 

Ur 

*QM 

0.364 

0.364  0.371 

0.372 

0.374 

0.374 

i  ^  r 

’•»0S  >-wc« 

0.614 

0.962 

0.5”: 

0.57- 

nUr 

~RS 

1.021 

1.020  1.055 

1.053 

1 .056 

1.056 

Ry 

1.020 

1.020  ;  1.015 

1.015 

1.013 

1.013 

R  S  ,  R  W 

1.001 

1.000  |  1.035 

1.039 

1 .042 

1.042 

1-Ty 

0.764 

0.754  ;  0.751 

0.761 

0.755 

0.759 

Table  2-E 

:c 

r  Values  x  103 

- 

I.T.T.C .  1657 

1  ! 

0.632  |  0.704 

0.6  ;  4 

0.605 

0-614 

i  * 

Schoenherr 

0.546  0.629 

0.605 

0.532 

0.540  . 

=  c 

Hughes 

0.662  j  0.625 

0.505 

0.521 

C  .526 

1  ~ 

I.T.T.C.  1957 

0.505 

0.406 

0.414 

X  * 

Schoenherr 

0.571 

0.545  .  0.449 

0.426 

0.333 

0.340 

-  S 

1 

0.622 

0.626 

Note:  Hughes'  Form  Factor  K  =  0.275. 
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Flxpe rimental  and  Analytical  Results  of  Thrust  Measurements  on  Merchant  Sh.ps 


'E"  Ship,  Small  Tanker 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

fcB 

Coefficients  <  C 


lcP 


112.0  m  x  15.8  m  x  8.50  m 

Half  Load 

4.655  m 

6,221  t 

0.671 

0.564 

0.960 


Machinery 

Propeller 

Dia.  x  Pitch  Ratio 


3.600  BHP  x  200  RPM 

3.600  m  x  0.542 


Model  Length 
Scale  of  Model 


5.500  m 
1/20.36 


Table  1-E' 
Analytical  Results 


Vs  in  K, 

12.514 

12.602 

14.376 

14.311 

14.659 

14.526 

0 

0.1917 

0.1931 

0.2202 

0.2193 

0.227  6 

0.2272  I 

R.  x  10  ‘ 9  (Hull) 

0.6532 

0.6576 

0.7504 

0.7470 

0.7740 

R.x  10  ‘ 7  (Prop.) 

1.616 

1.624 

1.909 

1.922 

2.039 

2.035 

c 

WTS 

0.422 

0.422 

0.422 

wry 

0.429 

0.420 

0.420 

0.416 

0.419 

n 

1"*TS  1"WTy 

1.012 

0.997 

0.996 

0.990 

0.995 

W0S 

0.40S 

0.407 

0.395 

0.395 

w 

9* 

•i'll 

0.424 

0.415 

0.410 

2 

1  -  W  1  -  w 

I  "qs  l  "qm 

0.990 

1.012 

1.014 

1.025 

1.025 

A  J  ~RS 

0.991 

0.992 

1.017 

1.016 

1.032 

1.031 

w 

^  1  R“ 

1.010 

1.010 

1.010 

—  RS  ~Ry 

0.961 

0.962 

1.007 

1.005 

1.022 

1.021 

\ _ 

0.793 

0.761 

0.761 

0.760 

0.7  50 

Table  2-E' 
ICy  Values  x  10J 


|  -  ^ 

I.T.T.C.  1S57 

0.493 

0.460 

MEBm 1 

0.3.9 

0.655 

Schoenherr 

0.404 

0.371 

0.475 

0.500 

0.599 

0.612 

L~*  ~  l 

Hughes 

0.711 

0.677 

0.764 

0.755 

0.551 

'".595 

~  o, 

I.T.T.C.  1957 

0.550 

0.545 

0.522 

0.545 

0.569 

0.554 

,  1  * 

Schoenherr 

0.491 

0.456 

o 

>*• 

CO 

0.456 

0.494 

0.511 

Hughes 

0.795 

0.762 

0.729 

0.754 

0.776 

0.794 

Note:  Hughes'  Form  Factor  K  =  0.2" 

'6. 
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Kinoshita,  Okada  and  Sudo 


"F"  Ship,  Cargo  Liner 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

Jce 

Coefficients  Cp 

!  c 


145.0  m  x  19.6  m  x  12.4  m 
about  1/5  Load 
4.59  m 
6,141  t 
0.606 
0.626 
0.965 


Machinery  12,500  BHP  x  115  RPM 

Propeller 

Dia.  x  Pitch  Ratio  6.100  m  x  0.620 


Model  Length  6.000  m 

Scale  of  Model  1  '24.167 


Table  1-F 
Analytical  Results 


V 

S  in  Kt 

15.16 

14.77 

16.61 

16.39 

•EES 

1 

0.2039 

0.1954 

0.2500 

0.2470 

0.2715 

0.2707 

0.2769 

0.2791 

F 

•  X 

10- 9  (Hull) 

1.075 

1.046 

1.317 

1.302 

1.431 

1.427 

1.470 

1.471 

F 

rX 

10" 7  (Prop.) 

1.969 

1.921 

2.496 

2.473 

2.534 

2.523 

2.963 

2.955 

s1 

WTS 

EiTCjfa 

0.267 

0.256 

0.270 

0.250 

0.252 

0.296 

0.300 

0.259 

0.259 

0.259 

IKESS 

I 

74  1  a 

T  S  1  T.M 

1.043 

1.047 

1.042 

1.046 

1.025 

1.027 

1.013 

1.010 

*0S 

0.255 

0.222 

mm 

0.237 

0.276 

0.261 

0.262 

0.250 

0.251 

0.244 

0.244 

I  ^ 

1 

-\s  '■*(?« 

1.029 

1.053 

1.059 

1.019 

1.021 

1.012 

1.009 

RS 

KSZB 

1.095 

1.073 

1.055 

1.055 

*** 

R.M 

n  ,? 

1.072 

1.074 

1.073 

1.055 

1.057 

1.090 

1.091 

' RS/-RM 

0.965 

1.023 

0.956 

0.956 

0.995 

,  0.995 

i-'m 

0.777 

0.750 

iua 

0.745 

;  0.745 

Table  2-F 
LCFx  103 


—  s— 

I.T.T.C.  1957 

0.014 

0.043 

0.069  ! 

0.104 

0.213 

ns 

0.223 

a  =*= 

Schoenherr 

-0.052 

-0.020 

0.006  : 

0.043 

0.173 

■UHli 

■SHI! 

Hughes 

Ir&ejI 

0.202 

0.237  . 

EHSI 

WMS 

0.362 

0.323 

~r  & 

i  * 

I.T.T.C.  1957 

0.141 

0.190 

-0.010 

0.016 

< 

0.279 

|££U 

0.195 

Schoenherr 

0.075 

KjSEl! 

-0.045 

0.242 

0.195  . 

0.161 

Hughes 

0.255 
_ 1— 

0.149 

0.434 

0.410  I 

0.350 

0.345 

Note:  Hughes'  Form  Factor  K  =  0.232. 
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Experimental  and  Analytical  P.esults  of  Thrust  Measurements  on  Merchant  Sh*ps 


"G"  Ship,  Cargo  Ship 


L  x  B  x  D 
Load  Condition 
Draught  (mean) 
Displacement 

fcB 

Coefficients  /  Cp 

u 


143.0  m  x  21.0  m  x  12.5  m 

about  1/5  Load 

4.370  m 

8,673  t 

0.6.36 


0.652 

0.975 


Machinery  12,000  BHP  x  115  RPM 

Propeller 

Dia.  x  Pitch  Ratio  6.100  m  x  0.790 


Model  Length  5.500  m 

Scale  of  Model  1/26.0 


Table  1-G 
Analytical  Results 


VS  in  K- 

17.012 

'  17.333 

17.047 

19.521 

19.358 

19 .434 

19.594 

'  20.092 

19.913 

L _ ii _ 

0.2322 

0.2368 

|  0.2327 

0.2865 

;  0.2646 

0.2653 

;  0.2715 

0.2742  ;  0.2718 

x  10-*  (Hull) 

0.8755  0.6920  0.6772 

1 .005 

0.9978 

1.000 

1.024 

1.034 

1.025 

Rtx  10* 7  (Prop.) 

2.171 

2.213 

i  2.175 

2.807 

2.595 

2.599 

2.670 

2.690 

2.664 

£ 

»TS 

0.285 

0.267 

0.267 

0.307 

1  0.302 

0.304 

0.330 

0.342 

.  0.330 

WTM 

0.340 

0.340 

0.340 

0.331 

0.331 

0.331 

0.325 

0.326 

0.328 

i.wTS  i-wTM 

1.083 

1.080 

1.080 

1 .036 

1.043 

1.040 

0.997 

0.977 

0.997 

WQS 

0.258 

0.266 

0.257 

0.295 

.29 

0.294 

0.302 

0.307 

0.307 

-T 

wo« 

0.320 

0.320 

0.320 

0.301 

0.303 

-  _ 

0.295 

0.292 

0.295 

LA. 

>-W05  >•%« 

1.050 

1.047 

1.04- 

1.009 

1.014 

i  1  12 

0.950 

0.955 

0.953 

•  -  RS 

0.999 

0.998 

1 .000 

1.024 

1.020 

1.020 

1.049 

1 .039 

1.04“ 

i!  —  ~  rv 

1.045 

1.045 

1.045 

1.045 

1.047 

1.047 

1.050 

1.051 

1.050 

—  ,  'rs/_rv 

0.956 

0.953 

0.957 

0.977 

0.975 

0.975 

0.999 

1.007 

0.597 

0.730 

0.729 

0.730 

0.723 

.  0.723 

0.723 

0.722 

0.722 

'.722 

Table  2-G 
LCT  Values  x  103 


I.T.T.C.  1957  | 

-0.039 

-0.066 

-0.044 

0.114 

0.145 

0.165 

0.175 

•  X 

0.147 

** 

Schoenherr 

-0.101 

-0.125 

-0.108 

0.052 

0.053 

0.108 

0.115 

v. 

=  =' 

Hughes 

0.130 

0.1  no 

0.125 

0.260 

0.314 

0.335 

0.343 

0.305 

.. 

FT 

I.T.T.C.  1957 

ESEEi 

0.141 

0.147 

0.230  , 

0.276  , 

0.305 

0.150 

5< 

0.152 

r.  * 

1  Schoenherr 

0.090 

0.079 

0.165 

0.214 

0.241 

0.117 

Bl 

0.091 

-  5 

Hughes 

0.321 

0.307 

0.31.8 

0.396 

0.445 

0.47  0 

0.345 

0.256 

0.317 

i  Note:  Hughes'  Form  Factor  K  =  0.262. 
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MARKS 

NAME  OF  SHIP 

O 

C  SHIP,  FULL 

• 

C  SHIP,  halt 

□ 

D  SHIP 

A 

E  SHIP.  FULL 

A 

E  SHIP,  HALT 

X 

F  SHIP 

+ 

G  SHIP 

0.5  0  I  5  *  10’ 


REYNOLDS  NUMBER,  Re  =  ^=- 

Fig.  13  -  The  ratio  of  1  -  »s  1  -  *M 


2  0 


REYNOLDS  NUMBER,  R„=  -p-  *  -Jv*  ■*-  (0  7ffnD)2 


Fig.  14  -  The  ratio  o:  RS  Ry 


424 


Experimental  and  Analytical  Results  of  Thrust  Measurements  on  Merchant  Ships 

The  so-called  tcf  values,  calculated  directly  from  the  values  of  measured 
thrust  assuming  that  the  thrust  deduction  coefficients  are  the  same  in  the  actual 
ship  and  the  model,  are  compared  with  those  which  calculated  indirectly  from 
the  measured  torque,  by  using  the  open  propeller  characteristics  and  self- 
propulsion  factors  derived  from  the  model  experiments.  These  results  are 
summarized  in  Tables  2-C  to  2-G,  and  also  plotted  in  Figs.  12-1  to  12-3  which 
are  based  on  the  I.T.T.C.  1957  Model-Ship  Correlation  Line,  Dr.  Schoenherr's 
Friction  Line  and  Dr.  Hughes'  Method  respectively. 


2  BASED  ON  SCHOENHERR'S  LINE 


3.  eASED  ON  HUGHES  METHOD 


REYNOLDS  NUMBER  Re  =  ^ 


Fig.  15  -  CF  values 
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No  definite  conclusion  can  be  deduced  from  these  tables  and  figures,  con¬ 
cerning  the  scale  effect  on  the  self-propulsion  factors.  In  order  to  investigate 
this  subject,  it  may  require  more  results  of  the  speed  trials  of  actual  ships 
compared  with  those  of  self-propulsion  tests  of  similar  models. 

But  it  may  be  said  that,  as  far  as  the  relative  rotative  efficiency  is  con¬ 
cerned,  there  seems  to  exist  very  little  scale  effect  between  full-scale  ships 
and  similar  models.  Accordingly,  it  is  believed  that  icF  values  calculated  di¬ 
rectly  from  the  measured  thrust  would  not  show  much  difference  from  those 
which  are  calculated  indirectly  using  the  values  of  measured  torque,  the  open 
propeller  characteristics  and  self-propulsion  factors  derived  from  the  model 
experiments. 


CONCLUSION 

The  authors  were  successful  in  measuring  the  thrust  of  an  actual  merchant 
ship  on  the  mile-post  course,  and  obtained  reliable  results  of  the  speed  trials  at 
sea  which  are  quite  similar  to  the  results  of  self-propulsion  tests  at  the  experi¬ 
mental  tank.  Ever  since,  they  have  been  making  an  effort  in  measuring  the 
thrust  of  various  types  of  merchant  ships  and  analyzing  them  in  order  to  inves¬ 
tigate  the  scale  effect  on  the  self -propulsion  factors. 

Though  the  number  of  these  trial  results  which  have  been  obtained  so  far  is 
too  small  to  investigate  the  subject  sufficiently,  the  outline  of  the  scale  effect 
on  the  self-propulsion  factors  may  be  roughly  supposed  by  referring  to  the 
tables  and  figures  in  this  paper.  In  conclusion,  it  may  be  said  that,  as  far  as 
the  relative  rotative  efficiency  is  concerned,  there  seems  to  exist  very  little 
scale  effect  between  the  full-scale  ship  and  the  similar  model. 

The  authors  intend  to  continue  the  work  of  the  thrust  measurement,  and 
wish  to  contribute  to  the  investigation  of  the  scale  effect  on  the  self-propulsion 
factors. 


SYMBOLS 

The  symbols  used  in  the  paper  are  as  follows: 
vs  Speed  of  ship  in  knot 

0  Torque  in  Kg-m 

T  Thrust  in  Kg 

n  Number  of  propeller  revolutions  per  sec 

N  Number  of  propeller  revolutions  per  min 

Density  of  water  in  Kg-secVnv* 
e  Acceleration  due  to  gravity  in  m  sec2 
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D  Diameter  of  propeller  in  m 
h  Mean  breadth  of  propeller  blade  in  m 
V  Speed  of  ship  or  model  in  m/sec 
vi  Advance  speed  of  propeller  in  m/sec  or  knot 
Froude  Number  defined  -  v  yj-L 
Reynolds  Number  defined 

R  e  X-L  for  hull 

e 


Rc  e  -  ]/vx2  -  (0.7-n  D  )2 


for  propeller 


J 


K 


T 


K 


0 


•A 


t 

P 

P 

R 


Advance  coefficient  defined  J  v  nD 
Thrust  coefficient  defined  kt  t  -n2D4 
Torque  coefficient  defined  -  0  n:D; 
Wake  fraction 

Thrust  deduction  coefficient 
Open  propeller  efficiency  read  in  the  chart 
Propeller  efficiency  behind  the  ship 
Relative  rotative  efficiency  defined  R  = 


The  first  suffix  attached  to  the  symbol  T  or  Q  means  that  the  value  is 
based  on  thrust  or  torque  respectively,  and  the  second  suffix  s  or  M  means  that 
the  value  corresponds  to  the  actual  ship  or  the  model  ship.  For  example,  -»TS 
indicates  the  wake  fraction  of  an  actual  ship  calculated  from  the  measured 
thrust. 
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SEA  TRIAL  ANALYSIS  OF  THE 
VERTICAL  AXIS  PROPELLERS 


K.  Taniguchi 

Mitsubishi  Experimental  Tank 
Nagasaki,  Japan 


ABSTRACT 

Sea  trial  results  of  the  seven  ships  equipped  with  the  vertical  axis  pro¬ 
pellers  which  were  designed  by  the  author  are  analyzed  and  compared 
with  the  calculation. 

The  fairly  good  agreement  is  obtained  between  the  results  o:  the  bol¬ 
lard  trials  ana  the  calculations.  The  wake  fractions  obtained  from,  the 
analysis  of  speed  trials  are  0.25-0.35,  which  are  a  little  bit  larger 
than  the  expected  ones  from  the  model  tests.  The  similarly  analyzed 
re sistance -thrust  ratios  are  very  smaller  than  expected  and  there  re¬ 
mains  a  room  for  further  study. 


THE  PERFORMANCE  CHARACTERISTICS  OF  VERTICAL 
AXIS  PROPELLER 

The  author  obtained  the  theoretical  formulas  [1]  of  vertical  axis  propellers 
which  enable  to  calculate  the  thrust,  torque  and  efficiency  under  the  adequate 
assumptions. 

In  his  second  paper  [2]  he  got  the  correction  factor  of  the  formulas  by  carr 
ing  out  the  model  experiments.  Further  he  has  developed  the  designing  method 
of  this  propeller  [3.4],  Several  types  of  vertical  axis  propellers  up  to  1.000  ps 
have  been  designed  by  the  author  and  manufactured. 

In  the  present  paper  the  author  reports  the  trial  analysis  results  of  the 
seven  ships  which  are  installed  with  these  vertical  axis  propellers. 

The  method  proposed  by  the  author  for  calculating  the  performance  charac 
teristics  of  vertical  axis  propellers  is  based  on  the  following  assumptions: 


1 
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listed  or.  page  446. 


429 


T  aniguchi 


1.  The  motion  is  quasi- steady. 

2.  Only  the  longitudinal  component  of  induced  velocities  contributes  to  the 
thrust  and  torque  of  the  propeller. 

3.  The  longitudinal  component  of  induced  velocities  is  thought  to  have  uni¬ 
form  value  over  the  transverse  section  of  propeller  stream.  (The  cor¬ 
rection  factor  K  is  introduced  for  the  non-uniformity  correction.) 

Then  choosing  the  blade  motion  of  the  orthodox  type  which  satisfies  the 
relation 


e  cos  7 
1  -  e  sin 


fi) 


between  th«  blade  angle  the  eccentricity  e  and  the  orbit  angle  ,  and  also 
choosing  the  semi-elliptic  blade  outline  in  order  to  obtain  the  constant  induced 
velocity  over  the  spanwise  length  of  blade,  the  following  formulas  are  derived. 


where, 


ct  r  ~  a  *  i '  Ji 


2~~  — 

J  K  1 


'  1  -4  ^ 

T  ct-T  T  h  -  1 


1>2  • 


P  2  Cr 


1  f 


V  1  )  sin  4 

1  -  f  j  *  p  *  ’  i  sir 


(2) 

(2) 

(4) 

(5) 


h--  lz\ 


1  -  J  51-  1  -  J2  -  2  sin  -d- 


1-  ,  sir. 


--d- 


1  -  e ■  .  -  e  -  .  sin 


CT  is  obtained  by  solving  Eqs.  (2)  and  (3)  simultaneously.  K  in  Eq.  (3)  is  the 
correction  factor  (project  area  reduction  factor)  for  the  assumption  of  the  uni¬ 
form  distribution  of  the  longitudinal  component  *  of  the  induced  velocities.  Its 
value  can  be  estimated,  provided  the  distribution  of  •*  is  assumed  adequately 
For  instance.  K  becomes  1.33.  if  the  distribution  of  *  is  assumed  as  a  parabola 
of  third  power.  Cxo  and  fc  in  Eq.  (4)  are  the  parameters  to  express  the  two 
dimensional  drag  coefficient  Cx  of  the  blade  section  as  follows. 
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cx  cx  -  k*2  (6) 

The  values  of  CXr:  and  k  can  be  derived  from  the  experimental  data  on 
aerofoil  sections.  In  the  present  case  the  author  obtained  the  values  of  K,  C„ 
and  k  from  the  analysis  of  the  model  experiments  of  the  vertical  axis  propeller, 
the  diameter  of  which  is  200  mm,  numbers  of  blades  are  6,  =  0.4  and  s/D  = 

0.6.  In  Figs.  1  and  2  the  analyzed  results  are  shown 


Taniguchi 


Cx  -  2Cf{l  -  38(t  c)2}  (7) 

*o 

Since  the  Reynolds  Number  based  on  the  mean  chord  length  of  blades,  i.e., 
defined  as  C(-nD)/-./,  is  nearly  1.7  x  10s  in  the  case  of  the  author’s  model  tests, 
the  frictional  resistance  coefficient  of  the  corresponding  flat  plate  may  be  taken 
to  cf  =  0.0066.  Also  the  effective  mean  chord-thickness  ratio  is  0.15.  There¬ 
fore 


Cx  =  2 <  0.0066  {l  *  38  ✓  0.152}  -  0.0245 

o 

and  this  is  in  good  agreement  with  the  analyzed  result  cXo  =  0.025,  as  being 
shown  in  Fig.  2.  From  this  analysis  it  seems  reasonable  to  correct  CXo  for  the 
actual  propeller  according  to  its  Reynolds  Number.  Since  the  Reynolds  Number 
of  the  blades  of  the  actual  vertical  propellers  of  100  ~  1,000  ps  is  (3  -  5)  x  106, 
cf  of  the  blades  of  actual  propellers  may  be  taken  to  be  a  half  of  that  of  the 
model  in  the  mean  value,  i.e.,  Cf  =  0.0033.  Therefore  CXo  =  0.0125  is  estimated 
for  the  actual  propeller. 

The  performance  characteristics  of  actual  propellers  are  calculated  by 
Eqs.  (2),  (3),  and  (4)  with  K  and  k  values  given  in  Figs.  1  and  2  and  also  Cxo 
value  (0.0125)  which  is  given  above. 

Figure  3  shows  as  an  example  the  calculated  characteristics  for  the  actual 
propeller  of  z  =  6,  -  =  0.4  and  s  D  =  0.6. 


SEA  TRIAL 

The  principal  dimensions  of  the  vertical  axis  propellers  designed  by  the 
author  and  those  of  typical  seven  ships  on  which  these  propellers  are  installed, 
are  shown  in  Table  1.  These  ships  have  twin  vertical  axis  propellers  at  the 
stern  and  are  harbour  tugs  except  Ship  B  which  is  a  car  ferry  boat. 

The  blades  of  these  propellers  are  ail  made  of  Ni-Al-Bz  alloy.  The  outline 
of  the  blade  is  of  trapezoid,  of  which  the  tip  root  chord  ratio  is  nearly  0.6  and 
the  tip  corners  are  rounded. 

The  blade  axis  is  chosen  on  4(fc  of  the  chord  length  from  the  leading  edge. 
The  thickness  form  of  blade  section  is  symmetrical  and  its  camber  line  is 
curved  into  a  circle  whose  radius  is  1.4R,  in  order  to  get  an  effectively  sym¬ 
metrical  section  for  the  mean  trochoidal  path  of  blade. 

The  relation  between  the  blade  angle  -  and  the  orbit  angle  is  not  the 
same  as  that  of  the  orthodox  motion  given  in  Eq.  (1),  but  slightly  deformed  in  the 
actual  case  by  the  limitation  from  its  mechanism.  The  values  of  at  which  the 
maximum  and  minimum  values  of  occur  are  shifted  slightly  toward  0  and 
180'  respectively  from  the  orthodox  :  -  -  distribution. 

In  all  ships  the  propeller  in  the  port  side  rotates  counterclockwise  and  that 
in  the  starboard  side  rotates  clockwise,  when  looking  downward. 
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0  O.l  0  2  0  3  0  4  0  5  0.6  0  7  0  8 

Fig.  3  -  Characteristic  curves  of  a  vertical  axis  propeller 
(calculated  for  actual  ship) 


The  bollard  trials  (except  Ship  B)  and  the  speed  trials  were  conducted  with 
these  seven  ships  and  their  powers  absorbed  by  each  vertical  axis  propeller, 
pull  force,  ship  speed,  etc.,  were  measured. 

Ship  models  were  made  for  most  ships  and  the  resistance  tests  were  car¬ 
ried  out  at  the  same  conditions  as  those  of  the  corresponding  ships  in  the  sea 
trials.  The  wake  measurements  at  the  propeller  position  were  also  made  using 
Pitot-tubes  on  the  typical  models. 

The  conditions  of  actual  ships  in  sea  trials  and  of  models  in  tests  are  given 
in  Table  2. 

The  pull  force  in  bollard  trials  was  measured  by  the  tension  meter,  mainlv 
of  strain  gauge  type.  The  length  of  the  towing  rope  used  in  tests  is  nearly  three 
times  as  much  as  the  ship  length. 

The  power  absorbed  by  vertical  axis  propellers  was  measured  by  the  tor¬ 
sion  meter  of  the  inductance  type  on  the  pinion  shaft  near  the  propeller.  The 
measured  power,  named  SHP  in  the  present  paper,  includes  not  onlv  the  power 
absorbed  by  propeller  blades,  named  DHP  in  this  paper,  the  calculations  of  which 
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Designed  RRM  192  130.95  105  95.5  87.5 


Table  2- 1 . 

Particulars  of  Sea  Trials  and  Model  Tests 
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were  treated  in  chapter  1,  but  also  the  windage  loss  of  the  propeller  disk  and  the 
mechanical  loss  of  the  propeller  disk  and  the  mechanical  loss  of  the  inner  mech¬ 
anisms  of  propeller.  The  difference  between  SHP  and  DHP  is  named  idle  power. 

The  measuring  methods  of  speed,  revolutions  of  propeller,  etc.,  are  quite 
same  as  in  the  case  of  the  speed  trials  of  ordinary  ships. 

The  eccentricity  of  actual  vertical  propeller  was  obtained  from  the  .follow  - 
ing  procedure.  At  first  the  eccentric  movement  of  its  needle  pointer  on  the  top 
of  the  propeller  is  measured  in  each  run. 

Then  the  maximum  and  minimum  values  of  c  are  obtained  from  this  meas¬ 
ured  movement  by  the  use  of  the  drawings  of  the  vertical  axis  propeller. 

The  eccentricity  e  is  taken  to  be  equal  to  the  e  value  of  the  orthodox  move¬ 
ment  corresponding  to  those  maximum  and  minimum  values  of  c. 


ANALYSIS  OF  BOLLARD  TRIALS 

Figures  5  and  6  show  the  results  of  the  measurements  of  pull  force  (P)  and 
SHP  at  the  bollard  trials  in  non-dimensional  forms,  i.e.,  P  .n2;D3  and 

r  75  SHP 

CS  '  2-  n3sD4 

respectively,  and  they  are  plotted  on  the  base  of  e  which  is  obtained  as  described 
above. 

In  Fig.  4  there  are  shown  not  only  the  values  of  P  _n2sD 3  derived  from  the 
trial  results  but  also  the  curves  of  CT  obtained  from  the  author's  model  tests 
and  obtained  from  the  calculation  as  described  in  chapter  1  (Fig.  3).  From  this 
figure  it  can  be  seen  that  Ct -curve  obtained  from  the  model  tests  is  in  fairly 
good  coincidence  with  those  obtained  from  the  calculation  and  that  these  curves 
are  in  reasonable  relations  with  the  values  of  P  n2sD3  derived  from  trials, 
since  a  small  thrust  deduction  may  exist  among  them. 

The  measured  results  of  Ship  G  (plotted  by  +  mark)  show  consistently  lower 
values.  This  may  partly  depend  on  the  fact  that  a  strong  wind  (8  m/s)  which  was 
accompanied  with  waves  blew  from  the  bow  during  the  bollard  trials. 

Although  the  measured  points  of  P  -n2sD3  are  considerably  scattered,  their 
tendency  against  e  seems  to  agree  better  with  CT-curve  obtained  from  the 
model  tests  than  those  obtained  from  the  calculation,  if  Fig.  4  is  examined  care¬ 
fully.  However,  the  amount  of  this  difference  is  so  small  that  CT -value  derived 
from  calculation  may  be  used  in  order  to  calculate  the  thrust  deduction  factor. 
Thus  calculating  the  thrust  deduction  factors  on  all  measured  33  points,  we  get 
the  mean  value  of  0.056.  This  is  a  reasonable  value  when  compared  with  the 
bollard  trial  results  of  ordinary  tug  boats  equipped  w’ith  screw  propellers. 

In  Fig.  5  there  are  shown  not  only  the  values  of  CqS  derived  from  the  meas¬ 
urements  at  sea  trials,  but  also  the  curves  of  Cq  obtained  from  the  calculation 
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Fig.  4  -  Plot  of  P  n2sD3andCj  (bollard  trial) 


for  actual  propellers  as  described  in  chapter  1  and  obtained  from  the  author's 
model  tests.  In  this  case  Cc  of  the  model  tests  have  been  also  corrected  to  the 
actual  propeller,  using  the  difference  of  the  calculated  C0-values  for  model  and 
for  ship. 

The  measured  values  of  Ccs  at  e  =  0  are  also  shown  in  this  figure.  The 
curves  of  Cq  obtained  from  the  calculation  and  from  the  model  tests  coincide 
nearly  with  each  other.  Since  the  calculated  values  of  CT  have  been  shown  to  be 
reasonable  as  described  above,  the  calculated  values  of  Cq  may  be  thought  to  be 
also  correct. 

Therefore  the  difference  of  CqS  and  CQ  may  be  considered  to  give  the  idle 
torque  constant  Cq;  of  the  propeller.  Figure  6  shows  C  thus  obtained  on  the 
base  of  CqS  •  Though  Cq\ -values  scatter  considerably,  they  increase  propor¬ 
tionally  to  ccs  and  the  relation 

C  -  i-c 

V  i  ~  3  CS 

may  be  chosen  as  mean  value. 
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Fig.  6  -  Plot  of  idle  torque  coefficient 


It  means  that  on  the  vertical  axis  propellers  about  1/3  of  the  input  power  is 
consumed  inside  the  propeller  mechanism  as  a  loss  and  only  about  2/3  is  de¬ 
livered  to  the  propeller  blades.  At  no  load  condition,  i.e.,  e  =  0,  the  mean  value 
of  Cq;  is  equal  to  0.06  and  this  is  approximately  9%  of  Cqs  at  the  designed  con¬ 
dition,  but  with  the  increase  of  propeller  load  Cq;  increases  remarkably. 

The  c0i-values  of  Ship  G  are  comparatively  lower  than  others. 

This  may  be  chiefly  due  to  the  fact  that  the  oil  pump  of  this  propeller  by 
which  the  blades  are  drived  is  driven  by  the  separate  motor  outside  the  propel¬ 
ler,  while  in  all  other  cases  blades  are  drived  by  the  gear  pump  which  is  in¬ 
stalled  inside  the  propeller. 

The  idle  power  loss  is  so  large  that  it  is  very  essential  to  endeavour  to  re¬ 
duce  it  for  the  further  improvement  of  vertical  axis  propeller. 

Figure  7  shows  the  direct  comparison  between  the  pull  force  (P)  and  the 
input  power  of  the  propeller  (SHP)  at  the  bollard  trials.  From  this  figure  it 
may  be  seen  that  the  pull  force  per  100  ps  is  in  the  order  of  1-1.3  tons.  This 
pull  force  ratio  is  somewhat  smaller  compared  with  the  case  of  tug  boats 
equipped  with  controllable  pitch  propellers  and  it  depends  on  the  larger  idle 
power  loss  inside  the  vertical  axis  propellers. 


ANALYSIS  OF  SPEED  TRIALS 

Though  the  idle  torque  constant  C^i  shown  in  Fig.  6  is  obtained  from  the 
analysis  of  bollard  trials,  it  may  be  applicable  also  to  the  case  of  speed  trials. 
Cq  can  be  obtained  by  subtracting  Cq;  from  the  measured  value  of  CqS.  From 
this  Cq  -value  and  the  e -value  measured,  the  effective  wake  fraction  ws  of  the 
actual  ship  and  the  thrust  (T)  of  the  propeller  are  calculated  by  the  torque  iden¬ 
tity  method  using  the  propeller  characteristic  curves.  Thus  the  resistance- 
thrust  ratio  r  is  obtained  from  the  propeller  thrust  (t)  and  the  resistance  (Rs), 
which  is  deduced  from  the  model  tests. 
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The  speed  trial  results  of  seven  ships  listed  in  Table  2  have  been  ana¬ 
lyzed  by  this  method.  Where  the  mean  value  of  Cp;  as  shown  in  Fig.  6,  i.e., 
Cq i  =  1/3  Cqs,  was  used  for  the  correction  of  idle  power,  instead  of  taking  indi¬ 
vidual  Cgi  of  each  ship.  The  propeller  characteristics  are  calculated  for 
v- value  of  each  propeller  by  the  method  described  in  chapter  1.  In  the  resist¬ 
ance  calculation  of  the  actual  ship  from  the  model  test,  the  I.T.T.C.-1957  model 
ship  correlation  line  is  used  with  the  roughness  allowance  of  ACf  =  0.3  x  10‘3. 
Figure  8  shows  the  values  of  ws,  r,  and  the  propeller  efficiency  ep  obtained 
from  these  analyses  on  the  bases  of  Froude’s  Number.  It  can  be  seen  that  the 
plot  of  ws  shows  the  same  trend  and  is  distributed  in  the  range  of  0.25-  0.35. 

The  values  of  ep  are  nearly  0.6  except  the  lower  speed  zone  irrespective  of 
ships. 

The  values  of  ws  are  somewhat  larger  than  expected.  The  wake  measure¬ 
ments  at  the  propeller  position  have  been  made  on  the  ship  model  and  their  vol¬ 
ume  means  were  0.15  -  0.20.  Therefore  it  was  expected  that  the  wake  of  the 
actual  ships  might  still  be  less  than  these  values. 

The  values  of  r  are  considerably  different  among  the  ships  as  shown  in 
Fig.  8  and  all  ships  have  the  similar  trend  to  increase  their  values  as  the  speed 
increases,  r  may  be  expressed  as 
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Fig.  8  -  Plot  of  wg,  -  and  ep  (speed  trial) 


-  ;  cr • (1- t) 

accord’ng  to  its  definition,  where  er  means  the  relative  rotative  efficiency  de¬ 
fined  on  the  torque  base  and  t  means  the  thrust  deduction  factor. 

In  the  case  of  ordinary  tug  boats  equipped  with  screw  propellers,  t  is  almost 
in  the  same  order  as  ws  and  er  is  nearly  1.  In  the  present  case,  if  these  rela¬ 
tions  hold,  r  must  be  nearly  in  the  same  order  as  (l  -  wS).  But  -  reaches 
nearly  the  same  order  as  ( l  -  ws)  only  in  its  maximum  value.  In  the  lower 
speed  zone  remains  considerably  smaller  than  (l-«s). 

The  reason  why  -  remains  in  these  smaller  values  must  depend  on  whether 
the  prediction  of  the  resistance  of  hulls  is  too  small  or  the  prediction  of  the 
propeller  thrust  is  too  large  or  both.  As  for  the  resistance  of  hulls,  it  might  be 
considered  that  the  predicted  value  is  in  the  tendency  to  make  the  under¬ 
estimation,  since  the  roughness  allowance  of  ACf  =  0.3  x  10 '3  used  in  the  cal¬ 
culation  might  be  a  little  bit  smaller  for  the  small  ship  of  this  kind  and  incre¬ 
ment  of  resistance  caused  by  wind  and  waves  should  be  also  considered.  Since 
the  thrust  is  predicted  from  the  measured  torque,  the  over-estimation  of  the 
thrust  means  the  over -estimation  of  Cq  and  the  fact  that  the  values  of  ws  are 
larger  than  expected  as  described  above  seems  to  support  the  opinion  that  the 
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over-estimation  of  Cq  exists.  Though  the  over- estimation  of  thrust  and  ws  can 
occur  also  from  the  incorrectness  of  the  propeller  characteristic  curves,  it 
might  be  hard  to  consider  that  the  over-estimation  comes  solely  from  it.  Be¬ 
cause  the  prediction  of  thrust  is  fairly  good  coincidence  with  the  measured  pull 
forces  in  bollard  trials,  i.e.,  in  the  case  of  \  =  0,  as  shown  already  in  Fig.  4. 

The  author  thinks  that  it  comes  from  the  following  causes.  Firstly,  these 
ships  could  not  be  free  from  the  zig-zag  runs  during  the  speed  trials,  because 
the  captain  has  not  been  experienced  sufficiently  to  maneuver  his  ship  equipped 
with  the  vertical  axis  propellers.  Secondly,  the  propellers  were  used  partly  as 
a  rudder  during  the  runs  in  order  to  keep  the  course  from  the  yawing  caused  by 
wind  and  waves.  These  actions  may  consume  the  considerably  large  power  com¬ 
paring  with  the  power  needed  in  absolute  straight  course,  especially  in  low 
speed.  Thus  the  larger  Cq  values  might  be  measured  in  the  trials  and  the  thrust 
corresponding  to  these  Cq  might  become  toe  large  when  compared  directly  with 
the  resistance  in  the  straight  running. 

Besides  these,  it  may  be  also  considered  that  the  thrust  deduction  of  verti¬ 
cal  axis  propeller  becomes  considerably  larger  comparing  with  the  case  of 
screw  propeller,  as  the  propeller  stream  flows  in  close  contact  with  the  bottom 
of  hull. 

But  it  may  be  hard  to  discuss  these  problems  further  unless  the  self¬ 
propulsion  tests  are  carried  out.  It  is  highly  desirable  to  carry  out  such  further 
researches  in  order  to  make  clear  of  these  points. 


CONCLUSION 

The  author  has  made  the  theoretical  and  experimental  studies  on  the  verti¬ 
cal  axis  propellers  and  developed  a  design  method  in  his  previous  papers.  The 
several  vertical  axis  propellers  ranging  100-1,000  ps  have  been  designed  by  this 
method  and  manufactured.  In  this  paper,  the  results  of  sea  trials  of  typical 
seven  ships  equipped  with  these  propellers  are  analyzed  and  compared  with  the 
results  of  calculations  and  of  model  experiments. 

The  following  results  are  obtained. 

1.  The  pull  force  measured  in  bollard  trials  are  in  good  coincidence  with 
the  values  estimated  from  the  propeller  characteristics  which  are  obtained  from 
the  calculations  and  the  model  tests  (Fig.  4). 

2.  The  pull  force  per  100  shaft  horse  power  is  1-1.3  tons  (Fig.  7). 

3.  The  value  of  the  mechanical  loss  of  propellers,  i.e.,  the  idle  torque  is 
estimated  from  the  analysis  of  bollard  trials  (Figs.  5  and  6).  The  mean  value  of 
it  is  about  1/3  of  SHF  and  it  is  mostly  necessary  to  reduce  the  idle  torque  in 
order  to  improve  the  performance  of  the  vertical  propellers. 

4.  The  effective  wake  fraction  is  obtained  from  the  analysis  of  the  speed 
trials.  It  may  be  taken  as  0.25-  0.35  for  the  kinds  of  ships  treated  in  this 
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analysis  (Fig.  8).  These  values  are  a  little  bit  larger  than  the  values  predicted 
from  the  wake  measurements  on  models. 

5.  The  resistance-thrust  ratio  obtained  from  the  analysis  of  the  speed 
trials  remain  in  considerably  smaller  values  than  expected  from  the  predictions 
of  the  relative  rotative  efficiency  and  thrust  deduction  factor.  The  tendency  that 
the  resistance-thrust  ratio  remains  in  lower  value  becomes  more  remarkable 
in  the  lower  speed  zone. 

The  reason  why  it  remains  in  such  lower  value  is  not  so  completely 
clear  at  present.  It  needs  further  study  for  this  point  and  also  for  the  larger 
value  of  wake  fraction  by  carrying  out  the  self-propulsion  tests.  But  it  may  be 
thought  that  the  main  reason  of  it  lies  in  the  zig-zag  runs  during  the  speed  trials. 

6.  Applying  the  analyzed  results  shown  in  this  paper,  it  is  possible  to  pre¬ 
dict  the  performance  in  running  and  bollard  pull  conditions  of  ships  which  are 
equipped  with  the  vertical  axis  propellers,  with  the  sufficient  accuracy  in  prac¬ 
tical  use. 


NOMENCLATURE 

D  Diameter  of  propeller  (2R) 

s  Length  of  blade  (span  of  blade) 
c  Chord  length  of  blade  (  c  effective  mean  of  c ) 
t  Thickness  of  blade  section  and  thrust  deduction  factor 
e  Eccentricity 

z  Number  of  blades 

vs  Ship  speed  in  knot 

v  Speed  of  advance  of  propeller 
w  Longitudinal  component  of  induced  velocities 
vj  v  w 

n  R.P.S.  of  propeller 

T  Propeller  thrust 

Q  Propeller  torque  delivered  to  blades 

SHP  Power  measured  at  pinion  shaft 
DHP  Power  delivered  to  propeller  blades 
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a  Solidity 
4>  Blade  angle 

6  Orbit  angle 

a  Angle  of  incidence 

a  Derivative  of  the  lift  curve  of  blade  section 
K  Project  area  reduction  factor 
cz  Lift  coefficient  of  blade  section 
cx  Drag  coefficient  of  blade  section  (c  +  k) 
cf  Frictional  resistance  coefficient  of  flat  plate 
CT  T/pn2sD3  thrust  constant 

Cq  Q/pn2sD4  torque  constant 

CQS  (75/2  v  )  •  SHP  pn3sD4 

Cg;  CgS  "  Cg,  idlt  tOlqUC  COnStaflt 

eo  Propeller  efficiency 
e r  Relative  rotative  efficiency 
t  Resistance-thrust  ratio 
K  Advance  ratio,  o/unD 
Vj  VjAnD 

ws  Wake  fraction  (Taylor's) 
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The  recent  introduction  of  water-jet  propulsion  to  the  commercial  market 
has  renewed  general  interest  in  the  subject.  Previous  experiments  and  efforts 
dating  as  far  back  as  the  19th  century  and  beyond  are  known.  However,  these 
efforts  failed  because  efficient  pumps  were  not  then  in  existence  and  also  be¬ 
cause  the  systems  were  usually  misapplied.  One  of  the  application  errors  made 
was  to  use  the  wrong  ratio  of  jet  velocity  to  desired  forward  speed.  This  meant 
that  efficient  propulsion  with  reasonable  sized  pumps  and  ducting  could  not  be 
obtained  and  the  energy  was  wasted  in  high  jet  velocity. 

Also,  the  design  of  water  intakes  for  low  drag,  high  ram  energy  conversion, 
and  resistance  to  fouling  has  been  a  stumbling  block. 

Furthermore,  for  high-speed  planing  hull  boats  where  the  running  trim  an¬ 
gle  has  a  major  effect  on  the  drag,  the  thrust  line  position  and  angle  is  of  major 
importance  in  that  adverse  nose-down  effects  at  high  speed  can  result.  The  out¬ 
boards  and  out-drives  are  examples  of  excellent  competitive  solutions  to  this 
problem  in  that  the  low,  nearly  horizontal,  thrust  line  holds  the  nose  up  well  at 
speeds. 

From  the  above  it  can  be  seen  that  water-jet  propulsion  is  a  '’system" 
problem  and  any  particular  application  must  be  optimized  with  all  factors  taken 
into  account. 


GENERAL  DISCUSSION  -  OPTIMUM  JET  VELOCITY  RATIO 

Considerations  of  the  energy  remaining  in  the  jet  wake  have  caused  empha¬ 
sis  on  "soft  jet.”  systems  where  the  term  "soft  jet"  means  a  low  value  of  the 
ratio,  V  V,  where  AV  is  the  relative  spouting  velocity  less  the  forward  speed, 

V.  Reference  1  gives  an  analysis  for  optimum  V  V  in  terms  of  a  loss  factor,  K, 
which  represents  total  losses  in  feet  of  head  divided  by  the  velocity  head  due  to 
forward  speed,  v2  2g  . 


447 


Gongwer 


Figure  1  gives  the  results  from  Reference  1  and  shows  that  for  any  given 
loss  factor  an  optimum  value  of  AV/v  is  obtained.  In  general,  for  ducted  sys¬ 
tems,  the  optimum  values  of  AV/V  lie  between  0.7  and  1.2.  Below  these  values 
the  duct  and  pump  sizes  increase  for  a  given  thrust  to  handle  the  larger  mass 
flow  and  the  losses  mount  correspondingly  which  results  in  a  large,  heavy,  in¬ 
effective,  inefficient  system.  Above  these  values  in  the  hard  jet  region  machin¬ 
ery  size  and  weight  go  down,  but  the  losses  in  the  jet  wake  become  prohibitive. 

From  the  analysis  shown  in  Fig.  1  it  also  follows  that  efficiencies  of  opti¬ 
mized  systems  will  lie  in  the  low  and  middle  sixties.  To  obtain  higher  values 
some  convenient  means  of  boundary-layer  rather  than  free-stream  induction  or 
some  other  method  must  be  used. 


PUMP  SPECIFIC  SPEEDS 

Pumps  are  necessarily  the  actuators  for  jet-propulsion  systems  and  there¬ 
fore  it  is  desirable  to  discuss  them  briefly.  The  types  considered  here  are  of 
the  turbo-machine  type  ranging  from  propeller  or  axial-flow  pumps  through  the 
mixed-flow,  to  the  centrifugal  or  radial-flow  types.  Positive  displacement  pumps 


i — AIRCRAFT  PROPELLERS 


Fig.  1  -  Effect  of  losses  on  optimum  value  of  AV;  V 
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are  not  suitable  at  present  for  jet  propulsion  because  of  lower  efficiencies  and 
higher  weights  at  the  desired  operating  points. 

The  operating  regime  of  a  pump  is  described  by  the  term,  specific  speed, 


where 

N  is  the  rotative  speed 

Q  is  the  volume  flow  rate 

H  is  the  head  across  the  pump  or  energy  added  per  unit  mass  of  fluid 
handled. 

At  their  best  operating  points,  single-stage  propeller  pumps  have  high  spe¬ 
cific  speeds,  mixed-flow  pumps  have  lower  and  radial-flow  or  centrifugal  pumps 
have  the  lowest.  Until  recently,  the  best  efficiencies  were  obtainable  with  cen¬ 
trifugal  pumps  but  advances  have  removed  this  difference  and,  to  a  first  approxi¬ 
mation,  all  the  turbo-pump  types  can  have  about  the  same  peak  efficiencies.  One 
exception  is  that  for  radial  impellers  designed  for  extremely  low  specific  speeds, 
the  impeller  becomes  so  big  in  diameter  compared  to  the  eye  diameter  that  disc 
friction  causes  a  fall-off.  In  this  case,  multistaging  is  usually  employed. 

VARIATION  OF  PUMF  SPECIFIC  SPEED  WITH 
FORWARD  SPEED 

Since  the  desirable  velocity  ratios  for  a  wide  range  of  installations  fall 
within  the  limits  of  0.7  to  1.2  it  can  be  shown  that  the  specific  speed  and  hence 
tne  best  pump  type  varies  with  the  desired  forward  speed.  For  any  particular 
installation  which  is  required  to  run  over  a  wide  range  of  speed-length  ratios 
the  best  pump  is  a  propeller  type  at  low  speeds,  a  mixed-flow  at  speed-length 
ratios  of  one  or  so  and  a  centrifugal  type  at  high  speed-length  ratios  where 
planing  occurs.  As  a  result,  compromises  must  be  used  and  a  wide  variety  of 
selections  can  and  have  been  made.  These  considerations  can  be  altered  by 
multistaging,  however,  where  a  three-  or  four-stage  axial  flow  is  equivalent  to 
a  single-stage  mixed-flow  and  so  on. 


PUMP  CAVITATION  REQUIREMENTS 

A  pump  used  for  jet  propulsion  must  maintain  thrust  while  accelerating  at 
low  forward  speed.  Under  these  conditions  there  is  little  or  no  pressure  and  the 
diffusing  action  of  the  intake  scoop  may  be  absent  because  it  is  operating  off  its 
design  point.  In  fact,  the  scoop  which  is  designed  for  a  higher  speed  may  act  as 
a  restricting  orifice.  This  puts  the  pump  under  severe  cavitation  conditions, 
particularly  for  a  powerful  installation.  In  this  regard,  the  use  of  screw  induc¬ 
ers  ahead  of  the  main  pump  can  have  advantageous  effects.  Recent  developments 
in  inducers  to  increase  cavitation  resistance,  particularly  for  rocket-propellant 
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pumps,  can  be  borrowed,  modified  and  applied.  Since  this  adverse  cavitation 
condition  is  normally  only  a  transient  there  is  not  a  cavitation  damage  problem. 


SCOOP  DESIGN 

In  general,  the  design  of  water-jet  scoops  is  similar  to  that  for  aircraft 
scoops.  Cavitation  and  free-surface  effects  provide  a  crude  analogy  with  com¬ 
pressibility  effects  in  air.  However,  fouling  and  trash  intake  complicate  the 
water  problem. 

Scoops  may  be  of  the  straight  ram,  flush,  and  vane  lattice  types  as  shown  in 
Fig.  2. 

The  regimes  over  which  a  scoop  must  operate  are  shown  in  Fig.  3.  The 
captive  area,  Aj  ,  to  inlet  area,  a2  ,  ratio  is  an  important  parameter.  The  cap¬ 
tive  area  is  that  enclosed  at  infinity  between  the  stagnation  streamlines  which 
impinge  on  the  scoop  lips.  At  the  design  point  where  there  are  no  internal  (or 
external)  burbles,  Bernoullis'  theorem  gives  the  following  relationship: 


or 


(1\2  _L 
U2J  2b 


(2) 


(3) 


when  R  is  the  percentage  of  external  diffusion  or  ram  recovery  at  the  scoop  en¬ 
trance  as  a  fraction  of  the  free-stream  velocity  head.  It  is  usually  desirable  to 
have  50  to  75%  external  diffusion  since  this  type  of  diffusion  is  loss-free,  pro¬ 
vided  the  external  burble  is  not  produced.  It  can  be  seen  that  the  angle  of  attack 
of  the  diffuser  lips  can  vary  widely  as  the  speed  ratio  changes  and  therefore  the 
intake  should  be  carefully  rounded  to  suppress  stall  and/or  cavitation  over  as 
wide  a  range  as  possible. 

It  is  interesting  to  note  that  on  acceleration,  with  a  jet  unit  using  a  leading 
edge  or  vane  lattice  scoop,  the  point  of  diffuser  flow  attachment  and  disappear¬ 
ance  of  the  internal  burble,  Fig.  3  (c)  to  (d),  is  definitely  noticeable  by  an  in¬ 
crease  in  thrust  and  a  switch  from  a  vacuum  to  an  overpressure  in  the  ducting. 

The  vane  lattice  scoop  has  the  desirable  property  of  providing  an  easily 
clearable  trash  rack. 


A  JET-PROPULSION  HYDROFOIL 

A  small  boat  with  surface-piercing  hydrofoils  and  water-jet  propulsion 
(Aerojet’s  "Jet-Foil"  boat)  has  been  in  operation  for  a  period  of  18  months.  The 
general  arrangement  of  this  system  can  be  seen  in  Fig.  4. 
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Water-Jet  Propulsion  for  Surface  Craft 


Fig.  4  -  Arrangement  of  water-jet  propelled  hydrofoil  ('  Jet-Foil  boat) 


Water  is  inducted  up  the  hollow  rear  strut  and  through  an  axial  inducer 
stage,  a  stator,  and  into  a  special  radial-flow  impeller  with  nozzles  on  its  pe¬ 
riphery.  This  particular  jet  system  is  the  "Hydrocket”  of  Aerojet-General.  It 
combines  the  pumping  characteristics  of  a  radial-flow!  pump  with  certain  advan¬ 
tages  which  include  elimination  of  the  pump  casing  and  spiral  volute  with  its 
diffusion  requirement.  This  eliminates  weight,  disc  friction,  pump  reverse 
leakage,  diffusion  losses  in  the  volute,  and  ducting  on  the  discharge  side  of  the 
pump. 

The  bow  aspect  of  the  "Jet- Foil''  boat  showing  the  hydrofoil  configuration 
and  the  stern  aspect  displaying  the  hydrocket  unit  are  presented  in  Figs.  5  and  6. 
The  "Jet-Foil"  in  operation  is  shown  in  Fig.  7. 

The  system  is  the  first  of  its  kind  and  is  for  illustrative  purposes.  The 
machinery  is  extremely  simple  and  light  in  wTeight.  Also,  the  underwater  noise 
is  of  low  magnitude. 

It  is  expected  that  this  application  of  water-jet  propulsion  may  have  great 
significance  for  the  future. 
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Fig.  6  -  Stern  aspect  of  Jet-Foil  boat  showing  the  hydrojet  installation 
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Fig.  7  -  "Jet-Foil'’  boat  in  operation 
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ACCELERATED  SWIMMING 
OF  A  WAVING  PLATE 


T.  Yao-tsu  Wu 

California  Institute  of  Technology 
Pasadena,  California 

ABSTRACT 

This  paper  deals  with  the  two-dimensional  potential  flow  around  a  flexi¬ 
ble,  waving  plate  which  executes  a  rectilinear  swimming  motion,  the 
forward  velocity  of  the  plate  being  assumed  an  arbitrary  function  of  the 
time.  The  thrust,  power  required,  and  the  energy  imparted  to  the  wake 
are  determined  for  this  general  swimming  motion;  from  these  quanti¬ 
ties  the  propulsive  efficiency  can  be  evaluated.  As  a  special  case  of 
interest,  the  small  time  behavior  of  the  solution  is  examined  when  the 
plate  starts  to  swim  from  the  initial  state  at  rest. 


INTRODUCTION 

From  various  investigations  of  the  hydrodynamical  and  bio-chemical  per¬ 
formance  of  fish  (such  as  migratory  salmon,  see,  e.g.,  Osborne  [l]  and  the  ref¬ 
erences  cited  therein)  and  aquatic  mammals  (such  as  porpoises  and  whales,  see, 
e.g.,  Gray  [2,3],  Johannessen  and  Harder  [4],  Lang  [5]),  it  has  frequently  been 
noted  that  swimming  speeds  attained  by  these  swimmers  are  remarkably  high  in 
regard  to  the  estimated  muscle  power  available.  Attempts  to  examine  in  detail 
their  energy  requirements  have  usually  led  to  suggest  one  or  more  of  the  follow¬ 
ing  possible  explanations:  (1)  the  ability  of  fish  and  cetacea  to  maintain  a  lami¬ 
nar  boundary  layer  which  would  partly  become  turbulent,  or  even  with  separation, 
at  the  same  Reynolds  number  if  the  body  should  become  rigid;  (2)  their  ability  to 
attain  a  high  swimming  efficiency  so  that  only  a  small  fraction  of  the  energy  in¬ 
put  is  wasted  as  a  result  of  the  vortex  wake  they  create;  (3)  an  ingenuous  naviga¬ 
tion  in  seeking  of  a  low-velocity  water  route;  and  (4)  an  indication  of  their  ability 
to  extract  energy  from  the  eddies  in  the  river  (the  so-called  Betz-Knoller  effect, 
which  is  similar  to  "tacking"  by  a  sailboat).  Their  ability  of  maintaining  such 
top  performance  under  such  varied  conditions  has  been  long  regarded  as  an 
astounding  engineering  achievement. 

The  analysis  of  the  potential  flow  outside  the  boundary  layer  around  the 
swimming  body  and  its  vortex  wake  is  important  since,  for  one  reason,  it 
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determines  the  thrust  and  the  ideal  power  required  (for  producing  the  thrust  and 
supplying  the  energy  lost  in  the  vortex  wake).  The  resulting  flow  field  also  pro¬ 
vides  the  boundary  conditions  which  are  needed  in  the  treatment  of  the  unsteady 
boundary  layer  in  order  to  determine  how  the  boundary  layer  flow  develops  and 
how  much  is  the  frictional  drag. 

This  external  flow  has  been  evaluated  in  several  cases.  The  swimming  of 
slender  fish  has  been  treated  by  Lighthill  f 6 ,7].  There  it  has  been  found  that  in 
order  to  give  a  high  propulsive  efficiency,  the  recommended  procedure  is  for  the 
fish  to  pass  a  wave  down  its  body  at  a  speed  of  around  5/4  of  the  desired  swim¬ 
ming  speed,  the  amplitude  increasing  from  zero  over  the  front  portion  to  a  max¬ 
imum  at  the  tail.  Furthermore,  the  span  of  the  tail  should  exceed  a  certain 
critical  value,  and  the  waveform  should  include  both  a  positive  and  a  negative 
phase  so  that  angular  recoil  is  minimized. 

In  a  previous  paper  [8],  this  author  treated  the  two-dimensional  potential 
flow  around  a  flexible,  waving  plate  of  finite  chord,  the  forward  swimming  speed 
of  the  plate  being  assumed  constant.  As  a  numerical  example  of  the  general  so¬ 
lution,  the  waving  motion  with  linearly  varying  amplitude  was  carried  out  in 
detail.  The  results  indicate  again  that  in  order  to  attain  a  high  propulsive  effi¬ 
ciency  (of  the  order  95%),  the  w’ave  velocity  of  the  body  motion  should  be  slightly 
greater  than  the  desired  swimming  speed,  and  the  wave  amplitude  should  in¬ 
crease  gradually  towards  the  tail.  This  qualitative  feature  at  high  propulsive 
efficiency  is  thus  similar  to  the  case  of  slender  fish.  This  two-dimensional 
problem  has  also  been  treated  by  Smith  and  Stone  [9]  with  some  different  approx¬ 
imations  (the  effect  of  the  wake  being  neglected).  A  series  of  experiments  on 
the  two-dimensional  swimming  motion  has  been  conducted  by  Kelly  r10\  Aside 
from  the  frictional  drag  which  has  not  been  precisely  determined,  the  measured 
thrust  over  a  range  of  wave  frequency  and  wavelength  of  the  body  motion  pro¬ 
vides  a  substantial  support  to  the  theoretical  result  of  Wu. 

In  this  work  the  previous  two-dimensional  theory  is  generalized  to  the 
accelerated  swimming  of  a  waving  plate  along  an  approximately  straight  course, 
the  forward  velocity  of  the  plate  being  assumed  an  arbitrary  function  of  the  time. 
Similar  to  the  previous  theory,  the  present  problem  is  formulated  by  using  the 
acceleration  potential  and  the  analysis  is  carried  out  by  the  method  of  series 
expansion.  (An  alternative  method  is  to  formulate  this  problem  as  a  Hilbert 
problem.)  As  a  special  case  of  interest,  the  small  time  behavior  of  the  solution 
is  examined  when  the  plate  starts  to  swim  from  the  initial  state  at  rest.  This 
point  of  interest  arises  partly  from  the  observation  that  the  acceleration  of  some 
species  of  fish  and  cetacea  from  zero  to  a  maximum  speed  has  been  noted  to  be 
remarkably  high  (see,  e.g.,  Gray  [  1 1  ] ) . 


GENERAL  FORMULATION 

We  consider  the  two-dimensional  incompressible  flow  of  an  inviscid  fluid 
generated  by  a  deformable  thin  plate  which  moves  along  a  straight  line  in  the 
fluid  with  an  arbitrary  time-dependent  velocity  i\  t  and  at  the  same  time  exe¬ 
cutes  an  arbitrary  waving  motion  of  small  amplitude  in  the  transverse  direction. 
The  solid  plate  is  taken  to  be  flexible  so  that  it  can  simulate  a  swimming  motion. 
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To  fix  idea,  we  choose  a  Cartesian  co-ordinate  system  (x',y'  )  which  is 
fixed  relative  to  the  fluid  at  infinity  such  that  in  this  inertial  frame  the  forward 
velocity  (positive  in  the  negative  x'-direction)  of  the  plate  is  IY  t;.  In  this  paper 
U(  t )  is  limited  to  be  positive  definite  so  that  0  "  Uft)  '  for  t  •-  0  ,  but  other¬ 
wise  arbitrary  and  continuous.  (The  continuity  of  ly  t )  may  often  be  relaxed  to 
some  extent.)  This  implies  that  the  plate  may  speed  up  or  slow  down  in  the  in¬ 
ertial  frame,  but  may  never  halt  to  stop  or  reverse  its  direction  (see  Fig.  1). 
Under  this  assumption  the  leading  edge  and  trailing  edge  of  the  plate  will  main¬ 
tain  their  individual  role  for  t  0. 


Fis.  1  -  The  co-ordinate  systems 


By  the  Galelian  transformation 


x  -  *'  '  \  v  t  •  dt  . 

O 

the  motion  is  referred  to  a  co-ordinate  system  (x.y )  fixed  at  the  plate  such  that 
the  plate  spans  (approximately)  from  x  -l  to  x  1  and  the  free  stream  has 
the  velocity  u  t )  in  the  positive  x-direction.  The  motion  of  the  flexible  plate 
may  be  expressed  as:  y  0  for  t  0  and 

y  “  h  ( x .  t  for-l'x'l  .  t  ’O.  (l) 

where  h  x.  t )  is  an  arbitrary  continuous  function  of  x  for  every  time  t ,  the 
amplitude  of  h  and  -h  -x  being  assumed  small  compared  with  unity.  The  x- 
and  y-component  of  the  perturbed  flow  velocity  will  be  denoted  by  q  =  u.v  . 

By  assuming  the  perturbation  velocity  (u.v)  to  be  small  so  that  the  nonlinear 
terms  may  be  neglected,  the  momentum  equation  can  be  linearized  to  give 


459 


i 


Wu 


*  U(t ;  q  -  J  grad  p  grad  c  (2) 

where 

d-  C x ,  y ,  t )  =  (pT  -  p )/f>  (3) 

in  which  is  the  density,  p  the  pressure  of  the  fluid  and  p~  the  pressure  at 
infinity.  The  function  t  is  Prandtl’s  acceleration  potential,  as  grad  $  gives  the 
acceleration  of  the  flow.  It  follows  from  (2)  and  the  continuity  equation, 
div  q  =  0,  that  %  is  a  harmonic  function  of  (x,y)  for  every  t.  Consequently  a 
conjugate  harmonic  function  i(x,  y,t)  may  be  defined  by 

.  r»s/' -;x  =  -ri/./cry  ,  op/ry  =  cv  nx  (4) 

so  that  in  terms  of  the  complex  variables  z  =  x  *  i y ,  the  complex  acceleration 
potential 


ffz,t)  =  ®(x,y,t)*i-(x,y,t;  (5) 

is  an  analytic  function  of  z  for  all  t.  In  terms  of  f  (z,  t)  and  the  complex 
velocity 


•*  t  z  ,  t )  =  u(x,y,t)  -  iv(x,y,t)  . 


(6) 


(2)  may  also  be  written 


-  f  r  -A  r  w 

—  =  —  *  L(t)  77 


(7) 


The  boundary  condition  that  the  normal  component  of  the  velocity  relative 
to  the  moving  solid  boundary  must  vanish  may  be  linearized  to  give 


v  -  *  V  —  on  v  -  0;  ,  f-1  '  x  '  1 

:  t  -  x 


(8) 


The  corresponding  condition  on  f  (z,t)  is  derived  from  (7)  and  (8)  as 


-  — 1  1  *  l  —  -  — -  f  —  h  on  v  =  0:  ,  -1  x  1 

x  :t  :  x  \  c  t  r  x  J 

The  above  two  conditions  indicate  that  v  and  _•  are  even  in  >•,  hence  from  the 
Cauchy-Riemann  equations,  u  and  =  are  odd  in  >.  Since  ;  (or  the  pressure) 
is  regular  everywhere  inside  the  flow,  it  follows  that 

r  ( x . o ,  t )  =  0  for  x  >1  and  for  all  t  .  (10) 

At  the  trailing  edge  of  the  plate,  z  -  1 .  we  impose  the  Kutta  condition  that 

f  i  1,  t)  <  ~  for  all  t  .  (11) 
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Furthermore,  we  require  that 

f  (z,t)-»0  as  z  -i  x  ;  *a'  ( z ,  t )  *♦  0  as  z-~  x  .  (12) 

This  completes  the  statement  of  the  problem.  It  may  be  pointed  out  that  the 
complex  velocity  ■* ,  unlike  the  acceleration  potential  f,  may  admit  discontinui¬ 
ties  across  the  vortex  wake.  In  the  present  case  when  the  starting  motion  is  of 
concern,  with  the  trailing  vortex  sheet  lengthening  with  increasing  time,  it  is 
particularly  convenient  to  work  with  the  acceleration  potential  rather  than  the 
velocity  potential. 

The  solution  of  this  problem  can  be  obtained  by  a  Fourier  series  method 
which  is  similar  to  that  used  previously  by  Wu  [8]  for  the  case  of  simple  har¬ 
monic  swimming  motion.  By  the  conformal  transformation 

*  -  \  (i  *  r1;  <13a) 

the  original  z-plane,  cut  along  the  x-axis  between  -  l  and  1,  is  mapped  onto 
the  region  outside  the  unit  circle  I  -  l .  On  the  unit  circle,  J  =  exp  (if),  and 
hence 


x  =  cos  f  (13b) 

Since  the  plate  has  zero  thickness,  and  fh  .x  are  even  functions  of  f .  We 
assume  that  h  can  be  expanded  in  a  Fourier  cosine  series 


h  (x,  t ) 


(14a) 


where 

:n(0  =  r  j  h  (x.t)  cos  n  -d 

o 

It  follows  that 

-  h  _  _  1  f_h  _  n  -  sin  n  • 

-x  sin  -  ^  r  /  ~n  sin  r 

'  *  l 

from  which  it  is  readily  found  that 

,  -  -  .  -  2ni  n  =  1.2....)  .  (15b) 

n- 1  n-  1  n 

The  coefficients  >n  can  be  solved  from  this  recursion  formula  to  give 


(15a) 


( n  =  0,1,2. 


(14b) 


(t)  =  2  '  (2m -n  -  1 1  2—  -  n  -  1  (n  =  0.1.2. 


(15c) 
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Substituting  (14)  and  (15)  in  (8),  we  obtain 


v(x,:0,t) 


1  y-1 

2  o  *  n  COS 


on  x  cos  : 


(16a) 


J 


where 

•nft)  -  -[y(t)  -  U(tj-n(t)]  (n=  0.1,2,  ...  )  ,  (16b) 

and  the  prime  denotes  the  differentiation  with  respect  to  t,  :'<i)  d.:  dt  . 


The  acceleration  potential  f  (z  .  t )  is  noted  to  be  regular  at  all  interior 
points  of  the  flow  field  for  all  t;  it  can  admit  a  square  root  singularity  at  the 
leading  edge  z  =  -1  and  possibly  further  singularities  at  the  points  on  the  plate 
where  H  -x  is  discontinuous.  If  f  is  kept  invariant  under  the  mapping  (13), 
i.e.,  f(z,t)  =  f(z( ;), t ),  then  the  leading  edge  singularity  of  f  is  a  simple  pole 
in  the  :  -plane  at  :  =  -i.  Therefore  the  solution  must  assume  the  form 


f(  z.  t  ) 


it'  t ) 


y  »n(t) 

- 1 1 


for 


(17a) 


where  the  coefficients  ar  are  real  functions  of  :  so  that  condition  (10)  is  ful¬ 
filled.  In  particular,  on  the  plate  '  -  , 


V 

sir.  n  - 


(17b) 


(17c) 


Substituting  (16)  and  (17c)  in  (9),  we  readily  obtain 

a„  t  ;  \n  t  :  -  ^  .  •'_!*.  -  :.j  t  r.  =  1.2.3.  18- 

where  -,n  are  given  by  (16b).  Thus  all  the  coefficients  ar  except  a-  are  deter¬ 
mined  and  their  values  are  seen  to  depend  on  the  instantaneous  values  of  l ,  l". 
h,  -h  -t,  and  r*h  rt2.  The  coefficient  a0,  however,  will  be  seen  to  depend  on 
the  entire  history  of  the  motion. 

To  determine  a0  it  is  convenient  to  introduce  the  variable 
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so  that  r  measures  the  rectilinear  displacement  (in  time  t)  of  the  plate  along 
the  negative  x'  -axis.  From  the  previous  assumption  that  0  <  u  <  x  f0r  t  >  0  it 
follows  that  -  is  a  monotonically  increasing  function  of  t  and  vice  versa,  hence 
there  exists  a  unique  inverse  transformation 


t  =  j  gC-)d-  =  t  ('r  >  (20a) 

o 

where 

gfr)  =  dt  d-  =  1/U(t)  .  (20b) 

It  is  also  clear  that  -  can  be  used  in  place  of  the  time  t .  By  regarding  f  and 
w  as  functions  of  z  and  Eq.  (7)  may  be  written 


■-  f. 


7  Z 


(21a) 


where 

f*  =  *(")«*.->  =  :*(*'>■•-  -  i-x(x,y.-)  .  (21b) 

We  further  introduce  the  Laplace  transform  of  f  z.-)  with  respect  to  -  by 


f(z,s)  =  e*s'  f (z.-)d-  CR'  s  >  0) 


(22) 


Under  the  initial  condition  »  z.O)  =  0  the  Laplace  transform  of  (21a)  is 


-  f 


V  V' 

s  -  -7/*  • 


Upon  integration  from  z  =  -  to  a  point  z  and  using  conditions  (12),  we  obtain 


»  z.s)  =  | 


s  z  .  -  z  ) 


>f,  Zj.sl 


z,  d2l 


f„(z.s)  -  s  |  e 5  Z 1  f.  z,.s  dZj  . 


(23a) 


In  particular,  on  the  plate,  >■  =  0-.  -l  <  x  <  l,  the  above  equation  gives 


u(x,0-.s)=  :±(x.O  -  .  s)  -  s  I  e5’1  X  c,  x.0-  . s)dXj 


(23b) 


V(X.O.  s) 


-  *  S  X  ,  -  X 

K(x.0.  s')  *  s  e  1  Xj.O.s^GXj  . 


(23c) 
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In  (23b)  use  has  been  made  of  i*(x,  o  ,s)  =  0  for  x  ;>  l.  To  determine  aQ  , 
we  may  apply  the  condition  (23c)  at  any  point  on  the  plate,  say  x  =  -l  -  o,  or  in 
the  C-plane  as  5  -  n.  Then  from  (16)  and  (17c)  we  deduce 

fl  -  y'  1 

v(-l.O.s)  --  -  2  '-o  -  iL  I  . 

n  *  1 


0,s)  =  |'ao  -  2]  (-)"  an  , 

n  *  1 

where  and  an  are  the  Laplace  transform  of  n(~)  and  a„(~)  with  respect 
to  t.  For  the  v»(xj ,o, s) in  the  integrand  of  (23c),  we  find  from  (17a)  the  ex¬ 
pression 


i,(Xj,0,s) 


=  i 


-  l 


y  ^ 


for 


where 


X 


i 


Substituting  these  expressions  in  (23c),  and  by  appropriate  integration  by  parts 
together  with  making  use  of 


(n-  1.2,3.  .  .  .  ) 


(24) 


which  is  the  Laplace  transform  of  (18),  we  find  that  the  infinite  series  cancel, 
leaving  the  final  result  as 


But 


where  K0  and  Kj  are  the  modified  Bessel  functions  of  the  second  kind.  There¬ 
fore 
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ao<s>  =  ['•„(*> ->*i(s)] 

C(  s)  -  x  (  S  )  , 

(25a) 

~  Kj(s) 

C(s)  -  Ko(s)-Kx(s) 

Finally,  the  value  of  a 3(r)  can  be  written  as 

the  convolution  integral 

(25b) 

r 

ao<T>  =  f 

Jo 

|  C(T-f1)dr1->.1(r) 

(25c) 

in  which  C(t>  denotes  the  inverse  transform  of  6s> .  The  value  of  a0(t>  at 
time  t  is  readily  obtained  by  making  use  of  (19).  This  result  shows  that  a0rt) 
depends  on  the  motion  of  the  plate  at  all  instants  in  the  past. 


HYDRODYNAMIC  FORCES 

The  pressure  difference  across  the  plate,  by  (3)  and  (17b),  is 


-p  3  p(x,0  -  ,t)  -  p(x,0  *  ,  t)  =  cU(  t ) 


a0(t>  tan  j  '  2  ^  an(t>  sin 


,  (26) 


the  positive  sense  of  _p  being  in  the  positive  y -direction. 

(i)  Lift.  The  instantaneous  lift  acting  on  the  plate  is 

t  =  f  (-P)dx  =  f  (— p)  sin  r  dr  -  sV(  t )  a0(t)  -  (27) 

(ii)  Moment.  The  instantaneous  moment  of  force  about  the  midchord,  posi¬ 
tive  in  the  nose-up  sense,  is 


.i 

M  *  -  I  (Ip)xdx  =  y-cU(t)  Ta  t)  -  a,(t)l  . 

•- 1  ‘ 


(28) 


For  the  case  of  self-propelled  bodies,  L  and  M  may  admit  small  oscillations  in 
such  a  way  that  the  body  will  move  approximately  along  a  straight  course  (so 
that  the  present  analysis  can  remain  applicable).  The  trajectory  of  the  body, 
however,  will  have  to  be  evaluated  together  with  the  equations  of  motion  of  the 
solid  body.  This  can  be  carried  out  in  each  specific  case  when  the  distribution 
of  body  mass  and  the  moment  of  inertia  are  prescribed. 

(iii)  Thrust.  The  thrust,  taken  to  be  positive  in  the  negative  x -direction, 
acting  on  the  plate  is  given  by 
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T  -  J  ;  <-'P>  U  d* 

where  Ts  represents  the  thrust  due  to  the  leading  edge  suction.  Substituting 
(15a)  and  (26)  into  the  above  integral  for  Tp ,  we  obtain  after  integration 


-  Ts  -  Tp  -  Ts 


(29) 


Tp 


1 

2 


77-pU  <  t  ) 


r.«  1 


The  leading  edge  suction  arises  from  the  singular  pressure  at  the  leading 
edge,*  and  its  determination  requires  the  non-linear  terms  in  the  expression 
for  the  pressure  in  the  neighborhood  of  the  leading  edge  to  be  taken  into  account. 
It  has  been  noted  (e.g.,  see  Wu  [8])  that  the  unsteady  suction  force  presents  the 
same  problem  as  the  steady  motion  since  the  time-dependent  quantities  in  the 
pressure  equation  which  make  contribution  to  the  suction  force  appear  with  t 
only  as  a  parameter.  More  specifically,  it  is  readily  seen  from  (23a)  that  near 
the  leading  edge,  we  have  w(z,s)  ~  f4(z,s)  --  ia"o  ( i  -  l)  asymptotically.  Hence 
by  inverse  transformation, 


•i'(  z ,  t )  "■•  i  a0(  t )  (  !  -  1 )" 1  -  Of  1 )  as  I-1  -0. 

Then  by  applying  Blasius'  formula  to  a  small  circle  of  radius  ?  around  the  lead¬ 
ing  edge,  we  obtain 


Ts 


2  .  1  2 
*  GZ  r  2  ao 


-  { 

Combining  Tp  and  Ts  to  give  the  total  thrust,  we  find 

r  x 

.  V1 


r  = 


,  2  - 


a  ■ 


L 


o  o  1 


-  ^ 

nC'n-1  r 

J 


or.  by  (15b), 


T  =  T  "  <  ao2  *  u  ' 


a_  > . 


(30a) 


(30b) 


Upon  elimination  of  ar  by  using  (18)  and  (16b),  T  can  still  be  expressed  m 
another  form, 


. ,  . ,  d 

(ac*lV  ao  ‘ 1  '  o  i  *  dt 


--  i 


.  > 


(30c) 


*The  leading  edge  suction  car.  physically  be  realized  only  wr.er.  the  .eadtr.g  ecge 
is  sufficientlv  round. 
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POWER  REQUIRED;  ENERGY  CONSERVATION 

The  power  required  to  maintain  the  prescribed  motion  (14)  is  equal  to  the 
time  rate  of  work  done  by  the  external  force  which  acts  equal  and  opposite  to 
(£p),  or 


P 


(Lp) 


Substituting  (14)  and  (26)  in  (31),  we  obtain  after  integration  the  result 


(31) 


P 


2 


7tfV(  t ) 


^  1  > 


(32a) 


Upon  elimination  of  an  from  the  above  series,  by  using  (18),  (15b)  and  (16b),  we 
find 


P 


77 


C2( 


1~0 


r.s  1 


r  =  1 


(32b) 


From  the  principle  of  conservation  of  energy,  the  power  input  P  must  be 
equal  to  the  time  rate  of  work  done  by  the  thrust,  TV,  plus  the  kinetic  energy  L, 
imparted  to  the  fluid  in  unit  time, 


P  -  TV  -  e.4  .  (33) 

From  (30a),  (32a)  and  (18),  we  obtain 


E 

W 


r 

77  ^  < u(  ■ 
i 


'  a„) 


if1! 

at  /  4n 


r.«  I 


(34) 


When  the  thrust  T  and  power  P  are  positive,  we  may  define  the  propulsive  effi¬ 
ciency  by 

-  =  TV  P  .  (35) 


VORTEX  SHEET  STRENGTH;  CIRCULATION  .AROUND 
THE  PLATE 

The  strength  of  the  vortex  sheet  at  a  point  (*.o)  of  the  wake  (  x  >  l)  is 
given  by 
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'/(  x,  t ;  -  2uf'x ,  +  0 ,  t ) 


(36) 


which  satisfies  the  equation 


12 
c  t 


C  X 


0 


by  virtue  of  (2)  and  (10).  It  therefore  follows  that  y  is  a  function  of  the  single 
variable  (x-r)  only, 


y{  x ,  t )  =  H (t  -  x  *  1 )  for  x  > 


(37a) 


where 

H( r )  =  y( l ,  t )  =  2u(l,  *  0,  t )  .  (37b) 

By  Kelvin's  circulation  theorem,  the  circulation  around  the  plate,  P(t),  varies 
at  the  rate 


dT/dt  -  -  Uy(l.t)  -  -  U(t)  H(-)  ,  (38a) 

which  gives  upon  integration 


I~(t)  =  -  j  Hfr)d-  r  -2  j  U(t)u'l,  -  0,t)dt  .  (38b) 


We  next  calculate  u  (1,  -  0,  t).  If  we  set  x  -  l  in  (23b),  noting  that 
«.(1.  0  ,  s)  -  0  and  substituting  z.  ,  which  can  be  readily  deduced  from  (17b), 
into  (23b),  we  obtain 


u(l,  -  0,s)  =  -  s  e'5  [  e5  c°5  - 

r  " 

1  --  , .  V  --  -  . 

t  a  1  -  cos  r  )  •  /  sm  n  r  sin  r 

2  o  '  n 

w  ■■  =  1  _ 

By  using  (24)  and  integrating  by  parts,  the  infinite  series  in  the  above  integrand 
terminates  and  the  final  result  may  be  written 

u(  1 ,  *  0,  s )  =  ‘  \  -se*S  [('V  ®o>Vs)  ‘  ■"io)Ilfs 

where  ln  are  the  modified  Bessel  functions  of  the  first  kind.  By  (25)  and  the 
relation 

In( s)Kj ( s)  -  I j ( s)KQ( s)  -  Is. 

we  obtain 

u(l.  -o.s)  -  -  j  -D's  )[■•'„  s)  -  \  s)J  .  (39a) 

where 

D  s')  =  e-5  K  (s)  -K,(s)"  .  (39b) 

/  L  °  1  J 
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Taking  the  inverse  transform,  we  find 


where 


y(l, t)  =  2u(  l,  +  0,t)  =  H(r ) 


H(t) 


77 


(40a) 


(40b) 


and  H(t)  =  o  for  r  <  0. 

From  the  above  general  result  one  can  determine  the  flow  field,  vorticity 
distribution  and  the  performance  of  the  motion  once  the  motion  of  the  plate  (lYt) 
and  h( x,  t ) )  is  known. 


SMALL  TIME  BEHAVIOR  OF  A  SPECIAL  CASE; 

AN  OPTIMUM  I  ROFILE 

As  a  typical  motion  let  us  consider  the  special  case  in  which  the  plate 
moves  forward  with  a  uniform  acceleration  from  at  rest, 

U(t)  =  at  ,  a  >  0  .  (41) 

and  at  the  same  time  its  lateral  motion  can  be  represented  by  a  cubic  form  in  x  , 


h ( x ,  t )  =  |  >3o(t)  -  -n(t)  cos  n  r  (42) 

-  i 

so  that  for  appropriately  chosen  cQ,  •  •  •  J3  ,  the  profile  h  may  include  both  a 
positive  and  a  negative  phase.  This  provides  enough  degrees  of  freedom  so  that 
the  lateral  force  and  angular  recoil  may  be  minimized.  We  further  assume  that 
in  a  certain  time  interval  the  coefficients  in  may  be  expanded  for  small  t  as 

z  ~V2  ‘  V3  *  "  '  n  r  °-1'2'3  ’  (43) 

The  expansion  starts  from  t2  so  that  the  zero  initial  velocity7  is  ensured. 

From  this  expansion  it  is  readily  derived  that  for  t  small. 

■'  o  =  2  J12  *  3“321t2  *  2  "l3  *  2“33 '  f3  0  t4 

>1  =  4[-22t2  ‘  J23t3  '  (44) 

>2  =  6l732t2  -  d33t2  -  0(t<)]. 

and  v3  =  -v4  =  •  •  •  =  o; 

=  '  2io:t_3St2*0(t3)  •  "=0.1,2.3  (45) 

and  \4  -  \s  -  ■  •  •  -  0) 
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Ua,  = 

^2  2  ”  ^o2  ^ 

3f/s23  -  A 

2Ua2  = 

^32  ”  ‘"12  ^ 

31 "33  -  " 

3Ua3  = 

-5  -  32  t 

'22  °  2  3  L 

*  0(t2)  , 

4Ua4  = 

_  fi  -  t 

''32  ^3  3l 

*  Oft2)  , 

=  0. 

and  as  =  ag  =  •  •  •  =  0. 

To  obtain  the  expansion  of  aD(t)  for  t  small,  we  first  expand  Cfs)  in  (25) 
by  using  the  known  asymptotic  expansion  of  KnCs)  for  large  values  of  s  (see, 
e.g. ,  Watson  [l 2] ) ,  giving 


k  l  *  A  -  7.  -  Of  s  -3)  . 


2  [  4s  128s 


Substituting  this  in  (25b)  and  carrying  out  the  inverse  transformation,  we  obtain 

2ao(')  =  -  'x(')  *  H  ■  ■  ■  . 

*o 

where  r  is,  by  (19)  and  (41), 

jj'tdt:  |  -n2  .  (47) 

’  o 

Transforming  the  above  expression  for  ae(-)  in  terms  of  t ,  we  find 


lft)  -  4  2  I  l-o')-  ■  1  *>]*  dt  *  •  •  • 

*o 

--  2(ij.  -  -0j)t  -  3(i13-i0j,t2  -  0  t3;  .  (48) 

This  shows  that  the  leading  edge  singularity  grows  at  the  rate  proportional  to  t 
for  t  small. 

Similarly,  if  we  expand  d  s)  in  (39)  for  large  values  of  s  we  find 


=  V?  1'^- 


-  0  s  -3)  . 


Expressing  .Q  and  in  (45)  in  terms  of  -  by  using  (47),  we  obtain  the  Laplace 
transform  of  \0(-)  and  -.i(-)  as 

■■„(*)  *v*)=  -y-^3  (-s„2--s12)  -  alCf-V  13\4*°  S_1  ^49b) 
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Substituting  (49a, b)  in  (39a),  carrying  out  the  inverse  transformation,  and  finally 
expressing  the  result  in  terms  of  t,  we  obtain  for  t  >  o, 


7(  1 .  t  ) 


£13)t  *  Oft2) 


(50) 


This  result  shows  that  immediately  after  the  motion  started,  there  is  a  vortex 
of  strength  y(  l,  t )  generated  at  the  trailing  edge. 


Finally,  we  substitute  (42)  to  (48)  into  (27)  and  (28),  giving 

L/-p  -  (/^22'^Oj)  *  1  *  °(t2)  >  (51) 

4M/77 u  -  CTSj  2  -  —32  ^  *  3^-'13  "  '33  >  1  *  0f  1 2  >  ' 

If  the  resulting  lift  and  moment  are  required  to  be  small,  we  may  set 


^22 


'23 


'32  =  “12 


"33  "  “13 


(53) 


That  is,  2 2  =  20  and  2i  -  2\  up  to  the  order  t2.  Under  this  assumption  we 
deduce  the  following  thrust  and  power  required 


2T  ; 

[(“12_“o2)2  '  2Jo,“'l2_t2 

*  [3<~50j  -3i12>V  (3:!2-5V:i3't3  ‘  °'  t4  ' 

(54) 

2P  -  =  (f--o2- 

J  1*2  J  1  ‘  J3  o2'o3  *  4  “1  2  '13  ‘  2  ^“12  “  “Oj '■  l*  ~  0  t3 

.  (55) 

It  is  of  interest  to  note  that  the  thrust  is  generated  at  the  time  of  order  t2, 
whilst  the  power  is  already  required  at  the  time  of  order  t,  the  initial  power 
being  positive  definite  for  any  arbitrary  lateral  motion.  Another  point  of  inter¬ 
est  is  that  the  rectilinear  acceleration  3  does  not  appear  in  the  first  order 
terms  of  the  above  physical  quantities. 


A  qualitative  argument  about  the  optimum  profile  at  the  initial  stage  can  be 
made  as  follows.  Up  to  the  first  order  terms,  the  thrust  is  maximum  for  fixed 
power  F  if 


i  =  i12  :0i  -  -  (1  *  \  193  12  -  -  1.24  .  (561 

this  being  readily  verified  by  the  method  of  undetermined  multipliers.  The  de¬ 
termination  of  the  higher  terms  is  not  as  simple.  .An  indication  of  the  trend  of 
motion,  however,  can  still  be  given.  If  we  require  the  second  order  term  of  P 
to  vanish,  then  the  second  order  term  of  T  can  be  positive,  under  condition  (56), 
if  l3  --Q,  and  -:03  -:02  are  sufficiently  large  and  positive. 
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Under  the  assumption  (53),  the  maximum  and  minimum  of  h  are  given  by 

oh/  ox  =  12/0,  x2  +  4/3  x  -  2/5,  =  0 

1  O  I 


or  up  to  the  first  order  terms, 

Xj  2  (-  1  ±  j/j  *  g  -2  j  /  -  -  0.564,  +  0.295  .  (57) 

When  the  higher  terms  are  included,  these  points  are  seen  to  move  back  towards 
the  trailing  edge  with  increasing  time. 

This  work  is  sponsored  by  the  Office  of  Naval  Research  of  the  U.S.  Navy, 
under  the  Contract  Nonr-220(35). 
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OSCILLATING  HYDROFOIL 


Peter  Crimi  and  Irving  C.  Statler 
Cornell  Aeronautical  Laboratory ,  Inc. 
Buffalo  21,  Sew  York 


ABSTRACT 

The  lift  and  moment  acting  on  an  oscillating  hydrofoil  in  two -dimensional 
flow  are  computed  by  applying  analytical  and  numerical  techniques  to 
the  integral  equation  satisfied  by  the  singularity  distribution  on  the 
hydrofoil.  The  flow  is  assumed  to  be  noncavitatir.g,  but  no  limitations 
are  placed  on  the  values  of  Froude  number  or  depth-to -chord  ratio. 

Solutions  are  obtained  by  assuming  that  the  vortex  strength  distribution 
on  the  hydrofoil  is  given  by  a  C-lauert  series,  ar.d  then  solving  the  infi¬ 
nite  set  of  linear  algebraic  equations  resulting  from  the  substitution  of 
this  series  into  the  governing  integral  equation. 

Computations  were  performed  or.  a  high-speed  digital  computer.  ?„e- 
sults  are  presented  in  graphical  form,  with  lift  and  moment  given  as 
functions  of  reduced  frequency  with  Froude  number  and  depth-to- 
semichord  ratio  as  parameters.  Results  are  discussed  and  compared 
with  previous  related  studies. 


1.  INTRODUCTION 

Interest  in  high-performance  hydrofoil  craft  has  necessitated  concern  with 
problems  of  dynamic  stability  and  control  as  well  as  hydroelastic  instability. 
Theoretical  investigations  of  these  problems  in  turn  require  knowledge  of  the 
hydrodynamic  forces  and  moments  acting  on  an  oscillating  hydrofoil.  If  the 
hydrofoil  is  deeply  submerged,  the  lifts  and  moments  are  well  predicted  by  con¬ 
ventional  incompressible  unsteady  thin-airfoil  theory,  as  given  by  Theodorsen[l  . 
However,  in  the  more  practical  case  of  submergence  depths  on  the  order  of  a 
chord  length  or  less,  important  effects  arise  not  only  because  of  the  proximity 
of  the  free  surface  as  represented  by  an  image,  but  also  because  surface  waves 
are  generated  by  the  motion  of  the  hydrofoil. 

Various  studies  have  been  carried  out  which  relate  to  the  general  unsteady 
hydrofoil  problem.  The  applicability  of  the  solutions  obtained  to  date  is  limited. 
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however,  by  the  simplifying  assumptions  which  have  been  made.  For  example, 
Chu  and  Abramson  [2]  considered  the  problem  assuming  infinite  Froude  number 
(i.e. ,  no  surface  waves)  and  obtained  a  solution  by  expanding  in  the  chord-to- 
depth  ratio.  The  validity  of  their  solution  is  thus  limited  to  relatively  large 
depth  and  speed.  Kaplan  [3]  formulated  the  problem  to  include  the  primary 
effects  of  finite  Froude  number.  His  solution  lacks  the  desired  degree  of  exact¬ 
itude,  however,  because  he  simulates  the  oscillating  hydrofoil  with  a  single  vor¬ 
tex  and  a  doublet  and,  further,  assumes  that  their  strengths  are  the  same  as  in 
an  infinite  medium.  Tan  [4]  has  obtained  the  exact  linearized  potential  solution 
for  a  point  singularity  (source  or  vortex)  of  oscillating  strength  moving  below  a 
free  surface.  While  this  model  does  not  of  itself  correspond  to  a  physical  flow, 
it  forms  the  basis  for  the  general  problem  in  which  a  distribution  of  such  singu¬ 
larities  is  used  to  represent  the  hydrofoil. 

The  study  discussed  here  is  directed  to  obtaining  the  exact  linearized  poten¬ 
tial  solution  for  the  two-dimensional  flow  about  a  fully  wetted  oscillating  flat- 
plate  hydrofoil  near  the  free  surface.  The  mathematical  model  assumed  is 
analogous  to  that  used  in  conventional  unsteady  thin-airfoil  theory. 

This  work  was  sponsored  by  the  Office  of  Naval  Research  under  Contract 
No.  Nonr  3578(00)  as  part  of  the  Bureau  of  Ships  Fundamental  Hydromechanics 
Program.  The  David  Taylor  Model  Basin  provided  technical  administration  of 
the  program. 


2.  PROBLEM  FORMULATION 

Consider  an  oscillating  hydrofoil  of  infinite  span  immersed  beUw  the  free 
surface  of  an  incompressible,  inviscid  infinitely  deep  fluid  having  a  uniform  ve¬ 
locity  of  magnitude  l' .  The  perturbations  in  fluid  velocity  resulting  irom  the 
presence  of  the  hydrofoil  may  then  be  obtained  as  the  gradient  of  a  scalar  poten¬ 
tial  function.  Further,  assume  that  the  hydrofoil  is  fully  wetted,  and  may  be 
represented  by  a  plane  distribution  of  vortex  singularities  of  oscillating  strength. 
Finally,  assume  that  the  vortices  which  are  necessarily  shed  from  the  hydrofoil 
and  convected  downstream  lie  in  the  plane  of  the  hydrofoil.  The  assumed  model, 
consisting  of  the  hydrofoil  and  its  wake,  as  well  as  the  free  surface  and  an  image 
system,  is  shown  schematically  in  Fig.  1.  The  singularity  distribution  over  the 
image  system  is  identical  to  that  of  the  hydrofoil  and  its  wake.  The  combined 
effects  of  the  image  and  hydrofoil  systems  are  then  such  as  to  make  the  pres¬ 
sure  at  v=  D  the  same  as  it  would  be  if  the  flow  were  undisturbed. 

The  perturbation  velocity  potential  f>  x  .  y  ,t)must  satisfy  Laplace’s  equa¬ 
tion;  i.e. , 


In  addition,  the  potential  must  satisfy  the  following  three  boundary  conditions. 
These  boundary  conditions  are  obtained  after  assuming  that  quantities  of  second 
order  or  higher  in  t,  and  their  derivatives  are  negligible  in  comparison 

with  first  order  quantities.  It  should  be  noted  that,  consistent  with  this  linear¬ 
izing  assumption,  Eqs.  (2.1)  and  (2.2)  apply  at  y  =  D  rather  than  at  \  D  -  - 
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Fig.  1  -  Schematic  representation  of  the  assumed  model 


and  Eq.  (2.3)  applies  at  y  -  0  rather  than  at  y  =  Y.  First,  if  the  free  sur¬ 
face  is  to  be  a  streamline, 


2z  .  1  21  I 

rt  b  :x  b 


■  v 


for  y  -  D  . 


(2.1) 


where  -(x,t)  is  the  displacement  in  the  >•  direction  of  the  free  surface  from 
its  position  when  undisturbed.  Second,  by  requiring  that  the  pressure  on  the 
free  surface  is  constant  and  equal  to  its  value  when  the  flow  is  undisturbed,  it  is 
found  that 


5$  .  V 
rt  b 


for  y  =  D  , 


(2.2) 


where  g  is  the  acceleration  due  to  gravity.  Finally,  if  there  is  to  be  no  flow 
normal  to  the  hydrofoil  surface, 


for  v  =  0  :  -1  <  x  <  1  ,  (2-3) 

-t  b  :x  b  ry  -  _  _ 

where  Y(x.t)  represents  the  displacement  in  the  y  direction  of  the  hydrofoil 
from  its  mean  position.  The  factor  l  b  applied  to  derivatives  with  respect  to  x 
or  y  in  Eqs.  (2.1),  (2.2),  and  (2.3)  is  necessary  because  those  coordinates  have 
been  nondimensionalned  with  respect  to  the  semichord  b . 
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In  addition  to  the  conditions  specified  by  Eqs.  (2.1),  (2.2),  and  (2.3),  it  must 
be  required  that  the  Kutta-Joukowski  condition  of  finite  velocity  at  the  trailing 
edge  of  the  hydrofoil  be  satisfied.  Also,  because  the  presence  of  surface  waves 
makes  the  problem  to  some  extent  indeterminate,  further  restrictions  are  nec¬ 
essary  in  obtaining  the  potential  due  to  the  free  surface.  These  restrictions  are 
discussed  in  detail  in  Part  3. 


3.  DERIVATION  OF  THE  INTEGRAL  EQUATION 

Assume  that  the  hydrofoil  oscillates  harmonically  so  that  the  potential  may 
be  expressed  by 


<t>  (x, y ,  t )  =  M  {(<£j  +  <£2  +  4>3)  e1"*}  (3.1) 

where  co  is  the  frequency  of  oscillation,  and  <t>\,  $ 2 ,  and  <£3  are  functions  of  x 
and  y  only.  Identify  4>i  and  <£2  as  the  contributions  to  the  potential  from  the 
hydrofoil  and  image  systems,  respectively,  and  d>3  as  the  contribution  from  the 
surface  waves.  The  expressions  for  4>i  and  <t>2  follow  directly  from  thin-airfoil 
theory  (see,  for  example,  Ref.  5)  and  are  given  by: 


-b  f * 

fcjfx.y)  =  2^J  y(;)  tan 


df  i  lkrb 

f  e-ik(£-l)  tarri 

1 

(*h) 

df  (3-2) 

Hi  +  ik~b  I 

05 

r  tan*1 

(y- 2D 

)  df  (3-3) 

^  2rr  J 

'x-; 

where 


1 


and  y(x)  is  the  unknown  vortex  strength  distribution  on  the  hydrofoil.  It  remains 
to  obtain  the  function  s3(x,y)  in  terms  of  (x)  by  satisfying  the  free-surface 
boundary  conditions. 

Equations  (2.1)  and  (2.2)  may  be  combined  to  eliminate  -  ,  giving 


2  b  ?t?x 


b2 


i2, 


y  =  D 


(3.4) 


If  Eqs.  (3.2)  and  (3.3)  are  substituted  into  Eq.  (3.1),  and  the  resulting  expression 
for  <t>  is  substituted  into  Eq.  (3.4),  the  following  differential  equation  for  ~3  is 
obtained: 
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“k2<£ 


3 


_L  ^3 
f2  3y 


_b_  r  (x-  f)-/(Qdf 
ttF2  J_,  (X-  f)2  +  D2 


Pb  f“  e~ik^~1)(x-f)dg 
77  F2  J,  (x  -  g)2  +  D2 


y  =  D  ;  0.5) 


where  F  and  k  are,  respectively,  the  Froude  number  and  the  reduced  frequency, 
defined  by 


F 


k  s 


U 


It  may  be  shown  that  the  following  relationship  satisfies  Eq.  (3.5). 


i,(x,y)  = 


ib 

2ttF2 


r, 


7(f)G  (g;x,y)dg  + 


_  « 
:  b  r 

'’F  2  J, 


e*  ik  (f-  1  ;  x,  y  )df  (3.6) 


where 


C(f:x,y) 


1 

( 


es(y-2D) 


r  eis(x-f) 

L (S-  Sj )( s -  S21 


e> s( *-f  ) 

(S-  S3)(S-  S4) 


ds 


*  D, 


,  [y-2D  ‘  ><*-£)]  e*2  [y  2D  *  i  <  x-f  )] 


*  D3  e'3  [>-2D  ~  ‘  .  d4  es<  [y“  2D  * 

and 

(S-  SjXS-  Sj)  =  S2  -  -  2k  S  -  k2 

(S-S3)(S“S4)  -  s2  -  -L  -  2k  S  -  k2  . 

The  solution  is  indeterminate,  since  the  values  of  Di,  D2,  D3  and  D4  are 
as  yet  unspecified.  A  device  may  be  employed,  however,  which  leads  to  physi¬ 
cally  realistic  boundary  conditions  at  infinity  and  provides  just  sufficient  infor¬ 
mation  to  compute  the  values  of  these  constants.  A  small  fictitious  dissipative 
force  is  introduced,  which  is  proportional  to  the  perturbation  velocity  (see  [6], 
pp.  398-406).  The  condition  of  the  flow  on  the  free  surface  at  upstream  and 
downstream  infinity  is  then  examined  in  the  limit  as  the  dissipative  force  goes 
to  zero.  In  this  manner,  it  is  determined  whether  the  free  harmonic  surface 
wave  corresponding  to  each  of  the  roots  Si  through  s4  should  be  allowed  to 
exist  as  x  tends  to  either  positive  or  negative  infinity. 
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Examination  of  the  results  of  this  analysis  reveals  the  following  physical 
picture.  The  solution  admits  the  possibility  of  four  wave  trains.  The  waves 
associated  with  Si  and  s2  travel  upstream,  while  those  associated  with  s3  and 
s4  propagate  downstream.  The  direction  and  extent  of  the  surface  waves  is 
found  to  depend  on  whether  the  roots  s3 ,  s2,  etc.,  are  real  or  complex.  This, 
in  turn,  depends  on  the  value  of  the  product  kF2  -  oj/g . 

For  all  values  of  kF2  >  0,  s3  and  s4  are  real  and  positive  and,  therefore, 
at  least  these  two  harmonic  waves  always  exist.  Since  these  two  waves  propa¬ 
gate  downstream,  however,  their  existence  upstream  of  the  hydrofoil  is  physi¬ 
cally  unrealistic.  Hence,  there  will  be  two  harmonic  waves  behind  the  hydrofoil 
which  propagate  downstream  for  all  kF2  >  0. 

The  roots  S]  and  S2  are  real  and  positive  for  0  <  kF2  <•  1/4.  The  conse¬ 
quent  harmonic  wave  associated  with  Sj  has  a  group  velocity  (the  speed  at  which 
energy  is  propagated  by  the  wave)  which  is  less  than  the  forward  speed  U ;  hence, 
it  must  trail  the  hydrofoil.  The  group  velocity  of  the  harmonic  wave  associated 
with  s2  is  greater  than  U;  therefore,  the  wave  must  lead  the  hydrofoil.  Hence, 
for  0  '  kF2  <  1/4,  there  will  be  two  harmonic  waves  propagating  upstream,  one 
leading  and  one  trailing  the  hydrofoil. 

For  kF2  >  1/4  ,  S!  and  s2  are  a  complex  conjugate  pair.  The  waves  are, 
therefore,  damped  and  contribute  only  local  disturbances. 

Two  special  cases  should  also  be  discussed.  First,  when  the  flow  is  steady 
( kF2  -  0),  the  S2  and  s4  solutions  disappear  and  the  s,  and  s3  solutions  com¬ 
bine  to  give  a  single  standing  wave  extending  downstream  of  the  hydrofoil  to  in¬ 
finity. 

Second,  when  kF2  1  4,  Sx  =  S2  and  the  group  velocities  of  these  upstream 
propagating  waves  are  equal  to  each  other  and  to  the  hydrofoil  speed,  l! .  No 
solution  can  then  be  obtained  because  the  particular  integral  in  C(  f :  x  ,  >•)  asso¬ 
ciated  with  S!  and  s2  does  not  exist.  This  condition  might  be  interpreted  phys¬ 
ically  as  the  building  up  of  waves  having  the  same  rate  of  propagation  as  that  of 
the  disturbance,  thus  causing  the  surface  waves  to  reinforce  each  other  in  a 
singular  manner.  It  is  reasonable  to  expect  that  in  the  immediate  neighborhood 
of  this  resonance  certain  nonlinearities  and  other  effects  which  ordinarily  are 
of  higher  order,  such  as  surface  tension  and  viscosity,  might  become  significant. 

With  this  knowledge  in  hand,  the  behavior  of  the  particular  integral  in 
G  ( -  ;  x  , y)  may  be  examined  in  the  limit  for  very  large  x ,  and  the  values  of  D! 
through  d4  assigned  to  provide  the  correct  free-surface  boundary  conditions. 
The  values  of  these  constants  as  so  determined  are  presented  in  Table  1  as  a 
function  of  kF2  ,  together  with  a  summary  of  the  physical  interpretat’on  of  the 
flow  at  the  free  surface  which  was  given  above.  It  should  be  noted  here  that 
these  free  surface  radiation  conditions  agree  with  those  found  for  a  similar 
problem  by  Kaplan  [7]  using  a  different  approach. 

All  that  remains  now  is  to  satisfy  the  boundary  condition  at  the  hydrofoil. 
This  condition,  given  by  Eq.  (2.3),  may  be  expressed  in  the  following  form: 
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Table  1 

Free  Surface  Radiation  Conditions 
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F  ^  =  ■  u  [(!  *  ikx)20  *  ikhQ]  e*'-1  ;  y  =  0,  -1  <  x  '  1  ;  (3-8) 

where  a0  is  the  complex  amplitude  of  an  oscillatory  pitching  motion  about  mid¬ 
chord  (positive  nose  up)  and  hD  is  the  complex  amplitude  (nondimens ionalized 
with  respect  to  semichord)  of  an  oscillatory  plunging  motion,  defined  to  be  posi¬ 
tive  in  the  sense  of  decreasing  y .  Note  that  specifying  the  pitching  motion  to  be 
about  midchord  does  not  limit  the  generality  of  the  boundary  condition,  since 
any  abritrary  oscillatory  motion  may  be  resolved  into  motions  of  the  type  speci¬ 
fied  here. 

If  Eqs.  (3.2),  (3.3),  and  (3.6)  are  substituted  into  Eq.  (3.1)  and  the  resulting 
expression  for  <t>  is  substituted  into  Eq.  (3.8),  the  following  integral  equation  in' 
y(x)  is  obtained: 


J_  f  _  .  J_  f  V(  r  \  f _ 5 _ ^ _  -  _L 
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where 
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and  the  Cauchy  principal  value  is  to  be  taken  for  the  integral  on  the  left-hand 
side.  The  solution  to  the  problem  is  thus  determined  when  a  function  y(x  has 
been  found  which  satisfies  Eq.  (3.9),  with  the  additional  restriction  that  the  ve¬ 
locity  be  finite  at  the  trailing  edge. 


4.  SOLUTION  OF  THE  INTEGRAL  EQUATION 

The  solution  to  Eq.  (3.9)  is  obtained  by  first  assuming  that  the  vortex 
strength  distribution  may  be  expressed  in  the  form  of  a  Glauert  trigonometric 
series.  That  is,  let 


?(0> 


2U 


A  cot 

o 


e 

2 


n  *  I 


sin  n  d 


(4.1) 


where  cos  6  -  -  x.  The  An's  are,  in  general,  complex.  It  may  be  shown  that 
the  Kutta-Joukowski  condition  is  satisfied  by  a  solution  of  this  form.  Also,  it  is 
easily  shown  that 


r=2„u(»„.^)  «•« 

Further,  from  relationships  derived  in  unsteady  thin-airfoil  theory  [5],  the  lift 
per  unit  span  is  given  by 
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2vp  U2  be‘‘ 


-  f; 
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3A  -  A. 

\  °  1 


(4.3) 


and  the  moment  per  unit  span  about  midchord,  positive  nose-up,  is  expressed  in 
the  form 
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U2b2 


3%  M] 
4  ‘  4  ^ 


(4.4) 


Now,  if  Eq.  (4.1)  is  substituted  into  the  integral  on  the  left-hand  side  of  Eq. 
(3.9),  it  is  found  that 


r 

U  Ao 


cos  n  £ 


Hence,  if  the  right-hand  side  of  Eq.  (3.9)  can  be  similarly  expanded  in  a  Fourier 
cosine  series,  a  set  of  linear  algebraic  relationships  in  the  An's  may  be  obtained 
by  equating  like  coefficients  of  cos  n  This  procedure  leads  to  the  following  in¬ 
finite  set  of  linear  inhomogeneous  algebraic  equations: 
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(4.5) 
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Considerable  algebraic  manipulation  is  required  to  obtain  the  expressions  for 
the  Cmn's  in  terms  of  system  parameters,  but  the  computations  are  straight¬ 
forward.  The  resulting  expressions  generally  involve  definite  integrals  which 
cannot  be  evaluated  analytically,  but  which  present  no  serious  obstacles  to  their 
determination  by  digital  computation.  For  example,  the  real  part  of  the  leading 
diagonal  element  is  found  to  be  given  by: 
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where  J0  and  are  Bessel  functions  of  the  first  kind  of  order  zero  and  one, 
respectively.  The  terms  involving  e‘2DSl  and  e‘2DS2  ar6)  0{  course,  omitted 
when  Sj  and  s2  are  complex,  which  corresponds  to  setting  Dx  and  D2  equal  to 
zero  (see  Table  1).  Similar  expressions  are  obtained  for  the  imaginary  part  of 
C  00  and  for  the  remaining  C„.n ’s.  The  inhomogeneous  terms  arise  from  the 
hydrofoil  boundary  condition,  and  are  found  to  be  given  by 


r0  -  10  -  ikh0  , 


rl  =  iklo 


r_  =  0  ;  m  >  2 


It  is  not  possible,  except  in  certain  special  cases,  to  show  that  a  solution  to 
a  set  of  equations  of  the  form  of  Eqs.  (4.5)  exists  (see  [8]).  However,  examina¬ 
tion  of  the  behavior  of  the  ’s  with  increasing  m  and/or  n  indicates  that  a 
solution  can  be  obtained.  If  a  solution  does  exist,  it  may  be  shown  [8]  that  this 
solution  can  be  obtained  in  the  following  manner.  First,  the  solution  to  a  trun¬ 
cated  set  of,  say,  N  equations  is  obtained.  Subsequently,  the  solutions  to  N  -  1, 

N  +  2  ,  etc.,  are  obtained,  until  the  limiting  values  of  the  unknowns  become  ap¬ 
parent.  Of  course,  the  larger  the  number  of  equations  solved,  the  more  unknowns 
determined  in  this  manner.  Since,  for  this  problem,  only  the  first  four  unknowns 
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are  needed  to  evaluate  lift  and  moment  (Eqs.  (4.3)  and  (4.4) ),  the  procedure  need 
only  be  carried  out  until  these  four  values  are  obtained.  It  was  found,  in  fact, 
that  even  for  depths  as  shallow  as  half  a  chord  length,  with  a  relatively  small 
Froude  number  (f  =  l.o),  only  seven  complex  (or  14  real)  equations  were  needed 
to  determine  A0  through  A3  to  within  0.1%. 

The  evaluation  of  the  Cmn's,  the  solution  of  Eqs.  (4.5),  and  the  computation 
of  lift  and  moment  according  to  Eqs.  (4.3)  and  (4.4)  were  carried  out  on  a  high¬ 
speed  digital  computer  for  a  wide  range  of  values  of  F  ,  D  and  k .  Certain  of  the 
results  are  presented  graphically  in  Figs.  2  through  7,  and  are  discussed  in 
Section  5. 
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Fig.  2  -  Lift  due  to  plunging  versus  reduced  frequency 
with  depth  in  semichords  as  parameter;  Froude  number 
F  =  1.0  and  singularity  at  k  =  0.25 
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Fig.  4  -  Lift  due  to  plunging  versus  reduced  frequency 
with  depth  in  semichords  as  parameter;  Froude  number 
F  =  4.0  and  singularity  at  k  =  0.015625 
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Fig.  6  -  Lift  due  to  plunging  versus  reduced  frequency 
with  Froude  number  as  parameter  depth  in  semichords 
D  =  1.0 


490 


Forces  and  Moments  on  an  Oscillating  Hydrofoil 


Fig.  7  -  Lift  due  to  plunging  versus  reduced  frequency 
with  Froude  number  as  parameter  depth  in  semichords 
D  =  1.0 
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5.  DISCUSSION  OF  RESULTS 

In  order  to  provide  meaningful  comparisons,  the  plotted  results  do  not  con¬ 
tain  noncirculatory  terms.  The  lift  and  moment  about  midchord  are  given,  in 
terms  of  the  plotted  functions  H1L  ,  H2L,  HiM,  and  h2m,  by 

_  \  (ho  "  ac£o>  +  T  “o 

+  ikH1L(hQ  -  aaQ)  +  H2L  (l  +  y)  aQ 

("  T  +  V)  a0  +  ikHlM  (h0~  aao)  +  H2M  i1  +  T-)  a0  (51) 

where  a  •  b  is  the  distance  aft  of  midchord  of  the  center  of  rotation  of  the  pitch¬ 
ing  motion.  H1L,  h2L  ,  H1M  ,  and  h2M  are,  in  general,  functions  of  Froude  num¬ 
ber,  f,  depth-to-semichord  ratio,  D,  and  reduced  frequency,  k  .  In  the  limit  of 
infinite  submergence  depth,  all  these  functions  reduce  to  the  well-known  Theo¬ 
dor  sen  function  C(k). 

In  Figs.  2  through  5,  the  real  and  imaginary  parts  of  Hu,,  which  relate  to 
the  unsteady  lift  due  to  plunging,  are  plotted  as  functions  of  reduced  frequency 
for  Froude  numbers  of  1,  2,  4,  and  infinity,  respectively.  On  each  figure,  the 
function  is  plotted  for  depths  of  one  and  two  semichords,  as  well  as  for  infinite 
depth.  The  variations  of  the  functions  H2L,  H1M  and  h2M  are  very  similar  to 
that  of  HlL  over  the  reduced  frequency  range  shown  in  these  figures,  and  so 
these  functions  are  not  shown.  It  is  observed  from  these  results  that,  at  least 
in  the  range  of  k  shown,  the  behavior  of  Hu.  is  dominated  by  the  presence  of 
the  resonance  condition  at  k  =  l  4F2.  While  the  real  part  of  h1L;  which  is  in 
phase  with  the  plunging  motion,  is  not  drastically  affected  except  in  the  immedi¬ 
ate  vicinity  of  the  singularity,  the  imaginary  part  shows  marked  departures 
from  the  variation  at  infinite  depth.  It  should  be  particularly  noted  that  for  finite 
values  of  Froude  number,  the  imaginary  part  of  Ha  is  positive  near  the  singu¬ 
larity;  hence,  the  circulatory  lift  leads  the  motion.  This  indicates  the  possibility 
of  unusual  hydroelastic  characteristics,  such  as  one-degree-of-freedom  flutter, 
in  hydrofoil  systems. 

The  decrease  in  importance  of  the  surface  waves  is  evident  as  the  Froude 
number  changes  from  1.0  (Fig.  2),  where  the  singularity  at  k  =  .25  dominates, 
to  infinity  (Fig.  5),  where  there  is  no  singularity  and  the  curves  for  all  depths 
do  not  deviate  appreciably  from  those  for  the  infinite  depth  case.  The  results 
for  infinite  Froude  number  agree  with  computations  made  by  Chu  and  Abram¬ 
son  [2],  It  should  also  be  noted  here  that  the  results  for  k  =  0  agree  very  well 
with  treatments  of  the  steady  case.  In  fact,  there  is  remarkable  agreement  with 
a  lifting  line  analysis  performed  by  Strandhagen  and  Seikel  [9],  even  for  D  =  l 
and  F  =  l. 

In  Fig.  6,  Hjl  is  plotted  out  to  a  reduced  frequency  of  6.0  for  a  depth  of  one 
semichord  and  Froude  numbers  of  1.0  and  infinity.  As  seen  from  this  figure, 
the  effects  of  surface  waves  become  unimportant  for  reduced  frequencies  above 


Le  ~  ‘  ^  * 
2 up  U2b 


Me  ~ * 

77  p  U2b2 


492 


Forces  and  Moments  on  an  Oscillating  Hydrofoil 

about  3.0.  The  effect  of  the  image  system  is  to  cause  the  real  and  imaginary 
parts  of  H1L  to  approach  an  asymptote  for  large  k ,  the  value  of  which  depends, 
of  course,  on  the  depth.  As  the  depth  becomes  infinite,  the  asymptote  of!R(H1L) 
approaches  0.5,  and  that  of  J(H1L)  approaches  zero. 

It  was  found  that  the  image  system  influences  each  of  the  functions  H1L, 
h2L  ,  etc.,  in  a  different  manner  at  high  reduced  frequency.  The  function  H2L  , 
associated  with  the  lift  due  to  pitching,  is  plotted  in  Fig.  7  for  the  same  depth 
and  Froude  numbers  as  Fig.  6.  While  the  general  character  of  the  curves  is  the 
same,  it  may  be  seen  that  the  real  and  imaginary  parts  of  h2L  approach  differ¬ 
ent  asymptotic  values  than  do  those  of  H1L  .  This  is  contrasted  with  the  behavior 
at  low  reduced  frequency,  where  the  surface  wave  effects  predominate  and  the 
differences  among  the  functions  H1L,  H2L ,  etc.,  are  small  for  given  values  of 
the  system  parameters. 

In  summary,  then,  it  was  found  that  at  reduced  frequencies  below  about  3.0 
and  at  practical  values  of  Froude  number  and  submergence  depth,  the  behavior 
of  the  unsteady  lift  and  moment  is  dictated  by  the  considerable  influence  of  the 
surface  waves.  In  particular,  the  large  effect  of  the  free  surface  waves  on  the 
phases  of  the  forces  and  moments  makes  the  inclusion  of  these  waves  mandatory 
for  hydrofoil  stability  considerations  in  the  low  reduced  frequency  range.  At 
sufficiently  high  reduced  frequencies  (k  >.  3.0  for  F  >  l.o),  the  effects  of  the 
surface  waves  become  less  important,  but  the  image  system  causes  the  functions 
relating  to  lift  and  moment  to  approach  asymptotes  with  increasing  reduced  fre¬ 
quency.  The  values  of  these  asymptotes  depend  on  the  depth  of  the  hydrofoil.  It 
appears  then,  in  view  of  the  diminished  effect  of  surface  waves  at  high  reduced 
frequencies,  that,  in  this  regime,  the  assumption  of  infinite  Froude  number  can 
result  in  satisfactory  approximations  for  the  unsteady  lift  and  moment. 

Complete  tabulations  and  plots  of  all  computations  made  will  be  included  in 
a  report  to  be  published  in  the  near  future  [l0]. 
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UNSTEADY  CHARACTERISTICS  OF  THE 
SUBMERGED  HYDROFOIL  PERFORMING 
HEAVE  OR  PITCH  AT  CONSTANT 
FORWARD  SPEED  UNDER 
SINUSOIDAL  WAVES 


Tetsuo  Nishiyama 
Tohoku  University 
Sendai,  Japan 


INTRODUCTION 

Applying  the  Karman  and  Sears'  unsteady  aerofoil  theory  [l,8]  for  the 
sinusoidally  varying  gust  to  the  submerged  hydrofoil  performing  heave  or  pitch 
while  moving  at  constant  forward  speed,  Kaplan  [2]  firstly  studied  the  unsteady 
characteristics  of  hydrofoil  from  the  theoretical  stands.  However,  in  the  Kar¬ 
man  and  Sears'  unsteady  aerofoil  theory,  any  account  does  not  be  taken  only  for 
the  existence  of  free  water  surface,  but  also  for  the  horizontal  velocity  compo¬ 
nent  by  the  orbital  motion  of  waves. 

Ogilivie  [3],Schwanecke  [4],Leehey  [5]  and  Abramson  [6]  also  discussed  the 
same  problem  under  including  the  same  weak  points  as  before  or  other  defects. 
Recently,  these  theoretical  defects  have  been  improved  excellently  by  Isay  [7]. 
But,  on  the  other  hand,  calculating  procedures  proposed  for  obtaining  the  un¬ 
steady  characteristics  are  extremely  so  complicated  and  consequently,  introduc¬ 
tion  of  rough  approximation  does  not  admit  to  enter  into  details  and  essentials  of 
unsteady  characteristics. 

Thus,  it  is  not  too  much  to  say  that  the  unsteady  characteristics  of  hydro¬ 
foil  advancing  at  constant  speed  under  waves  have  not  been  discussed  and  under¬ 
stood  thoroughly  and  exactly  in  the  stage  of  existing  unsteady  hydrofoil  theory. 

When  examining  the  dynamical  stability  of  hydrofoil  craft  among  waves  and 
hydroelastic  properties  such  as  flutter,  it  is,  first  of  all,  of  primary  importance 
to  grasp  the  unsteady  characteristics  itself  exactly. 
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From  these  circumstances,  it  seems  that  the  following  points  should  be  im¬ 
proved  out  timely  and  thoroughly; 

1.  Neglecting  unduly  the  existence  of  the  free  water  surface,  the  results 
obtained  are  not  effectively  applicable. 

2.  Paying  no  attention  to  the  actual  condition  of  operation,  numerical  pro¬ 
cedures  for  obtaining  the  unsteady  characteristics  are  meaninglessly  and  ex¬ 
tremely  complicated. 

3.  Discussing  in  a  lump  the  unsteady  characteristics  which  result  from 
some  different  causes,  no  considerations  entering  into  details  can  be  made. 

Taking  the  above  stated  reasons  into  account  and  adopting  suitably  the  the  Kar- 
man's  [8]  and  Jones'  [9]  analytical  methods,  this  present  paper  is  aimed  to  re¬ 
new  and  improve  the  existing  unsteady  hydrofoil  theories  as  minutely  as  possi¬ 
ble.  In  particular,  it  should  be  noted  that  the  main  object  of  considerations  lies 
in  clarifying  the  mutual  relation  between  the  unsteady  effect  and  the  free  water 
surface  effect. 

In  the  first  and  second  part,  the  unsteady  characteristics  are  obtained  ana¬ 
lytically  and  discussed  in  details  respectively  for  the  hydrofoil  moving  at  con¬ 
stant  forward  speed  under  sinusoidal  waves  and  for  the  hydrofoil  performing 
heave  or  pitch  while  moving  at  constant  forward  speed  in  still  water. 

In  the  third  part,  applying  and  combining  the  results  in  the  first  and  second 
part,  the  unsteady  characteristics  are  obtained  for  the  hydrofoil  performing 
heave  or  pitch  at  constant  forward  speed  under  sinusoidal  waves. 


1.  UNSTEADY  CHARACTERISTICS  OF  HYDROFOIL  MOVING 
AT  CONSTANT  SPEED  UNDER  SINUSOIDAL  WAVES 

1.1  Orbital  Velocity  by  Wave  Motion 

Take  the  origin  o  on  the  free  water  surface,  with  ox  horizontal  and  oy 
vertically  upwards  and  suppose  the  propagation  of  wave  to  be  of  velocity  v  in 
the  direction  of  ox  . 

The  velocity  potential  of  wave  motion  of  amplitude  h  is,  referred  to  fixed 
coordinate  (X,Y) 


ivt  -  ikx  ♦  k  y 

0  -  vhe 

w 


k  =  g/'v2 


kv 


(1) 


Rewriting  down  (1),  referred  to  moving  coordinate 
the  negative  direction  of  ox  ,  we  have 


(x, y )  of  velocity 


c  to 


i t  “  ikx  ♦  ky 

0  =  vhe 

w 


(2) 
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where 


cu  -  k(c  ±  v)  (3) 

Upper  sign  denotes  the  value  in  ’’against  waves.”  Lower  sign  denotes  the  value 
in  "with  waves.” 

In  the  normal  condition  of  operation,  c  is  usually  larger  than  v  and  so  we 
can  safely  regard  a  sign  of  u  as  positive.  Then,  the  orbital  velocity  is  given  by 


U 


w 


ikvhe 


i  cut  -  i  kx  +  ky 


V 


w 


ia>t“  ikx+  ky 

±  kvhe 


(4) 


1.2  Induced  Velocity  by  Bound  Vortex  Distribution 

The  pressure  and  kinematical  condition  on  the  free  water  surface  is  given 
by,  respectively 


~  e.v  z  <W3t  +  c3<f/cx  (5) 

t  +  c3^/3x  -  3£/3y  (6) 

Eliminating  77  from  (5)  and  (6),  the  linearized  boundary  condition  on  the  free 
water  surface  can  be  expressed 


+ 


y  z  0 


(7) 


Now,  a  hydrofoil  is  supposed  to  be  situated  at  depth  of  submersion  f ,  a  middle 
point  of  which  being  just  under  the  origin  0  on  the  free  water  surface,  as  shown 
in  Fig.  1. 
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Then,  a  hydrofoil  may  be  substituted  by  vortex  distribution  over  the  range 
f/2  2  x  2  -  ?/2  ,  because  the  present  theory  stands  on  small  perturbation  lin¬ 
earized.  Taking  an  actual  condition  of  advancing  at  constant  speed  under  sinus¬ 
oidal  waves  into  account,  the  bound  vortex  may  be  put  in  a  form 

?o(£>  +  ^b(?)’eicJt  ^8' 

The  velocity  potential  which  corresponds  to  y0(f)and  yb(£)  can  De  determined 
from  (7). 

Now,  we  put  <^b  in  an  appropriate  form 


r'b  -  2r 


1  rl/  2  _  r“ 

jp  TbCfi-e^*  ckf  e'k<f*y>  sin  k  (x-f) 


dk 

k 


1/  2 

j  7b(=  )'e‘^t  c*'=  I  e~k(f~y)  {a  sin  k  (x-f)  +  B  cos  k  (x-f)}  (9) 

•L  o  ■,  ’ 


Substituting  (9)  into  (7),  we  can  decide  the  unknown  functions 

(r2k2  -  >k  -  y2)(r2y2  t  yk  -  v2) 


A  =  - 


|^2k2  i  k(2ry  -  y  )  +  y2}{r2k2  -  k(  2  tv  +  v  )  *  i-  2J 

_ 4irv  2k _ 

{"2k2  +  k(  2~ry  ~  y)*  :^2}  {r2k2  -  k(  -  !^  )  +  v2} 


(10) 


where 


T  -  CvC/%  ,  v  -  -P  g 

Transforming  to  more  convenient  form,  (9)  can  be  reduced  to 


P  2  Jp 

1/2 

f  ~b('">'ellt  |  e‘k  c  f*y  '  sin  k  (x  -  -  )  v1  - 

~b(S) 

J-  V  2  Jo 

f  2 

(ID 


»*“*  df  j"  e"k(^'y)  sin  k  fx-j)  * 

eUt  d£  [ 


■  cVl  - 

f{„  /'»»<*> 


»-k( f-y) 


gi k( x*,  ) 


-2k2  -  k ( 2rv  -  y)  -  y2  -2k2-  k(2r>  -  -„■) 


4.  2 


dk  (9.1) 


The  second  term  in  (9.1)  means  the  image  potential  to  the  free  water  surface 
and  the  third  term,  which  shows  the  wave  disturbance  caused,  is  not  final  one, 
because  it  does  not  satisfy  the  radiation  condition  in  an  infinite  forward. 
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In  order  to  satisfy  the  radiation  condition,  we  must  examine  minutely  the 
properties  of  the  regular  waves  caused  by  bound  vortex;  as  known  from  the  third 
term  in  (9.1),  four  kinds  of  regular  waves  exist  and  its  propagating  velocity  is 


where 


»Aj  , 

w/k2 

•  w/k3 

.  »Vk4 

(12) 

m 

V 

2^2 

(l  -  2r  : 

\J\  -  4t  'j 

(13) 

(  k3  \ 

1/ 

fl  +  2r  + 

x/l-4  r) 

(14) 

\k4  J 

2r2 

\ 

After  examining  the  propagating  direction  and,  at  the  same  time,  the  magnitude 
of  propagating  velocity  compared  with  that  of  hydrofoil,  we  can  conclude  that  the 
regular  wave  in  an  infinite  forward  is  suffice  to  exist  only  for  k2 .  Thus,  re¬ 
writing  down  so  as  to  satisfy  the  radiation  condition,  (9.1)  can  be  reduced  to 


■_ r 

*■1, . 


sin  k  (x 


(  2  ' 

’  ’  k  2"  J 

f  2 


'b 


(f) 


x  eJi,t  df  j  e-k  (  f-  y  )  sin  k  (x-f)  ^  -  |fr  J 


df 


bv'3 


k ik ( x-f  ) 


a-ik ( x- f  ) 


kl  ”  k2 


k3  _  k4 


2k2  r  k(2r^  -  k  )  -  >2  r2k2  -  k(2-k  -  v)  -  2 

|p-k,(f-y)‘  ik,(x-f)_  e-k2(f-y)»  ik2(x-f)J 

|c"k3(f-y)-  ikj(x--)_  ^-k4  f-y)-  ik4(x-f)j! 


dk 


Then  the  induced  velocity  by  bound  vortex  distribution  can  be  given  by 


Jb  "  — b 


b  '  “b 


(9-2) 

(15) 

(16) 


1.3  Induced  Velocity  by  Free  Vortex  Distribution 

The  time  variation  of  bound  vortex  produces,  according  to  Helmholtz'  law, 
a  free  vortex  of  equal  but  opposite  circulation  in  wake  region.  The  free  vortex 
stands  still  at  the  position  produced  at  every  instant,  and  will  constitute  a  con¬ 
tinuously  distributed  vortex  layer  called  by  wake  vortex. 
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From  the  assumptions  in  the  present  linearized  theory,  the  displacement  of 
wake  vortex  by  the  orbital  motion  of  wave  may  be  considered  as  negligible 
small;  then  the  wake  vortex  distributes  on  the  line  y  =  -  f,  over  which  the  hydro¬ 
foil  passed,  as  shown  in  Fig.  1. 

Now  setting  the  fixed  coordinate  (x,  Y )  in  the  past  before  an  infinite  time, 
the  relation  between  the  moving  and  fixed  coordinates  is 

-ct'  +  £  =  x  (17) 

So,  we  rewrite  (9.1)  in  the  fixed  coordinate 


.1/2 


-  2t7 


t  f  ?b(£>-ei“<t  +  t,)  *£  (  e-k(f*y)  Sin  k  (x-X)  f  +  i  [  yh(§) 

*  V  2  J0  '  1/  2 

J/2 

<  ela,<t+t  )  d£  f  e-k(f-y)  sin  k  (x  -  X)  ^  ^  j  7b(f ) 

•'u  *L  ? .  i 

<  e  U>(  t+  t '  )  dA  | 


_-k  (  f-y  > 


k  (  x-X) 


■  i k( x-X  ) 


•2k2-*-k(2ry-i/)  v2  r2k2-k(  2rv+i/  )  *  v2 


(18) 


According  to  Helmholtz'  law,  the  velocity  potential  of  free  vortex  can  be  ex¬ 
pressed  by 


Then,  substituting  (18)  into  (19),  we  have 


(19) 


.  .  ,  Y>  dk 
in  k  (x-X)  -r- 


-^jrj  e’"  ( "_X)  dX  |  |  df  J 

J  2 

"  j  yb(;)-eil,t  df  j  e"k(f_y)  sin  k  (x-X) 

-  f  2  0 

■  f  >b(S)*eil,t  d?  f  e‘k(f*y)  sin  k  (x-;)  ^  +  iv  f  ~b(f )  •  e 1  “ 1  d* 

J-f,2  J-p  •"> 


f  e-k(f-y)I _ eiMX~X) 

J0  \-2k2-k(2-:  -■  )  - 


-  i k ( x~X ) 


2  r2  k2-k(2-iv) 


^  2 


dk 


(19.1) 


(19.1)  is  simply  a  formal  expression,  because  it  does  not  at  all  satisfy  the  radi¬ 
ation  condition. 
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Taking  the  radiation  condition  and  also  the  wave  disturbance  by  wake  vortex 
into  account,  we  can  complete  in  final  form 


~  V  [  eC  (j  X)  dX  f  7b(f)‘elc‘Jt  df  [  e'k(f+y)  sin  k  (x-X) 

\J-l/2  o 

1/2  ®  1/  2 
-  (  d<f  [  e-k(f*y)  sink  (x-X)  y-  +  if  f  7b(f) 

(  /  2  J0  J-  1/  2 


c 

?i“t  df  J 


-k(f-y)  , 


-  i  k ( x-X) 


Tree 

v  ~C 


2r,  k3-k4 


f  e  i  k  (  x-  X  ) 

1  r2k2  +  k(2rf  -  v)  +  k2  r2k2  -  k(2^k  +  v  )  +  k2 

f  7b(g)'e‘:‘t  <fe  k3<  f  y'  (e~(  =  "x>  -  eik3(f*x)) 

*  1/2  ’  l  k3-| 


dk 


(19.2) 


where  the  last  integral  exists  only  for  x  >  i  .  It  can  be  easily  known  that  (19.2) 
is  in  exact  coincidence  with  Isay’s  results  obtained  by  somewhat  different 
method. 


Then  the  induced  velocity  by  free  vortex  distribution  can  be  given  by 

uf  =  'iCf  -x  ,  vf  -  (20) 


1.4  Boundary  Condition  and  Integral  Equation 
When  putting  the  camber  line  of  hydrofoil  by 


y  =  g(x)  (21) 

the  boundary  condition  is  given  by,  at  every  instant 

dg/dx  =  (Vw-  vb-vf- v0)/(c-uw-ub-uf-u0)  (22) 

Then,  the  coefficients  depending  or  independing  on  e*1'*  should  be  always  zero 
respectively 


dg  dx  =  v0  (c-u0)  (2d) 

dg  dx  =  (v/V^f)  (W^ub-uf)  (241 

From  (23)  we  can  obtain  an  integral  equation  which  determines  the  steady  vor¬ 
tex  distribution  ya  and,  on  the  other  hand,  from  (24)  the  unsteady  vortex  distri¬ 
bution  ->b. 
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Now  we  write  down  the  latter  integral  equation 


vkhe_kt  (cos  kx  +  r  sin  k 


dx 


1/2 

<X)  =  t  I  Vs)' 

J  0  /  „ 


x  -  £  c 


x  -  X 


dX 


-  1/2 


where 


+  KjCx.fixAdf 


(25) 


..  .  ....  (x",f)_  2  f  dV  io,  f  (x-x)-2f  as-  f 

VXlf !X)  =  '  T  j  e  (X-X)^- dx  *  -  j 

r  ° 

r(1  +  iai)em.-o  (wge-^)] 


„-2kf 


T2k2  +  k(  2 tv-!.  )  *  r2k2  -  r(  2rvtv  )  + 

Tn/  /,  _  .  d£  j  jk  e'2k3f  ♦  ik3(x-f  )  _  k^-  2k<  f  '  i  k«  (  *-( ) 

(lT  1  at)  x> 


Vk< 


’} 


1 1 


e-  2k  f  ^  ^ 


' 2k2  -  k(2 tv-v)  -  v 2 


l  i  -j 

dx  3 

('-‘i)k.k,k*,('”} 


k(x-X)'| 

j>dk 

c 

-)-2J 

Vk4 

ik3(J-x 

>}- 

e-2k4f 

J 

“1 

k4-f 

e-2k3f 

k3-" 
3  c 


k  -  i  i  li 

K3  c  dx  6 


dg\  eTr<ff-*> 


(26) 


J 


The  first  and  second  term  in  (25)  means  the  induced  velocity  in  an  infinite  fluid 
by  the  bound  and  free  vortex  respectively,  and  the  third  term  the  additive  one 
due  to  the  existence  of  free  water  surface. 


1.4.1  Unsteady  Bound  Vortex  Distribution 

We  put  the  bound  vortex  distribution  by  introducing  the  unknown  coefficients 
as  follows: 


*  b  "  wo'o(T)  *  *  x7i(T)  *  w2*  2  w 3~  3 !  ”  ;  ■  w4  4  T) 


(27) 
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where 

—  T  Oil 

V0(T )  =  2  S  cot  2  +  2i  ic"  sin  T 

—  ,  „  „  t  .  'j.1  /  .  sin  2t  \ 

/jfr)  =  -  2  sin  t  -r  cot  2  *  1  2c  lsln  T  T  2 -  / 

—  ,  .  -  .  o-f  fsin  (n+  1)  r  sin  (n-  1)  r"l  „  „  .  /oo\ 

/n(r)  =  -  2  sin  nr  1  ( - ~ ~l - n-\  )  '  nr  2’3  4 

and  s  occurring  in  the  definition  of  y„  is  given  in  term  of  the  Hankel  function 

Hi”,  H<”by 


■s”  m 

»!”  m- »?’(£) 


X  =  -  J  cos  t  f  -  -  j  cos 


and,  furthermore 


vkhe_kf  ^cos  kx  -  ^  sin  kx  j  c  G„  sin  n^ 


3  0 

-sin  fKjfr,  t )  -  ^  ^  b_-„ 


sin  _t • cos  .  t 


then,  the  coefficients  in  (32)  is  given  by 


18 


3  5 

7"1, sin  ti'Kiftirk>  c°s  -~k 


-  {K1  V°>  - 


where  one  half  of  (33)  should  be  taken  for  the  case  -  0.6  . 

Substituting  (27),  (31)  and  (32)  into  (25)  and  comparing  the  coefficients  of 
cos  n  t,  we  have 


G1  *  G3  *  G5 


A’o  2  *"l  2  ^  C0^b10  *  b3 0  *  b5C  2  Z]  Cc  bl-  *  b3  =  "  b5i  > 


2G2  -  2G^  -  «J 


|  2^o(b20  *  b4 0 


)  -  V  c=-  b23  '  b4i  )!■ 


(34) 

(Cont.) 
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*3  +  ^5  =  w2  i{ac0(b30  +  bS0)  +  £  ^(b35  +  b53)J 

^4  =  w3  +  2  ^2C0b40  T  ^  C£b4£  j 

*5  =  w4  +  \  (*ObSO  +  £sb55)  (34) 

where 

C0  -  2  W0  S  +  \  'l  ^  (2*0  +  »1  -  w2 ) 

Cj  -  2  «0  S  +  Wj  -  w2  +  j  1  2c  (  2  W1  "  w3  ) 

r  -  1  .  cut  (  .  ^  4  1  \ 

C2  W1  '  W3  -  2  1  2?  I  2w°  +  W1  ■  3  *2  T  3  w3 ) 

(35) 

_  1  .  ul  I  1  3  \ 

C3  -  *2  "  '*4  "  2  1  2c  l  2  *1  '  4  w3 ) 

r  1  .  if  [  J_  8  \ 

C4  "3  2  1  2c  l  3  *2  “  15  *4/ 

r  1  .  i!  1 

C5  *4  ”  2  1  2c  "  4  "3 

Then,  the  unknown  complex  coefficients  wn  can  be  easily  determined  from  ten 
simultaneous  equations  obtained  from  the  real  and  imaginary  part  of  (34).  Fur¬ 
ther,  when  numerical  calculations  are  made,  it  is  convenient  to  use  the  Kuss- 
ner’s  function  [10]  T  made  in  the  numerical  table  by  the  relation 

25  -  l  -  T  (36) 

1.4.2  Free  Vortex  Distribution 

Correspondingly  to  yb  determined,  the  wake  vortex  can  be  obtained  from 
(19.1);  i.e., 


.if  -i 

1  2F  e 

^  *'  f  *«> 

1 

2  c 

dg  : 

-i  1  i  i  i 

(37) 

.  if  -i 

1  2c  e 

-  ••  <  ».<«  •• 

77 

dc  ; 

f  J  i 

(38) 

-  1 
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Putting  (27)  into  (37)  and  (38)  and  transforming,  we  obtain 


.  cot 

"  2l  2c  wo 

SiJ 

sin  r  +  e  2c 

;  (Mi) 

+  i(  1-S)  J ! 

(£))'♦»? 

UILJ!!  (SJ„  (£)  - 

.  6jf  / 

,  sin  2t1 

i  .  cj(  f  sin  (n  +  1 .  r 

sin  (n  -  1) r  ) 

(37.1) 

1  2c  wl  [ 

s in  t  4  2  j 

1  2c  [_  n  +  1 

n-  1  / 

■  2w  1  wo  e  ‘  ^  {SJ0 

(38.1) 

where  J0  and  Jt  is  the  Bessel  function  of  the  first  kind  and  Jn  is  a  derivative 
with  its  argument.  Thus,  we  can  calculate  the  strength  of  the  wake  vortex  at 
arbitrary  point  from  (37.1)  and  (38.1). 


1.4.3  Quasi-Steady  Bound  Vortex  Distribution 

When  neglecting  the  induced  velocity  by  wake  vortex,  (24)  is  reduced  to 

dg/dx  -  (vw-vb)/(u„-ub)  (39) 

This  can  be  regarded  as  the  boundary  condition  in  case  when  considering  the 
instantaneous  induced  velocity  is  hold  steadily  and  so  gives  an  integral  equation 
determining  the  quasi-steady  vortex  distribution. 

The  integral  equation  is 


vkhe~kf  ^cos  kx  -  ^  sin  kx )  - 


i/2 


where 


(40) 


K,(x,#)  = 


(x-f)  -  2f  § 


i-  f  e'2k  f 


(x-c)2  -  4f2 


f ) 


-r2k2  -  k ( 2tv  —  v )  -  >2  -2k2  -  k(2~  -v) 


>dk 


fj.j 

3~k4  '  ‘dx 


k  .■2k3f‘ik3C*-f) 
K3e 


k  -2k4f-,kl(x-f)^ 
4  > 


(41) 
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4  c  c  ql 


Ca2  =  ~  2”'1  t  4K0  0  M)  {SJo(tF)  * 

with  the  modified  Bessel  function  of  second  kind  K0 

-  C  {2  *o  (s  *  2  2? )  '  2  1  2^  (wi  "  *2>} 

1.5.2  Unsteady  Moment 

The  unsteady  moment  about  origin  is 


(47.2) 

(47.3) 

(48) 


i  2 


M  =  £C 


J-f  2 


V=)-e‘ 


Ut  _  I  -  iL  f  “  ,  -  . .  ei-_t  /  -2  _  i2)  r 
=  -  2  “  dt  I  V  -  '  \  -  8  )°  - 


-(  2 


-  i  r,2  f 

8  J  ,  / - 7 

-  f  *  2.i: 


r*  2  — 

M  =  •b(=')-e!'t  -'d'' 
-f  2 


(49) 


(50) 


The  physical  meaning  of  each  term  is  wholly  similar  to  (47).  In  the  nondimen- 
sional  form,  we  have 


C_  =  C_0  -  Crl  -  C. 


where 


“r.l 


F 

Vs  T 


l  —  if 
8  '  c  c 


C~2  -  5-i?  Tc  ^Tc)  {*.&)  -  i 


1 


c.  --  -  T  —  2S»0  -  »j) 

Therefore,  the  position  of  the  point  of  action  of  the  respective  lift  is  given  by 


(51) 

(51.1) 

(51.2) 

(51.3) 

(52) 


Cra0  Ca0  ‘  C:rl  Csl 


C  C 

-I 


(53) 
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and  further,  from  (47.3)  and  (51.3)  we  have 

C../C.  -  -1/4  (54) 

ra  t  /  a  l 

This  shows  that  the  lift  due  to  wake  vortex  always  passes  through  the  quarter 
chord  point. 


1.5.3  Wake  Energy 

The  strength  of  free  vortex  in  wake  region  by 

t  ~  27t  il.  |^^»0 1 f A  sin  it  +  B  cos  it)  -  »02(A  cos  it  -  B  sin  it)j  cos  ~  f 

-  cos  o.t  -  B  sin  it)  -  »0j(A  sin  it  -  B  cos  it)J 

where 

A  *  lB  -  sJo(fi)  - 

»0  z  *01  *  1W0  2 

In  general,  the  kinetic  energy  of  wake  vortex  per  unit  length  is 


•  .1 

Sln  2c  j 


(55) 


(56) 


E  =  - 

2 


^  dx 
rn 


(57) 


Then,  using  the  relation  on  the  vortex  sheet 
=  =  ±  ft  dx 
and  putting  (55)  into  (57),  we  have 


3c  1 


n  h  J  x  -  - 


f 


-?  d; 


Fj  =  2  1  2c  *o 


j'-A  sin  (,t  -  2F=;,  '  B  cos  U  -  ^  f;| 

02  (A  cos  *  fr  »)  -  B  sin  ?)}! 


-1  2 


Now,  taking  the  time  average,  we  obtain 
2  “ 

E,  =  pj  El(t)dt  =  ^  (1f('201~*20  2  fA2*8^ 


(58) 


(59) 
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This  shows  that  the  average  increase  in  kinetic  energy  in  unit  time  is  constant 
independently  on  the  position  produced.  Therefore  it  can  be  safely  said  that  the 
hydrofoil  experiences  the  constant  resistance  which  should  be  called  as  the  vor¬ 
tex  making  resistance  depending  on  the  reduced  frequency  and  form  of  camber 
line  of  hydrofoil. 

1.6  Actual  Condition  of  Operation 
1.6.1  Highspeed 

It  is  of  primary  importance  to  determine  the  vortex  distribution  yb  and  yq 
to  obtain  the  unsteady  characteristics.  However,  the  computational  procedures 
for  solving  the  integral  equation  at  arbitrary  Froude  number  is  extremely  com¬ 
plicated  and  troublesome.  This  is  exclusively  due  to  Kj  in  (26)  and  K2  in  (41). 

The  advancing  speed  of  hydrofoil  is  very  high  in  the  normal  condition  of 
operation.  This  fact  means  that  the  inertia  force  is  of  large  magnitude  com¬ 
pared  with  the  gravity  and  then  the  effect  of  Froude  number  on  the  characteris¬ 
tics  of  hydrofoil  is  negligible  small. 

The  hydrodynamic  behavior  of  free  water  surface  can  be  known  by  examin¬ 
ing  the  boundary  condition  (7)  in  the  extremely  high  speed;  i.e., 


This  shows  that  the  free  water  surface  in  high  speed  behaves  as  the  free  bound¬ 
ary.  Taking  this  into  account,  numerical  procedures  will  be  moderately  simpli¬ 
fied. 


lim  KjCx.j.-X-) 


(x-,-)  -  2f  | 


(X  -  c)2 


4  f  2 


: • x) 

(x-  X)2  -  4f 2 


d\ 


(26.1) 


lim  K2( x .  g) 
r.  -*  x 


(x-ff)  -  2f  |f 
(x-  -'>2  -  4.  - 


(41.1) 


This  also  means  that  the  image  vortex  distribution  is  taken  to  satisfy  the  bound¬ 
ary  condition  (7.1)  and  the  effect  of  Froude  number  is  completely  neglected. 

In  practical  numerical  work,  the  second  term  in  (26.1)  can  be  transformed 
to  the  closed  form  by  using  the  exponential  function  E;  and  E;. 


1.6.2  Reduced  Frequency 

As  already  known,  the  magnitude  of  reduced  frequency  influences  decidedly 
on  the  unsteady  characteristics.  The  reduced  frequency  in  the  normal  condition 
of  operation  is  given  as  shewn  in  Fig.  2. 
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_  ajjainst  unvts 

- a'itti  waves 


0  10  20  30  40 

Fig.  2  -  Reduced  frequency 


2c  =  0.4  0.1  for  "against  waves" 

I  2c  =  0.2  0.05  for  "with  waves" 

Then,  we  can  easily  see  that  the  unsteadiness 
is  larger  in  against  waves  than  in  with  waves. 

1.7  Numerical  Examples  and  its 
Considerations 

We  adopt  the  following  case  as  a  con¬ 
crete  example:  flat  plate  hydrofoil, 


attack  angle 
submergence  depth 
Froude  number 


;  =  5'- 

f  =  1.251 

c  gf  =  4.0 


The  wave  length  of  progressive  wave  is  as  follows: 

Table  1 

Amplitude  of  Progressive  Wave  (h  =  0.5f) 


if2c  ! 

0.418 

0.183 

0.103 

Against  waves 

-2 

2.5~2 

5-2 

With  waves 

5.89 

11.85 

18.65 

1.7.1  Unsteady  Vortex  Distribution 

Curves  are  shown  in  Figs.  3  and  4  for  quasi-steady  and  unsteady  vortex 
distribution  respectively. 


Fig.  3  -  Quasi-steadv 

bound  vortex  distribution 


vortex  distribution 
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The  strength  of  vortex  distribution  increases  with  the  decrement  of  wave 
length.  This  can  be  introduced  as  being  caused  by  the  large  variation  of  attack 
angle  due  to  the  orbital  motion  of  waves.  As  the  dotted  line  shows  the  corre¬ 
sponding  one  in  an  infinite  fluid,  the  difference  between  the  full  and  dotted  line 
is  due  to  the  existence  of  free  water  surface;  from  this  we  can  see  that  in  the 
quasi-steady  vortex  distribution  its  amount  is  almost  independent  on  the  wave 
length  and  in  the  unsteady  vortex  distribution  increases  with  the  decrement  of 
wave  length.  This  shows  that  the  amount  of  effect  of  free  water  surface  in¬ 
creases  with  the  decrement  of  wave  length  when  taking  the  effect  of  wake  vortex 
into  account. 


Illustrating  more  minutely,  the  strength 
of  the  quasi-vortex  distribution  decreases 
by  the  effect  of  freewater  surface  as  shown 
in  Fig.  3  and,  correspondingly  to  this,  the 
strength  of  wake  vortex  also  decreases. 
Further,  when  the  induced  velocity  of  wake 
vortex  influences  on  the  flow  around  the 
hydrofoil,  the  existence  of  free  water  sur¬ 
face  gives  again  some  effect.  These  proc¬ 
esses  make  the  effect  of  freewater  surface 
more  predominant. 

Curves  are  shown  in  Fig.  5  for  the  un¬ 
steady  vortex  distribution  induced  on  the 
chord  by  the  wake  vortex  only  to  make  the 
above  considerations  more  distinct;  the 
amount  of  effect  of  unsteadiness  and  free 
water  surface  either  increases  with  the 
decrement  of  wave  length.  This  tendency 
is  in  the  same  direction  as  that  of  unsteady 
bound  vortex  shown  in  Fig.  4. 

Moreover, for  the  convenience  of  com¬ 
parison,  the  steady  vortex  distribution  is 
showm  by  the  chain  line. 


1.7.2  Unsteady  Lift 

The  absolute  value  of  lift  coefficients 
is  shown  in  Fig.  6  for  the  against  waves 
and  with  waves.  The  steady  lift  coefficient 
for  this  case  is  0.528. 


r  12.  5  -  Ur.steacv 
vortex  distribution  ever 


The  lift  due  to  wake  vortex  and  virtual 
mass  either  increases  with  the  decrement 

of  wave  length,  and  besides  the  former  is  comparatively  larger  than  the  latter. 
At  the  same  wave  length,  both  lift  is  larger  in  against  waves  than  in  with  waves. 


The  difference  between  full  and  dotted  line,  which  is  exclusively  due  to  the 
existence  of  free  water  surface,  shows  that  the  effect  of  free  water  surface  in¬ 
creases  with  the  decrement  of  wave  length  for  the  lift  due  to  wake  vortex  and. 
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on  the  other,  is  almost  constant  independently  on  the  wave  length  for  the  quasi¬ 
steady  lift.  This  corresponds  to  the  general  tendency  of  vortex  distribution  in 
Figs.  3  and  5. 

Now  we  define  to  enter  into  the  details 

k  -  Ca  fCa)_ 

This  dimensionless  coefficient  may  be  considered  as  showing  qualitatively  the 
degree  of  effect  of  free  water  surface  and  therefore  we  call  hereafter  v  "the 

coefficient  for  the  effect  of  free  water 
surface,"  which  is  shown  in  Table  2.  We 
can  see  that  k  is  independent  on  the 
wave  length  and  k  for  the  lift  due  to 
wake  vortex  is  small  compared  with  that 
for  the  other.  This  is  due  to  the  before 
mentioned  reasons. 


Besides,  as  clearly  shown  in  Table  2, 
k  is  larger  for  the  steady  lift  than  for  the 
unsteady  lift;  from  this  we  can  say  that 
the  degree  of  effect  of  free  water  surface 
is  larger  for  unsteady  flow  field  than  for 
the  steady  flow  field. 

Summarizing  up,  the  degree  of  the 
effect  of  free  water  surface  is  larger  for 
the  lift  due  to  wake  vortex  which  is  peculiar  to  the  unsteady  flow  field  than  for 
the  steady  lift,  and  the  amount  of  the  effect  of  free  water  surface  increases  with 
the  decrement  of  wave  length. 

Cur/es  in  a  vector  diagram  are  shown  in  Fig.  7  for  the  unsteady  lift;  the 
lift  due  to  virtual  mass  is  ahead  90;  in  phase  and  the  lift  due  to  wake  vortex  is 
lag  about  180  =  in  phase,  compared  with  the  quasi-steady  lift  which  is  in  same 
phase  as  the  waves.  However,  as  the  latter  is  relatively  larger  in  absolute 
value,  the  resultant  lift  is  lag  in  phase  compared  with  the  quasi-steady  lift. 


Table  2 


k 

Steady  lift 

0.981 

Quasi-steady  lift 

0.957 

Unsteady  lift  due  to 
virtual  mass 

0.957 

Unsteady  lift  due  to 
wake  vortex 

0.815 
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Fig.  8  -  Effect  of  unsteadiness  and  effect 
of  free  water  surface  on  the  lift 


Curves  are  shown  in  Fig.  8  for  the  unsteady  lift  to  make  the  unsteadiness 
more  distinctly;  the  lift  decreases  in  absolute  value  and  lags  in  phase  by  steadi¬ 
ness  compared  with  the  quasi-steady  lift.  Thus  we  can  acknowledge  clearly  the 
weak  points  in  the  quasi-steady  theory  [  1 2].  The  differences  between  the  full 
and  dotted  line  show  that  by  the  effect  of  free  water  surface  the  absolute  value 
of  the  unsteady  lift  decreases  in  the  small  wave  length  and  increases  in  the 
large  wave  length,  and  the  phase  lag  decreases  independently  on  the  wave  length. 
Kaplan's  results  shown  by  chain  line,  though  not  suitable  for  the  reason  of  stand¬ 
ing  on  the  neglection  of  the  horizontal  component  of  orbital  velocity,  may  be 
compared  with  the  dotted  line. 

From  the  above  considerations,  we  can  say  that  the  both  effect  of  unsteadi¬ 
ness  and  free  water  surface,  though  the  former  is  clearly  larger  than  the  latter, 
acts  in  the  same  direction  in  the  range  of  large  wave  length  and  in  the  adverse 
direction  in  the  range  of  small  wave  length  for  the  absolute  value  of  lift,  and 
also  acts  in  the  adverse  direction  for  the  phase  lag. 

In  the  last  place,  as  a  practical  application,  it  seems  to  be  sufficient  to  take 
the  following  value  for  the  most  probable  condition  of  operation. 


Table  3 


_ _ 

Against  waves  (-i  2c  =  0.2) 

307  Decrement  7:  lag 

With  waves  (_t  2c  =  0.05) 

107;  Decrement  5:  lag 

1.7.3  Unsteady  Moment 

Curves  are  shown  in  Fig.  9  for  the  absolute  value  of  unsteady  moment.  The 
steady  moment  coefficient  is  0.134  for  this  case.  Also,  curves  are  shown  in 
Fig.  10  for  illustrating  the  unsteadiness.  From  both  curves  we  can  see  that  the 
unsteady  moment  has  the  almost  same  tendency  as  that  of  unsteady  lift. 
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F.g.  9  -  Absolute  value 
of  the  unsteady  moment 


— »  Um  /  l  Crj  i  X 

0  02  Of  0.6  'J  i.O 


o 


of  ur.steadir.e s s  ar.c  effect 
surface  or.  the  moment 


For  the  convenience  of  comparison,  the  Leehey's  results  shown  by  chair, 
line,  though  not  suitable  for  the  reasons  of  standing  on  the  neglection  of  the  hori¬ 
zontal  component  of  orbital  velocity,  may  be  compared  with  the  dotted  line. 


1.7.4  Wake  Vortex  and  its  Energy- 

Calculating  from  (38.1)  the  free  vortex  in  the  wake  region,  comparisons  are 
made  with  Kaplan's  results  as  follows. 


Table  4 


c 

\  l 

-  0 

D 

2.5-2 

Present  theory 

0.01728 

0.03637 

0.07310 

Kaplan's  theory 

0.01824 

0.03891 

0.07887 
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The  discrepancy  is  due  to  the  neglection  of  the  effect  of  free  water  surface  and 
horizontal  component  velocity  of  orbital  motion  of  waves. 

The  wake  energy  in  against  waves  is  shown  in  Fig.  11;  the  differences  be¬ 
tween  full  and  dotted  line  show  that  the  effect  of  free  water  surface  decreases 
the  wake  energy  which  decreases  with  wave  length.  This  comes  from  the  dec¬ 
rement  of  strength  of  unsteady  bound  vortex  distribution  by  the  effect  of  free 
water  surface  as  shown  in  Fig.  4. 


2.  UNSTEADY  CHARACTERISTICS  OF  THE  SUBMERGED 
HYDROFOIL  PERFORMING  HEAVE  OR  PITCH  AT 
CONSTANT  FORWARD  SPEED  IN  STILL  WATER 

2.1  Boundary  Condition  and  Integral  Equation 

When  the  heaving  and  pitching  of  hydrofoil  is  given  by 


(61) 

(62) 


then  the  vertical  displacement  at  an  arbitrary  point  over  the  chord  length  is 


As  the  vertical  velocity'  can  be  given 


"t  X 

Then,  we  have 

i  -  t  f  »* 

w  =  c  e  <  i  — 1  v  -  i  —  cos  "  -  cos 
\  C  •  o  2  c 


(63) 


(64) 


if IF,. 
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As  known  from  the  assumptions  in  the  linearized  theory,  it  is  sufficient  to  sat¬ 
isfy  the  boundary  condition  on  the  mean  position  of  harmonic  oscillation; 


This  leads  to 


w  =  vf  +  Vb 


(66) 


c 


y0 


— —  (COS  T 

2c 


cos  To) 


where 


eV^-X) 
x  -  X 


dX  »  Kj'x 


Kjfx.f;  X) 


x  -  f 

fx-  f)2  +  4f 2 


_  x  -  X 
(  x  -  X)  2  -  4f2 


dX 


(67) 


iU  [  e'2kfk1^2-I 


ik( x-f  ) 


- ik( x-f ) 


k3  -  k4  l  3 


k(  2'k  -  k;  -  s--2  " 2  k 2  -  k  2-v  -  >) 

(k  e-2k3f-ik3(x.f)  _  k  e-2k4f-ik4(x.f;| 


if 


dX 


2  k  f  , 


i  k  (  x  -  X ) 


-2  k2  -  k'2* 


-  k) 


2 


•  i  k  x  •  X 

-  kC2->  - 


k  xe'2k3f 
*3'  e 

k,  -  - 


(63) 


This  can  be  regarded  as  an  integral  equation  determining  the  'unsteady  bound 
vortex  distribution,  the  solution  of  which  being  wholly  similar  to  that  in  Part  1 
Thus,  the  unsteady  characteristics  can  be  obtained  from  (47)  and  (51). 


2.2  Propulsive  Force  and  Propulsive  Efficiency 

The  work  must  be  done  to  maintain  the  heaving  and  pitching  because  the 
hydrofoil  experiences  the  unsteady  lift  and  moment  while  oscillation. 
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The  mean  work  done  in  unit  time  is 


*h  =  "  2r  J 

0 

L.£d, 

for  heaving 

(69) 

«  .-t[h 

P  2-  1 

“»'dTd' 

for  pitching 

(70) 

0 


Substituting  (47)  and  (51)  into  (69)  and  (70),  we  have,  after  some  reduction 


where  N0  is  the  Neumann  function. 

On  the  other  hand,  the  average  increase  of  wake  energy  in  unit  time  is 

E  =  c  Ej  (73) 

then,  from  (60)  we  have 


E  ~  ~-c3  i 


-^-2fA2-B2]  -fl 
4c  01 


2 

02 


(74) 


As  the  mean  work  done  in  unit  time  by  propulsive  force  is  T  .  c,  we  have  the 
following  relation  for  the  consideration  of  energy  balance. 


E  -  I  •  c 


(75) 


where 


T  =  propulsive  force  for  W  >  e, 

T  =  resistance  for  W  <  e. 

Therefore  the  propulsive  efficiency  is 

-  =  (W-  E)  w  (761 
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2.3  Numerical  Examples 

Numerical  calculations  are  made  for  the  same  example  as  in  Part  1,  and 
we  are  confined  to  the  heaving  only. 

Figure  12  shows  the  absolute  value  of  the  unsteady  lift;  the  lift  due  to  vir¬ 
tual  mass  is  small  compared  with  the  lift  due  to  wake  vortex.  As  the  dotted  line 
shows  the  corresponding  value  in  an  infinite  fluid,  the  differences  between  the 
full  and  dotted  lines  may  be  considered  to  be  exclusively  due  to  the  effect  of  free 
wa'ter  surface.  Therefore,  we  can  say  that  the  amount  of  the  effect  of  free  water 
surface  increases  with  the  reduced  frequency. 


Fig.  12  -  Absolute  value 
of  unsteady  lift 


Figure  13  shows  the  coefficient 
for  the  effect  of  free  water  surface; 
the  coefficient  for  the  lift  due  to 
wake  vortex  is  smaller  than  that 
due  to  virtual  mass,  which  being 
due  to  the  wholly  same  reasons  as 
in  the  sinusoidal  waves  already 
discussed.  Further,  the  chain  line 
shows  the  corresponding  value  for 
the  steady  lift;  from  this  we  can 
see  that  the  degree  of  the  effect  of 
free  water  surface  is  larger  in  the 
unsteady  flow  field  than  in  the 
steady  flow  field. 


Figure  14  shows  the  vector 
diagram  for  the  unsteady  lift;  the 

lift  due  to  virtual  mass  is  ahead  90:  in  phase  and  the  lift  due  to  wake  vor¬ 
tex  is  lag  about  180:  in  phase,  compared  with  the  quasi-steady  lift. 


Figure  15  shows  the  difference  be¬ 
tween  the  unsteadiness  including  the 
effect  of  free  water  surface  and  quasi¬ 
steadiness  for  the  lift  arid  moment;  the 
absolute  value  decreases  and  the  phase 


a 


1 1 
i  I 


v\  . 

1  \;,i 

i - 4 


Fig.  13  -  Coefficient  for  the  rig.  14  -  Vector  diagram 

effect  of  free  water  surface  of  unsteady  lift 
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Fig.  15  -  Effect  of  unsteadiness  ar.d  effect  of 
free  water  surface  on  the  lift  and  moment 


lags  by  the  unsteadiness,  and  then  by  addition  of  the  effect  of  free  water  surface, 
the  absolute  value  decreases  further  but  the  phase  lag  is  almost  constant. 

Figure  16  shows  the  work  done  and  wake  energy.  Though  the  former  is 
larger  than  the  latter,  the  differences  between  the  full  and  dotted  lines,  on  the 
contrary,  are  larger  in  the  latter  than  in  the  former.  This  can  be  illustrated 
from  the  relation 


W  =  k  W 
E  =  k2  E)_ 

In  other  words,  we  can  say  that  the  decrement  by  the  effect  of  free  water  surface 
is  larger  in  wake  energy  than  in  work  done. 

Correspondingly  to  this,  the  propulsive  force  or  thrust  and  the  propulsive 
efficiency  increases  by  the  existence  of  free  water  surface  and  its  increment 
increases  with  the  reduced  frequency,  as  shown  in  Fig.  17.  Thus  we  can  say 
that  the  existence  of  free  water  surface  acts  favorably  to  the  propulsion  of  hydro¬ 
foil  performing  heaving. 
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Fig.  16  -  Work  done  and 
wake  energy 


Fig.  17  -  Propulsive  force 
and  propulsive  efficiency 


2.4  Comparison  with  the  Former  Theories 

Now,  taking  the  limiting  value  (f  -  =)  in  the  already  introduced  equations, 
we  obtain  the  unsteady  characteristics  in  an  infinite  fluid.  For  the  purpose  of 
checking  the  present  analytical  method  and  its  accuracy,  comparisons  are  made 
with  the  former  unsteady  aerofoil  theory. 

Table  5  shows  the  unsteady  lift  in  heaving  calculated  from  present  method, 
Kar  man's  method  and  Theodor  sen's  method  [  1 3] . 


Table  5 


c.o  y0 

_ 

Cel  >o 

Ca  2  >’o 

0.1S3  j  0.415 

Theodor  sen, 
Karraan 

1.3012 

2.3089 

5.2566 

0.0673 

0.2121 

1.0994 

0.2241 
-0.2 1 8  6  i 

0.4356  0.8515 

-0.59041  -2.00.37i 

i 

Present 

method 

1.3013 

2.3089 

5.2566 

0.0674 

0.2121 

1.0994 

0.2302 

-0.225Si 

0.4424  0.5473 

-0.5996i  -2.0001i 

i 

Table  6  shows  the  work  done,  wake  energy  and  propulsive  efficiency  from 
present  method  and  Garrick's  method  [l4].  We  may  be  considered  as  confirm¬ 
ing  the  appropriateness  and  accuracy  of  present  method  from  both  comparisons. 


Table  6 


W  1  cc3  f  v  2 

_ " _ : _ 

— 

pl  3.-2 

E  7--c 3ty0 

i 

cot.  2c 

0.103 

0.183 

0.418 

0.103 

0.183 

0.418 

0.103 

0.183 

0.418 

Garrick 

0.1114 

0.3144 

1.3617 

0.0151 

0.0662 

0.4605 

0.863 

0.789 

0.661 

Present 

method 

0.1116 

0.3143 

1.3615 

_ 

0.0152 

_ 

0.0663 

0.4605 

_ 

0.863 

_ 

0.788 

0.661 
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3.  UNSTEADY  CHARACTERISTICS  OF  THE  SUBMERGED 
HYDROFOIL  PERFORMING  HEAVE  OR  PITCH  AT 
CONSTANT  FORWARD  SPEED  UNDER  SINUSOIDAL 
WAVES 

3.1  Unsteady  Characteristics 


Now  we  put  the  wave  motion,  the  heaving  or  pitching  of  hydrofoil  in  a  form 


y  = 


where 

o.j  =  frequency  of  encounter 
u2  =  frequency  of  heaving  or  pitching 
/?  =  phase  lag. 

Reminding  the  present  theory  stands  on  the  linearized  assumption  of  small 
perturbation,  we  can  apply  the  law  of  superposition;  the  unsteady  characteristics 
of  hydrofoil  performing  heave  or  pitch  at  constant  forward  speed  under  sinus¬ 
oidal  waves  consists  of  two  parts,  that  resulting  from  the  orbital  motion  of 
waves  and  that  resulting  from  the  oscillatory  motion  of  hydrofoil.  In  other 
words,  the  former  can  be  calculated  from  the  results  of  Part  1  neglecting  the 
oscillation  of  hydrofoil,  and  the  latter  due  to  the  oscillation  can  be  calculated 
from  Part  2,  just  as  though  the  oscillation  was  doing  in  still  water. 

Then,  the  unsteady  characteristics  can  be  given  by: 

Bound  Vortex 


i«u.t-ikx  +  lcy 

V  he  1 

(77) 

.  i  - 1  *  i  5 

fyDe 

(78) 

i  n-  _  t  ♦  i  2 

*oe 

(79) 

l-.t  —  1 -  i  t  *  l  i 


-  -.h*  p  <  e 


(80) 


Lift 


Moment 


L  =  2  ^C2':  \  Cao  *  C„ 


Cav  ‘  P  ‘  e 


(811 


loo/  — 

•M  =  -  -'c  f  (Cno  *  '  *  C,h'P«e  -  ) 


(82) 


The  coefficients  caw,  cmw  and  cakp,  c_hp  can  be  known  respectively  from  Part 
1  and  2. 
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3.2  Propulsive  Force 

Substituting  (81)  and  (82)  into  (69)  and  (70),  the  mean  work  done  in  unit  time 
is,  after  some  reduction 


4 


.  ^  j 

r 

r 

-  2 

_  1  ‘  "2 

^c°s  , 

V  ‘2 

1 

J 

^  CO  S  ^ ( 

2  . 

s 


*0  1  J  o 


(84) 

(Cont.) 
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where 


%  =  %  *  icl0'  ^1  r  <*1  "  “U-  ^2  =  **2  *  1  ^ 2 

The  first  and  second  term  in  (83)  and  (84)  is  the  additive  one  depending  on  the 
frequency  of  encounter  and  the  phase  lag.  The  third  term  is  the  corresponding 
one  in  still  water  which  is  in  agreement  with  (71)  and  (72). 

On  the  other  hand,  the  average  increase  of  wake  energy  in  unit  time  is: 

Heaving 


The  first  term  results  from  the  wave  motion  and  the  second  term  from  the 
oscillation  of  hydrofoil.  Then,  the  propulsive  force  can  be  obtained  from  (76) 


3.3  Numerical  Examples 

Numerical  calculations  arc  made  for  the  same  example  as  in  Part  1  and  2, 
and  also  the  amplitude  of  heaving  is  yQ  =  0.05.  Further,  present  considerations 
are  confined  to  the  propulsive  force  only. 


3.3.1  Effect  of  Phase  Lag 

In  order  to  examine  the  effect  of  phase  lag  between  the  heaving  and  wave 
motion  encountered,  the  propulsive  force  is  shown  in  Fig.  18  for  the  case  of 
resonance  ^  =  2;  as  the  chain  line  shows  the  corresponding  one  in  still  water, 
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we  can  say  that  the  propulsive  force  increases  for  p,  =  v/2  but  decreases  for 
P  =  0,  tt  and  3w/2.  This  results  from  strengthening  or  annulling  between  the 
lift  Caw  and  cah  which  is  in  different  phase. 


Fig.  18  -  Effect  Of  3-3-2  Effect  of  Frequency 

phase  lag  of  Oscillation 

In  order  to  examine  the  effect  of 
frequency  of  oscillation,  the  propulsive 
force  is  shown  in  Fig.  19  for  d  -  v  2;  as  the  chain  line  shows  the  corresponding 
one  in  still  water,  we  can  see  that  the  propulsive  force  increases  with  approach 
of  the  frequency  of  heaving  to  the  frequency  of  encounter,  and  its  amount  of  in¬ 
crement  become  maximum  when  resonance. 


CONCLUSIONS 

In  this  paper,  after  reviewing  the  existing  two  dimensional  unsteady  hydro¬ 
foil  theories,  a  minutely  improved  theory  is  developed  for  obtaining  the  unsteady 
characteristics  of  hydrofoil  performing  heave  or  pitch  at  constant  forward  speed 
under  the  sinusoidal  waves. 

Numerical  calculations  are  made  in  details. 

Considerations  are  mainly  directed  to  the  mutual  interference  between  the 
effect  of  unsteadiness  and  effect  of  free  water  surface. 


/ 
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ABSTRACT 

The  emergence  of  hydroelastic  stability  as  a  practical  design  consid¬ 
eration  has  generated,  among  other  requirements,  an  urgent  need  for 
new  analytical  tools  of  the  highest  possible  precision.  Prominent  among 
these  is  a  theory  of  unsteady  hydrodynamic  loading  on  two-  and  three- 
dimensional  foils  operating  in  a  variety  of  orientations  near  the  free 
surface.  The  paper  de  scribe  s  a  systematic  approach  to  the  construc¬ 
tion  and  numerical  solution  of  the  integral  equations  which  result  when 
this  problem  is  linearized  for  small-amplitude  simple  harmonic  motion. 
Basic  to  the  method  is  the  oscillating  acceleration  potential  doublet, 
from  which  kernel  functions  can  be  deduced  that  apply  in  particular 
physical  circumstances.  The  example  of  the  three-dimensional,  sub- 
cavitated  foil  at  very  high  Froude  number  is  first  worked  out.  A  pro¬ 
cedure  for  solving  the  integral  equation  to  find  pressure  distribution, 
lift  and  moment  is  described.  Although  no  quantitative  results  are  fur¬ 
nished,  no  numerical  difficulty  has  been  encountered  and  these  will  be 
available  shortly.  Turning  to  the  more  difficult  case  of  finite  Froude 
number,  a  closed  mathematical  form  is  derived  for  the  kernel  function 
appropriate  to  arbitrary  small  oscillation  of  a  two-dimensional  foil. 


INTRODUCTION 

It  may  fairly  be  asserted  that  events  of  the  past  four  years  have  brought 
dynamic  hydroelastic  stability  from  a  theoretical  curiosity  to  a  design  consider¬ 
ation  of  frequent  practical  importance.  To  an  aeronautical  engineer,  the  history 
of  this  problem  displays  a  clear  parallel  with  that  of  aircraft  wing  flutter.  When 
flutter  was  an  unlikely  nuisance,  whose  possible  occurrence  on  a  given  design 
could  be  checked  almost  as  an  afterthought,  the  simplest  analytical  and  experi¬ 
mental  tools  sufficed  to  estimate  the  large  margins  of  safety  that  were  usually 
inherent  after  strength  requirements  had  been  met.  As  major  structural  modi¬ 
fications  began  to  be  called  for  to  assure  safety,  however,  much  more  stringent 
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demands  were  put  on  both  the  model  builder  and  the  theoretician.  They  re¬ 
sponded  with  techniques  having  a  degree  of  accuracy,  sophistication  and  com¬ 
plexity  that  are  matched  only  at  a  very  few  other  stages  in  the  design  process  of 
any  type  of  vehicle. 

Not  many  would  dispute  that  the  manufacturer  of  hydrofoil  craft  will  be  faced 
very  shortly  with  similar  needs.  The  present  paper  is  prepared  with  the  aim  of 
describing  what  the  authors  believe  will  be  the  most  fruitful  direction  for  re¬ 
search  and  methods  development  to  meet  one  of  these,  namely,  a  comprehensive 
theory  predicting  water  loads  due  to  unsteady  motion  of  three-dimensional  foils 
of  arbitrary  shape  and  orientation.  The  examples  given  below  embody  certain 
restrictions,  such  as  to  small,  simple  harmonic  oscillation  in  the  subcavitated 
condition  with  or  without  a  free  surface.  It  is  felt,  however,  that  these  proposals 
hold  promise  of  extension  to  cover  several  more  complicated  unsteady  phenom¬ 
ena,  short  of  nonlinearity.  An  essential  element  of  the  authors'  philosophy, 
motivated  by  the  widespread  availability  and  ease  of  application  of  high-speed 
computers,  is  partially  to  abandon  the  search  for  complete,  closed-form  expres¬ 
sions  in  favor  of  the  broader  utility  and  systematization  that  result  from  numer¬ 
ical  solutions.  This  is  not  to  say  that  "rules  of  thumb"  or  simple  physical 
understanding  are  disparaged  or  dismissed.  Rather,  the  objective  here  is  final- 
design  tools  of  the  highest  possible  accuracy  within  the  comprehensive  limits  of 
linearized  theory. 

By  way  of  introduction,  some  remarks  are  in  order  about  the  emergence  of 
hydrofoil  flutter  as  a  practical  problem.  Early  speculation  regarding  its  unlike¬ 
lihood  (Ref.  1  contains  an  example)  stemmed  from  a  tendency  to  over  concentrate 
on  the  structure-to-fluid  mass  ratio  parameter  M  as  the  primary  quantity  dis¬ 
tinguishing  hydrofoils  from  aircraft  wings.  Simple  calculations,  made  with 
approximate  representations  of  lifting  surfaces  having  flexibility  in  bending  and 
torsion,  go  at  least  as  far  back  as  Theodorsen  and  Garrick  [2]  in  predicting  that 
instability  does  not  occur  in  the  u- range  characteristic  of  hydrofoils.  There 
now  exists  ample  negative  experimental  evidence  (cf.  Henry  [3],  and  work  cited 
in  [l] )  to  confirm  the  existence  of  this  "window,"  but  only  on  models  without  any 
structural  sweepback  which  were  tested  in  a  condition  of  cantilever  or  simple 
support.  The  conclusion  that  conventional  hydrodynamic  theory  does  not  esti¬ 
mate  flutter  speeds  accurately  in  the  vicinity  of  the  so-called  critical  u  (Ref.  3 
and  others)  emphasizes  the  sensitivity  of  stability  to  small  alterations  in  system 
properties.  But  it  is  not  regarded  as  an  indication  that  these  simplified  models 
will  become  unstable  in  water,  where  -  is  normally  five  to  ten  times  lower  than 
the  critical  value. 

A  more  recent  and  wholly  unanticipated  development  concerns  the  over¬ 
whelming  influence  of  small  changes  in  sweep  angle  on  hydrofoil  flutter.  The 
first  clue  to  this  behavior  appears  in  some  tests  by  Hiiborne  [4].  It  was  sys¬ 
tematically  studied  in  the  experiments  of  Baird,  Squires  and  Caporali  [ 5] ,  and 
Herr  [6]  has  made  important  contributions  to  its  theoretical  understanding.  The 
present  authors,  in  collaboration  with  G.  Zartarian,  have  carried  out  an  analytic 
study  of  this  phenomenon,  using  as  their  example  the  model  designated  as  No.  2 
in  [6],  The  more  significant  results  are  summarized  in  Figs.  1  and  2,  where 
the  predicted  critical  speeds  u  of  bending-torsion  divergence  and  flutter  are 
plotted  versus  the  angle  of  sweepback  \  in  the  range  between  0  and  20°.  This 
wing  is  a  uniform  cantilever  of  span-to-chord  ratio  6,  its  other  properties  not 
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Fig.  1  -  Dimensionless  flutter  and  divergence  speeds 
plotted  vs  sweep  angle  A  for  the  cantilever  lifting- 
surface  model  No.  2  of  Ref.  6,  operating  as  a  mass 
ratio  typical  of  moderate-to-low  density  fluids 
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Fig.  2  -  Dimensionless  flutter  and  divergence  speeds 
for  the  lifting  surface  of  Fig.  1,  operating  at  a  mass 
ratio  typical  of  water 
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being  listed  here  since  they  are  representative  of  a  large  class  of  such  foils  and 
are  not  germane  to  the  discussion. 

The  speeds  on  Figs.  1  and  2  were  computed  by  a  two-degree-of-freedom 
Rayleigh  type  of  approximation,  assuming  the  uncoupled  normal  mode  shapes  of 
bending  and  torsion  of  a  uniform  cantilever  and  introducing  two-dimensional 
steady  or  unsteady  linearized  hydrodynamic  theory  on  a  strip  basis  (cf.  Chap.  9 
of  Ref.  7).  Other  symbols  appearing  in  the  figures  are  wing  semichord  b,  un¬ 
coupled  frequency  of  torsional  oscillation  ^a,  and  n  =  m/vob2  with  m  the  struc¬ 
tural  mass  per  unit  spanwise  distance  and  p  the  density  of  water. 

Figure  1  displays  stability  boundaries  that  may  be  called  typical  of  rela¬ 
tively  low-density  fluid  like  air.  Flight  at  a  speed  above  the  lower  branch  of  any 
one  of  the  curves  would  result  in  destruction  due  to  the  type  of  instability  indi¬ 
cated  thereon.  Although  *he  ^  of  1.0  is  quite  small  for  aircraft  operation,  quali¬ 
tative  changes  in  the  forms  of  these  curves  are  not  anticipated  even  up  to  high 
mass  ratios.  The  lower  (hence  practically  significant)  flutter  speed  is  seen  to 
vary  only  quite  slowly  as  the  surface  is  swept  back.  The  divergence  boundary 
rises  rapidly  with  increasing  A,  and  this  instability  wholly  disappears  beyond 
about  A  =  4-1/4°  owing  to  the  relieving  action  of  the  angle- of- attack  reduction 
from  the  combined  effects  of  sweepback  and  bending  slope. 

The  flutter  behavior  alters  radically  below  a  transitional  value  of  mass 
ratio  that  can  be  pinpointed  just  as  closely  as  the  "critical  j."  for  an  unswept 
wing  (for  Herr's  model  2  the  metamorphosis  sets  in  at  u  =  0.665).  Figure  2 
shows  the  stability  boundaries  at  a  condition  (m  =  0.4)  typical  of  the  high- 
density  fluid  regime.  The  form  of  the  divergence  curve  remains  similar  to  Fig. 
1,  as  might  be  expected  since  divergence  is  governed  by  the  dynamic  pressure 
1/2  p U2  independently  of  the  --range.  Flutter  instability  is  now  observed,  how¬ 
ever,  only  at  the  higher  A's.  As  A  approaches  3.97°,  the  critical  frequency 
drops  gradually  to  zero,  and  the  flutter  and  divergence  boundaries  merge.  Only 
the  static  type  of  instability  is  predicted  to  occur  below  this  angle  of  sweep. 

At  present  writing  there  is  no  reason  to  believe  that  actual  hydrofoils  do  riot 
exhibit  the  sweep-angle  sensitivity  revealed  by  these  calculations.  Further  re¬ 
search  may  well  uncover  other  system  parameters,  such  as  the  manner  of  root 
attachment  or  the  presence  of  dynamically-coupled  degrees  of  freedom  of  the 
supporting  body,  whose  effects  are  similarly  critical  for  stability.  One  safe 
conclusion  concerns  the  urgent  requirement,  mentioned  in  the  opening  para¬ 
graphs,  for  analytical  tools  of  the  greatest  possible  precision,  which  will  permit 
the  hydrofoil  designer  to  foresee  and  correct  both  static  and  dynamic  instabili¬ 
ties  long  before  a  vehicle  is  fabricated  or  committed  to  the  water.  One  class  of 
such  tools,  presently  in  an  unsatisfactory  state,  involves  three-dimensional,  un¬ 
steady  hydrodynamic  load  theory.  The  influences  of  aspect  ratio  and  planform 
shape  on  both  the  circulatory  and  virtual-mass  portions  of  the  flow  field  must  be 
elucidated.  Nearly  all  hydrofoils  pierce  or  approach  the  free  surface,  whose  in¬ 
fluence  on  loading  and  stability  has  already  undergone  preliminary  examination 
[5,9].  Loads  on  nonplanar  and  otherwise  mutually-interfering  foil  configurations 
need  to  be  estimated  on  a  fully-rational  basis.  Finally,  the  more  intractable 
effects  of  cavitation  combined  with  unsteady  motion  loom  on  the  immediate 
horizon. 
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At  the  time  of  writing  of  Ref.  6,  the  test  speeds  of  around  50  kts  achieved 
by  Herr  could  reasonably  be  considered  quite  high  for  hydrofoil  operation. 
Today,  with  speeds  in  excess  of  100  kts  under  common  discussion,  one  feels  in¬ 
clined  to  modify  his  conclusion  that  "the  practical  significance  of  flutter  at  low 
mass  ratios  cannot  be  said  to  have  been  established.” 

A  parallel  line  of  investigation,  whose  results  must  be  deferred  to  a  future 
paper  but  hold  interesting  promise,  consists  of  the  attempt  to  achieve  simplified 
physical  understanding  of  the  roles  of  sweep  and  mass  ratio  by  adapting  the 
procedures  of  Pines  [  10]  and  Zimmerman  [ll].  One  model  which  seems  to  em¬ 
body  most  of  the  principal  influences  is  a  flat,  rigid  lifting  surface  suspended  at 
one  end  by  a  leaf  spring  (bending)  and  a  watch  spring  (torsion).  By  varying  the 
sweep  angle,  the  contribution  of  the  "bending  slope"  to  stability  can  be  intro¬ 
duced.  When  approximating  the  loads,  however,  more  is  needed  than  merely  the 
lift  due  to  angle  of  attack  employed  in  Refs.  10  and  11.  As  first  observed  in  Ref. 
6,  the  fluid  damping  forces  also  play  an  essential  part  in  determining  dynamic 
hydroelastic  stability. 


USE  OF  THE  PRESSURE  DOUBLET  IN  THE  UNSTEADY 
LOADING  PROBLEM 

The  general  unsteady  liquid  flow  past  a  thin  lifting  foil,  which  may  adjoin  a 
plane  free  surface  z  =  0  but  need  not  itself  be  planar,  is  formulated  by  refer¬ 
ence  to  Fig.  3.  A  uniform  stream  of  speed  U  parallels  the  x-direction,  and  all 
disturbance  velocities  due  to  chordwise  slopes  and  normal  motions  of  the  foil 
are  taken  small  compared  with  U.  As  set  forth,  for  instance,  in  Chapter  2  of 
Stoker  [8],  the  flow  external  to  boundary  layers  and  wakes  will  be  ir rotational. 
Hence  there  is  a  velocity  potential 

<t>  =  UP  [x  +  ®(  x.  y,  2 ,  t )]  .  (1) 

Here  e  is  some  characteristic  streamwise  dimension,  such  as  the  midspan 
chord,  i  is  a  nondimensional  disturbance  potential.  The  Cartesian  coordinates 
x,  y,  z  and  other  lengths  in  the  problem  have  been  made  dimensionless  by  divi¬ 
sion  with  P,  while  t  is  physical  time  multiplied  by  U/P. 

By  virtue  ot  continuity,  both  <t>  and  c  satisfy  Laplace's  equation 

V2±  =  0.  (2) 

The  condition  of  uniform  pressure  at  the  free  surface  may  be  linearized  to 
(Ref.  8) 


ct 


c  +  F 


=  0  . 


at  z  =  0  , 


(3) 


F  =  u  ViT  being  Froude  number  and  g  the  gravitational  constant. 

A  second  well-known  scalar  field  variable,  whose  utility  approaches  that  of 
<s,  is  the  acceleration  potential  v.  This  may  be  introduced  either  by  relating  its 
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Fig.  3  -  Top  and  rear  elevations  of  a 
nonplanar  lifting  foil  performing  small 
unsteady  motions  normal  to  anX-wise 
uniform  stream  of  velocity  U 


gradient  to  the  particle  acceleration  vector  or,  within  the  linearized  framework, 
by  its  proportionality  to  the  pressure  perturbation: 


pU2 

Equation  (4)  defines  a  dimensionless  form  of  and  is  a  direct  consequence  of 
the  Euler  equations  of  fluid  motion,  p  is  static  pressure  at  an  arbitrary  field 
location,  exclusive  of  any  time  independent  hydrostatic  increments,  while  p„  is 
the  value  of  p  in  the  uniform  stream  at  distant  points.  It  follows  from  the  un¬ 
steady  Bernoulli  equation  that  4*  is  related  to  £  by 

1 P  -  +  <£,  (5) 

and  that  o  therefore  also  satisfies  Eqs.  (2)  ana  (3). 

Additional  boundary  conditions  on  c  or  \p  are  furnished  by  the  shape  and 
motion  of  surface  S.  For  simplicity,  it  is  assumed  that  S  has  zero  thickness. 
Actually,  when  S  is  almost  plane  and  remote  from  the  free  surface,  these  thick¬ 
ness  effects  may  be  treated  separately  and  independently  from  those  of  angle  of 
attack,  camber  and  oscillation.  This  separation  is  otherwise  not  possible  in 
steady  flow,  and  non-zero  thickness  must  be  represented  by  distributing  sources 
over  s,  which  interact  with  the  doublets  describing  the  lifting  part  of  the  field. 
The  procedure  is  straightforward  but  adds  nothing  of  essence  to  the  present  dis¬ 
cussion,  so  it  is  deferred  to  a  future  paper.  In  Fig.  3  the  undeformed  and  un¬ 
cambered  mean  position  of  the  foil  is  the  developable  surface  zQ(y).  Its  unsteady 
displacement  is  the  small  quantity  zy  (x,  y.  t),  which  maybe  presumed  known. 
This  displacement  is  prescribed  to  be  a  simple  harmonic  oscillation  by  means 
of  the  standard  complex  notation 
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z^x.y.t)  =  z  j(x,  y)  e‘kt  ,  (6) 

where  k,  the  reduced  frequency,  is  related  to  the  dimensional  frequency 

6J  rad/ sec  by 


k 


col 

IT 


(7) 


Given  the  values  of  zx  over  s,  it  is  an  easy  matter  to  find  the  normal  dis¬ 
placement 


n(x,y) 


ik  t 


e 


z^x.y) 


i  k  t 


e 


sec  &(y) . 


(8) 


Here  d  is  the  angle  tan"  1(dzQ/dy)  illustrated  in  Fig.  3.  The  normal  velocity  of 
fluid  particles  in  contact  with  the  surface  is  then 


(x,y,  t) 


ikt 

e 


Equation  (9)  supplies  the  required  condition  on  the  disturbance  potential 


(9) 


<£n(x,s)  =  |^  +  ikn,  for  (x,y,z)  (10) 

or  ( x ,  s )  on  S,  where  we  have  adopted  the  curvilinear  coordinates  x  and  s  to 
identify  points  on  the  foil  surface  and  dropped  the  explicit  dependence  of  t  on 
time  since  it  is  known  to  be  proportional  to  eikt. 

A  boundary  condition  for  is  constructed  by  integrating  the  simple  har¬ 
monic  version  of  Eq.  (5),  taking  account  of  the  simultaneous  vanishing  of  c  and 
<ii  upstream  as  x  -®, 


4>  =  e 


f 


y,  z)  e  d' 


(ID 


From  Eqs.  (10)  and  (11)  there  follows 


{x  _ 

dxp  i  k  .  n 

—  (A.y.z)e  d  =  — 


+  ikn 


(12) 


for  (x.  y.  z)  on  S. 

The  loading  problem  is  solved  by  distributing  over  s  a  layer  of  acceleration- 
potential  (pressure)  doublets  with  axes  parallel  to  the  local  normal.  By  classical 
methods  the  strength  of  such  a  layer  can  be  proved  locally  proportional  to  the 
discontinuity  of  0  between  the  upper  and  lower  surfaces  of  s,  so  that  one  is  led 
to 
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dxidsi-  (13) 


Here  Ap  is  the  complex  amplitude  of  pressure  difference  between  the  lower  and 
upper  sides  of  the  foil  and  n1  is  the  normal  direction  at  point  (xr  yr  zjy^) 
or  (xj,  s j )  in  the  sense  indicated  by  the  figure.  Henceforth,  the  simple  har¬ 
monic  time  factor  eikt  is  systematically  omitted.  Combining  Eqs.  (12)  and  (13) 
yields  the  final  integral  equation 


3n  .  _ 
+  ikn 
dx 


ArrpiJ2 


Ap(Xj,  s  j)  Kdxj  dsj 


with  the  singular  kernel  function 


(14) 


K  = 


-ik(x-Xj)  ^2 


3n  3 


,(  x  -  X  ) 


i  k  >.  , 
e  d\ 


,1 


v/>.2  t  (y  -  yj)2  +  (z-  zo(Yl))2J 


(15) 


The  double  integral  here  is  to  be  evaluated  in  the  sense  of  Mangier  [12],  the 
singularity  being  identifiable  as  associated  with  a  factor  (y-  yx)'2-  Solution 
procedures  are  discussed  in  the  succeeding  section.  After  extensive  manipula¬ 
tion,  paralleling  the  work  of  Watkins  et  al.  [l3]  for  planar  lifting  surfaces,  one 
can  derive  the  following  explicit  formula  for  K: 
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(Cont.) 
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zl(x,y,t)  =  Zj(x,y)  elkt  ,  (6) 

where  k,  the  reduced  frequency,  is  related  to  the  dimensional  frequency 
ui  rad/ sec  by 


k 


0)1 

IT 


(7) 


Given  the  values  of  zt  over  s,  it  is  an  easy  matter  to  find  the  normal  dis¬ 
placement 


n(*.y) 


ikt 

e 


ikt 

zl(x,y)  e 


sec  0( y)  . 


(8) 


Here  6  is  the  angle  tan'  *(dzo/dy)  illustrated  in  Fig.  3.  The  normal  velocity  of 
fluid  particles  in  contact  with  the  surface  is  then 


f  (x.y.t) 


ikt 

e 


Equation  (9)  supplies  the  required  condition  on  the  disturbance  potential 


(9) 


4>n(\,s)  =  ikn  ,  for  (x.y.z)  (10) 

or  ( x,  s  )  on  S,  where  we  have  adopted  the  curvilinear  coordinates  x  and  s  to 
identify  points  on  the  foil  surface  and  dropped  the  explicit  dependence  of  <p  on 
time  since  it  is  known  to  be  proportional  to  eikt. 

A  boundary  condition  for  is  constructed  by  integrating  the  simple  har¬ 
monic  version  of  Eq.  (5),  taking  account  of  the  simultaneous  vanishing  of  and 
0  upstream  as  x  -  -®, 
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-  i  k  x 
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i  k  •- 

(\,  y,  z)  e  d\  . 


From  Eqs.  (10)  and  (11)  there  follows 
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-  i  k  x 


J  3n 


(\.y.  z)  e 


d  .  = 


■  +  ikn 


(12) 


for  (x,  y.  z)  on  s. 

The  loading  problem  is  solved  by  distributing  over  s  a  layer  of  acceleration- 
potential  (pressure)  doublets  with  axes  parallel  to  the  local  normal.  By  classical 
methods  the  strength  of  such  a  layer  can  be  proved  locally  proportional  to  the 
discontinuity  of  ^  between  the  upper  and  lower  surfaces  of  s,  so  that  one  is  led 
to 
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(kiy0>2  ->kx0 


^2(^1)  2  (I2(kl)  '  Wkl>)  +  1  3  "  k 


-  kie'lkX°  Kjfk,)  +  ^  (ijfkj)  -  L^kj))  - 


(16) 


Here  I . ,  Kj ,  and  Lj  are  modified  Bessel  and  Lommel  functions  of  order  j ,  in 
standard  notation.  The  auxiliary  symbolism  in  Eq.  (16)  is  as  follows: 


£i  -  y0  = 


ri  =  v402  +  *l0  • 


y-yi  •  zoo  =  zo(yi  -  z0(yi>  •  1 
r  =  /x  2  +  y  2  +  z2  ^ 


kj  kr  j  . 


(17) 


In  the  absence  of  a  free  surface,  the  problem  statement  provided  by  Eqs. 

(14)  and  (16)  is  complete.  Evidently  its  solution  would  be  unthinkable  without  the 
aid  of  high-speed  computing  equipment.  It  is  worth  pointing  out,  however,  that 
Watkins  and  collaborators  have  successfully  programmed  the  planar  case  for 
compressible  as  well  as  incompressible  fluid.  Although  it  involves  the  reduction 
(y)  -  -f y ! )  =  0,  the  Watkins  kernel  function  is  actually  more  complicated  than 
Eq.  (16)  because  of  the  presence  of  flight  Mach  number  as  an  additional  param¬ 
eter.  Details  of  these  authors'  work  appear  in  [  14] ,  and  copies  of  their  program 
suitable  for  IBM  704,  709,  etc.,  may  be  obtained  from  Langley  Research  Center 
of  NASA.  The  approach  of  Hsu  [l5]  to  the  same  problem  deserves  citing,  and 
several  other  groups  in  the  American  and  foreign  aircraft  industries  have  de¬ 
veloped  alternative  procedures. 

An  important  feature  of  the  numerical  solution  of  Eqs.  (14)  -  (16)  is  that  the 
kernel  function  appears  only  as  an  isolated  subroutine  of  a  much  longer  program, 
which  also  includes  setting  up  and  inverting  a  large  system  of  simultaneous, 
complex  algebraic  equations.  In  a  variety  of  related  problems,  among  them 
hydrofoils  adjacent  to  or  piercing  a  free  surface,  foils  with  large  dihedral,  in¬ 
tersecting  foils  and  biplanes,  the  principal  difference  occurs  in  the  form  of  K. 
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.  2 

Even  the  yD  singularity  remains  unchanged  from  one  of  these  cases  to  the  next. 
In  certain  other  instances,  it  becomes  necessary  to  solve  a  pair  of  coupled  inte¬ 
gral  equations  rather  than  a  single  one,  but  clear  guidelines  will  result  from 
success  with  Eq.  (14). 

Space  limitations  prevent  writing  explicit  forms  of  K  for  several  examples. 
One  illustration  will  be  given  which  underlies  the  numerical  results  of  the  next 
section.  This  concerns  the  single  planar  foil  running  a  (dimensionless)  distance 
d  below  and  parallel  to  the  free  surface  at  F  »  l .  Such  high  Froude  number 
has  often  been  suggested  to  be  consistent  with  the  large  dynamic  pressures  at 
which  hydroelastic  instabilities  will  occur.  The  z  =  0  boundary  condition,  Eq. 
(3),  is  known  to  simplify  to  <p  =  0  ,  and  this  can  be  satisfied  by  placing  an  identi¬ 
cal  "image"  foil  at  z  =  +  d  while  causing  it  to  be  loaded  in  the  same  magnitude 
and  sense  as  s.  The  kernel  function  for  Eq.  (14)  is  constructed  as  follows.  One 
sets  9(y)  =  0(y!>  =  0,  s  =  y,  sj  =  yt  and  zo  =  -d  in  Eq.  (16)  to  get  the  contri¬ 
bution  of  the  foils'  own  loading  to  its  "upwash"  on  S.  One  then  adds,  for  the 
image,  an  identical  quantity  except  with  zD(y)  =  -d,  z0(yj)  =  d,  zoo  =  -  2d. 

Thus  is  obtained 


K(x0,yo;d)  = 


with 


1  ]  xo  .  -ikxo  (  °  kel'‘dk 

y°  lv/xo2  +  Vo2  0  A2  +  0<yo)2 

°  [Kl(k|yJ)  +  f  (i^klyj)  -  L^klyJ))  -  ij| 


+  k  y0'e 


sly  02  ~  (  2d  )  ‘ 


y„2  *  (2d)2 


\/xo2  +  yD2  +  (2d)2 


+  ie 


•  ik 


rkX°  \e  1 d\ 

2d 

2 

xo[xo2  +  2y02  +  Sd2] 

I  A2  +  kd2_ 

_v/yo2  +  (  2d)  2_ 

[xo2  +  yo2  +  (2d)2]3  2 

ikx_ 


vx02  +  yD2  +  (2d)2 
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°  \  2 -if. 


c 1  d  K 


2+1.2 
V  + 


kde 


- i kxo  r 


^Ki(kd'(  -1  ^  (ll(kd)  '  Ll(kd)) 


(  2dk  j) 2  e"kX°  r  .  k.  -  1 1 

7— 2“  •  7  (V‘*>  ’  L='1-')  *  1  T  - 


kd  =  k  vy02  +  (2d)2  • 


(18) 

(19) 
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In  connection  with  the  approach  taken  below  to  the  development  of  a  kernel 
function  for  a  two-dimensional  foil  at  finite  F,  an  alternative  statement  of  the 
problem  leading  to  Eqs.  (14)  and  (18)  is  set  down.  It  can  be  shown  without  diffi¬ 
culty  that  the  K  in  Eq.  (18)  is  given  by 

x 

is,  .  -ikxf  ikX,.  .  %  . 

K(  *  -  x ! ,  y-yj)  =  e  e  \pz(K  -  Xj,  y- yr  -d)  d\ 

-  00 

=  (  e  (  '  0x(kl.  y- yl.  -d)  d\t  ,  (20) 

-  CO 

where,  in  turn,  0  is  a  solution  of  Laplace's  equation  which  vanishes  at  large 
distances  and  satisfies  the  boundary  conditions 


i//(x,  y,  -d  +  o)  -  i//(  x,  y,  -d-o) 

-  A0(x,  y,  -d)  =  S(x-  xr  y-  yt) 


(21) 


and 


0=0,  at  z  =  0  .  (22) 

S( x  -  Xj,  y-  y j)  is  a  Dirac  delta  function  which  equals  zero  at  all  points  except 
x  =  xu  y  =  yy  and  yields  unity  if  integrated  over  any  area  containing  that  point. 
When  proceeding  from  infinite  to  finite  Froude  number,  the  only  change  that 
must  be  made  in  this  latter  statement  is  to  replace  Eq.  (22)  by  Eq.  (3),  expressed 
in  terms  of  0. 

In  closing  this  section,  one  can  make  the  obvious  remark  that  loadings  due 
to  small  time-dependent  motions  which  are  not  sinusoidal  can  be  computed  from 
the  simple  harmonic  results  by  Fourier  series  or  integral  superposition.  Of 
practical  significance  is  that  this  task  has  actually  been  carried  out  on  the  IBM 
7090  for  aircraft  responses  to  atmospheric  gusts,  with  frequency  harmonics  in¬ 
cluded  up  to  roughly  the  fiftieth  order. 


EFFECTS  OF  THE  FREE  SURFACE  AT  VERY  LARGE 
FROUDE  NUMBER 

A  computing  program  has  been  written  and  demonstrated  on  the  Massachu¬ 
setts  Institute  of  Technology  IBM  7090  computer  which  calculates  the  pressure 
distribution  over  the  oscillating  nonplanar  hydrofoil  in  the  vicinity  of  a  free 
surface  at  F  »  l.  The  foil  shape  function  zD(y)  is  assumed  symmetrical  about 
the  x-z-plane,  thus  permitting  any  possible  small  motion  to  be  decomposed  into 
symmetrical  and  antisym metrical  parts.  The  integral  equation  (14)  can  then  be 
solved  by  collocation  at  a  suitably  large  number  of  control  points  distributed 
over  the  right-hand  half  span  of  s,  the  effect  of  the  image  being  added  by  a 
modification  to  K . 
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Since  the  solution  procedure  constitutes  a  fairly  direct  generalization  of 
that  given  by  Watkins  and  collaborators  [14],  only  the  broad  outlines  will  be 
sketched  here.  Emphasis  is  placed  on  the  planar  foil  with  zo(y)  =  -d,  since  the 
numerical  examples  refer  to  this  case.  The  key  idea  of  Ref.  14  is  to  approxi¬ 
mate  Ap(  x,  y)  with  a  series  of  functions  which  represent  very  naturally  the  ex¬ 
pected  chordwise  and  spanwise  variations  of  loading,  while  satisfying  the  Kutta 
condition  of  Ap  =  0  along  the  trailing  edge  and  also  vanishing  with  the  correct 
infinite  slope  at  the  tips.  Specifically,  a  so-called  Glauert  series  is  used  for  the 
x-variation;  the  spanwise  series  is  one  that  played  an  important  part  in  the 
theory  of  the  lifting  line.  Let  the  tips  be  located  at  y  =  ±  B/2  and  the  leading 
and  trailing  edges  along  the  curves  xL(y)  and  x^y),  such  that  the  local  chord  is 


c( y)  =  xT  -  xL  . 

Let  the  following  auxiliary  independent  variables  be  defined  so  as  to  transform 
the  planform  S  onto  a  rectangle  between  -n  =  -1,  +1  and  S  =  0,  v. 

B  “A 

\  (2: 

xT(y)  +  xL(y)  c(y) 

X  =  - » -  -  - 7T-  COS  6 

1  2  J 

Watkins'  representation  for  Ap  then  reads 


Apr-.-)  =  4-  »-U2 


c. 

2 


‘L 

n  =  1 


(24) 


(It  should  be  mentioned  here  that  cot  2  describes  the  chordwise  A.p(  -)  on  a 
two-dimensional,  slightly-inclined  flat  plate  running  at  infinite  depth.  v'i  -  -2 
corresponds  to  elliptic  spanwise  loading.)  If  conditions  are  symmetrical  with 
respect  to  the  x-z-plane,  only  even  m’s  appear  in  Eq.  (24),  whereas  odd  Vs 
describe  antisymmetrical  loading. 

When  Eq.  (24)  is  inserted  into  Eq.  (14),  along  with  appropriate  integration 
limits  and  the  area  element 


dx  j  ds  j  s  dxj  dy  j 


4C(-l) 


d  ,  d- 


(25) 


the  integrals  may  be  evaluated  numerically  for  a  set  of  stations  (x.  y)  (or  (  )) 

on  the  half-span  equal  to  the  number  of  coefficients  ann.  required  for  satisfactory 
convergence.  The  integrations  must  be  performed  with  care  on  account  of  the 
Vi~ singularity,  a  matter  to  which  Ref.  14  devotes  considerable  attention.  The 
results  may  be  case  in  the  matric  form 
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M  {"».}  =  {§}  ■  <“) 

where  {anm}  is  a  column  of  unknown  coefficients  from  the  series  (24),  (s/u)  is 
an  equal-order  column  of  known  vertical  velocities,  and  [K]  is  a  square  matrix 
whose  elements  consist  of  weighted  integrals  of  the  kernel  function  (Eq.  (18)) 
times  individual  terms  in  the  series  (24).  In  the  M.I.T.  program  [K]  is  internally 
inverted  for  each  value  of  reduced  frequency  k,  yielding  a  solution  of  Eq.  (26)  in 
the  form 


{*»-)  ' 


(27) 


This  last  step  was  made  possible  by  the  availability  of  a  standard  subroutine  for 
inverting  large  matrices  of  complex  numbers. 

For  any  mode  and  frequency  of  oscillatory  motion,  the  coefficients  in  the 
pressure  series  are  finally  computed  by  a  single  matric  multiplication.  Very 
rapid  convergence  is  found  in  practice. 

In  an  effort  to  study  simultaneously  the  influence  of  submergence  depth  and 
aspect  ratio,  the  M.I.T.  program  has  been  used  to  compute  the  oscillatory  lifts 
and  moments  on  a  set  of  three  hydrofoils.  All  had  rectangular  planforms. 

Span-to-chord  ratios  of  1,  2  and  20  were  chosen,  the  largest  value  being 
expected  to  give  a  reasonable  estimate  of  depth  effects  in  two-dimensional  flow 
for  comparison  with  results  of  Chu  and  Abramson  [9].  The  lower-aspect-ratio 
foils  were  caused  to  move  in  (1)  vertical  translation  (heave),  the  displacement 
being 


h  =  heikt  (28) 

positive  downward,  and  (2)  pitch  about  the  quarter-chord  axis,  the  rotation  being 

a  =  aeikt  (29) 

positive  in  a  sense  to  displace  the  leading  edge  upward.  These  motions  simu¬ 
late  the  bending  and  twisting  components  of  flutter,  and  the  lifts  and  pitching 
moments  they  produce  can  be  employed  for  simplified  analyses  of  hydroelastic 
phenomena  (cf.  Refs.  1  and  3,  for  example).  The  particular  selection  of  pitching 
axis  was  made  because  in  two-dimensional,  steady  flow  at  infinite  depth  the 
moment  should  vanish;  hence,  its  deviations  from  zero  provide  a  direct  measure 
of  the  importance  of  three-dimensionality,  etc. 

With  pressure  distribution  available  in  the  form  of  the  series  (24),  a  con¬ 
venient  dimensionless  measure  of  total  normal  force  or  lift  is  the  "lift  coeffi¬ 
cient”  CL.  This  is  related  to  lift  L  and  to  the  individual  coefficients  by 
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Similarly,  a  moment  coefficient  may  be  defined  for  the  leading- edge- up  pitching 
moment  Mc/4  about  the  quarter  chordline: 


Me 

4 


CM  “  P  ,,2-  =  '  4  °L 


V 3 

b  jr 
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,  1 
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,  1 

+  4 

c  [|_a°° 

+  8 
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a0  2 
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3  22 

1  [ 
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1 

1 

loo 

+ 

_a04  +  8 

a24  1 

+  64 

a06 

+  8 

a  26^ 

+  • 

(31) 


CL  and  CM  are,  of  course,  complex  amplitudes  of  simple  harmonic  quantities. 
In  Eqs.  (30)  and  (31),  s  =  Be  is  used  to  denote  the  plan  area,  c  (=  1)  being  the 
chordlength. 


Unfortunately,  time  limitations  associated  with  preparing  the  paper  for 
publication  render  it  impossible  to  present  detailed  numerical  results  herewith. 
For  the  two  lower  aspect  ratios,  it  is  planned  to  give  these  in  terms  of  the  mag¬ 
nitude  of  the  load  coefficient  per  unit  amplitude  of  the  generating  motion  (e.g., 
Cj_/a.  j)  and  the  phase  angle  by  which  the  load  leads  this  motion.  These  will  be 
so  defined  that  the  phase  angle  approaches  zero  as  k  o,  so  that  amplitude 
changes  and  phase  shifts  can  be  directly  associated  with  flow  unsteadiness. 


For  the  large-aspect- ratio,  "two-dimensional"  foil,  only  heaving  is  being 
analyzed.  The  computed  quantities  correspond  to  certain  loads  determined  in 
Ref.  9,  i.e.,  the  lift  and  moment  magnitudes  for  a  depth  of  one  chordlength  as 
ratioed  to  their  values  for  d  =  «.  On  the  basis  of  preliminary  work,  there  is 
reason  to  believe  that  both  the  two-  and  three-dimensional  results  will  confirm 
the  conclusion  of  Chu  and  Abramson  that  the  free-surface  influence  on  a  sub- 
cavitated  foil  is  relatively  minor  until  depths  less  than  one  chordlength  are 
reached. 


In  all  cases  a  5  x  5  network  of  control  stations  over  the  semispan  is  being 
employed  for  the  solution  of  Eq.  (14).  Indications  of  satisfactory  convergence 
and  numerical  accuracy  are  obtained. 
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THE  KERNEL  FUNCTION  FOR  TWO-DIMENSIONAL  FLOW 
AND  FINITE  FROUDE  NUMBER 

The  problem  of  finding  the  kernel  function  for  the  general  three-dimensional 
case  with  finite  Froude  number  and  arbitrary  orientation  of  the  pressure  doublet 
is  quite  complicated.  However,  much  can  be  learned  about  free-surface  effects 
by  studying  the  case  of  two-dimensional  flow  for  which  a  closed-form  solution 
for  the  kemal  can  be  found.  In  addition,  the  two-dimensional  ("strip  theory") 
solution  provides  a  practically  useful  approximation  for  flutter  analysis  of  high 
aspect  ratio  straight  or  swept  hydrofoils. 

In  two-dimensional  flow  the  boundary  value  problem  (cf.  Eqs.  (20)  -  (22))  for 
the  kernel  function  becomes 


K(x)  = 

f  - ik( x- x , ' 

J  e 

-  CO 

’  0z(x j,  -d)  dxj 

(32) 

<] 

KJ 

■€- 

ii 

0 

(33) 

< p(x,  -  d  +  0) 

-  -  d  -  0) 

=  A  0(x,  -d)  =  5(x) 

(34) 

i/i  +  F 


0  ,  at  z  =  0  . 


(35) 


Tne  pressure  doublet  (lifting  element)  is  assumed  to  be  located  at  z  -  -d, 
s  denotes  the  Dirac  delta  function.  To  obtain  the  solution  of  the  set  (32)  -  (35) 
we  apply  the  Fourier  transformation  with  respect  to  x.  Setting 


(x;  s) 


etc. 


we  obtain 


k  -  -  i4k 

iZ2  -  s2i<  =  o 


(36) 


(37) 

(38) 


Ai^(x,  -d)  = 

(k  +  s)2ii'-F"2'/>z  =  0,  at  z  -  0  . 

The  solution  of  (38)  may  be  written  as  follows: 


(39) 

(40) 
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II 

<~9- 

A+e' s  z  + 

B  +  e 1 s ' z 

for 

z  >  -d 

i  = 

A_e|si  2  + 

B_e  1  s  1  z 

for 

z  <  -d 

(41) 


In  order  for  the  disturbance  to  vanish  as  z  -  -a,  b_  must  be  zero.  The  other 
constants  are  obtained  by  introducing  (41)  into  (39)  and  (40),  and  requiring  to 
be  continuous  at  z  =  -  d .  Hence  it  is  found  that 


A,  = 

(k  +  s)  2  +  F'  2  s  e  sd 

(k  +  s)  2  -  F‘  2  s 

(42) 

B*  = 

e-  1  si  d 

(43) 

A  = 

|  s  d 

A+  --£— ■  • 

(44) 

v'TF 


Substituting  these  results  into  (37)  gives  the  Fourier  transform  of  the  kernel 
function: 


k 


1  5  [  fk  +  S)2  +  F-2  s  2  s;d 

y/Srr  (S  +  k)  [_  ( k  +  s) 2  -  F'  2  s 


(45) 


Before  proceeding  to  evaluate  the  inverse  transform  of  (45)  it  is  convenient  to 
rewrite  it  as  follows: 


where 


K  =  K 


<*) 


-  (  s  ) 

Kv 


k(c)  =  - LJ - 

\  8-  (  s  +  k ) 


(46) 

(47) 


and 


k<S>  =  _ Li _  F(k-  S)2  ~  F~  2  s  Q  ~  2  .Id  (48) 

,-S-ts^k)  [_(k-s>2  F‘  2  s  J 

The  first  term  corresponds  to  the  kernel  function  for  infinite  depth.  This  term 
has  a  x'1  singularity  at  the  origin  and  the  inversion  integral 


K 


(-) 


v  i  s x 
k  (s)e 


ds 


(49) 


is  therefore  divergent.  The  singular  portion  can  be  obtained  by  first  calculating 
the  upwash  at  z  =  -  d  -  e  (which  amounts  to  multiplying  the  transform  by  e  ■  s  f ) 
and  then,  after  the  inversion  has  been  carried  out,  letting  s  -  0.  The  result 
may  be  written 
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K(  ;  ^  +  e'lk><  tEi(  ikx)  +  wi]  •  (50) 

where  Ei(q)  is  the  exponential  integral  defined  by 

Eifq)  =  I  dt  •  (51) 

-  00 

This  function  has  a  branch  point  at  the  origin,  and  in  order  to  make  it  single¬ 
valued  a  cut  is  introduced  in  the  complex  q -plane  along  the  positive  real  axis, 
defining  arg(q)  =  0  for  points  on  the  upper  side  of  the  positive  real  axis.  Some 
properties  of  the  exponential  integral  are  discussed  in  Appendix  I.  For  purely 
imaginary  arguments 

Ei(is)  =  Ci(  s )  +  i  j^Sif  s)  -  yj,  (52) 

where  Ci  and  Si  are  the  cosine  and  sine  integrals,  respectively,  tables  of  which 
can  be  found  in,  for  example,  Ref.  16.  Eq.  (50)  is  exactly  equivalent  to  the  re¬ 
sult  first  given  by  Fettis  [17].  The  second  part  of  the  kernel  representing  the 
effect  of  the  free  surface  is  nonsingular.  Application  of  the  inversion  integral 
gives 

»'•’  ■  h  { 


+  f  sds  [~(k  ->■  s)2  +  F~2s  1  c-2sd»i  sx 
•l  s"k  |_(k  +  s)2  -  F‘2s  _J 

The  first  integral  has  poles  at 

s0  =  -k  (54) 

S.  =  -k  l  —  (l  2)  f’1  -  (1  2)  f1  v4f  -  1  (55) 

1  L  J 

s 2  -k  1  -  (1  2)  f  - 1  -  f  1  2)  r1  v4f  *  ^  .  (56) 

where  f  =  kF2  =  g.  These  are  all  located  on  the  real  axis  along  the  path  of 
integration.  Also,  the  second  integral  has  poles  located  at 

s  3  -k  1  -  Cl  2)f'1  +  (i  2)  f-1  v  4f  -  1  (57) 

s4  -  -k  1  -  f  1  2)  f  1  -  f  i  2)  f - 1  V4f  -  1_  (58) 

i.e.,  along  the  positive  real  axis  for  f  <  l  4.  For  f  >  i  4  they  constitute  a 
complex  conjugate  pair  which  for  l  4  <  f  <  l  2  is  located  in  the  first  and  fourth 
quadrants.  For  f  >  l  2,  and  s4  are  located  in  the  second  and  third  quad¬ 
rants. 


f  sds  ( k  *  S1  ‘ 
■L  s  +  k  L(k.  sr 


+  F'2  s  J 
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Since  the  poles  give  rise  to  terms  representing  wave  trains,  ii  is  important 
to  know  on  which  side  of  the  poles  the  path  of  integration  should  be  taken.  The 
simplest  and  most  straightforward  way  to  decide  this  is  to  assume  that  k  has  an 
infinitesimal  negative  imaginary  part,  i.e. ,  that  the  oscillation  started  out  at 
t  =  -oo  with  zero  amplitude.  Thereby,  the  poles  will  become  separated  from  the 
real  axis.  Hence,  the  pole  at  s0  will  be  located  above  the  real  axis,  and  by  use 
of  Cauchy's  integral  theorem  with  the  integration  path  completed  as  shown  in 
figure 


-oc 


s 


3 


Re  (s) 


Integration  path  for  x  >  0 


we  find  that  for  large  positive  x,  the  pole  will  give  rise  to  a  term  of  the  form 
exp(-ikx).  Hence  the  wave  train  corresponding  to  so  is  stationary  with  the 
fluid  and  simply  represents  the  effect  of  the  vortices  shed  behind  this  pressure 
doublet.  The  other  poles  give  rise  to  genuine  gravity  waves.  These  have  been 
discussed  at  length  by  Kaplan  [  18]  for  the  three  different  ranges  of  f .  In  prac¬ 
tical  hydrofoil  flutter  problems,  f  is  of  the  order  of  10,  hence  only  the  case 
f  >  1/2  will  be  considered  in  the  present  paper.  Then  there  will  be  no  waves 
due  to  s3  and  s4.  The  poles  s3  and  s2  will  be  located  in  the  second  quadrant, 
and  will  thus  give  rise  to  two  downstream  wave  trains  with  positive  phase  ve¬ 
locities.  The  one  corresponding  to  will  advance  into  the  fluid  whereas  the 
other  will  recede. 


To  evaluate  the  integrals  in  (53)  we  separate  the  integrands  into  partial 
fractions  upon  which  we  obtain: 


2  sd* i sx 
<  r  ds 
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where 


a 


e>!  =  k  [l  +  f'1  +  f3+  f’1)(4f  +  1)‘1/2] 

2  =  k  [l  +  f’1  -  (3  +  f_1)(4f+  1)' 1/2  ] 

a3  =  k  [l  -  f’1  +  if3-  f  - 1  )f  4f  -  1>  ' 1/2  ] 

a4  =  k  [l  -  f’1  -  i(3- f'1)(4f-  1)'1/2] 


(60) 

(61) 

(62) 

(63) 


The  first  integral  is  easily  evaluated  whereas  the  others  may  be  expressed  as  a 
sum  of  exponential  integrals  of  complex  arguments.  Thus  the  following  final  re¬ 
sult  is  obtained: 


_  _  ik  e‘q<= 

2  4.  AAls  4 t 


2 tt  (x2  +  4d^) 

eq°  Eif-q*)  + 


Ei( q  )  +  rri  1  +  - 
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Ei(ql)  +  ™  |1 


4T7 


ie-q2 


Eif  q2)  +*111+ 


ia3  q 

e  Ei(-q3) 


*4  1 


e  4  Eif-q.)  . 
where  a  star  denotes  complex  conjugate  and 

qo  =  kf  2d  +  ix) 
qj  =  -s1(2d  +  ix) 
q2  =  “ s  2(  2d  +  ix) 
q  3  =  -  s  3(  2d  -  i  x  ) 
q4  =  —  s 4(  2d  -  ix)  . 


The  extra  terms  proportional  to  -i  inside  the  brackets  appear  because  of  the 
cut  defining  the  exponential  integral.  Thus  for  x  <  o 


(64) 


(65) 


arg  f  2d  ■*■  ix)  -  2 - tan" 1 


2d 


(66) 


From  (64)  a  number  of  interesting  limiting  cases  can  be  obtained.  For  in¬ 
finite  Froude  number,  i.e.,  infinite  f,  it  reduces  to 
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ik  -q, 
+  —  e 


2^  ( x  2  +  4d  2 ) 


Ei(qo)  +  "i  (l  +  — 


+  |i  e<  Ei(-q*)  ,  (67) 

which  can  be  shown  to  be  identical  to  the  upwash  at  z  -  -d  created  by  an  oscil¬ 
latory  pressure  doublet  at  z  =  d.  For  most  practical  applications  k  will  be 
small  (of  the  order  1/10).  A  useful  approximation  is  therefore  obtained  by  ex¬ 
panding  (64)  in  a  power  series  in  k.  Using  the  series  expansion  for  Ei  given  in 
the  Appendix  and  retaining  only  first-order  terms  we  obtain 


2zr(x2+4d2)  2 


—  -in  k  Vx2  +  4d2  —  +  2if' 


( 3  +  f ‘ 1 )  (4f  +  1) ' 1  2  'in  [  1  +  ( 1/2)  f  ‘ 1  +  (1/2)  f ‘ 1  /4f  +  1 


-  (3-  f'1)  (4f  -  1)'*  z  tan 


-12 


0  (k  2  fn  k )  . 


In  addition,  f  is  often  very  large  so  we  may  simplify  this  further  by  expanding 
in  r1,  which  leads  to 


x - -  iii  p.n 

+  4d2)  2"  . 


k  y' x 2  +  4d2  -  — 


2i  f ' 1  tan'1  2L  j.  o  (  f  ' 3  2)  -  0 (k2 'nk) . 

2d 


The  effect  of  finite  Froude  number  is  giver,  by  the  last  term  alone  which  in  many 
practical  cases  is  small  and  can  be  neglected.  For  x=d=l,  k=0.l  and 
f  -  10  it  is  only  5  percent  of  the  first  term. 


APPENDIX  I 


The  exponential  integral,  defined  by 


*  w 

f  —  dw 

J  „  "  i  1 


is  a  function  that  is  analytic  in  the  q-plane  cut  along  the  real  axis.  We  will  as¬ 
sume  that  arg  (w)  =  0  for  points  on  the  upper  side  of  the  real  axis. 
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Figure  A.  1 


For  purely  imaginary  q  we  may  deform  the  path  of  integration  as  shown  in 
the  Figure.  Then 


Eifiv)  =  [  ~  dwj  =  J  d>x  r  Cifv)  +  i  [si(>)  -  ^  j  ,  (A-2) 

where  Ci  and  Si  are  the  integral  cosine  and  sine  functions.  For  small  >  =  £ 
(see,  e.g. ,  Jahnke  and  Emde  [16]). 


Cif  £  )  =  -  '  n  £  -  0  ( ?2) 

Si  f  ^  )  -  Of  £)  . 


Thus 


Eif  l ' ) 


'  n 


---Of. 


(A. 3) 


(A. 4) 


To  obtain  a  series  expansion  for  general  *  we  first  integrate  along  the  path 
shown  '.o  *  =  it  and  then  from  F  to  *.  By  expanding  e*!  into  a  power  series 
and  iitegrating  term  by  term  we  obtain 


Ei(w)  =  -  ’  n  v  -  '  — -  -  —i  .  (A.  5) 

i — <  nn' 
l 

This  series  is  convergent  for  all  .  For  large  ■*  the  following  asymp¬ 

totic  formula  may  be  used 


Eif  'a 


w 


(A. 6) 
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NOMENCLATURE 

c  normalized  pressure  (or  acceleration  potential)  -  (px  -  p)  d,  where 
p  is  the  actual  pressure  and  d  is  the  density 

normalized  cavity  pressure  (cavitation  number  -  r  (l  2iU2) 

G  Green's  function  for  regular  term  for  pressure 

'  one-half  the  length  of  the  hydrofoil 

c  position  of  the  rear  end  of  the  cavity  (assuming  hydrofoil  between 
-  and  ') 

“  \  C  '  -  c 

'D  velocity  potential 

U  free  stream  velocity 
oscillation  frequency 
'  v  (reduced  frequency) 

M(  t )  slope  of  hydrofoil 

B(  t )  y  intercept  of  hydrofoil 
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f  force  perpendicular  to  hydrofoil 
m  moment  on  hydrofoil 

Z  +  c/2l  {fractional  length  of  cavity) 


We  are  presenting  here  the  results  of  a  study  of  the  unsteady  flow  past  an 
oscillating  partially  cavitated  hydrofoil.  For  simplicity  we  have  considered  only 
a  flat  plate  of  infinite  span  in  an  infinite  fluid.  Moreover,  we  are  concerned  only 
with  angles  of  attack  sufficiently  small  to  allow  the  use  of  linearized  theory  and 
assume  further  that  the  unsteady  motion  consists  of  small  simple  harmonic 
oscillations  around  the  steady  motion,  either  pitching  or  heaving,  allowing  us  to 
make  a  "second  linearization,"  as  a  result  of  which  the  higher  harmonics  of  the 
flow  may  be  neglected. 

Various  approaches  have  been  made  to  this  problem  but  as  will  be  seen  in 
what  follows  it  has  not  been  possible  to  make  a  completely  unambigu  us  mathe¬ 
matical  formulation  of  the  problem,  since  the  physics  of  the  situation  is  not 
sufficiently  well  enough  understood. 

Timman  [l]  formulated  the  problem  using  a  model  which  seems  physically 
unacceptable,  i.e.,  the  vertical  component  of  the  velocity  in  the  wake  was  dis¬ 
continuous.  Guerst  [2]  has  formulated  the  problem  to  force  continuity  by  drop¬ 
ping  the  condition  that  the  cavity  be  closed.  Although  physically  both  conditions 
apparently  should  hold,  we  felt  that  the  linearization  procedure  was  more  likely 
to  effect  closure  in  the  unsteady  case,  so  that  in  this  solution  we  used  Guerst's 
formulation.  In  our  solution  we  found  that  by  using  the  acceleration  potential  as 
used  by  Timman,  we  are  able  to  obtain  a  relatively  clear  development.  There¬ 
fore  we  have  followed  Timman's  approach  in  setting  up  the  problem. 

Let  be  the  velocity  potential,  then 

c  =  L'  —  - 

rx  -t 

is  the  acceleration  potential.  In  his  development,  Timman  first  obtained  an  ex¬ 
pression  for  :  to  satisfy  the  conditions 

r  =  --  (normalized  cavity  pressure)  along  the  cavity  surface, 

c  =  U»x  -  wt ,  where  =  the  vertical  component  of  the  velocity  along  the 
wetted  surface. 

Using  the  mapping  in  Fig.  1,  Timman  obtained  the  solutions 


r  =  -  -  p  |  ffx'.OGfx'.oix.yldx'-CjCj-Cjrj.  (l) 

•riled 

surface 

where 

f  =  1>X  -  *t  . 
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Figure  1 
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G  is  the  Green's  function  defined  so  that 

-  '  ?  / fG  dx< 

satisfies  the  above  boundary  conditions.  In  this  formulation,  there  are  two  pos¬ 
sible  points  of  singularity,  at  the  leading  edge  and  at  the  rear  end  of  the  cavity 
(the  Kutta  condition  removes  any  possible  trailing  edge  singularity),  -.j  and  -2 
are  defined  to  be  singular  at  the  leading  edge  and  the  rear  of  the  cavity  respec¬ 
tively,  satisfying  Laplace's  equation  with  the  boundary  conditions 

ck  =  0  on  the  cavity  surface, 

c,  „  =  0  on  the  wetted  surface. 

Further,  the  singularities  must  be  integrable  (i.e. ,  the  velocity  finite)  at  the 
points  of  singularity. 

Timman  obtained  G,  clt  and  c2  to  be: 


where 


(where  (  -  )  is  used  on  the  upper  surface  and  (  +  )  on  the  lower  surface), 


and 


Let 


-2  =  -  =  i-c • 

For  a  flat  plate  the  integration  may  be  carried  out  explicitly  (all  analytical 
details  are  from  Steinberg  [3] ).  Let 

h  =  M  t )  x  -  B  : ' 

be  the  profile  of  the  hydrofoil,  then 
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w  =  M'x  +  B'  +  WJ  (w  =  Uhx-ht) 

f  =  M'x  +  B"  +  2M'U 


and 


*  =  *  +  L 


*k  '"k 


where 


=  Im 


Im 


W-  -1 

\/3(/2+iO  p(il-2)J 

1  /  1  1 

;  4  (v/g2(jg  *i{)2  *  -2..-  -r 

_  1  i  /  1 

4\d3(,2  +  io  33 <•  3  - 1 ; > /  2 


where 


-  =  \  -  *  1 


and 


c3  =  '  (B  -  2M'U) 


At  this  point  the  problem  has  been  reduced  to  determining  three  unknown 
functions  of  time,  ct  and  c2,  the  strength  of  the  singularities,  and  c,  the  length 
of  the  cavity  (for  computational  purposes  it  was  found  more  convenient  to  use 
a  =  v'<  -  c  '  *  c,  rather  than  c,  for  the  third  unknown). 

To  determine  these  functions  it  is  necessary  to  prescribe  three  more  con¬ 
ditions.  Possible  conditions  are  as  follows: 

(1)  The  pressure  at  x  should  be  finite  and  continuous: 

=(-)  =  0. 

(2)  The  velocity  should  satisfy  the  boundary  condition  (along  the  wetted 
surface)- 


r  - ;  <  x  <  J. .  y  =  0" 

fy  =  »(x.y). 

L  c  <  x  <  '. .  y  =  0 " 
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(3)  The  cavity  should  be  closed: 

C 

h(c,  t )  -  h(-t,  t )  =  jj  J  1>y  (*' ,  o*.  t  -  C  ~L,X  j  dx' . 

(4)  The  vertical  component  of  velocity  should  be  continuous  in  the  wake 


■tyfx.o’.t)  =  1  (X,0~  ,t)  ,  X  >  . 

Conditions  (1)  and  (2)  seem  quite  satisfactory  on  physical  and  mathematical 
grounds,  so  that  the  choice  lies  between  (3)  and  (4).  For  the  steady  state  prob¬ 
lem  (4)  is  automatically  satisfied  so  that  (3)  is  the  only  condition  left.  However 
in  the  unsteady  problem,  the  physics  of  the  problem  seem  to  us  more  reasonable 
if  (4)  is  used  rather  than  (3).  This  is  the  view  of  Guerst,  Wu  [4]  and  others,  and 
this  approach  is  used  here. 

To  solve  this  problem  we  will  use  condition  (1)  to  obtain  <t>  in  terms  of  p 


y,  t ) 


dx ' 


1 

l 


>  « 
L  ’*? 


Therefore  t>y,  the  vertical  component  of  the  velocity  is  given  by: 


( 

t 


(2) 

(3) 


(4) 


Let  vk  be  the  conjugate  harmonic  function  of  ck,  defined  so  that  =  o 

(in  the  x.y  plane).  Using  the  Cauchy-Riemann  equations: 


Note  that 

where 


We  wish  to  eliminate  the  F_k  be'  terms;  therefore 

~  ~  k  _  2  Ili  21 

-x'  dx'  U  ::  't 


(5) 
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where 


Further 


Therefore 


1  CO 

U  H  '  ^x7  ' 


y 


rV  (k,y.  M  t)) 


where 


I  A 

u  dt 


(6) 


X  -  X  ’ 


We  will  solve  the  problem  in  two  stages,  first  obtain  the  steady  state  solution, 
and  then  carry  out  the  "second  linearization"  to  obtain  an  unsteady  term  as  a 
small  perturbation  on  the  steady  state  solution. 

For  the  steady  state  case,  c3  =  c4  =  0.  Let 


A  = 


B 


Then  conditions  (1),  (2),  and  (3)  become 


(1) 

(2) 

<3>  u-’Mtc-  - 


ciA _ 


i  A  - 


0 


MU 


.2 


^-2  *  1 


c,B  -  0 


B  dv 
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Using  (2)  and  carrying  out  the  integrations  (3)  reduces  to 


(3*)  (f. 


Solving  the  equations 


1  *  2~j 


2  *  1 


a 2  ~  1  c  -  =  0 


or 


c,  =  -  -B  (1  -  ~.2)  (j  '-2  -  1  -  =) 
c 2  =  ~B  [i  -/•-■ 2  -  1  -  1  -  v.2) 
v  =  -  -  a)’ 

Cl  -  — ) 

c 2  ~  -  ^3 -2  -  1  -  3-  1  . 


where  as  stated  -  c-t  -  c. 

Let  us  now  proceed  to  the  unsteady  case  and  carry  out  the  "second  lineari¬ 
zation,"  i.e.,  we  will  assume  that  the  unsteady  effect  is  due  to  small  simple 
harmonic  oscillation  around  the  steady  state,  where  higher  order  terms  are 
neglected. 

Because  of  the  form  of  the  steady  state  solution,  it  was  found  convenient  to 
use  rather  than  r  v2M  as  the  parameter  characterizing  the  steady  state  about 
w’hich  the  perturbation  is  to  be  carried  out. 

Then 


COS 


ck  =  cko  *  ckl  cos  :t  -  V  k  =  1234 
where  o,  c10,  c2-  are  the  steady  state  values. 

Let  hi'x.t  =  v  t  x  -  B  t  .  As  before  we  will  assume  the  perturbation  is 
given  by  oscillations  of  M  t  or  B  r  at  the  same  frequency  but  arbitrary  am¬ 
plitude  and  relative  phase. 


Mr  t  !  =  M  -  M.  cos 

O  1 

BO  =  Bj  cos  :  t  - 
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(Bo  o  since  the  problem  was  formulated  to  put  the  foil  on  the  x  axis.) 
this  we  have 


'  30 


'31 


'  v^B,)2  +  4  ("MjUj  2  -  4^B1MjU  sin  ^ 


tan ‘  1  ( 


2M.U 


tan 


>Bj  cos  f-B  j 


=  0 


'41 


.2>2m, 


^4  s  0. 

Applying  the  second  linearization 

ckCt)  -Vx  >  )  -  cko  „krx.y.ao)  -  Ckl  cos  (>t-7k)  .k(x.y.aQ) 

*  ck0  — ^  fx.y. aQ)  -l  cos  ( >t  -  i .)  . 

"o 

Similarly  for  ck  ck. 

Let  <5>  and  o  be  the  unsteady  parts  of  t>  and  c .  Then 


*>•  =  b  £  cki  cos  -  V  *k  *  cko  -i  cos 


‘  t  J  .  c^>  5in  ^  ' 


C  k  -k 


-  *k  x -  x 

cko  -I  5in  '  u 


Also 

V"  j"  "r=k 

=  =  ckl  cos  c.t-  :.K)  ck  -  Ck6  —  ! 

•  [_  '  o 

We  now?  impose  conditions  (1),  (2)  and  (4) 


From 


(8) 


(9) 
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Condition  (1) 


k>  Vx>  +  cko  — 5T”  ai  cos  <vs-  ~a> 

o 

Let  n  =  vt/v  be  the  reduced  frequency.  Let 

Jk.c  =  j  Vx'  °’ao)  cos 

Jk  s  defined  as  above  using  sine  instead  of  cosine 
J*  and  J*  s  defined  using  instead  of  -k . 

Then  condition  (2)  may  be  written  as 


I 


-kl 


COS  (  i/S 


l  L 


Z  Vkl  (Jk.s  +  >k(-'''°’’2o))  C0S  -  Jk.c  sin  f‘"s-'k) 


2icko  (Jk.s  *  i;  cos  -  j;,c  sin 

'sin  ft  s  -  t4j  cos  ( t-s  -  r4)^  (_ 


'31 


sin  fts  -  - 3)  -  c4 j 


fvs  -  7.) 

*  J 

)  ^  0 


-2 


where 


Let 


X  -  ' 


If.  [**•-••* 


,)  - 


O  '  K 


1  -  x '  -  '  <i  x 

x  o  cos  -  - — 

°  j  '  /  ' 


Similarly  ,  I*  c,  and  I*  s  are  defined.  Then  condition  (4)  becomes 


L-, 

1 


kl 


Jk.c  sin  C-s  -fk»  '  Jk.s  COS  J’'5"  rk\ 


t.c.  I*  sin  (:s  -  r  )  -  I"  cos  (ts-r.)  V  =  0. 

A  L  k  .  C  "  K.S  “  J 


Since  the  conditions  must  hold  for  arbitrary  time,  we  can  reduce  these  equations 
to  six  linear  equations  in  six  unknowns. 
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Let 


k  ,  c  = 

Ckl  COS  bv 

V  1  . 

.  4 

lk  ,  s  ~ 

ckl  sin  \ 

a  * 
c 

=1  cos 

''  5  “ 

a,  sin  . 

The  unknowns  are  dj  c,  dj  s,  d 2  c,  d2  s,  ■xc,  as  while  the  six  equations 
are  obtained  from  the  vanishing  of  the  coefficients  of  cos  vs  and  sin  >s  in  the 
three  conditions. 


Once  these  are  obtained,  they  may  be  then  inserted  into  Eqs.  (9)  and  (8)  to 
obtain  the  unsteady  parts  of  and  4>y. 

The  lift  and  moment  of  the  hydrofoil  may  be  expressed  in  terms  of  these 
coefficients  as  follows: 


f  -  fQ  *  fc  cos  >t  -  fs  sin  >t 
ra  =  m  -  Ci  cos  -  rr.  sin  >t  . 

o  c  s 


(11) 


where 


2 

a  y’ 
2  L. 

k  =  1 


f 


c 


I  VcRk 
k*» 


112) 
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where  Ra ,  Rk,  Sa ,  sk  may  be  obtained  explicitly  by: 

*.  ■ » i  s,  i 

k  I  J  '  < 


Rk  =  2  f  [VK.°  •  ‘  bkfx,o*,=)j  dx 


)  |  dx 


The  results  of  these  calculations  a.re  given  in  Table  I. 

It  is  of  interest  to  see  what  happens  as  the  length  of  the  cavity  approaches 
zero,  equivalent  to  We  find  that  the  number  of  unknowns  reduces  from 

6  to  2.  -c  and  •  s  are  not  needed  at  all,  while  only  a  particular  combination  of 
dliC  and  d2  c  and  also  d1>s  and  d2 are  required.  The  only  condition  needed 
is  (2).  Not  too  surprisingly  the  limiting  solution  agrees  with  unsteady  airfoil 
theory.  However,  this  does  not  give  us  any  indication  about  whether  or  not  con¬ 
dition  (4)  is  preferred  to  condition  (3),  since  the  limiting  solution,  being  depend¬ 
ent  only  on  condition  (2)  would  be  the  same  in  either  case. 

Since  the  integrals  given  as  "J"  and  "I"  must  be  e\aluated  numerically, 
wre  are  able  to  give  results  only  in  numerical  form.  In  Table  II  we  tabulate  the 
following  quantities: 


S.  =  2 


2  f 

£  cko  J  .  ~  Vx-oV 


->  '  V* 


/ 

I, 


Sk  =  2  (x~')  J^x.o'.:)  -  b./x.o*.  --)  dx 


- 


i,(x  o' 


•*'] 


dx 


f* 


c 


'  U2 


c  U2Mo 


(13) 


where  fc,  fs,  r.c,  t.s  are  the  amplitudes  introduced  in  Eqs.  (11)  and  (12).  L«t 
-=((■*■02  be  the  normalized  cavity  length.  Then 


-  =  o  -  -c  cos  :t 


(14) 
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Table  I 

R  ('Force  Terms) 


Index 

1) 

2) 

3) 

4) 


2r*.k  (/a2  +  1  -  2a)  , _  ,  _  i/,  2  -  1  *  a 


f'a2  +  1)- 
-  2-^A 


where  A  = 


1/2 


1) 

77^, 

2(  a2  +  l)2 


4(a2*  l)3 
-U2M^t 


[2a4  +  3a2  +  3  +  2af  a2  f  1 ) 3  2"! 


[*(  a2  1 )  [■/*?•  1  -  a  J  -  4c 


(4  a  +  ^£2T!) 


f  -  dU 


af  a2  +  1 )  3  2 


11 


21 


31 


4) 


=1 


S  ('Moment  Terms) 

■-<2  A  [af  a2  -  13)  -  y'c2  -  1  fa2-  5)] 

2  (  a2  -  1  )  5  2 


-  ~'2  A  3  +  a2 


=  — ) 


2f  a2  -  1  , 


3  2 


-;2 


4(  a  2  a  l)3 
2 

64(  D* 


j4a6  -  11  ■*  -  9:2  -  6  -  M  rn  -  1  (-4  4  -  9c2  -  5 


(8a8 -  40a6 -  65a4- 30a2- 9  -  4r  N  a2  -  1  '  2a6 -  9a4-  12a2 -  5  V 


U2M 


2a(  a2  -  1) 


t~i  L:f- 


5a2  -  19)  - 


'2 


2  2  4  -  a,  a2  -  1  v  a2  -  1  - 

dU  S'  -  - 

4  a(  a  2  -  I  )  2  2 
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where 


In  Table  II  we  also  tabulate 


Unit  heave  motion  is  defined  by  bx  =  '  M0,  while  unit  pitch  motion  is  defined  by 
Mx  =  Mo;  see  Eq.  (7).  Heave  is  positive  upward,  pitch  is  positive  counterclock¬ 
wise,  and  M0  is  negative.  The  lift  force  (which  is  also  the  total  force)  is  normal 
to  the  foil  and  positive  when  its  y-component  is  positive.  The  moment  is  around 
the  leading  edge,  positive  counterclockwise  (see  Fig.  2). 

Also  included  in  Table  IT  are  the  zero-frequency  values  of  f’,  f ' ,  m*, 
m* ,  •..* ,  x* ,  obtained  by  quasi-steady  analysis,  and  zero-cavity-tength  values 
of  the  same  quantities,  obtained  by  asymptotic  expansion  of  the  analytic  solution 
(see  Steinberg  [5]  for  details).  The  upper  limit  of  .  in  Table  II  is  3/4,  the 
upper  limit  for  physically  meaningful  solutions  in  the  steady  problem. 

We  now  call  attention  to  some  overall  features  of  the  data.  As  the  reduced 
frequency  approaches  zero,  and  for  3  4,  for  heaving  motion  all  quantities 
are  -  -  2  out  of  phase  with  the  motion,  while  for  pitching  motion  all  quantities 
are  in  phase  (modulo  )  with  the  motion.  For  the  unstable  3/4  cavity  length 
case  the  phase  effect  cannot  be  precisely  inferred.  Another  feature  of  interest 
is  the  fact  that  the  magnitude  of  the  leading  edge  moment  as  a  function  of  cavity 
length  has  a  minimum  in  the  neighborhood  of  _o  =  i  «  for  low  reduced  frequency. 

In  Figs.  3,  4,  and  5  we  present  examples  of  polar  plots  obtained  by  plotting 
the  sine  component  against  the  cosine  component  ar.d  indicating  the  constant 
and  contours.  Since  in  many  cases,  particularly  for  pitching  motion,  the  low 
and  high  frequency  behavior  are  quite  different,  separate  plots  for  these  cases, 
such  as  Figs.  4  and  5,  are  helpful  in  showing  the  functional  behavior. 
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FORCE  AND  MOMENT 


Force  (f)  and  moment  (m)  are  positive  in  direction 
of  arrow. 


Figure  2 


571 


Steinberg  and  Karp 


572 


Force  due  to  unit  heave 


Unsteady  Flow  Past  Partially  Cavitated  Hydrofoils 


Fig.  4  -  Force  due  to  unit  pitch  (low  frequencies) 
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Fig.  5  -  Force  due  to  unit  pitch  (high  frequencies) 
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ABSTRACT 

Two-dimensional  unsteady  flows  about  supercavitating  foils  and.  wedges 
are  formulated  as  linearized  compressible  flow  problems.  Boundary 
conditions  sufficient  to  determine  unique  closed  cavity  steady  flows  are 
specified  and  asymptotic  values  of  cavity  length,  cavity  area,  and  lift 
coefficient  at  small  cavitation  numbers  for  the  foil  and  the  inclined 
wedge  are  given.  The  condition  of  constant  cavity  area  is  shown  to  be 
invalid  for  non-separable  unsteady  closed  cavity  flows  as  a  re  suit  of 
the  examination  of  the  near  and  far  field  characteristics  of  the  com¬ 
pressible  flow  about  a  symmetrical  body  of  oscillating  thickness.  The 
velocity  field  for  an  incompressible  flow  about  a  symmetrically  oscil¬ 
lating  wedge  with  a  closed  cavity  of  variable  area  is  uniquely  deter¬ 
mined  under  the  assumption  that  the  wedge  and  the  cavity  termination 
point  can  be  replaced  by  singularities  of  fixed  location  but  of  sinusoi¬ 
dally  time  variable  strength. 


1.  INTRODUCTION 

The  purpose  of  this  paper  is  to  examine  the  various  boundary  conditions 
proposed  for  steady  and  unsteady  two-dimensional  supercavitating  flows  in 
order  to  determine  those  which  are  physically  acceptable  and  yet  are  sufficient 
to  determine  unique  mathematical  solutions  for  the  velocity  fields. 

Today  the  steady  state  theory  of  closed  cavity  flows  is  well  in  hand,  at  least 
for  small  cavitation  numbers.  Questions  raised  as  to  the  validity  of  Tulin's 
linearization  in  1953  [l]  for  thin  bodies  in  cavity  flow  have  been  set  to  rest  by 
the  subsequent  theoretical  work  of  Wu  [2,3],  Guerst  and  Timman  [4],  and  Guerst 
[5,6,7],  and  the  experiments  of  Parkin  [2]  and  Meyer  [8].  It  is  now  clear  that  for 
closed  cavity  flows,  the  linearized  theory  is  the  correct  linearization  of  both  the 
Riabouchinsky  and  the  re-entrant  jet  models.  Wu’s  square  root  singularity  at 
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the  cavity  termination  point  is  confirmed  as  the  proper  condition  for  closed 
cavity  flows  and  hence  valid  at  least  for  vapor  cavities. 

The  unsteady  flow  theory  is  not  so  well  off  and  meaningful  experimental 
results  for  unsteady  vapor  cavity  flows  are  practically  non-existent.  It  is  obvi¬ 
ously  desirable  to  solve  a  two-dimensional  unsteady  flow  problem  before 
attempting  the  corresponding  three-dimensional  problem.  It  also  appears  pref¬ 
erable  to  solve  an  incompressible  flow  problem  before  attempting  the  corre¬ 
sponding  compressible  flow  problem,  particularly  since  most  practical  applica¬ 
tions  occur  at  low  subsonic  speeds.  But  the  unsteady  incompressible  closed 
cavity  two-dimensional  flow  contains  a  paradox  pointed  out  by  Wu  [9,  p.  2].  If 
the  cavity  area  does  not  remain  constant,  the  pressure  increases  beyond  bound 
in  all  directions  away  from  the  cavity  and  the  kinetic  energy  of  the  flow  becomes 
infinite.  On  the  other  hand,  except  for  a  limited  class  of  flows  which  we  shall 
call  separable,  the  cavity  area  and  cavity  length  may  be  seen  from  inspection  of 
the  steady  state  solutions  to  vary  with  change  in  attitude  or  dimension  of  the 
cavitating  body. 

In  his  discussion  of  a  paper  by  Timman  [10,  p.  580],  Tulin  pointed  out  that 
the  above  difficulty  could  probably  be  resolved  by  accounting  for  the  effect  of 
compressibility  in  the  flow  field.  We  take  this  approach  in  the  present  paper  and 
determine  from  compressibility  considerations  sufficient  boundary  conditions  to 
permit  a  return  to  the  more  tractable  assumption  of  incompressibility. 


2.  FORMULATION  OF  THE  BOUNDARY  VALUE  PROBLEM 

We  direct  our  attention  to  the  two  problems  represented  schematically  in 
Fig.  1:  those  of  the  foil  and  of  the  wedge.  The  flow  is  assumed  to  be  two- 
dimensional,  inviscid  and  barotropic.  The  cavity  pressure  pc  and  the  pressure 
at  infinity  p,  are  assumed  known  and  constant.  The  velocity  of  the  body  u  and 
the  chord  c  are  constant,  but  the  half-wedge  angle  and  the  angle  of  attack  2 
may  be  time  dependent.  (In  the  foil  problem  -•  is  assumed  equal  to  zero.)  In 
consequence,  S,  the  total  body  plus  cavity  area,  and  f,  the  cavity  length,  may 
be  time  dependent. 
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We  define  the  cavitation  number  as 


r  (p»  -  pc) 


(1) 


where  px  is  the  density  of  the  fluid  at  infinity.  Neglecting  gravity,  we  may 
write  the  Eulerian  equations  of  motion  and  the  continuity  equation  with  respect 
to  an  inertial  frame  with  the  fluid  at  rest  at  infinity  as 


Du 

Dr 


1 

P 


7P. 


and 


5e  - 

Dt  - 


p  V  •  u  , 


respectively,  where  u  =  (u,v)  denotes  the  vector  velocity  field. 


(2) 


(3) 


We  assume  the  flow  is  irrotational  away  from  the  body  plus  cavity  plus 
wake.  This  implies  the  existence  of  a  velocity  potential  *  such  that 

3  =  V?.  (4) 


Assuming  angles  *  and  y,  and  their  time  derivatives  sufficiently  small,  we 
may  linearize  Eqs.  (2)  and  (3)  in  accordance  with  the  small  perturbation  theory 
for  compressible  flow  (see,  for  example,  Sears  [l  1 ,  p.  63ff] ) .  Upon  integration 
we  obtain  the  Bernoulli  equation 


cC 

5  t 


(5) 


where  i  is  the  acceleration  potential.  We  have  assumed  ?t  =  0  at  infinity. 
This  may  be  done  without  loss  of  generality  in  any  problem  where  the  ultimate 
objective  is  the  determination  of  the  resultant  force  and  moment  on  the  body. 
The  theory  also  requires  that  the  wave  equation: 


{ 


"2 


“ .  c'.  u)  =  0 


(6) 


be  satisfied  in  the  flow  field  by  all  quantities  indicated.  Here  is  the  mean 
velocity  of  sound  in  the  fluid  phase,  '  =  -  -  ,  and  the  equation  is  understood 

to  apply  to  each  component  of  the  velocity  u. 

We  now  change  our  reference  to  axes  fixed  in  the  moving  body  and  render 
all  quantities  dimensionless  with  respect  to  the  parameters  c  and  U.  The 
Bernoulli  equation  becomes 


(5a) 


and  the  wave  equation  becomes 
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+  li  -  2M2  -^1  -  M2  -§Ll( 


+  -  2M-  -  M2  -2— 1.(0,  <p,  p‘,  u) 

dx2  dy2  Bxdt  dt2J 


(6a) 


where  /32  =  l  -M2  and  M  =  u/aM  is  the  Mach  number  of  the  flow.  Figure  2  rep¬ 
resents  schematically  the  body  plus  cavity  in  this  system  for  the  upper  half 
plane  y  -  0.  Wc  shall  consider  only  subsonic  flow,  i.e.  fi  >  0.  Although  the 
body  plus  cavity  is  denoted  by  the  single  relation  y  =  h(x,t)  for  o  <  x  <  i,  this 
relation  is  known  only  for  the  wetted  portions  of  the  body.  We  shall  consider 
only  those  cases  where  the  cavity  detachment  point  is  known  and  fixed,  e.g.  at 
x  =  0  or  x  =  l.  Partially  cavitated  flows,  those  for  which  f  <  l,  will  not  be 
considered  explicitly  in  this  paper,  however  our  conclusions  regarding  boundary 
conditions  apply  to  these  flows  as  well. 


The  following  boundary  conditions  are  fundamental  to  both  the  foil  and 
wedge  problems  for  steady  or  for  unsteady  flow: 

(a)  The  cavity  pressure  is  constant;  that  is,  the  equation 

vx  -  vt  -  o  -  -j 

must  be  satisfied  from  above  and  from  below  on  the  part  of  the 
senting  the  cavity  walls. 

(b)  The  kinematic  condition 


(7) 


x-axis  repre- 


v  =  =  hx 


(8) 


must  be  satisfied  from  above  and  from  below  on  the  part  of  the  x-axis  repre¬ 
senting  the  wetted  body. 

(c)  The  cavity  closure  condition 

(f.t)  =  0  (9) 

must  be  satisfied. 
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(d)  The  quantities  <t>,  <?,  p',u  must  be  bounded  at  the  trailing  edge  o£  the 
foil  or  wedge  (Kutta  condition). 

(e)  The  circulation 


r  =  u  •  dx  (10) 

about  the  body  plus  cavity  plus  wake  must  remain  constant  (Kelvin  circulation 
condition). 

(f)  The  quantities  4>,  <p,  p' ,  u  must  vanish  at  infinity. 

It  is  implicit  in  the  linearization  leading  to  Eqs.  (5)  and  (7)  that  the  assump¬ 
tion  cr  «  1  has  been  made.  We  remark  that  for  unsteady  flow  this  assumption 
is  consistent  with  the  linearization  of  the  problem  to  the  first  order  in  the  ve¬ 
locity  perturbation. 


3.  SUPERCAVITATING  WEDGE  AND  FOIL  IN 

STEADY  FLOW 

Assuming  incompressible  flow,  Tulin  [l]  and  Wu  [l2]  solved  the  problem 
for  the  flow  past  a  symmetrical  wedge  at  zero  inclination  but  for  finite  cavita¬ 
tion  number.  Tulin  [l]  and  Guerst  [6]  solved  the  problem  for  a  lifting  foil  at 
finite  cavitation  number.  These  problems,  together  with  that  for  an  inclined 
wedge,  are  simply  treated  as  Hilbert  problems  for  functions  of  a  complex  vari¬ 
able  by  the  methods  of  Muskhelishvili  [13].  We  sketch  the  development  of  this 
incompressible  flow  theory. 

If  we  let  the  Mach  number  M  ->  0,  Eq.  (6a)  reduces  to 

V2(£,  cj,  u ,  v )  -  0  (11) 

We  may  deal  with  either  the  complex  acceleration  potential 

F(z,t)  =  s  +  i  4i  (12) 


or  with  the  complex  velocity 


w(z,t)  -  u  -  iv  =  +  i^)y  (13) 

as  functions  analytic  in  the  exterior  flow  region.  They  are  related  by  the 
expression 


3F  _  3w  ?w 

dz  dt  3z 


(14) 


as  may  be  verified  by  considering  Eqs.  (5a)  and  (11). 
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For  the  contour  c  in  Fig.  3,  the  following  relations  hold 


t)dz 


.  dS 
1  dt  ’ 


(15) 


and 


S  =  -Ira  j)  zw(z,t)dz,  (15) 

where  it  is  understood  that  c  shall  envelop  any  downstream  free  wake  vortex 
distribution  when  unsteady  lift  is  generated. 


We  have  further  that  the  lift  coefficient  CL  may  be  determined  from 

=-2(1  +  cr)Re  J  F(z,t)dz  (17) 

provided  the  circular  path  of  radius  e  about  the  point  z  =  i  is  subtracted  from 
C,  and  the  limiting  value  as  t  -  0  is  taken  in  this  integration.  In  Eq.  (17)  the 
contour  C  does  not  need  to  envelop  the  wake  because  F(z,  t)  is  analytic  in  z  on 
the  wake  portion  of  the  x-axis. 

For  steady  flow,  assuming  cr  «  l,  Eq.  (14)  reduces  to 

FQ(  z)  =  WQ( z)  (18) 

We  may  express  the  closure  condition  (9)  as 

<£cwo(z)dz  =  ro,  (19) 

an  obvious  consequence  of  (15).  It  is  worth  noting,  however,  that  (19)  may  be 
derived  directly  from  (9),  for 
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hxdx  =  h+(/C)  “  h“(^)  =  0  =  ^  vQdx  =  -Im  J>  wQdz  . 

The  complex  velocity  for  the  steady  flow  about  an  inclined  wedge  of  half¬ 
wedge  angle  yo,  and  attack  angle  ao  for  finite  cavitation  number  can  be  consid¬ 
ered  as  the  sum  of  the  complex  velocities  of  two  flows:  one  about  a  symmetrical 
wedge  with  finite  cavity  and  half-wedge  angle  y  ,  the  other  about  a  non- cavitating 
flat  plate  of  attack  angle  aQ.  The  Hilbert  probfem  solutions,  under  boundary 
conditions  set  forth  in  Section  2  above,  are 


and 


where 


and 


as 


N  t 


(20) 


(21) 


When  wQ  -  w7o  +  w aa  is  substituted  from  Eqs.  (20)  and  (21)  into  Eq.  (19),  one 
obtains  l0  =  Z0(y0,cr)  and  ro  =  F0(a0).  Similarly  the  cavity  area  So  -  So ( aD , io ) 
is  obtained  from  Eq.  (16)  and  the  lift  coefficient  cLo  -  CLo(a0,o-)  is  obtained 
from  Eq.  (17).  The  integrations  may  be  readily  performed  using  theorems  on 
the  inversion  of  contour  and  arc  integrations  [14,  pp.  438-440].  For  a  «  i,  or 
equivalently  -£  »  l,  one  obtains  for  the  inclined  wedge  the  asymptotic  results: 


°  P  2 

cr  =  —  y  ' 

77  O  O 


3 

so  =  y0lo  2 

CL  =  2tt  (  1  +  c r)  aQ 


(22) 


The  above  problem  is  separable  in  the  sense  that  for  given  cavitation  num¬ 
ber  cr,  the  cavity  length  and  cavity  area  depend  only  upon  the  half -wedge  angle 
yQ  while  the  circulation  and  lift  depend  only  upon  the  angle  of  attack  a0. 


One  may  demonstrate  [  13,  pp.  73-75]  from  Eqs.  (20)  and  (21)  that  the  com¬ 
plex  velocity  wo  is  logarithmically  singular  near  z  =  o,  bounded  at  z  =  1,  and 


583 


Leehey 


singular  of  the  order  1/2  near  z  =  lo.  The  latter  singularity  was  postulated  by 
Wu  [  19,  p.  18].  He  argued  that  the  map  from  the  z  plane  to  the  w0  plane  was 
non-conformal  at  z  -  l  and 

o 


wD(z)  -  Kq(z  -  -f0)‘2,  K0  <  0,  (23) 

near  z  =  <fo.  This  followed  from  consideration  of  velocity  symmetry  and  the 
fact  that  extrema  of  harmonic  functions  must  occur  on  boundaries.  Wu's  condi¬ 
tion  is  a  consequence  of,  rather  than  a  condition  for,  our  solution. 

Under  the  conditions  w7o(z)  ->  0,  wa  (z)  ->  0  as  |z|  -*  ~  solutions  (20)  and 
(21)  are  readily  demonstrated  to  be  unique.  For  suppose  we  have  another  solu¬ 
tion  w*  ( z)  to  the  former  problem,  with  singularities  of  less  than  integer  order 
at  z  =  0°  and  z  =  lo  and  bounded  at  z  =  l.  Subtract  the  constant  a/2  from 
each  solution.  Let  us  consider  the  function 


fl(z)  = 


[w7 


(z)  -  w*  (z) 


It  follows  [13,  p.  37]  that  fi( z)  is  analytic  throughout  the  plane  except  for  iso¬ 
lated  singularities  of  less  than  integer  order  at  z  =  0,  z  =  l  and  z  =  lo.  Since 
Q(z)  i  0  as  |  z ]  ,  we  have  by  Liouville’s  theorem  that  H(z)  ■  0.  It  is  worthy 

of  note  that  w*o  could  be  singular  to  the  order  3/2  -  e  for  e  >  0  at  z  =  1 0 
without  affecting  the  uniqueness  conclusion.  The  same  circumstance  evolves  in 
the  unsteady  cavity  flows  where  compressibility  must  be  considered  (see  Sec¬ 
tion  6).  A  similar  argument  shows  to  be  unique;  the  only  singularity  in  this 
case  appear  s  at  z  =  0 . 

Guerst  [7,  pp.  21-30]  has  shown  that  the  above  solution  of  the  linearized 
wedge  problem  is  a  proper  linearization  of  both  the  Riabouchinsky  and  the  re¬ 
entrant  jet  non-linear  flows  in  the  sense  that  both  reduce  to  the  l/2  order  singu¬ 
larity,  Eq.  (23),  at  the  cavity  end  upon  linearization.  Other  models  have  been 
studied:  namely,  the  "singularity  free"  (K0  =  o)  model  by  Song  [  15],  and  the 
linearization  of  the  transition  flow,  or  Roshko,  model  by  Cohen,  Sutherland  and 
Tu  [  16] .  Song's  modei  yields  the  asymptotic  result  for  a  «  r. 


*t  o 

a  ~  —  y  y 

77  '  O  O 


That  of  Cohen,  Sutherland  and  Tu  yields  twice  this  result  provided  one  assumes 
that  the  transition  point  in  the  cavity  flow  is  at  half  the  cavity  length.  Cavity 
closure  cannot  be  obtained  with  Song's  model. 


A  general  study  of  cavity  termination  models  for  linearized  supercavitating 
flows  has  been  made  by  Fabula  [17]  for  a  range  of  wake  thicknesses.  His  re¬ 
sults  cannot  be  compared  directly  with  those  above  for  his  analysis  specifically 
excludes  the  wedge  problem. 

Guerst's  theory  for  the  partially  cavitated  hydrofoil  uses  the  1/2  order  sin¬ 
gularity  at  the  cavity  termination  [5].  His  results  are  well  confirmed  by  the 
experiments  of  Meyer  both  with  respect  to  the  cavitation  number  -  cavity  length 


584 


Boundary  Conditions  for  Unsteady  Supercavitating  Flows 


relationship  and  by  the  appearance  of  a  stagnation  point  at  the  end  of  the  cavity 
[8],  a  stagnation  point  being  a  point  of  singularity  for  perturbation  velocity  in 
linearized  theory.  Meyer  worked  with  vapor  cavities.  Experimental  results  for 
super- cavitating  flows  have  not  yet  been  reported  for  cavitation  numbers  low 
enough  to  verify  the  relationship  expressed  by  Eq.  (23). 

In  this  paper  we  shall  restrict  our  attention  to  closed  cavity  flows  wherein 
the  wake,  if  it  exists,  is  assumed  to  have  zero  thickness;  that  is,  it  can  be  mod¬ 
eled  in  the  linearized  theory  by  a  free  vortex  sheet  extending  downstream  along 
the  x-axis.  Across  this  sheet  only  discontinuities  in  the  u  component  of  the 
perturbation  velocity  are  permitted. 

The  supercavitating  hydrofoil  with  finite  closed  cavity  in  steady  incompres¬ 
sible  flow  can  also  be  treated  in  linearized  theory  as  Hilbert  problem  for  the 
complex  velocity  field.  However,  a  mapping  of  the  form 


is  first  required.  This  mapping  transforms  the  cavity  termination  point  z  =  lQ 
to  the  point  {  =  ~.  Wu's  termination  condition,  Eq.  (23),  must  be  invoked  as  a 
boundary  condition  upon  the  problem  in  order  that  uniqueness  of  the  solution  can 
be  demonstrated  by  the  above  method. 

The  following  asymptotic  results  for  a  «  l  are  obtained  for  the  super¬ 
cavitating  flat  plate  hydrofoil  at  angle  of  attack  a  o : 


a)  a  . 

'  O 


4.  SUPERCAVITATING  WEDGE  AND  FOIL  IN  UNSTEADY 
FLOW  -  ASSUMPTION  OF  INCOMPRESSIBILITY 

The  asymptotic  results  for  the  wedge,  Eqs.  (22),  and  for  the  foil,  Eqs.  (25), 
give  indications  as  to  what  must  be  expected  when  unsteady  flow  conditions  are 
introduced.  Consider  the  wedge  undergoing  oscillations  as  follows: 

y  =  ya  - 

a  =  a  +  a,e*lk  * , 

where  k  =  cjc/U  is  the  reduced  frequency.  Here  the  steady  problem  { yQ ,  ao} 
and  the  unsteady  problem  {aie"ikt}  are  separable.  For  as  indicated  by  Eqs. 
(22),  l  -  -t(70,cr)  and  S  -S(yo,cr)  only.  Wu  [9]  solved  the  problem  of  the  wedge 
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undergoing  heaving  oscillations  under  the  assumption  of  incompressible  flow. 
His  case  is  also  separable  in  the  same  sense. 

On  the  other  hand,  quasi-steady  considerations  implicit  in  Eqs.  (25)  tell  us 
that  when  a  supercavitating  hydrofoil  undergoes  oscillations  in  angle  of  attack  a 
both  cavity  length  and  cavity  area  must  vary  in  a  non-linear  fashion.  The  non¬ 
linear  variation  in  cavity  length  is  a  severe  mathematical  complexity.  However, 
within  linearized  theory,  the  variation  in  cavity  length  for  fixed  cavitation  num¬ 
ber  a  «  1  is  evidently  of  second  order  with  respect  to  variation  in  angle  of 
attack.  Guerst  [7,  p.  15 1]  introduced  a  second  linearization  in  the  unsteady  flow 
problem  based  upon  this  consideration.  The  variation  in  cavity  area  leads  to  a 
physical  difficulty.  For  in  incompressible  flow, 


implies  that  =  <*  and  that  the  kinetic  energy  of  the  fluid  is  also  infinite.  If 
<y  -  0  neither  the  length  nor  the  area  difficulties  arise;  Woods  [  1 8 . 1 9 ]  and  Parkin 
[20]  give  incompressible  flow  solutions  for  this  case. 

A  number  of  attempts  have  been  made  to  solve  non-separable  closed  cavity 
problems  within  the  framework  of  incompressible  flow  theory:  Guerst  [7]  dealt 
with  the  oscillating  supercavitating  foil,  Steinberg  [2l]  dealt  with  the  oscillating 
partially  cavitated  foil,  and  Cumberbatch  [22]  dealt  with  the  supercavitating 
wedge  in  surging  acceleration.  In  each  case  an  assumption  equivalent  to 


f  = 0  (26) 

at 

was  introduced  as  a  boundary  condition.  We  shall  demonstrate  in  the  next  sec¬ 
tion  that  this  assumption  is  unwarranted  because  the  compressibility  of  the  fluid 
has  not  been  accounted  for. 
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A  remark  is  required  to  show  that  Guerst's  condition  [7,  p.  48]  is,  in  fact, 
equivalent  to  Eq.  (26),  since  his  treatment  of  unsteady  flow  problems  using  the 
complex  acceleration  potential  F(z,t)  is  not  readily  interpretable  in  terms  of 
the  complex  velocity  field  w(z,  t).  With  reference  to  Fig.  4,  Guerst's  condition 
may  be  stated  that  the  jump  in  the  vertical  component  of  the  perturbation  veloc¬ 
ity  across  any  point  P  in  the  wake  shall  be  zero;  that  is, 

(v]p  =  v(xp.  Of,  t)  -  v(xp,  o-,  t)  =  0  . 

Taking  the  integral  of  Eq.  (14)  about  the  contour  C  as  shown,  we  get  from  Eq. 
(15)  that 


<r,(r*  ‘  a?)*  H,  =  if!, 

since  F(z,  t)  is  analytic  in  z  in  the  wake.  Hence 


~  dt  ~  0  ’ 


and 


r.v]p  =  0 


d2S 

dt2 


•-  0  . 


(27) 


Thus  for  sinusoidal  oscillations,  the  second  result  of  (27),  together  with  the 
second  linearization,  imply  Eq.  (26). 


5.  OSCILLATING  THICKNESS  PROBLEM  IN 

COMPRESSIBLE  FLOW 

In  order  to  investigate  the  validity  of  the  assumption  dS  dt  =  o  we  turn  our 
attention  away  from  unsteady  cavity  flows  to  a  more  tractable  problem  -  yet  one 
which  preserves  the  characteristic  of  variable  area  S.  Referring  to  Fig.  5,  we 
consider  the  problem  of  determining  the  linearized  compressible  flow  about  a 
thin  two-dimensional  body  moving  at  forward  velocity  U  while  undergoing  a 
symmetrical  oscillation  of  infinite  duration.  For  dimensionless  coordinates 
fixed  in  the  moving  body,  the  equation  of  the  body  profile  is  given  as 


y  =  h(  x,  t )  -  ho(x)  x  h,(x)e'lkt,  0  2x^1,  ' 

where  k  =  ^cTJ  is  the  reduced  frequency.  Equation  (6a)  must  be  satisfied  in  the 
flow  field  for  all  quantities  c,  c',  u.  These  quantities  must  vanish  at  infin¬ 
ity.  The  steady  flow  and  the  unsteady  flow  problems  are  separable. 
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Steady  Flow  Problem 

Using  the  Prandtl-Glauert  transformation,  the  steady  flow  problem  is  read¬ 
ily  disposed  of.  We  consider  the  complex  velocity  wQ(z)  =  uD  -  iv0  as  a  function 
of  the  complex  variable  z  =  x  +  i,3y  analytic  exterior  to  the  portion  oixil 
of  the  x-axis  and  vanishing  at  infinity.  By  symmetry,  wo(z)  =  wD(z)  hence  on 
the  x-axis  it  satisfies  the  Hilbert  problem  conditions: 


=  "if  hox,  0  <  x  <  1,  >• 

=  0,  1  <  x  .  > 


(29) 


The  solution 


W0(Z) 


df 


is  immediate,  as  may  be  verified  by  the  Plemelj  formulas  [13,  p.  42]. 


Writing  the  velocity  potential  as 


(30) 


-  (x*  y.  t)  =  ;o(x,y)  +  Cxfx.y)  e',kt  > 

we  see  that  the  corresponding  velocity  potential  for  the  steady  flow  problem  is 

?0(x,y)  =  Hoxtnrd--  (32) 

O 

where  r2  =  (x  -  f)2  *  ;2y2.  Equation  (32)  represents  a  source  distribution  on 

0  <  x  <  1,  y  =  0. 
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Unsteady  Flow  Problem 

From  Eqs.  (6a),  (28)  and  (31)  we  find  that  the  unsteady  velocity  potential  4>1, 
must  satisfy  the  problem: 


02<1>1XX  +  tflyy  +  2ikM^1;(  +  k2M2$1  =0,  " 

<t>ly  =  ±(hix  ■  ikhi),  0  <  x  <  1,  y  =  ±0  ,  > 


(33) 


<£lx.  “Ply.  -  0  at  0=  . 


If  we  set  ■/,1  =  £2e_iKx  where  K  =  kM2//?2  the  differential  equation  of  (33)  re¬ 
duces  to 


2yy 


k2M2 

•32 


=  0  . 


We  take  the  Fourier  transform 


(34) 


<t>(2,y)  =  — qf2(x,y)  eilx  dx 

\2tt  ,L 

of  Eq.  (34).  Whence,  noting  the  conditions  at  infinity  in  (33),  Eq.  (34)  becomes 


>2<t  =  o 


(35) 


where  we  define 


y  =  /( x2  -  iQ'!)2.  (-  -  j  W  as  -  x)  . 

with  cuts  in  the  a  =  <r  +  ir  plane  taken  as  shown  in  Fig.  6.  Here  =  <?Q  ->•  i-r0 
where  =  kM/J2  and  the  Rayleigh  damping  factor  ~0  >  0  is  introduced  to  ex¬ 
clude  waves  radiating  from  infinity. 

The  complete  solution  of  Eq.  (35)  is 

<J>(a,y)  =  A  +B(a)e^y.  (37) 

By  symmetry,  we  may  restrict  y  2  0.  it  is  therefore  sufficient  for  the  inverse 
transform 


d2(x,y) 


-=[  t('. 

\2-  -L„,_ 


y)e-i,yd:, 


(38) 


to  exist  uniquely  that  we  take  B(y)  =  0.  We  remark  that  <t>  is  analytic  in  a  in 
the  strip  — ro  <  T  <  -0  .  For  a  detailed  discussion  of  this  argument,  see  Noble 
[23,  pp.  29-301. 
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Figure  6 


Noting  that  <^2  y  is  odd  in  y,  we  define 

g(x)  =  ^2y^x'0+)  =  X  <  0  ’ 

-  eiKx(hix  -  ikh1 ) ,  0  <  x  <  1  , 

=  0,  1  <  x  . 

The  Fourier  transform  of  g(x)  is 


(39) 


1 


(40) 


From  Eq.  (37),  letting  y  ->  0*,  we  obtain  G(  i)  -  -  A(  -).  Taking  the  inverse 
transform  (38),  we  have 


2(x, 


^  *  1  r  ' 

|  f"  ~  G(  r  )  "|  e  ‘ ' 

•  xti-'  L  -J 


IX 


vydi 


(41) 


where  — 0  <  r'  <  ^0. 

We  introduce  Eq.  (40)  into  Eq.  (41),  invert  the  order  of  integration,  and  de¬ 
form  the  path  of  integration  in  the  a  plane  from  path  I  to  the  hyperbolic  paths  II 
with  focal  points  t  zo  as  in  Fig.  6.  Using  the  integral  transformation  given  in 
Noble  [23,  p.  32],  we  obtain 
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£ 2<  x.y) 


2/3  J 


l^)pifiC  {ftHc 


t  »)■ 


a  r)  +  a 


6H1<1>(aor) 


ij-  df 


(42) 


where  r2  =  (x  -  f)2  +  ft2y2,  cos  5  =  x-f/r  and  Ho(1),  h/1^  are  Hankel  functions 
of  the  first  kind  of  orders  zero  and  one.  respectively. 


Letting  to  -  0,  we  may  readily  verify  that  Eq.  (42)  satisfies  the  problem 
(33)  and  the  Sommerfeld  radiation  condition: 


lim  r2(4>2r  ~  i-'x0&2'>  = 

r  — ♦  oo 

For,  using  the  Prandtl-Glauert  transformation,  Eq.  (34)  becomes 


Considering  the  polar  form  of  the  Laplacian  operator,  we  see  that  HD(1)(2or)  is 
a  solution.  Considering  the  rectangular  form  of  the  Laplacian  operator,  we  see 
immediately  that 


lc  H0(l)(V)  =  -*o  cos  ^.(1>(V) 

is  also  a  solution.  It  follows  that  the  integral  (42)  likewise  satisfies  Eq.  (34). 
The  radiation  condition  is  satisfied  by  both  H0(  l>(jtor)  and  Hx  15(i0r)  and  hence 
by  Eq.  (42)  as  cos  6  is  independent  of  r  for  large  -0  r,  Integrating  Eq.  (42)  by 
parts,  taking  the  derivative  with  respect  to  y  and  evaluating  the  singular  behav¬ 
ior  of  the  integrand  as  y  -  0±  at  x  =  -  leads  us  to  the  satisfaction  of  the  bound¬ 
ary  condition  (33)  on  the  body  surface. 


Asymptotic  Considerations 

As  the  Mach  number  M  -  0,  we  see  that  K  -  0,  -  K  =  c  'ax  and 

-1  -  -2  -  5  j  hl(f)  {ikH0(1)(Kr)  -  K  cos  -H/^Kr)}  df  (43) 

o 

where  r2-(x  -  j)2  -  y2.  The  differential  equation  of  (33)  becomes  the  ordinary 
wave  equation  of  acoustics: 


=  0  . 


(44) 


Using  asymptotic  results  for  the  Hankel  functions 
128,  132  and  134], 


H<U 


and  Hj 1 ',  [24,  pp. 
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(a)  Far  field,  Kr  »  l, 


4>l  ll.  5Tr'-.i  eiii(  r  -  at/U)  (k  -  K  COS  6)  (45) 

\J'2  rr  Kr 

where 

sx  =  2  J 

O 

is  the  amplitude  of  variable  component  of  the  body  area.  Equation  (45)  repre¬ 
sents  cylindrical  waves  radiating  from  the  body  and  decaying  0( r’ 1/2)  in  am¬ 
plitude  as  r  -*  oo.  It  is  evident  that  the  variable  component  of  pressure  decays 
to  zero  by  cylindrical  spreading  loss  as  r  -  co.  For  the 

(b)  Near  field,  Kr  «  1 , 


4>\  ~  "  |  M=)  |ik-fnr  -  df  .  (46) 

The  oscillating  thickness  problem  in  incompressible  flow  for  the  complex 
velocity  w(z,t)  =  wQ(z)  +  w^zie-1111  can  be  solved  in  precisely  the  same  fash¬ 
ion  as  that  used  for  the  steady  component  w_(z)  alone.  The  solution  for  wx(z) 
has  a  velocity  potential  <t>x  identical  with  that  of  Eq.  (46).  It  is  important  to  note 
that  Sj  /  0  in  this  solution. 

We  see  that  for  M  0  and  r  «  1/K  (a  wavelength)  the  incompressible  flow 
solution  is  the  limiting  case  of  the  compressible  flow  solution.  No  requirement 
of  constant  body  area  is  needed,  for  the  pressure  is  bounded  at  infinity  as  a  re¬ 
sult  of  cylindrical  spreading  loss.  In  a  manner  of  speaking,  the  flow  is  locally 
hydrodynamic  within  an  acoustic  wavelength  of  the  body  provided  the  speed  of 
advance  u  is  sufficiently  small. 

This  result  has  a  general  implication:  since  the  boundary  conditions  on  the 
fluid  flow  at  large  distances  from  a  source-like  disturbance  must  be  independent 
of  the  precise  nature  of  the  disturbance,  it  follows  that  the  condition 


cannot  be  imposed  in  any  unsteady  incompressible  flow  problem  as  a  physical 
boundary  condition.  In  particular,  this  includes  unsteady  closed  cavity  flows. 


6.  SUPERCAVITATENG  WEDGE  IN  SYMMETRICAL 
OSCILLATION 

We  consider  the  unsteady  cavity  flow  problem  for  a  supercavitating  wedge 
in  symmetrical  oscillation  where 
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7(0  =  7C  +  7ie'ikt  . 
<x(t)  =  0. 


(47) 


The  notation  j  =  is  introduced  in  this  section  in  order  to  reserve  the 

symbol  i  =  ^ I  for  use  with  the  complex  number  z  =  x  +  iy.  We  note  that 
j 2  =  _i ,  i*  =  -i,  but  ji  /  -l . 


The  linearization  u,v  «  u  and  consequently  cr«  l  is  assumed.  This 
problem  is  non-separable.  We  therefore  make  a  second  linearization  in  the  form 


i  -  *'0(y0<  •  (48) 

The  cavity  termination  point  is  thus  fixed  by  the  steady  state  solution  although 
the  nature  of  the  singularity  at  this  point  remains  to  be  determined.  We  may 
consider  the  flow  to  be  incompressible  provided  we  keep  in  mind  the  results  of 
Section  5  that  *  0  and  that  our  solution  will  represent  only  the  locally  hydro- 
dynamic  flow  within  an  acoustic  wavelength  of  the  wedge. 


The  second  linearization  implies  that  the  complex  perturbation  velocity  can 
be  written  as 


w(z,t)  =  wQ(z)  +  w1(z)e‘ikt 

where  IwJ  «  |wa|  .  Thus  only  the  sinusoidal  component  of  the  unsteady  velocity 
with  time  factor  e*ikt  is  determined.  The  problem  has  now  been  made  sepa¬ 
rable. 

The  steady  state  solution  is  given  by  Eq.  (20)  and  the  explicit  statement  of 
Eq.  (48)  is  contained  in  Eq.  (22).  We  shall,  however,  make  a  further  simplifica¬ 
tion  of  the  problem.  Since  la  »  l,  we  assume  that  the  wedge  can  be  repre¬ 
sented  as  a  time  dependent  singularity  at  the  origin  of  the  moving  coordinate 
system.  Referring  to  Fig.  7,  we  see  from  Eqs.  (7)  and  (8)  that 

u  +  £t  -  c/2  for  0  <  x  <  y  =  0±  .  (50) 

From  Section  2(d)  we  have 

w(z,t)  -  0  as  z  -  -  .  (51) 

By  symmetry, 

w(z,t)  =  w(z,  t)  .  (52) 


The  cavity  boundary 


y  =  h(x,t)  =  hQ(x)  +  h1(x)e')kt 


(53) 


is  unknown,  but  must  satisfy  the  closure  condition  (9).  For  the  steady  flow  com¬ 
ponent  »0  this  condition  reduces  to  Eq.  (19)  with  ~D  =  0. 
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Figure  7 


In  order  to  obtain  an  expression  for  cavity  closure  for  the  unsteady  flow,  we 
return  momentarily  to  the  wedge  of  unit  chord.  The  kinematic  condition,  Eq.  (8), 
can  be  solved  as  a  first  order  partial  differential  equation  in  h .  Restricting  our 
attention  to  the  upper  wedge  plus  cavity  boundary,  we  obtain 


h(x ,  t )  =  -  ^  v(-',  O^,  f  -  x  -  t)  df  ,  (54) 


where  h(-£,  t)  =  0  by  closure  and  h(l,t)  =  -/(t)  by  Eq.  (47).  We  have  from 
Eqs.  (47),  (48),  (49),  and  (54)  that 


V\  --  -  j  °  V,(f.  O-)e-ik(M)  df  .  (55) 


When  the  wedge  is  considered  as  a  singularity  at  the  origin,  Eq.  (55)  reduces  to 


-fo 

j  'TCf,  0-)  df  . 


Guerst  [7,  pp.  120-121]  obtained  the  elementary  solution 


to  the  steady  state  problem  where 


(55a) 


(56) 
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Using  our  result  from  Eq.  (22)  that  for  o-  «  1 , 


a 


1 


> 

o  Jo 


we  find  from  Eq.  (56)  that 


wQ(z)  ~ — —  as  z  -  0  ,  (57) 

77  \^—z 

where  v'-jT  =  x  1  2  for  x  <  o.  We  assume  that 

~2' 

w.(z)  ~  =r-  as  z  -  0  .  (58) 

77\ -z 

It  is  readily  verified  that  Eqs.  (57)  and  (58)  satisfy  the  kinematic  boundary  con¬ 
dition  (8)  in  the  limit  as  z  -  0  for  x  >  o  and  y  =  0±. 

On  the  cavity  boundary,  Eq.  (50)  reduces  to  the  condition 

u,(x,  Oi)  =  Ce)kx  (59) 

for  0  <  x  <  iQ  where  the  constant  C  is  as  yet  unknown.  We  are  thus  led  to  the 
following  Hilbert  problem  for  »i(z) : 


Wj*  -  =  0,  -  *  <  x  <  0  ,  "'j 

wj*  +  *j'  -  2Ceikx,  0  <  x  < 

*r  ■  wr  =  °-  ^  <  x  <  x  J 


(60) 


where 


The  solution  of  this  problem  with  singularities  of  less  than  integer  order 
permitted  at  z  =  0  and  at  z  =  *0  is 


Wi(z)  =  2=1 


where 


X(z)  = 


^  X(z)  J 


VZ(  z  -  O 


g(»  )  d; 


•X*(;)  (;  -  z) 


AX(z) 


’  (“7  as  *  -  x)’ 


(61) 


(62) 
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g(f)  =  2Cei^  , 


(63) 


and  A  is  an  unknown  constant. 

The  solution  (61)  may  be  verified  by  application  of  the  Plemelj  formulas.  In 
particular,  for  0  <  f  <  t  , 


X+(f0)  fE° 

wi(£0.  0+>  =  ~izr  J  ^ 


3in%-  ■  +^+AX+(A) 


(64) 


where 


X+(f0>  =  -i/ -  So)  ■ 

Taking  real  and  imaginary  parts  of  Eq.  (64),  we  obtain 

Uj(f0.  0+)  =  Ceikf°  . 


0+) 


-  f„)  Jo 


fo  eikVf(^0  -  f)  df 


(65) 


f 


Applying  the  closure  condition  (55a)  to  the  second  equation  of  (65)  and  per¬ 
forming  the  integrations,  we  obtain  after  some  calculation 


C  -  A 


U  e" '  2  J 

(J^j 

L'o 

V  2  / 

in 

77^. 


(66) 


Applying  results  concerning  the  evaluation  of  a  Cauchy  integral  near  the 
ends  of  the  line  of  integration  [13,  p.  74],  noting  that 

i 

>  '5 

X( z )  --  — —  as  z  -  0  , 
v  -z 

and  using  Eq.  (58),  we  obtain  from  solution  (61)  after  integration  that 


The  functions  JQ  and  Jx  are  Bessel  functions  of  the  first  kind  of  orders  zero 
and  one  respectively. 

The  system  of  Eqs.  (66)  and  (67)  can  be  solved  algebraically  for  C  and  A  as 
functions  of  yj,  k,  and  «■.  C  and  A  are  evidently  real  in  i  but  complex  in  j. 

For  the  limiting  case  of  very  slow  oscillation,  ktQ  -  0,  we  have 
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C 


A 


(68) 


The  solution  (61)  is  now  completely  determined.  It  is  singular  to  the  order 
1/2  at  z  =  0  and  z  =  lQ,  hence  Wu's  cavity  termination  condition  (23)  applies 
to  both  the  steady  and  the  unsteady  supercavitating  wedge  problems  as  a  derived 
condition.  The  constant  Ko  of  Eq.  (23)  is  complex  in  j  in  the  unsteady  case  and 
approaches  the  value  2  as  k-?o  -  o. 

Applying  Eq.  (15)  with  r=  0  to  solution  (61),  one  may  readily  demonstrate 
1 14 ,  p.  438]  that 


SX  =  j  2~P  (69) 

where 

S  =  S  +  S,  e-ikt 

O  1 

and  the  asymptotic  value,  of  So  for  a  «  1  is  given  by  Eq.  (22). 

By  an  argument  similar  to  that  used  in  Section  3,  we  can  show  any  solution 
wj  of  (60),  with  singularity  at  z  =  0  given  by  (58),  satisfying  the  closure  condi¬ 
tion  and  singular  to  the  order  3/2  -  e  with  e  >  o  at  z  =  must  be  identical 

with  the  we  have  obtained.  Guerst  [7,  pp.  122-124]  assumed  a  second  lineari¬ 
zation  of  the  cavity  length  in  the  form 


«t)  -  i0(y0.  c)  -  ^e-ik* 

and  obtained  a  solution  wx(z)  singular  to  the  order  3  2  at  z  -  '0.  Apart  from 
other  considerations  (he  assumed  ds/dt  =  o,  for  example)  his  solution  cannot 
be  demonstrated  to  be  unique  by  the  method  we  have  used. 

The  effect  of  compressibility  can  be  introduced  by  using  the  approach  of 
Section  5.  We  are  led  to  a  problem  of  Weiner-Hopf  type  for  the  Fourier  trans¬ 
form  <j>( i, y)  of  the  function  c2(x,y)  under  assumptions  corresponding  to  those 
of  Eqs.  (48)  and  (58).  This  problem  may  be  solved  by  the  approximate  method 
of  D.  S.  Jones  [23,  p.  178ff]  through  use  of  asymptotic  expansions  in  negative 
powers  of  the  cavity  length  io.  Although  such  considerations  are  beyond  the  in¬ 
tent  of  the  present  paper,  it  is  of  interest  to  note  that  the  uniqueness  of  «t>( a , y ) 
can  be  demonstrated  by  the  application  of  Liouville's  theorem  in  the  complex  i 
plane,  provided  the  singularities  of  c2  and  2 c2  '2y  are  at  most  of  order  3  '2  -  c 
with  €  >0  at  the  cavity  termination  point  -  the  same  circumstance  as  obtains 
for  incompressible  flow.  The  classical  Abelian  theorem  [25,  p.  3l]  relating  the 
behavior  of  v2  and  2  £2/2y  at  the  cavity  termination  point  to  the  behavior  of  1> 
at  a  =  must  be  extended  in  the  finite  part  sense  of  Riesz  [26]  in  order  that  we 
may  arrive  at  this  conclusion. 
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REVIEW  AND  EXTENSION  OF  THEORY 
FOR  NEAR-FIELD  PROPELLER- 
INDUCED  VIBRATORY  EFFECTS 


J.  P.  Breslin 
Davidson  Laboratory 
Stevens  Institute  of  Technology 
Hoboken,  Seiv  Jersey 


A  review  of  the  theoretical  studies  of  ship  propeller- induced  pressures 
and  forces  on  nearby  boundaries  in  the  last  decade  is  given  with  em¬ 
phasis  only  on  principal  results.  In  the  course  ofthis,  new  ar.d  very 
simple  formulas  for  the  near- field  pressures  are  given  for  the  first 
time.  Extension  of  the  theory  for  determining  the  blade  frequency  vi¬ 
bratory  force  and  couple  generated  on  bodies  with  transverse  curvature 
is  accomplished  by’  finding  the  pressures  on  a  cylinder  generated  by  an 
m-bladed  propeller  and  its  image  in  the  cylindrical  surface.  Surpris¬ 
ingly  simple  formulas  are  found  and  their  evaluations  show  the  strong 
dependence  of  the  excitation  on  blade  number  and  tip  clearance.  A 
method  for  calculating  vibratory  forces  on  actual  ship  forms  is  recom¬ 
mended  for  future  work  and  conclusions  based  on  present  knowledge 
are  drawn. 


NOMENCLATURE 


A.B.  coefficients 

a .  b 

B  plate  width  in  multiples  of  propeller  radius 
b  propeller  radius 

D  propeller  diameter 

D  x.-)  differential  operators 
F  force 
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f 


i.  J  .k 
J  =  U/nD 

Jn 

k 


n 

n 

n 

P 

q 

Q, 

R 


s 


T 

T'  =  T  -b2 


distance  from  propeller  axis  to  plate  in  multiples  of  propel¬ 
ler  radius 

direction  vectors 

advance  ratio 

Bessel  function  of  first  kind,  order  n 

dummy  variable 

subscript  denoting  loading 

source  strength 

number  of  blades  in  propeller 

revolutions  per  second 

order  of  harmonic 

unit  normal  to  helicoid 

pressure 

subscript  denoting  torque 

Legendre  function  of  second  kind,  non- integral  order  , 

distance  between  a  field  point  and  an  element  of  the  propeller 
blade 

radial  distance  to  point  on  blade  span 

effective  radius 

thrust 

thrust-disk  area  ratio 
thrust  coefficient 


t  subscript  denoting  thrust 

t  c  maximum  thickness  to  chord  length  ratio  at  effective  radius 
u  forward  speed 
V  resultant  velocity 
x.y.z  Cartesian  coordinates  of  a  point 
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x ,  r , */  cylindrical  coordinates  of  a  point 


ze  value  of  z  at  s  =  se 
fi  plate-chord  ratio 
circulation  strength 

« n  factor  of  nth  term  of  harmonic  series 

c  phase  lag  angle 
6  instantaneous  blade  angle 


V 


o 


C  =  tan'1  f  B 


order  of  Legendre  function 
coordinates  defined  in  Eq.  (4) 
mass  density  of  the  fluid 

angle  on  sector  projection  of  the  blade  in  the  v-z  plane 

half- sector  angle  of  blade  projection  in  v-z  plane 

dummy  variable  (elapsed  time) 

blade  thickness 

in  Eq.  (27) 

potential 

propeller  potential 
angular  velocity  of  blade 


Additional  Symbols 

A  diameter  of  cylinder  in  multiples  of  propeller  diameter 
a  radius  of  cylinder 

C  tip  clearance  in  fraction  of  propeller  diameter 
d  inter-axial  distance  (see  Figs.  10  and  11) 
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fCx.k) 
Hnfx,  r,s) 


K 


n 


M 


i  z 


n 


S 


x  -y 


function  defined  in  Eq.  (53) 
integral  defined  in  Eq.  (53) 
subscript  denoting  image 

modified  Bessel  function  of  second  kind,  order  n 

moment  about  vertical  axis 

normal  to  the  surface  of  sources 

distance  defined  in  Figs.  10  and  11 

surface  of  sources 

normal  velocity  of  flow 

propeller  Cartesian  coordinates 


~  =  ni/U 

y'  angle  defined  in  Figs.  10  and  11 
Dirac  delta  function  of  • 
angle  defined  in  Fig.  10 


INTRODUCTION 

Naval  and  merchant  ships  are  all  too  frequently  subject  to  objectionable 
vibration  in  spite  of  the  very  able  efforts  of  their  designers  and  builders  to 
avoid  such  difficulties.  Vibrations  may  arise  from  unbalanced  machinery, 
shafting  and  propellers.  More  often  than  not  this  type  of  vibration  is  associated 
with  shaft  frequency  or  once-per-revolution  and.  moreover,  it  can  be  eliminated 
with  appropriate  care  by  dynamic  balancing  of  rotating  parts.  In  many  instances 
the  source  of  most  objectionable  vibration  is  the  propeller  which  can  generate 
vibratory  forces  and  moments  at  integer  multiples  of  blade  frequency,  i.e.,  in¬ 
teger  multiples  of  the  number  of  blades  times  the  shaft  revolutions  per  second. 
Of  these  blade-frequency  effects,  generally  the  fundamental  is  the  strongest  and 
responsible  for  the  most  serious  vibration.  This  paper  is  concerned  only  with 
the  near-field  pressures  and  associated  induced  forces  at  blade  frequency,  the 
second  and  higher  harmonics  being  neglected  for  sake  of  simplicity.  The  vibra¬ 
tory  effects  generated  by  the  varying  thrust  and  torque  developed  on  the  blades 
moving  through  the  hull  wake  are  important  mechanisms  for  vibration,  but  these 
are  not  considered  herein. 

One  may  reasonably  ask— why  bother  to  investigate  the  near  field  pressures 
since  we  know  intuitively  that  increasing  the  number  of  blades  and  increasing 
the  clearances  between  the  propeller  and  the  surrounding  structural  members 
will  invariably  reduce  the  effectiveness  of  the  propeller  field  in  causing 
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appreciable  vibratory  forces  ?  The  answer  to  this  is  simply  that  a  ship  (like  all 
structures)  must  meet  many  requirements  and  hence  its  design  must  be  a  series 
of  compromises.  But  compromises  cannot  be  rationally  assessed  without  know¬ 
ing  the  relative  gain  which  is  achieved  by  changing  one  or  i^iOre  parameters. 
Until  one  can  assess  numerically  the  advantage  (in  regard  to  reduction  of  exci¬ 
tation)  of,  say,  increasing  the  number  of  blades  from  3  to  5  against  the  degrad¬ 
ing  of  propeller  efficiency,  it  is  not  possible  to  make  the  choice  intelligently. 
This,  then,  is  the  reason  for  the  research  reported  upon  in  this  paper— to  give 
methods  by  which  the  reduction  of  propeller-generated  excitation,  with  increase 
of  blade  number,  tip  clearance  and  size  of  boundary  (relative  to  the  propeller), 
can  be  described  numerically.  When  this  can  be  done  for  practical  ship- 
propeller  configurations,  then  and  only  then  will  the  naval  architect  have  a  foun¬ 
dation  for  judging  how  far  he  may  prejudice  a  ship  design  toward  abatement  of 
propeller  near-field  excitation. 

This  work  has  been  largely  supported  by  the  Bureau  of  Ships'  Fundamental 
Hydromechanics  Research  Program,  technically  administered  by  the  David  W. 
Taylor  Model  Basin. 


REVIEW  OF  EXISTING  THEORETICAL  STUDIES 
Fields  Generated  by  Propellers  in  Uniform  Inflow 

Mathematical  analysis  of  the  flow  at  the  blades  of  a  ship  propeller  date  back 
many  years.  However,  the  application  of  vortex  line  theory  to  predict  the  near 
field  effects  about  marine  propellers”  was  first  made  (to  the  writer's  knowledge) 
by  Russian  investigators  during  the  early  1950's.  This  work  has  been  summa¬ 
rized  in  a  recent  book  by  Babaev  and  Lentjakov  [2]  which  deals  in  part  with 
hydrodynamic  studies  and  in  part  with  the  vibratory  response  of  ship  hulls. 

Since  this  text  has  come  to  hand  during  the  writing  of  this  paper,  it  is  not  possi¬ 
ble  to  give  an  authoritative  assessment  of  this  Russian  research.  It  does  seem 
that  their  chief  three-dimensional  hydrodynamic  pressure  field  analysis  is  lim¬ 
ited  to  the  vortex  line  representation  of  a  propeller  having  an  inclination  to  the 
direction  of  motion.  These  formulas  have  been  checked  for  the  case  of  zero  in¬ 
clination  with  results  obtained  independently  by  Pohl  [3]  and  Breslin  [4].  Ba¬ 
baev's  expressions  for  zero  shaft  inclination  in  the  absence  of  boundaries  is, 
for  a  single  blade,  given  by  (our  novation) 

p  =  Pi  *  P;  -  ?3 

where  p1(  p2,  p3  are  the  contributions  of  the  helical,  bound  and  hub  vortex  re¬ 
spectively.  These  are  given  by 


_ 9  r 


"  t- 


-  1 


r*  -  b*  -  2  b  r  cos 


(la) 


"Gutin  [l]  gave  formulas  for  the  far  field  =o-nd  of  an  airscrew  a:  zero  forward 
speed  (which  embraced  the  incompressible  case)  in  l34c. 
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where 


t'~Ta  r  J  sin  ( 5-  y)  -  ttx  cos  ( 5  -  /)' 
2^2  x2  +  r2  sin2  C  f  -  y) 


r  cos  ( 5  -  7)  -  b  r  cos  ( y  -  y)  1 

\/x2-‘-r2->-b2-  2br  cos  (£--/)  v  x  2  *  r 2 


f/jJl 

3  3  ~  4^ 


1  - 


■/x2  *  ri 


(lb) 

(lc) 


p  is  the  mass  density  of  the  fluid 

is  the  angular  velocity  of  the  blade 

ro  is  the  circulation  strength  (taken  to  be  constant) 

x.  r.  v  are  cylindrical  coordinates  with  origin  at  the  propeller  center 

f  is  the  instantaneous  blade  angle  measured  counterclockwise  from 
the  horizontal  positive  y  axis. 

The  hub  vortex  contributes  no  blade  frequency  effects  since  it  is  independ¬ 
ent  of  as  is  to  be  expected  on  physical  grounds.  For  an  r.  -bladed  propeller 
the  Russian  analysis  adds  the  corresponding  terms  from  each  blade  by  indexing 
the  angle  -  appropriately  and  then  presumably  performs  a  harmonic  analysis 
on  this  sum  to  pick  out  the  blade-frequency  pressure  and  its  integer  harmonics. 
This  is  a  "frontal  assault"  on  the  determination  of  the  blade  frequency  content 
of  the  pressure  which  gives  no  insight  into  the  dependence  on  blade  number  and 
upon  location  of  the  field  point  of  interest.  It  is  fair  to  say  that  the  analysis 
given  in  this  present  paper  goes  far  beyond  this  by  avoiding  the  necessity  for 
the  considerable  numerical  work  entailed  in  calculating  the  harmonic  coeffi¬ 
cients.  Moreover,  Babaev  does  not  develop  formulas  to  account  for  the  pressure 
field  associated  with  blade  thickness  which,  as  will  be  shown  later,  appears  to 
us  to  be  essential  in  order  to  interpret  existing  data.  It  would  be  most  interest¬ 
ing  to  learn  from  Babaev  how  they  can  get  the  agreement  with  pressure  meas¬ 
urements  which  are  exhibited  in  his  book. 


Electrical  analog  work  by  the  pioneer  in  the  field  of  ship  vibration,  Profes¬ 
sor  Frank  M.  Lewis,  was  carried  out  in  the  mid  1930's  5’.  This  work  produced 
interesting  contours  of  pressure  by  measuring  the  magnetic  field  set  up  by  the 
electric  current  through  a  set  of  wires  shaped  in  a  helicoid  to  represent  the 
vortex  pattern  similar  to  that  shown  schematically  in  Fig.  1.  However,  this 
procedure  proved  so  laborious  that  Professor  Lewis  did  not  vary  parameters 
such  as  clearance,  loading  and  number  of  blades.  Furthermore,  as  we  shall  see 
later,  the  vortex  representation  of  a  propeller  is  not  sufficient  to  describe  the 
hydrodynamic  field. 

Concurrent  work  in  Germany  by  Pohl  and  in  the  United  States  by  Breslin 
yielded  expressions  for  the  total  pressure  ai  ishig  from  the  thrust  and  torque 
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load  distribution  on  the  blades.  Neither  investigator  at  that  time  (1956)  showed 
how  to  find  the  harmonic  content  of  the  total  pressure  except  by  performing  a 
harmonic  analysis  on  the  signature  from  a  single  blade  using  numerical  proce¬ 
dures. 

Initial  numerical  results  from  this  simple  lifting  line  representation  by 
Breslin  appeared  to  give  good  agreement  with  pressure  measurements  made  by 
Tachmindji  and  Dickerson  [6].  However,  checks  conducted  by  Tsakonas  revealed 
numerical  errors  (but  no  errors  in  principle!)  and  when  these  were  corrected, 
the  predictions  of  the  pressure  field  from  vortex  theory  were  far  below  those 
obtained  from  measurement.  Furthermore,  these  data  showed  a  large  fore-and- 
aft  asymmetry  in  the  magnitude  of  the  pressure  distribution,  whereas  the  theory 
shows  a  symmetrical  distribution  of  the  modulus  of  the  pressure. 

It  was  then  conjectured  by  the  writer  that  the  blade  thickness  might  be  re¬ 
sponsible  for  a  pressure  signature  which  would  be  as  important  as  that  arising 
from  blade  loading.  This  thought  follows  from  the  exceedingly  simple  formula 
[7]  for  the  minimum  pressure  on  two-dimensional  foil  sections  having  thickness 
ratio  t/c  and  lift  coefficient  CL  from  camber  alone: 


Z 
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(2) 


where  the  coefficients  a  and  b  depend  upon  the  shape  of  the  thickness  distribu¬ 
tion  and  the  shape  of  the  camber  line  respectively.  Practical  values  of  a  range 
from  2  to  3  and  values  of  b  from  0.5  to  0.7;  sections  designed  to  avoid  cavita¬ 
tion  will  have  values  of  a  ••  2  3  and  b  0.  6.  Insertion  of  practical  values  of 
t/c  and  cL  in  the  equation 


j^~  -  -  (2.3^  0.6  CL)  (3) 

2  L 

wi.ll  show  that  the  contribution  from  thickness  will  be  nearly  equal  to  that  from 
designed  lift.  Since  this  is  true  on  the  foil,  it  may  be  expected  to  be  true  in  the 
near  field.  Some  regions  of  the  field  will  be  more  affected  by  thickness  than 
loading  and  the  reverse  will  be  true  for  other  regions  because  the  flows  (in  two 
dimensions)  due  to  sources  and  sinks  (thickness)  are  orthogonal  to  those  due  to 
vortices  (thrust  and  torque  loading). 

Calculations  were  then  made  to  include  the  effect  of  blade  thickness.  In  the 
course  of  this  work,  Tsakonas  [8]  developed  formulas  for  the  blade  frequency 
constituents  of  the  pressure,  expressing  them  in  closed  form  in  terms  of  tabu¬ 
lated  elliptic  integrals.  Comparison  with  experiments  then  showed  striking 
agreement.  A  sketch  of  the  theory  and  the  pertinent  formulas  expressed  in  a 
new  form  may  serve  to  clarify  these  remarks. 

The  velocity  potential  of  a  propeller  can  be  written  in  terms  of  a  distribution 
of  doublets  whose  axes  are  perpendicular  to  the  helicoidal  surface  swept  out  by 
the  advancing  blade  (or  bound  vortex).  It  is  convenient  to  superpose  a  uniform 
flow  -u  to  bring  the  translational  motion  of  the  propeller  to  rest.  The  velocity 
potential  is  then 


;  '  r-[  [ 


f s)  n  •  “  R  1  ds  'ds  -  Ux 


(4) 


where 

b  is  the  propeller  radius 

r  is  the  circulation  distribution 

R  =  [<■*-  *  (V--13  -  (z-  l)2J 


-V-:  -  =  s  cos  ( f  -  -  “ ) :  -  s  sin 

is  the  unit  normal  to  the  helicoid  given  by 
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i 

j 

k 

_  -  i 

n  - 

s  /  V  - 

S  i/ll2  -  fus)2 

0 

S  COS  (0-'j*T) 

s  sin  (  5  -  v.t) 

-U 

o.  s  sin  (  0  -  'j,~  ) 

-u,s  cos  (b-'j.-r) 

and 

5  is  the  radial  distance  to  any  point  on  the  blade  span  or  point  in 
the  wake 

ds '  is  an  element  of  the  arc-length  in  the  helix 

=  fU2  +  fus)2)1  2  d-  . 

From  the  above  formula  we  can  see  that  the  helicoid  is  entirely  covered  by 
doublets  which  may  be  thought  of  as  merely  drifting  downstream  at  the  orienta¬ 
tion  they  had  when  they  were  formed  at  the  "trailing  edge”  or  bound  vortex.  The 
dummy  variable  -  may  be  thought  of  as  elapsed  time,  -l-  being  the  x-wise 
drift  of  any  doublet  element  during  the  time  Introduction  of  cylindrical  co¬ 
ordinates  x.  r,  v  and  reduction  of  the  vector  product  yields  for  the  propeller 
potential 


:  =  f  f  [  .Is  D'x  R‘:  d-ds  .  (5) 

•'o  Jri 

where  R  now  is  in  the  form 

,  ,  ,  - 1  2 
R  =  j^fx  -  f- j  2  -  r  i  -  s  i  -  2rs  cos  '  -  - 

and  D  fx,  ?)  is  a  differential  operator  given  by 


D  '  X  .  7 


(6) 


It  will  now  be  demonstrated  that  the  pressure  field  due  to  the  circulation  or 
loading  distribution  depends  only  on  the  loading  over  the  blade  and  not  upon  the 
wake.  To  do  this,  it  is  necessary  to  prepare  Eq.  (5)  by  letting  =  x  -  l'-;  then 

d-  =  it' d  This  puts  the  potential  of  the  propeller  in  (5)  in  the  form 


p 


s  Df  x.  r) 


v.  L 


•)  ~> 

r  *  -  s  * 


2rs  cos 


_x 
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~^r~2  >  (") 

~  .  j 


The  linearized  pressure  difference  p  calculated  with  respect  to  axes  fixed  at 
the  point  about  which  the  propeller  rotates  is  specified  by 
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Application  of  (8)  to  (7)  results  in 


(8) 


+  -d- 

b 
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J-2-r2-s2- 
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b 

1, 
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X 

U "c\  d-  ds 

4-f  U 

i^'2-r2*s2-2rs  cos  yT  -  • 

ds 


1  2 


(9) 


The  la  -t  integral  which  represents  the  effect  of  the  wake  is  seen  to  be  zero  be¬ 
cause  the  f-  and  x -differentiations  of  cos  (r  •  ix  l'  -  v  -  )  produce  oppo¬ 

site  and  equal  terms.  The  first  integral  in  (9)  is  evaluated  very  readily  giving 


4  ~x  1 


s.-(  s)  ds 


x2-  r2-  s2-  2r 


s  cos  (  -  -  ■ 


1  1  2 


4-  c- 


1  .  '  s  )  ds 


"o  [x2  -  r2  -  s2  -  2rs 


1  1  2 
>1 


(10) 


From  the  structure  of  these  terms  which  can  be  seen  to  be  potentials  of 
x-directed  and  :-  or  tangentially-directed  doublets,  we  may  infer  that  they 
are  the  pressures  associated  with  thrust  and  torque-producing  loadings  respec¬ 
tively. 

The  blade  frequency  content  of  this  single-bladed  pressure  field  can  be 
adroitly  secured  by  making  use  of  the  expansion 


,  1 - -  I-! 

r  2  -  s  *  -  2rs  cos  (  -  -  •  }J  -  =  :  J  o 


ks  e 


gk  cos  n 


(11) 


where 

cn  =  1  for  n  =  0, 

=  2  for  n  >  0 ,  and 

Jn  is  the  Bessel  function  of  the  first  kind,  order 

Since  each  blade  produces  an  exactly  similar  term  with  increased  by  the 
angle  between  ths;  blades,  the  pressure  at  blade  frequency  for  an  --bladed  pro¬ 
peller  is  simply  r-, -times  that  of  the  -th  harmonic  of  the  pressure  from  a  single 
blade.  Hence 
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-b  J* 
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Pq  =  —  -5  J  s  l.(s)  j  Jm(kr)  Jm(ks)  e  dkds  cos  mf  f  -  v)  .  (13) 


Inspection  ol  the  last  expressions  shows  that  p,  is  an  odd  function  of  x 
whereas  pqm)  is  an  even  function  of  x  and  is  out  of  phase  with  pt"  since 

(  m) 

Pq  sin  m  (£--/)  . 

The  integrals  in  (10)  can  be  carried  out  in  terms  of  elliptic  integrals  for 
constant  r  as  shown  by  Tsakonas  [8].  However,  these  expressions  are  cumber¬ 
some  and  now  a  more  adroit  reduction  is  afforded  by  the  fact  that  the  k -integral 
can  be  expressed  in  terms  of  a  tabulated  function,  i.e., 

I  J-/kr>  Jr(ks)  e‘  X  k  dk  =  —L—  Q.(Z)  .  (14) 

Jr>  '  -  \  T  S  ' 

where 
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and  Qv  is  the  Legendre  function  of  the  second  kind  of  non- integer  order 
Then  the  pressure  constituents  can  be  written 
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A  useful  and  sufficiently  good  approximation  may  now  be  made  by  setting 
s  -  se  an  "effective  radius."  Experience  with  exact  and  "effective  radius-  cal¬ 
culations  shows  se  --  0.6b. 

The  circulation  may  be  written  in  terms  of  the  thrust  per  blade  by  taking 
.  (s)  =  ro  •  s(b  -  si  (r  =  0  at  root  and  blade  tip)  and  by  making  use  of  the  Kutta- 
Joukowsky  relation 
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one  may  find  ro  =  l2T/pm,,b4.  Using  these  relations  (15)  can  be  put  into  the  form 
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the  total  thrust-disk  area  ratio  and  j  is  the  advance  ratio  U  nD,  n  being  revolu¬ 
tions  per  second  and  D  propeller  diameter. 

This  solution*  for  the  blade-frequency  pressure  is  particularly  useful  now 
that  Sluyter  [9]  and  his  colleagues  have  published  more  extensive  tables  of  the 
Legendre  function  Q,(Z)  than  have  previously  existed. 

The  effect  of  blade  thickness  may  be  estimated  from  a  source-sink  distri¬ 
bution  in  the  form  of  a  circular  sector  in  the  v.  z  plane  whose  centerline  is  at 
the  blade  position  f  which  is  specified  by  the  angular  interval  f  -  r  to  - 
The  source  strength  \i  at  any  location  is  taken  as  in  thin  body  theory  to  be 
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where  -  is  the  local  blade  thickness. 
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The  velocity  potential  is 
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i  r  p  ~'d~ ds 

y  Vs)  y— ; 

0  •  ~c  Lx2  -  r2  -  s2  -  2rs  cos  -  -r  ] 


(18) 


The  blade  frequency  contribution  from  the  thickness  distribution  of  all  -.  blades 
is 


>-•’  -7'  ,j  f  j" 


J_(kr )  J_(  ks)e  dk  Vf  s )  -  '  c  js  ;----r)drds 

(Cent.) 


*This  form  of  the  blade  frequency  pressure  has  no:  been  previously  published. 
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Z7  {  j  ‘J  J.^r)  JBfks) 


k 

dk  Vfs]  -'(  T)  cos  t/  v  -  y  -  r  dr  ds 


As  before,  the  k-integrals  may  be  replaced  by  Legendre  functions  of  the  second 
kind.  The  -integrals  can  be  carried  out  with  ease  for  the  simple  case  of  a  bi¬ 
convex  blade  section  which  has  a  finite  slope  at  the  leading  and  trailing  edges 
and  a  constant  radius  of  curvature.  These  operations  reduce  the  above  expres¬ 
sions  to 


<  m) 

Pr 


2  ■  U  x  f  Vi  s  ) 
_2  r3  2  Jo  s3  2 


Vi 


O'  ( Z)  ds  cos  f  c.r  -  i)  sin  sir  -  ) 


2mpi.  1 

—  2  rl  2 


0  ( Z)  ds  cos 


-  )  cos  -J  z  -  '. ) . 


where 


v  and  Z  are  as  defined  above.  The  term  (-  r.)2  <<  -'fro>  for  thin  sections;  in 
addition  the  product  Vfs)  ~'(r0)  is  nearly  constant  over  the  blade  span.  The 
effective  radius  concept  can  again  be  used  (the  singularity  at  s  =  0  due  to  s’3  2 
is  only  apparent,  being  absorbed  by  q(). 


This  pressure  may  be  reduced  to  the  same  basis  as  the  thrust  and  torque 
contributions  by  introducing  the  thrust  loading  coefficient  defined  by 
T’  =  12  l2Tc.  The  result  is 


P- 
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-  -  I  11-^- 

8ft  c)  '  2  V  bj 

t. 


'Z,Q  2.  -  0..,  2, 


,  3  2 


8r,ft  C)  I  Je 

-JTC  f  1  *  bj  Q.  ze1  j  r 


cosfar  -  cos  rr 


(19) 


where  a  factor 


has  been  taken  to  be  unity  since  l  -,.-o  l  0. 
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Use  has  been  made  of  the  geometric  relationships 


and 


T'(rn)  -  -2s,/t/c) 


■  2s  J  t/c) 


ar  »rj 


The  ratio  t/c  is  the  blade  thickness  at  the  effective  radius  se. 

Inspection  of  (16)  and  (19)  shows  that  both  thickness  and  loading  effects  are 
made  up  of  two  terms,  one  odd  in  x,  the  other  even  in  x.  They  may  be  written 
in  the  following  form  to  reveal  their  constructive  and  destructive  interference 
for  points  forward  and  ait  of  the  propeller  respectively: 


*4  /  v  \  m  rr. 

T7  =  "  (7)  At  (x'  r)  cos  -  /)  -  8q  (*•  n  sin  r 


P_m  m  hscx  _ 

-  A.  ( x .  r  )  cos  if  -  .)  -  - — — -  B  _  ''x.rj  sin-.  (  -  ) 
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3  2 


where 


(20) 
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/b  -  /s. 


1  2 


Mx  ri  _  ~  ~ir~  T/  -  o.-i  z4 
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rr.  5J~ 

B  fx.r  -  4-  — —  Q  7.c 
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1  2 


(22) 


/  -  2  ,  12 

rr.  SW  t  c) 

A.fx.r)  -4^ y  i  *  tj  T, 


0.  Z  cos  c- 


(23) 


B.  C  x  .  r 


*  -  *  b)  T  2  , 

2t,  ,2.,  I rr  z*  -°->z*:CM 


(24) 


(A  factor  J\  -  (--c)~2  has  been  taken  as  unity- since  '2  i  ). 

Here  all  the  A's  and  B's  are  even  functions  of  x.  Thus  it  is  clear  that 
both  in-phase  components  add  together  for  points  forward  of  the  propeller,  but 
are  opposed  in  sign  aft  of  the  propeller.  Thus  the  modulus  or  amplitude 
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will  show  a  marked  variation  with  x,  being  much  larger  forward  of  the  propeller 
than  aft  and  this  is  a  basic  feature  revealed  by  pressure  measurements  [6]. 

Asymptotic  formulas  which  reveal  the  rate  at  which  these  pressure  fields 
decay  beyond  about  one  radius  may  be  easily  deduced  from  the  series  expansion 
of  the  Legendre  function: 


Q.JZ) 


(V  +  1) 


(I) 


r  [- .  I' 


z""“ 


where  (u)  is  the  Gamma  function. 


(25) 


jFjf  a,b;  c  :  x) 


abx  af  a  -  1  bib  -  1 )  x2 
l'c  2’  cfc  -  1 ) 


the  hypergeometric  series. 

It  is  sufficient  to  retain  only  the  first  term  of  the  hypergeometric  series. 
Table  1  shows  the  coefficients  for  the  various  terms  for  3,  4  and  5-bladed  pro¬ 
pellers.  It  is  clear  that  the  fields  decay  extremely  rapidly  with  increase  of 
blade  number. 


Application  of  (16)  and  (19)  to  conditions  obtained  in  model  tests  by  Tach- 
mindji  and  Dickerson  (6]  and  unpublished  data  obtained  at  the  National  Physical 
Laboratory  in  England  are  shown  on  Figs.  2  and  3.  The  variation  with  x  at  a 
tip  clearance  of  about  0.1  OD  is  seen  to  be  fairly  good  in  spite  of  the  fact  that  the 
theory  is  not  expected  to  be  good  for  such  low  tip  clearances. 


Table  1 

Asymptotic  Formulas  for  the  Free  Space  Pressure  Field 
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Note:  A  practical  value  for  s?  is  0.6b. 
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Fig.  2a  -  Variation  of  blade-frequency  pressure  with  axial 
distance  along  a  line  of  constant  r  b  =  1.196 


Figure  3a  shows  that  the  theory  underestimates  the  NPL  data.  This  is  not  sur¬ 
prising  since  the  development  is  applicable  only  to  lightly  loaded  propellers.  A 
more  complete  treatment  would  be  required  to  encompass  this  condition  for  low 
values  of  the  advance  ratio  (J  =  0.30).  This  would  involve  accounting  for  the 
shape  and  magnitude  of  the  chordwise  loading  and  possibly  contributions  from 
non-linear  relations  between  section  lift  and  angle  of  attack.  It  is  not  believed 
important  for  the  more  important  applications  of  the  theory  to  go  into  these 
complications.  It  is  rewarding  to  note  that  the  general  asymmetrical  character 
of  the  pressure  field  is  correctly  indicated  even  in  this  case  and  that  at  least 
the  order  of  magnitude  is  given  by  this  relatively  simple  theory.  Very  good 
agreement  is  indicated  for  practical  tip  clearances  >  0. 15  D. 
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Fig.  2b  -  Variation  of  blade- frequency  pressure 
with  tip  clearance  at  x  D  =0.153 


Fields  Generated  in  Non-Uniform  Inflow 

When  the  flow  to  a  propeller  is  spatially  non-uniform,  the  pressure  distri¬ 
bution  over  the  blades  is  non- stationary  and  hence  the  near  field  pressures  may 
be  expected  to  be  considerably  different  than  in  the  case  of  uniform  inflow.  The 
circulation  distribution  may  now  be  thought  of  as  being  replaced  by  a  directed 
pressure  loading  which  contains  all  blade  harmonics,  in  principle.  These  har¬ 
monics  combine  with  the  harmonics  of  the  space  function  l  R  to  give  an  entire 
range  of  cross  products  of  differing  harmonics.  Again  one  retains  only  those 
combinations  of  loading  and  space-function  harmonics  which  are  at  blade  fre¬ 
quency  as  all  others  (except  integer  multiples  of  these)  sum  to  zero.  Thus  the 
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Fig.  3a  -  Variation  of  blade- frequency  pressure  with  axial 
distance  along  a  line  of  constant  r  b  =  1.25 


blade  frequency  content  of  the  blade  loading  combines  with  the  zero  harmonic  of 
l  R  and  all  other  possible  combinations  up  to  the  zero  harmonic  of  the  loading 
with  the  blade  harmonic  of  1  R.  Only  certain  of  these  terms  are  dominant,  but 
in  the  near  field  it  is  not  possible  to  make  a  simple  rule  applicable  to  all  points. 

It  is  certainly  obvious  that  the  not-too-near  field,  say  beyond  a  propeller  radius, 
will  be  dominated  by  the  term  involving  the  blade  frequency  part  of  the  loading 
with  the  zero  harmonic  of  the  space -function  since  this  has  the  slowest  spatial 
decay.  The  calculations  which  are  quite  involved  are  detailed  by  Tsakonas  [lO] 
and  will  not  be  given  here  for  brevity.  Figure  4  shows  results  of  such  calcula¬ 
tions.  Here  it  can  be  seen  that  very  close  to  the  propeller  the  increase  due  to 
non -uniformity  is  at  most  20  percent  but  beyond  x  d  -  0.4  the  percentage  change 
in  the  pressure  over  the  uniform  case  is  much  greater.  At  such  distances  all 
the  pressures  are  small,  but  the  slow  rate  of  decay  of  the  constituents  arising 
from  non -uniformity  may  have  an  important  effect  on  vibratory  forces  and  mo¬ 
ments  associated  with  these  pressures.  It  must  be  noted,  however,  that  the 
pressure  due  to  thickness  is  not  included  in  Fig.  4  so  that  the  relative  effect 
close  to  the  propeller  arising  from  non-uniform  inflow  is  of  the  order  of  10 
percent  for  the  particular  wake  used  in  these  calculations. 


620 


Review  of  Theory  for  Propeller-Induced  Vibratory  Effects 


o  o  05  0.10  0  15 

I _ l _ i _ . 

I  0  I  I  1.2  I  3 

f/6  - «- 


Fig.  3b  -  Variation  of  blade-frequency  pressure 
with  tip  clearance  at  x  D  =  0.10 


Forces  Generated  on  Boundaries 

A  two-dimensional  analysis  yielding  the  cross  force  generated  by  a  single 
blade  represented  as  a  single  vortex  traversing  a  stream  in  the  neighborhood  of 
a  plate  has  been  given  by  the  writer  [  1 1  ].  The  lateral  force  on  the  plate  was 
found  to  be 


Ffyl 


Fl  ' 


(26) 


where 

F  is  the  quasi-steady  force  associated  with  the  distributed  instantaneous 
angle  of  attack  induced  on  the  plate,  and 
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Fig.  4  -  Near-field  pressure  distribution  for  the  first  blade  harmonic 
of  4-blade  propeller  analog  I*  (radial  distance  r  =  0.5D) 


F,  is  the  added- mass  effect  due  to  the  acceleration  induced  by  the  vor¬ 
tex  flow. 

The  factor  of  1/2  is  the  limit  of  the  unsteady  correction  to  the  circulation- 
associated  force  for  a  practical  value  of  the  ratio  of  vortex  traversing  speed  to 
the  free  stream  speed.  Results  of  the  calculations  are  shown  on  Figs.  5,  6,  and 
7.  Comparison  of  Figs.  5  and  6  shows  a  much  larger  force  associated  with  the 
case  of  a  plate  upstream  of  the  vortex  (skeg  or  strut-propeller  configuration)  as 
compared  with  the  plate  downstream  (rudder -propeller  arrangement).  Figure  7 
shows  the  variation  of  the  maxima  of  these  forces  with  clearance  to  plate-chord 
ratio  ■  =  a  L.  The  forces  decay  relatively  slowly  with  It  is  of  interest  that 
the  cross  forces  can  be  of  the  order  of  the  thrust  on  the  vortex.  This  theory  is 
most  assuredly  rudimentary,  further  work  to  extend  the  analysis  to  include 
effects  of  finite  blade  chord  and  blade-plate  interaction  having  been  recently 
done  by  Lurye  [  12]  and  colleagues.  Effects  of  blade  thickness  will  also  be  im¬ 
portant  and  these  have  not  been  determined. 

Forces  have  been  calculated  [l 3]  on  a  plate  of  finite  width  and  infinite  length 
due  to  the  pressure  distribution  generated  by  an  - -bladed  propeller  on  an  axis 
parallel  to  the  longitudinal  centerline  of  the  plate.  The  pressures  on  the  plate 
are  taken  as  twice  the  free  space  pressures  generated  by  loading  and  blade 
thickness.  Thus  the  answers  are  approximate  for  plate  widths  small  compared 
to  the  propeller  radius.  Only  one  term  from  the  loading  (torque)  and  one  from 
the  blade  thickness  (that  due  to  rotation)  contribute  to  the  force.  The  blade- 
frequency  vertical  force  from  loading  is  given  by 
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Fig.  6  -  Sum  of  forces  (1  2  F  Fj)  developed  on  a  flat  plate 
directly  upstream  of  a  traversing  vortex  as  a  function  of  vor¬ 
tex  position  and  clearance  ratio  (for  a  speed  ratio  r  =  V  U  =  2.0) 


The  blade-thickness  contribution  results  in  the  force: 
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Fig.  5  -  Sum  of  forces  (1  2  F0  4  F|)  developed  on  a  flat  plate 
directly  downstream  of  a  traversing  vortex  as  a  function  of  vor¬ 
tex  position  and  clearance  ratio  (for  a  speed  ratio  r  =  V  1'  =  2.0) 


where 
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B  is  the  plate  width  in  multiples  of  propeller  radius 

f  is  the  distance  from  the  propeller  axis  to  the  plate  in  multiples  of  pro¬ 
peller  radius. 
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Fig.  6  -  Sum  of  forces  (1  2  F0  +  F1)  developed  on  a  flat  plate 
directly  upstream  of  a  traversing  vortex  as  a  function  of  vor¬ 
tex  position  and  clearance  ratio  (for  a  speed  ratio  r  =  V  U  =  2.0) 


The  blade-thickness  contribution  results  in  the  force: 
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Fig.  7  -  Maximum  force  on  a  plate 
forward  and  aft  of  traversing  vortex 


and  similar  expressions  for  the  moments  about  a  transverse  axis  arising  from 
the  companion  pressure  terms.  Figures  8  and  9  give  results  for  the  total  force 
amplitude  for  three-  and  four-bladed  propellers  as  a  function  of  plate  width.  It 
will  be  noted  that  as  the  plate  width  is  made  infinite,  the  force  decays  quickly  to 
zero,  a  result  which  had  been  previously  obtained  by  Pohl  [3]  and  Breslin  [  1 1] . 
Application  to  a  cruiser  or  a  destroyer  where  the  half -beam  in  way  of  the  pro¬ 
pellers  is  the  order  of  2  diameters  could  result  in  a  force  of  the  order  of  2  per¬ 
cent  of  the  total  thrust  considering  twin  screws  operating  in  phase.  At  high 
speed  the  thrust  required  by  a  destroyer  is  of  the  order  of  4  percent  of  the  dis¬ 
placement  (say  4000  long  tons)  or  a  thrust  of  160  long  tons.  Thus  the  vibratory 
force  may  be  of  the  order  of  3.2  long  tons.  Such  a  force  acting  at  the  resonant 
frequencies  of  one  or  more  of  the  hull  (or  sub- structural)  modes  can  produce 
very  objectionable  vibration  of  the  main  hull  girder  or  local  sub-structure. 

Forces  on  portions  of  infinite  plates,  wedges  and  other  shapes  have  been 
calculated  by  Pohl  [  14],  but  these  do  not  take  into  account  the  influence  of  the 
shape  of  the  boundary  in  modifying  the  pressure  field.  Pressures  on  wedges 
due  to  a  moving  concentrated  force  have  been  computed  by  Reed  [  15]  et  al,  but 
unfortunately  the  resulting  formula  is  unwieldy.  Their  calculations  show  some 
conditions  in  which  the  pressure  on  the  boundary  is  greater  than  twice  the  free- 
space  pressure  caused  by  the  moving  force,  but  generally  this  pressure  ratio  is 
between  1.0  and  2.0. 
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Fig.  9  -  Four-bladed  propeller  (3192),  m  =  4,  J  =  0.8, 
B  =  y  b,  amplitude  of  total  vertical  force  due  to  pro¬ 
peller  on  infinitely  long  flat  plates  of  different  widths  2B 


EXTENSION  TO  CYLINDRICAL  BOUNDARIES 
Force  and  Moment  Arising  from  Blade  Thickness 

A  basic  requirement  in  calculating  the  force  on  a  body  due  to  the  nearby 
motion  of  a  disturbing  form  is  the  determination  of  the  ’’image"  of  that  form  in 
the  primary  body.  Since  the  source  is  the  basic  building  block,  this  amounts  to 
finding  the  image  of  a  source  in  the  boundary.  Then  the  complete  image  can  be 
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constructed  by  subsequent  integrations  or  differentiations  or  by  both  processes 
to  build  the  entire  disturbing  form  and  its  image. 

The  effect  of  blade  thickness  on  the  pressure  developed  on  a  cylindrical 
boundary  clearly  requires  one  to  find  the  image  of  any  source  element  on  a 
blade  in  the  cylinder.  This  solution  can  also  be  used  for  the  effect  of  blade 
loading  since  the  vortex  representation  of  a  blade  and  its  wake  is  equivalent  to 
a  distribution  of  doublets  over  a  helicoidal  surface,  and  such  doublets  are  de¬ 
rivable  from  a  source  by  differentiation.  The  image  of  a  source  in  a  cylinder 
whose  axis  is  parallel  to  a  uniform  flow  will  now  be  outlined  and  applied  to  find 
the  vibratory  force  on  the  cylinder  arising  from  the  flow  produced  by  the  finite 
thickness  or  displacing  effect  of  the  blades. 


Consider  a  circular  sector  of  sources  rotating  about  the  x'  axis  as  shown 
in  Fig.  10,  where  it  should  be  noted  that  the  primed  systems  are  the  propeller 
coordinates  and  the  unprimed  systems  are  the  body  cylindrical  coordinates. 
The  blade -frequency  potential  of  m  such  distributions  of  sources  of  strength 
density  M  is: 

b  C7q  ® 

Km  =  ^  f  j  s'M(v\s')J  Jm(kr')  Jm(ks') 

J  s  1  =  Q  J -  cr  “'o 


X 


-  I x  f  !k 
e 


dk  cos  m  (6*  +  cr1  -  y' )  do-'ds'. 


(29) 


In  order  to  find  the  image  of  i'Tm  in  the  cylinder,  it  is  necessary  to  express  this 
as  a  function  of  the  coordinates  in  the  cylinder  to  provide  a  means  of  expressing 
the  normal  derivative  on  the  cylinder.  This  is  accomplished  through  the  use  of 
the  addition  theorem  for  Bessel  functions  [  16] : 


-  i  my 1 

e 


JJkr') 


CD 


i- — <  Jm* 


n(kd)  Jn(kO  e 


n(y-T) 


(30) 


where  d  is  the  inter-axial  distance  shown  in  Fig.  10. 

The  use  of  (30)  in  (29)  will  now  permit  the  easy  expression  of  the  r  -deriva¬ 
tive  of  this  potential  which  is  needed  because  of  the  boundary  condition  imposed 
on  the  image  potential  ®".,  viz., 

-  m 
r  l 

dr 

In  addition,  the  image  potential  must  also  satisfy  Laplace's  equation  and  vanish 
with  its  derivatives  at  large  x  and  r.  Solution  of  Laplace's  equation  in  cylin¬ 
drical  coordinates  leads  to  products  of  sinusoids  in  x  and  and  modified 
Bessel  functions  of  the  first  and  second  kind,  the  latter  of  which  are  retained 
because  they  satisfy  conditions  at  infinity.  In  view  of  the  fact  that  the  cylinder 
is  of  infinite  extent,  the  expression  for  the  image  potential  comes  out  in  terms 
of  integrals  over  the  continuum  of  eigen  values  and  takes  the  form 


on  r  -  a  . 


(31) 
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K„(  \r  )  cos  \(  x  -  j) 

— - - - -  dkd\dj 


i[m(»to-)*n(y-»)] 
e  dc  ds  , 


(32) 


where  Kn  is  the  modified  Bessel  function  of  the  second  kind,  order  n  and  it  is  to 
be  understood  that  only  the  real  part  of  (32)  is  retained.  (Primes  on  all  the 
geometric  quantities  are  now  dropped  for  ease  of  writing.)  It  can  be  seen  by  in¬ 
spection  that  the  r  -partial  derivative  of  (32)  evaluated  on  r  =  a  is  merely  the 
double  Fourier  integral  representation  of  the  negative  of 


3  c? 

3r 


as  is  required  to  fit  the  boundary  condition. 

One  may  now  calculate  the  lateral  vibratory  force  on  the  cylinder  by  inte¬ 
grating  the  pressures  from  the  blades  and  their  images  as  required  by: 
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Ft  =  -a  J  j  pr  (x,a,y)  cos  ydydx,  (33) 

-  CD  0 

where 

■>,-  =  ->  (3  -  S)  (*:  *  »*)  ■  (») 

Inspection  of  (33)  and  (34)  reveals  the  immediate  simplifications: 

(1)  The  x -integrations  and  x-differentiations  result  in  values  of  the  poten¬ 
tials  at  x  =  too  and  these  are  zero.  Hence  only  the  ^-derivatives  con¬ 
tribute. 

(2)  Since  the  potentials  are  harmonic  functions  of  y  only  the  terms  n  =  l 
and  n  =  -l  can  contribute  to  the  force  because  of  the  presence  of  cos  y 
in  (33). 

The  only  complicated  integral  which  arises  in  the  contribution  of  3£Tm/B6>  is  the 
k-integration  which  fortunately  has  been  evaluated  [17].  It  is 

Jo  k_1  Jn<ka)  Jm(ks’)dk  =  ^7T 

=  0 

The  force  arising  from  the  field  of  the  blade  thickness  alone  (the  direct 
effect  due  only  to  d>Tm)  reduces  to 


m  -po.}m2  rb  f’o  mtl  ,, 

F  d  =  -  I  M(s.c)(s)  sin  ra(5+  cr)  d(rds  .  '* 

2dm* 1 

which  is  a  simple  integration  over  the  distribution  once  the  source  strength  M 
is  specified  in  terms  of  the  slope  of  the  blade  thickness. 

The  force  arising  from  the  image  system  whose  potential  is  given  by  (32) 
involves  the  simple  x  -integration 


x 

I. 


cos  \(x-  g)  dx  =  2"  cos 


■(  \) 


(37) 


where  S(\)  is  the  Dirac-delta  function.  This  enables  us  to  handle  the  \-inte- 
gration,  viz., 


2- 


1 


cos  \if  Kn('.a)  i(\)  d\ 


(38) 
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through  the  use  of  the  formula 


which  then  yields 


I  f(\)  S(K)  d\ 
Jo 


v  iim 
K  -»  0 


Kn^a) 


(39) 


(40) 


Recalling  that,  as  before,  the  only  possible  values  of  n  are  ±1,  this  limit  can 
be  found  to  be  simply 


77  lim 
k  -»  0 


Kn(^a) 

\K;(\a) 


-n a  (n  =  ±1)  . 


(41) 


The  force  due  to  the  image  system  is  thereby  reduced  to  finding  the  real 
part  of 


pwina' 

O 


ncr  cd  co 

sM(s,CT)  j  J  kjm(ks)  Jpfka)  Jm+n(kd) 

-  -  rri  Cl 


-  1 f I k  »">(*+■’■) 

*  e  dkd;  e  do-ds  , 


where  one  must  take  the  sum  for  n  -  l  and  -l.  The  j  integral  simply  pro¬ 
vides  2  'k.  Then  for  n  =  l  one  has  the  k -integrals  whose  values  are  found 
from  [  17]  to  be 


-u 


and 


k  l  Jm(ks)  Jm+1(kd)  Jj(ka)  dk  =  -  — f 
o  2d 


J  Jm(ks)  Jmtl(kd)  JD(ka)  dk  r 
o  d 


>  (42) 


so  that  their  sum  is  simply 


For  n  =  -l,  the  k- integrals  are 


1  sm 


2  d.+  i 


if*" 


Jm(ks)  jm-i(kd)  J.  i(ka)  dk  =  0.  Jm(ks)  Jm- lfkd)  J2(ka)  dk  -  0 


(43) 
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and  consequently  only  terms  involving  n  -  l  contribute.  (In  these  calculations 
use  has  been  made  of  the  identity  J^fka)  =  -n/ka  jn(ka)  +  J^^ka)). 

Use  of  these  results  gives  the  result 


pco  a 


2d 


M(  s,cr)(s) 


sin  m (d  +  cr)  dcrds  , 


(44) 


which  when  compared  with  the  result  for  the  direct  effect  given  by  (36)  shows 
that  the  force  from  the  image  generated  pressure  distribution  is  exactly  equal 
to  that  produced  by  the  blades  alone,  or 


F  .  =  F 


(45) 


or  the  total  blade  thickness  force  is 


F. 


m 


2F_ 


(46) 


Using  slender  section  theory,  the  source  strength  M  is  related  to  the  thick¬ 
ness  distribution  r  by 


M 


V 

s  Bcr 


(47) 


where  V  is  the  resultant  velocity  \/V2  +  (o-s)2.  The  remaining  integrations  in 
(44)  are  elementary;  they  are  expedited  by  using  the  practical  relation 


V 


a  constant. 


The  final  result  for  blades  having  sharp  leading  and  trailing  edges  and  whose 
sections  are  symmetrical  may  be  written  in  the  form: 


m 

F. 

T 


-0.7m(t  c  )  v/(0 . 7~)  2  J-  J2 

m-  3  2 

2  (m  1 )  Tc  J 


cos  fmcF  +  €)  cos  , 


(48) 


A  +  1 


where 

t  c  is  the  blade  thickness  ratio  at  the  0.7  radius 


J  is  the  advance  ratio 

7 

T  is  the  thrust  loading  coefficient - — =- 

c  1  2  -b2U 

A  is  the  cylinder  diameter  in  multiples  of  the  propeller  diameter 
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C  is  the  tip  clearance  in  fraction  of  propeller  diameter 

e  =  tan-1  ( l/mffo) ,  2ao  is  the  sector  angle  formed  by  the  projection  of  the 
blade  outline  in  the  y-z  plane. 

(A  factor  +  ( i/mcro)2  has  been  taken  equal  to  unity.) 

Numerical  evaluation  of  (48)  will  be  taken  up  after  derivation  of  a  similar 
expression  arising  from  loading. 

Couple  About  Vertical  Axis 

The  blade  frequency  moment  due  to  the  direct  effect  of  blade  thickness  is 
given  by 

Mzz  "  "ap  J  J  x  (?T  -  (x,a.V)  cos  y  dydx  .  (49) 

Inspection  shows  that  is  an  even  function  of  x;  hence  its  x -derivative  will 
be  odd  in  x  and  hence  will  contribute,  whereas  the  term 


6  m 


will  integrate  to  zero.  Since  the  distribution  of  pressure  which  produces  a  mo¬ 
ment  is  an  odd  function  about  the  axis,  the  moment  is  referred  to  as  a  couple. 

Integration  by  parts  will  reduce  (49)  to  the  form 


T  2  T 

=  -a„U  J*  J  ;f  (x.a.v)  cos  dvdx. 

But  this  integration  is  essentially  the  same  as  was  done  to  find  the  force  associ¬ 
ated  with  the  same  potential  as  may  be  seen  by  inspecting  (33)  and  (34).  We  may 
write  down  the  result  immediately  by  merely  replacing  x  by  U  and  replacing 
cos  irr;  by  -1  m  sin  m  to  correct  for  the  ^-differentiation  required  in  (34).  We 
then  multiply  the  final  result  by  2  since  the  image  system  will  produce  an  equal 
contribution.  The  result  is 


0.7  (t  c)  y/(0.  7~) 2  +  J 
m  -  3 

-2  (m  +  1 )  T  J 


cos  (me  -  e)  sin  mf  .  (51) 


'-J 


The  outstanding  feature  of  the  expressions  for  the  vibratory  force  and  cou¬ 
ple  as  given  by  (48)  and  (51)  is  their  very  rapid  attenuation  with  increase  of 
blade  number.  Numerical  evaluation  will  be  taken  up  after  development  of  sim>- 
lar  formulas  for  the  force  and  couple  arising  from  torque  and  thrust  loading. 


632 


Review  of  Theory  for  Propeller-Induced  Vibratory  Effects 

and  consequently  only  terms  involving  n  l  contribute.  (In  these  calculations 
use  has  been  made  of  the  identity  J^rka)  =  -n/ka  Jn(ka)  +  Jn _  j(ka>). 

Use  of  these  results  gives  the  result 


"ifl  J 

2d  Jo 


M(s,a-)(s)  s  i  n  m(  #  +  cr)  dc"  ds 


(44) 


which  when  compared  with  the  result  for  the  direct  effect  given  by  (36)  shows 
that  the  force  from  the  image  generated  pressure  distribution  is  exactly  equal 
to  that  produced  by  the  blades  alone,  or 


Fm.  =  f"*  .  (45) 

T  1  TCI 

or  the  total  blade  thickness  force  is 

F m  =  2Fm  .  (46) 

"  r  d 

Using  slender  section  theory,  the  source  strength  M  is  related  to  the  thick¬ 
ness  distribution  -  by 


M 


V  CT 
s 


(47) 


where  V  is  the  resultant  velocity  /l"2  +  (  s) 2 .  The  remaining  integrations  in 
(44)  are  elementary;  they  are  expedited  by  using  the  practical  relation 


a  constant. 


The  final  result  for  blades  having  sharp  leading  and  trailing  edges  and  whose 
sections  are  symmetrical  may  be  written  in  the  form: 


m 

F. 

T 


where 


0. 7m(  t  c)  v/(0.7-)2  ^  J2 
m  -3  2 

2  (m  1 )  T  J 


cos  (m?o  *  ;)  cos  m-  . 


(48) 


t  c  is  the  blade  thickness  ratio  at  the  0.7  radius 


j  is  the  advance  ratio 

x 

T  is  the  thrust  loading  coefficient  - — 

c  12  -  -b2U 

A  is  the  cylinder  diameter  in  multiples  of  the  propeller  diameter 
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Force  and  Couple  Arising  from  Blade  Loading 

The  calculation  of  the  vibratory  effects  on  the  cylinder  due  to  blade  loading 
follows  a  pattern  essentially  the  same  as  developed  above.  Since  the  develop¬ 
ment  of  these  forces  has  been  given  recently  [l8j,  only  the  main  results  will  be 
cited  here. 

The  total  load-associated  potential  given  by  a  distribution  of  doublets  over 
the  helicoid  swept  out  by  any  one  blade  as  given  by  Eq.  (5)  is  expanded  in  a 
Fourier  series  in  6  and  only  m  times  the  mth  harmonic  term  of  this  single- 
bladed  representation  is  retained.  This  is  written  as 


m 


r(s')  D(x',8') 


Jjkr')  JJks') 


-  k  I  x '  *  U  r 

x  e 


dk  dr  ds  cos  m ( 6 '  -  y '  -  c vt )  , 


(52) 


where 


D(x',$')  =  o-s  — —  +  —  -  . 

c)x '  s  08 ' 

Figure  11  serves  to  define  the  coordinate  system. 


The  -integration  can  be  carried  out,  taking  proper  account  of  the  sign  of 
x'  +  Ur  and  this  results  in  different  expressions  for  positive  and  negative  x'. 
This  result  is  then  expressed  in  terms  of  the  coordinates  fixed  in  the  cylinder 
through  the  use  of  the  addition  theorem,  Eq.  (30),  to  provide 
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b 

—  f  f 

2ttV  J 


f’(s)  D(x:  h) 

0  n  =  -  CD 


tu 

\  i  fm<9  +n 

/  .  H„( x,  r.s)  e 


(  7"  77  )] 


ds  , 


(53)* 


where 


and 


f*  Jn(krl  Jm  +  n(kd>  Jn/ks>  f  (  ^ ,  k  >  dk 

h  k2  +  ft2 


f(x,k)  =  (k  -  i/3)  e 


-  k  x 


for  x  >  0 


2ke  -  (k  +  i ,3)  ekX  for  x  <  0 


m  x 

IT  ' 

All  primes  have  now  been  dropped  for  ease  of  writing,  the  quantities  x  ,  r  and 
/  referred  to  the  cylinder  having  been  introduced;  and  s  remain  from  the  old 
coordinate  system. 

The  image  of  this  potential  in  the  cylinder  is  given  by 


where 


f  i 

f  r~ 

r 

1  \ 

0  d-'  t  Ft-. 

,  r . 

••>)  df  > 

I 

1 

J 

(54) 


j  ^s>  D^'  >  H  1 


k-Vka>  Jm.n^kd)  Jn/ks^  V  U  '  ■'k'< 

ck2  T  .-2,  k;c  a) 


1  : m«  r  n( y -  - ) j 
*  e  dk  (is 


fff.k)  =  (k  -  i  )  e’k  f  >  0 

i  3  r  __  k  ? 

=  2ke  -  fk  -  i  :)  e  j  0. 

It  can  be  observed  that  differentiating  (54)  with  respect  to  r,  and  setting 
r  -  a  yields  the  double  Fourier  integral  representation  of 


and  hence  the  boundary  condition  required  of  the  image  potential  is  satisfied. 


*It  is  to  be  understood  that  only  the  real  part  is  retained. 
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It  is  again  found  that  the  force  arising  from  the  pressures  due  to  the  pro¬ 
peller  torque  loading  and  that  from  the  image  system  are  equal.  As  the  integra¬ 
tions  are  very  similar  to  those  met  in  considering  blade -thickness  effects,  we 
may  simply  state  the  very  simple  result: 


m 


F 


q 


-  f>  m2a2U  f 
,m+ 1  ! 

2d  J0 


m  - 
S 


P(  s )  ds  x  sin  . 


(55) 


Here  the  subscript  q  is  used  to  indicate  that  the  force  is  obtained  from  the 
pressure  pqm  associated  with  the  torque-producing  loading  on  the  blades.  In¬ 
spection  of  Eq.  (13)  shows  that  the  thrust- connected  pressure  ptm  is  an  odd 
function  of  x  and  will  consequently  integrate  to  zero. 


This  amazingly  simple  result  for  any  distribution  of  circulation  may  be 
easily  evaluated  for  the  very  practical  distribution  r  =  ryb  -  s)s  previously 
discussed.  (Actually  r  should  be  made  zero  at  the  blade  root  or  hub  ra¬ 
dius  sh  and  this  could  be  readily  accommodated.)  As  previously,  the  value 
of  the  constant  P0  can  be  found  and  the  resulting  indicated  expression  for 
inserted  in  (55). 


The  total  lateral  force  due  to  blade  loading  (after  multiplying  by  2.0  to  ac¬ 
count  for  the  image  contribution)  is  then  obtained  in  the  form: 


T 


-  3mJ 


1 )( m  +  2) 


Fa+  i 

1 

2  +  C 

(56) 


Comparison  of  this  with  the  lateral  force  from  blade  thickness  (48)  shows  that  it 
is  out  of  phase  with  that  force  but  it  possesses  the  same  dependence  on  cylinder 
size  A  and  tip  clearance  C. 


The  vibratory  couple  arising  from  blade  loading  is  contributed  only  by  the 
thrust-associated  pressure  since  this  is  an  odd  function  of  x  whereas  the 
torque-connected  pressures  are  an  even  function  of  x,  which  can  produce  no 
moment.  Again  the  image  distribution  produces  an  equal  contribution  so  that 
the  total  loading- induced  couple  is 


_ 3 _ 

2m'  1(m  +  3)(m  +  4) 


Al 


A  -  1 
- ^ -  + 


c 


cos  m  -  . 


(57) 


This  couple  is,  as  expected,  out  of  phase  with  the  couple  produced  by  blade 
thickness.  In  summary  then,  there  are  a  pair  of  out-of-phase  forces  which  act 
on  the  cylinder  in  the  plane  of  the  propeller— one  associated  with  blade  thick¬ 
ness,  the  other  associated  with  blade  loading.  In  addition,  there  are  a  pair  of 
out-of-phase  vibratory  couples  arising  from  the  asymmetrical  distributions  of 
these  pressures.  Thus  the  excitation  in  the  case  of  this  symmetrical  boundary 
is  a  single  resultant  force  and  a  couple,  each  of  which  are  out-of-phase  with  the 
blade  and  whose  center  of  action  is  in  the  plane  of  the  propeller. 
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Numerical  Evaluation  and  Discussion  of  Results 

The  foregoing  expressions  for  vibratory  force  have  been  evaluated  for  the 
cases  of  a  3,  4  and  5-bladed  propeller  operating  at  an  advance  ratio  J  =  0.8  and 
thrust  loading  coefficients  Tc  =  0.529,  0.556  and  0.636,  respectively.  The  cir¬ 
cular  sector  representing  the  blade  outline  was  taken  to  have  semi-angles 

=  22°,  17°  and  16°  for  m  =  3,  4  and  5  respectively,  and  the  blade  thickness 
ratio  at  s  =  o.7b  is  taken  as  t/c  =  0.05.  The  tip  clearance  c  in  fraction  of 
propeller  diameter  was  held  at  0.2  and  the  force-thrust  ratio  found  for  various 
cylinder  diameters.  Results  for  loading  and  thickness  contributions  and  their 
resultant  modulus  are  shown  on  Fig.  12. 
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CYLINDER  DIAMETER  IN  MULTIPLES  OF  PROPELLER 
DIAMETER,  A 


Fig.  12  -  Amplitudes  of  blade  frequency  lateral  force  on  a  cylinder 


It  is  perhaps  surprising  to  see  that  the  blade  thickness  effect  predominates 
over  the  loading  effect.  This  is  due  in  part  to  taking  values  of  Tc  close  to  0.5. 
For  naval  vessels,  this  coefficient  may  be  as  high  as  0.75  which  could  reduce 
the  magnitudes  of  F„m  T  by  2/3.  It  is  to  be  noted  that  the  maximum  force  of 
0.04T  is  achieved  for  a  3-bladed  propeller  on  a  cylinder  relatively  small  with 
respect  to  the  propeller. 

A  plot  of  the  vibratory  couples  is  given  in  Fig.  13.  Here  the  loading  effect 
predominates  over  the  blade  thickness  effect.  The  variation  of  the  couple  with 
tip  clearance  for  a  3,  4  and  5-bladed  propeller  in  the  case  of  a  cylinder  having 
a  diameter  equal  to  twice  the  propeller  diameter  is  exhibited  on  Fig.  14.  The 
trend  of  the  lateral  force  with  tip  clearance  would  be  the  same.  It  may  be  seen 
that  increasing  the  tip  clearance  from  20  to  30  percent  of  the  propeller  diameter 
will  reduce  the  force  by  21,  25  and  29  percent  for  m  =  3,  4  and  5  blades  re¬ 
spectively. 
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CYLINDER  DIAMETER  IN  MULTIPLES  OF  PROPELLER 
DIAMETER,  A 

Fig.  13  -  Amplitudes  of  blade  frequency  couple  on  a  cylinder 


TIP  CLEARANCE, C,  IN  MULTIPLES  OF  PROPELLER  DIAMETER 
Fig.  14  -  Amplitudes  of  blade  frequency  couple  on  a  cylinder 
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RECOMMENDATIONS  FOR  FUTURE  WORK 

While  the  foregoing  theory  and  resulting  formulae  are  useful  in  revealing 
trends  (and  they  are  certainly  simple  in  structure!)  they  do  not  apply  directly  to 
ships  whose  geometries  are  different  from  that  of  a  cylinder.  The  case  of  an 
actual  ship-propeller  configuration  may  be  attacked  now  because  computer  tech¬ 
niques  have  been  devised  by  A.  M.  O.  Smith  [19]  and  his  colleagues  for  solving 
three-dimensional  potential  flow  problems. 

The  ship  may  be  represented  by  a  continuous  distribution  of  sources  over 
the  surface  which  can  be  extended  to  the  reflected  form  above  the  locus  of  the 
free  surface  for  very  low  Froude  numbers.  The  relation  between  the  flow  nor¬ 
mal  to  this  surface  of  sources  and  the  source  density  ~  is 

(58) 

For  the  ship  alone  moving  through  calm  water  vn  is  specified  by  the  speed  of 
advance  and  the  normal  to  the  surface  at  each  point.  Therefore  (58)  is  a  Fred¬ 
holm  integral  equation  of  the  second  kind.  Smith  [2l]  has  successfully  pro¬ 
grammed  the  7090  computer  to  solve  this  integral  equation  for  fairly  arbitrary 
bodies.  To  insert  a  propeller  into  the  flow,  one  need  only  find  the  additional 
source  distribution  which  would  just  annul  the  normal  incident  flow  imposed 
by  the  loading  and  thickness  elements  of  the  propeller.  This  presumably  could 
also  be  done  by  the  same  program  by  limiting  the  mesh  to  the  ship  surface  in 
proximity  to  the  propeller.  Once  the  source  strengths  and  are  known,  the 
forces  acting  on  the  ship  can  be  computed  by  a  straightforward  application  of 
the  extended  Lagally  theorem.  The  calculation  may  then  be  refined  by  putting  in 
the  appropriate  image  of  the  propeller  in  the  free  surface  and  filially  the  inclu¬ 
sion  of  wake  effects  might  be  attempted  by  calculating  the  pressure  loading  on 
the  blades  operating  in  a  given  wake  distribution  provided  from  a  model  test. 

Thus  the  availability  of  the  computer  program  to  invert  (58)  and  the  exist¬ 
ence  of  the  very  powerful  and  concise  extended  Lagally  theorem  for  non- stationary 
flows  involving  sources  (and  doublets)  places  the  computing  of  vibratory  forces 
on  actual  ship  hulls  within  our  immediate  grasp. 


CONCLUSIONS 

It  is  believed  that  the  theory  developed  by  the  writer  and  his  associates  at 
the  Davidson  Laboratory  shows  that  in  certain  cases  the  forces  induced  by  the 
near  field  effects  of  a  propeller  can  be  of  serious  magnitude.  Furthermore,  the 
simple  formulas  given  herein  allow  quantitative  estimates  of  these  forces  to  be 
made  which  are  applicable  to  multiple  screw  ships  whose  hull  areas  in  way  of 
the  propeller  are  relatively  flat.  These  estimates  provide  a  numerical  scale  by 
which  one  may  judge  the  advantage  to  be  gained  by  changing  tip  clearance,  num¬ 
ber  of  blades  and  thrust.  In  all  cases,  a  manifold  reduction  of  these  excitations 
can  be  achieved  by  changing  the  number  of  blades  from  3  to  5.  The  reductions 
of  pressures  and  forces  with  increase  of  blade  number  are  much  larger  than 
previous  intuitive  estimates. 
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Finally,  a  way  is  now  open  for  computing  vibratory  forces  on  actual  hulls 
which  would  overcome  the  limitations  encountered  through  the  use  of  simple 
mathematical  surfaces  such  as  plates  and  cylinders. 
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CORRELATION  OF  MODEL  AND  FULL-SCALE 
PROPELLER  ALTERNATING  THRUST  FORCES 
ON  SUBMERGED  BODIES 


J.  B.  Hadler,  P.  Ruscus  and  W.  Kopko 
David  Taylor  Model  Basin 
Washington  7,  D.C. 

ABSTRACT 


The  results  of  full-scale  trials  and  model  tests  which  measured  the 
propeller  excited  alter nating  thrust  forces  of  two  submerged  submar ine s 
are  presented  and  compared.  These  results  are  also  compared  to  the 
alternating  thrust  as  predicted  by  using  four  calculation  methods  which 
were  based  on  propeller  design  theory  and  the  wake  survey  as  measured 
on  the  models.  A  description  of  the  models  and  full-scale  instrumenta¬ 
tion  is  presented,  and  several  methods  of  data  processing  and  analysis 
are  treated.  In  general,  a  rather  limited  success  at  correlation  was 
attained. 


INTRODUCTION 

In  recent  years  increased  attention  has  been  devoted  to  the  fluctuations  of 
the  thrust  and  torque  which  are  generated  by  a  ship  propeller  operating  in  a 
circumferentially  non-uniform  wake  field.  Much  experimental  and  theoretical 
work  is  being  done  by  many  investigators  throughout  the  world.  Most  of  the 
effort  reported  has  been  concentrated  upon  the  measurement  of  these  unsteady 
forces  on  ship  models  and  the  development  of  methods  of  predicting  these  forces 
from  wake  measurements.  Although  little  exists  in  the  literature  cn  full-scale 
measurements,  it  is  understood  that  a  number  of  attempts  have  been  made  by 
various  organizations  with  varying  degrees  of  success.  This  is  probably  due  to 
the  complex  problem  of  measuring  these  forces  upon  full-scale  ships  with  elastic 
shafting  and  hull  systems.  A  number  of  investigators  have  attempted  to  corre¬ 
late  the  results  of  calculations  with  those  predicted  from  model  tests.  In  most 
of  these  attempts  so  many  assumptions  must  be  made  that  we  do  not  have  a  clear 
indication  of  the  validity  of  the  methods  of  calculation. 

As  a  consequence,  the  David  Taylor  Model  Basin,  as  part  of  its  Fundamental 
Hydromechanics  Research  Program,  has  embarked  upon  a  program  of  investiga¬ 
tions  to  improve  our  capabilities  for  both  measuring  these  forces  on  model  and 
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full  scale,  as  well  as  predicting  them  by  computational  methods  from  wake  meas¬ 
urements.  In  an  attempt  to  simplify  an  exceedingly  complex  problem,  the  Model 
Basin  has  chosen  for  its  initial  work  the  single- screw  submarine  with  the  hope 
that  a  number  of  experimental  problems  will  be  minimized.  The  advantages  ex¬ 
pected  in  the  use  of  the  deeply  submerged  submarine  over  the  surface  ship  are: 

1.  Surface  waves  are  not  generated,  thus  the  propeller  alternating  force 
factors  are  essentially  independent  of  speed,  not  considering  Reynolds  effect, 

2.  The  model  wake  measurements  may  presently  be  made  in  a  wind  tunnel 
with  greater  rapidity  and  greater  accuracy, 

3.  The  full-scale  tests  are  not  influenced 

a.  by  the  state  of  the  sea, 

b.  by  problems  of  propeller  cavitation, 

4.  The  ship  shafting  system  is  usually  shorter  and  stiffer,  thus  there  are 
better  chances  of  avoiding  resonances,  and 

5.  The  hull  structure  is  substantially  stiffer,  therefore,  more  probability  of 
obtaining  data  at  frequencies  below  hull  resonance. 

The  initial  investigations,  including  those  contained  in  this  report,  have  been 
further  limited  to  the  investigation  of  unsteady  thrust  only.  This  limitation  was 
made  for  the  following  reasons: 

1.  The  propeller  thrust  determined  by  computational  means  can  usually  be 
more  accurately  made  because  the  viscous  effects  are  usually  of  smaller  signifi¬ 
cance  to  thrust  than  to  torque. 

2.  The  shafting  systems  on  most  of  the  single-screw  submarines  have  tor¬ 
sional  criticals  somewhere  in  the  operating  range,  whereas  longitudinal  criticals 
are  usually  above  the  operating  range. 

3.  On  some  of  the  submarines,  there  is  inadequate  room  for  the  installation 
of  torsionmeter  husks,  whereas  thrust  bearings  which  can  accommodate  thrust- 
measuring  equipment  are  installed  on  all  vessels. 

During  the  course  of  this  work,  it  was  necessary  to  develop  techniques  for 
measuring  the  model  wakes  in  the  wind  tunnel  and  computer  techniques  for  re¬ 
ducing  the  data  into  a  useful  form  for  the  computation  of  the  alternating-thrust 
forces.  On  the  model,  it  was  necessary  to  develop  instrumentation  for  measur¬ 
ing  the  alternating  thrust  forces  upon  a  submerged  body.  On  the  full-scaie  sub¬ 
marine,  it  was  necessary  to  modify  measuring  equipment  initially  designed  to 
obtain  mean  forces  to  measure  the  unsteady  forces.  Finally  it  was  necessary 
to  develop  a  system  for  analyzing  the  unsteady  forces  measured  on  the  model 
and  full  scale  so  they  could  be  compared  with  each  other  as  well  as  with  the 
calculations.  The  descriptions  of  these  developments  are  contained  in  this 
report. 
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Concurrently  with  the  development  of  the  above  experimental  techniques, 
further  refinements  were  being  made  in  the  quasi-steady  methods  of  calculating 
the  alternating  thrust  and  torque  forces.  Work  was  also  started  on  developing 
an  unsteady  theory  which  might  permit  more  precise  determination  of  these 
forces. 

To  date,  full-scale  and  model  experiments  have  been  carried  out  on  two 
submarines  with  rather  different  wake  patterns.  Although  these  hulls  are  largely 
axi- symmetrical  forms,  the  presence  of  superstructure  and  control  surfaces 
provide  strong  enough  wake  variations  to  develop  forces  of  measurable  magni¬ 
tude.  The  results  of  these  experiments  are  presented  in  this  report. 

It  was  the  hope  of  the  authors  that  we  could  at  this  time  report  on  the  suc¬ 
cessful  correlation  of  full-scale  ship  with  model  test  results  and  verify  the 
validity  of  some  of  the  computational  methods  available.  The  uncertainties  of  the 
experiments,  bcth  full  scale  and  model  as  well  as  the  questionable  validity  of 
some  of  the  computational  techniques,  indicate  that  much  additional  work  needs 
to  be  done.  Thus,  this  must  be  considered  an  interim  report  giving  the  current 
status  of  the  work  at  the  Model  Basin  with  an  outline  of  some  of  the  problems 
which  must  yet  be  solved  before  successful  correlation  can  be  achieved. 


INSTRUMENTATION 

Early  DTMB  attempts  to  measure  the  alternating  thrust  forces  on  submerged 
models  were  hampered  by  a  limited  frequency  response  and  a  low  signal  to  noise 
ratio  in  the  test  set  up  and  instrumentation.  As  a  consequence,  anew  instrumen¬ 
tation  system  has  been  developed  for  these  tests.  The  specifications  for  the 
design  of  the  alternating  thrust  dynamometer  and  recording  system  w*ere  based 
on  the  requirement  that  the  propeller  blade  frequencies  and  its  harmonics  be 
measured  up  to  250  cycles  per  second.  The  instrument  was  designed  as  shown 
schematically  in  Fig.  1  w;ith  as  high  a  natural  frequency  as  possible  above 
those  to  be  measured.  To  accomplish  this,  the  propeller  shaft  was  made  ex¬ 
tremely  stiff  and  the  mass  of  the  various  components  small.  The  stainless  steel 
shafting  W’as  relatively  short  and  thick,  15  1/4  inches  long  by  1  inch  in  diameter. 
The  propellers  were  made  of  aluminum.  The  propeller  shafting  was  supported 
by  a  very  rigid  aluminum  frame,  w'hich  in  turn  was  enclosed  by  a  fiberglass 
shell  to  form  the  hull-tail  surface. 

The  natural  frequency  of  the  mechanical  system  was  computed  by  using  the 
simplified  method  of  spring  constants: 


where  K  =  i  k  -  l  K,  -  1  K3  =  1.530  *  10"  lb  in 
where  V  =  M3  -  M2  -  V,  =  2.67  •  10~2 


where  f  = 


natural  frequency  in  cycles  per  second 

mass  of  propeller  and  fairwater  =  2.2  lb  386.4”  sec - 
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M2  =  mass  of  entrained  water  =  40 %  of  bronze  propeller  = 
4.0  lb/38/4"/sec2 


M3  =  mass  of  shaft  =  4.1  lb/386. 4"/see2 

Kj  =  spring  constant  of  shaft  =  7.0  /  10 5  lb/in 

Kj  =  spring  constant  of  gage  =  2.0  *  105  lb/in 

Kj  =  spring  constant  of  foundation  =  100  ✓  105  lb/in 


1  ,  ^1.530  x  105 
2~  f  2.67  x  10'2 


382  cps 


The  natural  frequency  actually  measured  for  the  model  and  system  was  325 
to  450  cycles  per  second  depending  on  the  model,  even  though  the  thrust  gage 
alone  has  a  natural  frequency  above  5  kc. 

The  new  instrumentation  system,  which  was  developed  for  these  tests,  em¬ 
ploys  a  capacitance  type  force  gage  with  a  stiffness  of  about  200,000  lb/in.  This 
capacitance  gage  is  incorporated  as  a  frequency  determining  element  in  a  1.5  me 
oscillator  circuit.  As  the  diaphragm  of  the  gage  moves  toward  the  fixed  plate 
under  the  propeller  thrust  load,  a  proportional  frequency  shift  occurs  in  the 
1.5  me  oscillator.  For  typical  gage  configurations,  this  frequency  shift  approxi¬ 
mates  5  kc.  The  fifth  harmonic  of  the  gage  oscillator  is  processed  in  a  super¬ 
heterodyne  FM  receiver  with  a  4.5  me  i.f.  strip.  The  recei'/er  yields  a  voltage 
output  which  is  a  linear  function  of  the  carrier  frequency  deviation  which  is 
itself  a  linear  function  of  propeller  thrust  bearing  load.  Figure  2  is  a  block 
diagram  of  the  system  electronics. 

The  steady  state  component  of  the  output  of  the  FM  receiver  is  removed  in 
a  potentiometer  circuit.  The  voltage  required  to  balance  out  the  steady  state 
component  is,  of  course,  the  analog  of  the  mean  thrust  bearing  load.  The  alter¬ 
nating  thrust  component  of  output  voltage,  being  in  the  order  of  1  to  10  per  cent 
of  the  mean  thrust  voltage,  and  being  derived  from  a  high-resistance  source,  is 
ordinarily  insufficient  to  record  directly.  A  DC  amplifier  providing  a  voltage 
gain  of  about  6  and  a  power  gain  of  3  x  10  5  is  interposed  between  the  receiver 
and  the  recording  equipment.  In  cases  where  it  is  desired  to  record  only 
selected  frequency  components,  a  continuously  variable  electronic  filter  is 
inserted  between  the  amplifier  and  the  recorder. 

Two  methods  of  data  recording  are  used  for  model  tests.  For  purposes  of 
monitoring  the  progress  of  tests,  the  more  useful  one  is  a  string  oscillograph 
equipped  with  galvanometers  having  a  flat  frequency  response  up  to  about  300 
cps.  The  tape  recordings  made  during  the  tests  are  used  as  primary  record. 
They  can  be  readily  analyzed  in  automatic  data  processing  equipment. 

Transducer,  receiver,  amplifier,  and  recorder  overall  sensitivity  is  easily 
determined  in  a  static  calibration  procedure  which  consists  merely  of  loading 
the  transducer  diaphragm  with  a  series  of  known  weights. 
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Fig.  Z  -  Schematic  Drawing  o:  Alternating  Threat  Instrumentation 

for  Model 


A  satisfactory'  dynamic  calibration  is  not  so  easy  to  achieve.  With  the 
transducer  installed  in  a  model  rigged  for  testing,  an  electromagnetic  type 
variable  frequency  vibration  generator  is  directly  coupled  to  the  propeller  shaft. 
While  a  constant  amplitude  exciting  current  in  the  vibration  generator  armature 
is  varied  in  frequency,  the  overall  output  of  the  instrumentation  from  transducer 
to  recorder  is  observed.  This  type  of  calibration  has  been  accomplished  both 
with  the  model  in  air  and  in  water  with  no  discernible  difference  in  results. 
Several  resonance  peaks  are  observable  as  the  frequency  of  the  generator  is 
varied  from  about  7  cps  to  600  cps.  The  source  of  some  of  these  peaks,  at  the 
natural  frequency  of  the  vibration  generator  for  instance,  are  easily  recognized: 
others,  representing  hull  and  component  resonances  in  various  modes,  are  not. 

In  the  several  models  so  far  calibrated  in  this  fashion,  a  high-amplitude  reso¬ 
nance  has  appeared  in  the  frequency  range  of  325  cps  to  450  cps  depending  upon 
the  model  being  tested.  This  apparent  resonance  is  taken  to  be  the  resonant 
frequency  of  the  transducer  with  propeller  and  shafting.  Consequently,  during 
actual  carriage  tests,  signals  higher  than  250  cps  are  disregarded. 

The  magnitude  of  motor  noise,  gear  noises,  bearing  ncises.  etc.  coupled  to 
the  transducer  depends  on  the  details  of  construction  and  mounting  of  these 
various  elements.  To  evaluate  the  various  component  arrangements  which  were 
devised,  the  tail  end  of  the  shaft  was  enclosed  in  a  reasonably  air-tight  container 
and  subjected  to  a  15-psi  load.  This  provided  a  low  noise  source  of  mean  thrust 
on  the  transducer  while  the  noise  developed  at  various  motor  speeds  was  being 
measured.  It  is  recognized  that  the  noise  levels  measured  by  this  technique  are 
not  necessarily  the  same  as  would  be  observed  if  the  propeller  shaft  were  sub- 
jec:ed  simultaneously  to  a  torsional  load,  but  the  arrangement  at  least  allows  a 
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fairly  well-controlled  set  of  conditions  in  which  to  observe  mechanical  noises  of 
the  system. 

ANALYSIS  METHODS 

The  unfiltered  magnetic  tape  records  are  processed  by  two  distinctly  dif¬ 
ferent  methods,  each  of  which  yields  useful  although  not  necessarily  identical 
results.  The  differences  in  finished  data  are  a  consequence  of  the  character¬ 
istics  of  the  methods  of  analysis  employed. 

In  one  instance,  the  tape  is  analyzed  in  the  DTMB  Seadac  facility  [1]*.  For 
these  tests  the  information  output  of  this  facility  for  any  run  is  presented  as  a 
plot  of  the  average  of  square  root  of  the  power  available  vs.  frequency.  Any 
point  plotted  represents  the  data  passed  through  a  filter  having  a  band  width  of 
5  cps.  To  the  extent  that  shaft  rpm  and  wake  velocity  are  not  constant,  the 
alternating  thrust  forces  generated  are  shifted  in  frequency.  Provided  that  this 
shift  in  frequency  does  not  exceed  the  5  cps  pass  band  of  the  Seadac  filter,  the 
data  plot  of  the  analyzer  is  not  appreciably  affected. 

Typical  records  of  the  frequency  spectrum  produced  by  Seadac  are  shown 
in  Figs.  3  and  4  for  the  models  and  Figs.  5  and  6  for  the  full-scale  trials.  The 


Fie.  3  -  Tvoical  Seadac  Record  for  Model  A 


^References  are  listed  at  the  end  of  this  pacer. 
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Fig.  4  -  Typical  Seadac  Record  for  Model  3 
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principal  noise  in  the  model  measuring  system  is  caused  by  motor  frequency, 
its  harmonics  and  the  60-cycle  power  source.  It  is  evident  from  the  model 
records  that  there  is  a  general  background  signal  level  which  persists  over  the 
total  frequency  range.  The  measured  signal  amplitude  was  found  to  vary  from 
about  zero  to  1  4  per  cent  of  the  mean  thrust.  These  corrections  were  not  ap¬ 
plied  to  the  results  because  the  corrections  were  considered  to  be  within  the 
testing  accuracy.  If  they  were  applied,  however,  the  alternating  thrust  results 
would  be  lowered  by  approximately  zero  to  1  4  per  cent.  In  contrast,  the  full- 
scale  Seadac  records  showed  a  very  low  noise  level. 

The  second  method  of  analysis  consists  of  digitizing  the  signal  waveform  at 
uniform  angular  intervals  of  shaft  rotation,  say  every  3  degrees.  These  intervals 
are  marked  on  adjacent  tape  channels  as  the  data  are  being  recorded  and  are 
generated  by  two  electromagnetic  pickups.  One  pickup  generated  one  pulse  per 
shaft  revolution.  This  pulse  is  called  the  start  pulse.  The  second  pickup,  placed 
in  close  proximity  to  a  steel  gear,  generates  one  pulse  each  time  a  tooth  passes 
under  it.  Except  where  space  limitation  requires  a  smaller  device,  a  120-tooth 
gear  is  used.  The  pulse  emanating  from  this  second  pickup  is  called  the  trigger 
pulse. 
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Fig.  5  -  Typical  Seadac  Record  for  Full-Scale  Tests  of  Submarine  A 


Operation  of  this  data  reduction  system  is  briefly  as  follows:  The  tape 
signal  is  reproduced  into  the  digitizing  electronics.  The  digitizing  equipment 
remains  inoperative  until  arrival  of  a  start  pulse  and  a  coincident  trigger  pulse. 
At  this  time  the  amplitude  of  the  signal  is  measured  and  recorded  in  digital 
form.  At  the  next  trigger  pulse  (3  degrees  later  in  shaft  rotation),  another 
reading  of  the  signal  amplitude  is  recorded  until  120  pulses  have  been  counted. 
The  process  is  then  repeated  for  a  specific  number  of  successive  shaft  cycles. 
This  resulting  digitized  record  is  then  entered  into  a  digital  computer  which 
first  computes  the  average  amplitude  of  the  signal  wave  for  each  of  the  120 
selected  positions  of  the  shaft.  This  average  wave  form  is  then  analyzed  for  its 
Fourier  coefficients.  The  plot  of  this  average  shaft  rotation  represents  only  the 
variation  of  propeller  shaft  thrust  vs.  shaft  position:  that  is.  time  is  not  repre¬ 
sented  in  this  plot  unless  One  assumes  a  uniform  shaft  rpm.  If  one  does  assume 
a  uniform  shaft  rotational  speed,  the  plot  then  represents  the  shaft  frequency 
and  its  harmonics  as  measured  after  passing  through  the  equivalent  of  an  ex¬ 
tremely  narrow  band  filter  (about  .02  cps  as  compared  to  5  cps  for  Seadac).  It 
is  this  difference  in  bandwidth  which  accounts  for  the  diversity  between  outputs 
of  the  SEADAC  DATA  REDUCTION  and  the  GATED  DIGITAL  REDUCTION 
SYSTEMS. 
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MODEL  ALTERNATING  THRUST  TESTS 

The  alternating  thrust  tests  were  conducted  with  two  existing  models  which 
simulate  the  full-scale  submarines.  Model  A  was  22.9  feet  long  with  a  plastic 
bow  section,  an  aluminum  mid-section  and  a  combined  wooden  and  plastic  tail 
section.  It  was  propelled  by  a  6-bladed  aluminum  propeller.  Model  B  was  a 
15.0-foot  mahogany  model  with  a  plastic  tail  section.  It  was  driven  by  a-5-bladed 
aluminum  propeller. 

A  photograph  and  schematic  diagram  of  the  alternating  tnrust  gage  and  pro¬ 
pulsion  system  are  shown  in  Figs.  7  and  1  for  Model  B.  The  5-HP  motor  drives 
the  propeller  through  1.11  to  1  reduction  gears.  This  gear  ratio  was  selected 
to  insure  that  the  harmonics  of  the  driving  motor  frequencies  would  not  coincide 
with  the  blade  and  twice-blade  frequencies  of  5-  and  6-bladed  propellers.  The 
propeller  shaft  is  not  connected  directly  to  the  thrust  gage  but  floats  free  on 
bearings  until  ahead  thrust  is  applied.  The  thrust  gage  is  mounted  to  a  base 
plate  which  in  turn  is  fastened  to  the  hull  bulkhead.  The  drive  shaft  was  fitted 
in  Model  B  with  a  25-pound  fly  wheel,  two  soft  couplings  and  soft  motor  mounts 
in  an  effort  to  reduce  motor  noise  and  torque  variation.  Model  A.  which  was 
tested  first,  did  not  have  the  fly  wheel,  soft  coupling  arrangement:  instead,  it 
had  a  short  drive  shaft  connected  directly  to  the  motor  (not  soft  mounted). 
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Fig.  7  -  Photograph  of  Model  with  Alternating  thrust 
Gage  System 


The  model  was  ballasted  for  the  test  in  the  free-flooded  condition  to  neutral 
buoyancy.  During  the  tests,  the  model  was  towed  at  a  deeply  submerged  depth 
by  means  of  a  towing  strut  which  passed  through  the  bridge  fairwater.  At  this 
depth  of  submergence,  the  surface  waves  generated  by  the  model  are  negligible 
so  that  Froude  scaling  could  be  ignored.  Since  the  towing  strut  was  enclosed  by 
the  sail,  the  distortion  of  the  wake  due  to  the  proximity  of  the  strut  to  the  hull  is 
kept  to  a  minimum. 

During  the  test  runs,  the  model  was  propelled  at  the  same  propeller  advance 
coefficient,  Ja.  as  the  ship.  This  was  based  on  the  concept  that  at  the  same  Ja. 
the  alternating  thrust  is  a  constant  percentage  of  the  steady  state  thrust. 
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The  Ja  in  the  upper  speed  range  is  practically  a  constant,  thus  a  single  Ja  was 
used  for  each  model. 

The  fact  that  the  tests  need  not  be  conducted  according  to  Froude  Law  opened 
the  range  of  propeller  rotations  and  model  speeds  which  can  be  used  to  obtain 
the  ship  Ja.  The  test  results,  which  are  based  on  runs  at  4  or  5  different  pro¬ 
peller  frequencies,  will  probably  give  a  better  statistical  average  than  a  single 
test  frequency  repeated  a  number  of  times.  When  the  results  are  plotted  for  a 
variety  of  frequencies,  the  evaluation  and  analysis  are  also  made  less  difficult. 
Noise  in  the  system  which  may  distort  the  data,  such  as  propeller  shaft  fre¬ 
quencies,  60-cycle  line  interference,  motor  shaft  noise  and  its  harmonics  may 
be  more  easily  identified  and  accounted  for. 

A  satisfactory  instrument  operating  procedure  has  been  worked  out  for 
model  testing.  Before  the  start  of  a  run,  the  propeller  is  run  astern  to  achieve 
unloading  of  the  thrust  transducer;  zero  readings  are  then  established,  and  the 
overall  sensitivity  is  checked  by  means  of  a  relay  switched  capacitance  which 
shifts  the  gage  oscillator  frequency  by  an  amount  equivalent  to  some  specific 
thrust  load  on  the  transducer. 

After  towing  carriage  speed  and  model  propeller  rpm  have  been  stabilized 
at  their  desired  levels,  the  mean  thrust  voltage  is  read  and  recorded.  The  mean 
thrust  voltage  is  then  removed  from  the  receiver  output,  and  the  alternating 
thrust  component  is  fed  through  the  DC  amplifier.  All  of  the  alternating  thrust 
data  are  recorded  on  tape,  that  is,  they  are  not  modified  by  filtering.  The  tape 
record  is  always  of  sufficient  length  to  include  at  least  500  shaft  revolutions. 

The  signal  may  also  be  filtered  for  blade  rate  and  harmonics  and  applied  to  ihe 
recording  galvanometer.  Without  such  filtering,  noise  and  extraneous  signals 
would  make  it  all  but  impossible  to  arrive  at  a  reasonable  estimate  of  the 
magnitude  of  the  phenomena  under  observation. 

A  relatively  simple  and  inexpensive  method  for  obtaining  a  preliminary, 
on-site,  determination  of  the  mean  amplitude  of  oscillation  of  a  filtered  record 
has  been  used  at  the  Model  Basin  with  some  success.  The  only  instrument  re¬ 
quired  is  a  planimeter  for  measuring  the  area.  The  method  is  presented  here 
in  some  detail  because  the  results  are  usually  consistent  with  those  obtained 
from  the  Seadac  and  sampling  system  and  are  available  shortly  after  completion 
of  a  test  run.  It  is  recommended  that  this  method  be  used  when  the  more 
sophisticated  electronic  analysers  of  computers  are  not  available  or  when  a 
reasonably  good  rapid  analysis  is  required. 

Typical  records,  filtered  and  unfiltered  records,  are  shown  in  Figs.  9  and 
8.  It  will  be  noted  that  the  amplitude  is  not  constant  but  shows  a  beat.  To 
evaluate  the  record  shown  in  Fig.  9,  a  convenient  length  of  sample  was  chosen, 
in  this  case  10  inches.  In  the  sample  shown,  the  paper  speed  was  5  inches  per 
second  and  the  propeller  rotation  was  15.75  rps.  so  for  a  10-inch  record  there 
were  189  cycles  of  propeller  blade  frequencies  for  a  6-bladed  propeller.  The 
area  contained  in  the  envelope  of  the  frequencies  of  oscillation  (top  and  bottom) 
is  measured  by  means  of  a  planimeter.  The  mean  double  amplitude  of  oscilla¬ 
tion  is  obtained  by  dividing  the  area  by  the  length  planimetered.  If  the  oscilla¬ 
tions  are  very  erratic,  it  may  be  necessary  to  planimeter  more  portions  of  the 
record  to  get  a  better  statistical  average. 
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c.  Filtered  for  2  x  Blade  Rate 

Fig.  8  -  Typical  Alternating  Thrust  Viscorcer  Record, 
Record  Speed  25  inch  sec. 
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a.  Filtered  for  Blade  Rate 
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b.  Filtered  for  2  x  Blade  Rate 

Fig.  9  -  Typical  Alternating  Thrust  Viscorder  -Record, 
Record  Speed  5  ir.ch/sec. 


FULL-SCALE  TRIALS 

The  alternating  thrust  measurements  on  the  full-scale  ships  were  accom¬ 
plished  using  a  Kingsbury  thrustmeter  and  a  commercial  pressure  transducer. 
The  recording  instrumentation  was  the  same  as  that  employed  in  the  model 
tests.  Figure  10  is  a  schematic  diagram  of  the  trial  instrumentation.  Data 
analysis  was  accomplished  by  the  same  methods  that  were  utilized  for  the 
model  tests. 

The  test  runs  were  made  with  the  ship  carefully  trimmed  to  minimize  the 
necessity  for  movement  of  control  surfaces  during  the  recording  period.  No 
records  were  made  until  after  the  ship  had  reached  reasonably  steady  conditions 
as  to  speed,  rpm.  torque  and  thrust. 
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PULSE  GENERATOR 


Fig.  10  -  Schematic  Drawing  of  Alternating  Thrust  Instrumentation 
for  the  Full-Scale  Submarine 


MODEL  WAKE  MEASUREMENTS 

The  wake  surveys  were  conducted  in  a  wind  tunnel  at  the  Model  Basin. 

Figure  11  shows  a  typical  model  and  pitot  tube  rake  installed  in  this  facility. 

The  side  of  the  models  were  mounted  to  the  supporting  strut  in  the  tunnel.  The 
survey  was  conducted  only  in  the  upper  half  of  the  tunnel,  strut  interference 
effects  being  avoided  in  this  manner.  Where  the  symmetry  of  the  model  was 
destroyed  because  of  angular  settings  on  the  stern  control  surfaces,  the  survey 
was  conducted  in  the  upper  half  of  the  tunnel  twice,  first  with  the  proper  angular 
control  surface  setting  and  again  with  the  settings  as  they  appear  as  a  mirror 
image  of  the  other  side  of  the  ship.  When  the  data  were  reduced,  the  two  groups 
of  control  settings  were  applied  to  the  appropriate  sides  of  the  ship.  The  survey 
was  conducted  at  a  minimum  of  5  radii  with  approximately  48  circumferential 
positions  at  each  radius.  The  circumferential  spacing  is  variable  from  2.5 
degrees  behind  control  surfaces  to  15  or  20  degrees  in  open  areas. 

The  wake  in  way  of  the  propeller  was  measured  by  a  rake  of  5 -holed  hemi¬ 
spherical  pitot  tubes.  The  rake  was  previously  calibrated  in  the  wind  tunnel  to 
derive  curves  for  angle  and  head  coefficients  in  the  vertical  and  horizontal 
planes. 

For  purposes  of  comparison,  it  was  desirable  to  run  the  wind  tunnel  tests  on 
these  models  at  the  same  Reynolds  number  as  the  tests  conducted  on  the  standard 


The  use  of  a  wind  tunnel  permitted  the  acquisition  of  much  more  data  in  less 
time  than  was  possible  in  water. 
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Fig.  11  -  Photograph  of  Model  in  Wind  Tunnel 


models  in  water  (Rn  =  2.0  x  10  ).  Since  this  would  require  a  speed  beyond  the 
tunnel  capability,  it  was  necessary  to  conduct  variable  speed  tests  to  determine 
the  dependency  on  Reynolds  number.  These  tests  indicated  that  Reynolds  num¬ 
ber  of  1.53  x  10"  and  larger,  the  velocity  ratios  were  independent  of  Reynolds 
number.  This  value  was  then  selected  as  the  test  speed. 

One  of  the  models  was  fitted  with  turbulence  stimulators  of  the  type  recom¬ 
mended  by  Hama  [2]  around  both  the  nose  of  the  hull  (0.05L)  and  the  forward  end 
of  the  bridge  fairwater.  These  stimulators  had  no  effect  on  the  test  results.  It 
was  concluded  that  the  high-turbulence  level  of  the  tunnel  made  it  unnecessary 
to  stimulate  turbulence. 

The  initial  test  data  are  reduced  to  longitudinal,  tangential,  and  radial 
components  of  velocity  by  an  ALWAC  computer  facility  at  the  Model  Basin. 

Since  the  calculation  of  the  forces  can  most  easily  be  made  at  certain 
specified  radii,  an  interpolation  routine  was  developed  for  use  on  the  IBM  7090 
computer.  This  program  is  essentially  a  double  interpolation  routine  whereby 
the  measured  values  of  velocity  ratio  are  interpolated  in  both  the  radial  and 
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circumferential  directions.  The  interpolation  formulas  used  assume  that  the 
desired  value  of  y  can  be  obtained  from  the  following  polynomial 

y  =  a0  *  a,x  *  a2x2  amx"> 

in  which  the  a;  have  been  determined  so  that  this  equation  is  satisfied  by  m  +  1 
pairs  of  the  observed  values  (xjy.).  A  value  of  rr  equal  to  3  was  used  for  this 
group  of  calculations.  Output  data  for  this  program  are  presented  at  any  desig¬ 
nated  radii  usually  10  per  cent  increments  of  the  radius,  whereas  the  increment 
of  circumferential  position  is  constant  at  2  1/2  degrees.  Interpolated  velocity 
ratios  are  shown  in  Figs.  12  and  13  as  plots  of  circumferential  distribution.  The 
repeatability  of  the  test  spots  from  which  these  curves  are  derived  is  in  the 
order  of  2  per  cent  of  free-stream  velocity. 


ALTERNATING  THRUST  CALCULATIONS 

There  are  available  to  the  propeller  designer  a  number  of  methods  for 
computing  the  alternating  thrust  and  torque  forces  generated  by  a  propeller  in  a 
non -homogeneous  wake  field.  Most  of  these  methods  are  based  upon  extensions 
of  the  lifting  line  or  circulation  theory  evolved  from  the  basic  work  of  Lan¬ 
caster  [3],  Prandtl,  Betz  [4]  and  Goldstein  [5]. 

Much  of  the  initial  work  was  concerned  with  calculating  the  quasi-steady 
propeller  forces.  The  propeller  is  assumed  as  it  rotates  through  a  variable 
wake  to  experience  lift  and  drag  at  each  blade  element  as  if  the  blades  were  in 
steady  flow  at  each  instant.  In  these  methods  unsteady  effects  are  not  considered. 

One  of  the  earliest  and  more  widely  used  quasi-steady  methods  was  based 
on  work  published  by  Burrill  [6]  in  1944.  His  method  uses  the  Goldstein  correc¬ 
tion  factors  for  calculating  the  induced  velocities;  thus,  the  condition  of  normal¬ 
ity  is  assumed.  Corrections  are  made  for  slip-stream  contraction  based  upon 
momentum  considerations  as  well  as  for  the  theoretical  blade  section  lift-slope 
curve  and  the  theoretical  no-lift  angle  of  attack.  The  latter  corrections  are 
based  upon  experimental  2 -dimensional  section  data  for  typical  air  foils  and 
camber  lines  used  in  propeller  design.  Finally,  corrections  are  made  for 
cascade  effects. 

This  method,  as  outlined  in  [6],  has  been  programmed  into  an  IBM  704 
digital  computer  by  the  Electric  Boat  Division  of  the  General  Dynamics  Corpor¬ 
ation.  The  calculations  in  this  report  by  the  Burrill  method  were  made  with 
this  program.  The  detailed  computational  steps  are  the  same  as  those  in  DTMB 
report  1364  [7], 

Subsequently,  Lerbs  [8]  and  Morgan  [9]  at  DTMB  developed  the  induction 
factor  method  of  propeller  design  which  removed  the  limitation  of  normality. 
This  method  of  propeller  design  was  programmed  into  an  IBM  709  computer  at 
the  Model  Basin.  The  program  has  now  been  inverted  by  Pien  and  Haskins  [10]. 
It  is  used  to  calculate  the  quasi-steady  forces  of  the  moderately  loaded  propel¬ 
ler.  Although  the  basic  quasi-steady  assumption  is  again  made,  it  does  provide 
a  means  for  greater  accuracies.  In  this  program,  experimental  corrections  to 
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Velocity  Survey  in  Propeller  Plane  for 
Submarine  A 
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Fig.  12  -  Wake  Survey  in  Way  of  Propeller  of  Model  A 


1.  Teeta  conducted  In  Wind  Tunnel  with  Model  in  Nor  mil  Condition 

2.  Vz/Vm  le  Longitudinal  Component  and  la  PoeUlve  in  the  Antera  Direction. 

3.  Vt/Vm  la  Tangential  Component  and  la  Poeltlve  In  the  Counterclockwise  Direction. 

4.  Angle  la  given  0  to  200  degree*  Counterclockwise  from  the  Vertical. 


658 


Alternating  Thrust  Forces  on  Submerged  Bodies 


VELOCITY  CCPTEY  I-'  ~E0PF LL'P  r LAVE 
F^P.  S  USI/AP  IV*  g 

1.  '•  ■Sts  conducted  In  Wind  Tunnel  with  l-odel  In  Vernal  Condition. 

2-  VxA'n  15  Longitudinal  Coepo.oent  and  Is  Positive  In  the  Astern  Direction. 

3-  vtA’E  Is  Tangential  Conpor.ent  ar.d  Is  Positive  In.  the  Counterclockwise  Direction. 
4  Angle  is  given  0  to  36C  degrees  Counterclockwise  fro*  the  vertical. 

PAVTT)  CAYLOP.  ’.'CTEL  BASIC  WASHIHGTOH  7,  D.  C. 

!!AY  1962 
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Fie.  13  -  Wake  Survey  in  Way  of  Propeller  of  Model  B 
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the  theoretical  no-lift  angle  may  be  made  for  the  type  of  camber  line  used  and 
to  the  lift-slope  curve  for  the  type  of  section  employed.  Also,  the  removal  of 
the  condition  of  normality  permits  greater  accuracy  in  the  calculation  of  the 
induced  velocities  for  the  moderately  loaded  propeller.  Thus,  it  should  be  ex¬ 
pected  that  this  method  should  provide  greater  accuracy  if  the  basic  assumption 
of  a  linearized  quasi-steady  theory  is  r,ot  overshadowing. 

In  recent  years  as  the  interest  in  the  problem  of  unsteady  propeller  forces 
has  grown,  attempts  have  been  made  to  add  unsteady  corrections  derived  from 
2-dimensional  theory  of  air  foil  sections  moving  rectilinearly  through  sinusoi¬ 
dal  gusts.  The  basic  hydrodynamic  work  upon  which  the  unsteady  corrections 
are  derived  is  that  published  by  Sears  [11]  in  1941.  The  first  such  work  pub¬ 
lished  using  Sears  unsteady  correction  was  that  of  Ritger  and  Breslin  [12]  in 
1958.  This  method  employs  Burrill's  approach  to  calculate  the  quasi-steady 
forces  and  Sears'  approach  to  calculate  the  unsteady  forces.  The  detailed 
equations  are  developed  in  [12]. 

Since  this  method  is  based  upon  Burrill's  method  for  calculating  the  quasi¬ 
steady  forces,  a  modification  has  been  made  to  the  program  at  the  Electric  Boat 
Company  by  the  Davidson  Laboratories  to  calculate  the  unsteady  forces.  It  was 
this  program  which  was  used  to  make  the  calculations  by  the  Ritger-Breslin 
method. 

Recently  a  number  of  investigators  have  been  attempting  to  develop  an  un¬ 
steady  propeller  theory.  This  of  necessity  is  an  exceedingly  complex  problem 
One  of  the  theories  has  been  programmed  into  a  computer,  but  pilot  calcula¬ 
tions  have  not  been  satisfactory.  Thus,  none  of  the  unsteady  computational 
methods  will  be  used  in  this  report. 

Concurrently  with  the  above  developments  which  are  based  upon  progres¬ 
sively  more  complex  mathematical  models,  a  number  of  investigators  have 
been  attempting  to  provide  numerically  simpler  means  for  permittirg  the  naval 
architect  and  marine  engineer  to  estimate  relatively  quickly  without  the  use  of 
digital  computers  the  forces  that  might  be  expected.  Such  a  method  has  been 
developed  at  DTMB  by  McCarthy  [13]  which  utilizes  the  model  open-water 
characteristics  of  the  design  propeller.  This  type  of  approach  dees  not  lend 
itself  as  readily  to  parametric  studies  during  the  early  design  stage  unless  the 
results  of  a  systematic  propeller  series,  such  as  the  Troost  Series,  are  avail¬ 
able.  It  can  be  quite  useful  to  the  propeller  designer  for  making  estimates 
after  a  design  has  been  established  and  a  model  propeller  built  and  tested.  For 
purposes  of  comparison  with  other  more  exact  methods  and  with  experimental 
results,  predictions  have  been  made  of  the  unsteady  forces  for  the  ship  con¬ 
figurations  contained  in  this  report. 

The  lifting  line  representation  of  the  propeller  blade  assumes  that  the 
blades  are  chordless.  The  usual  practice  is  to  assume  that  the  lifting  line  is 
represented  at  the  chord  mid-length.  Thus  in  obtaining  the  radial  wake  distri¬ 
bution  for  the  quasi-steady  calculations,  it  is  usual  to  use  the  wake  values  that 
pertain  at  the  chord  mid-length.  The  unsteady  2-dimensional  theory  developed 
by  Sears  [11]  uses  as  part  of  the  boundary  condition  the  unsteady  flow  condition 
which  exists  at  the  leading  edge  of  the  foil;  thus,  the  location  of  the  wake  in 
relation  to  the  chord  length  becomes  important.  In  order  to  obtain  some  idea 
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of  the  magnitude  of  the  effect,  the  quasi-steady  calculations  in  this  report  have 
been  made  with  the  lifting  line  representation  at  two  points,  the  chord  mid-length 
and  at  the  leading  edge. 


DISCUSSION  OF  RESULTS 
Effect  of  Sample  Size 

In  order  to  gain  some  insight  into  the  consistency  of  experimental  data, 
various  sizes  of  samples  were  analyzed  by  the  sampling  system.  For  the  full- 
scale  ship  trials,  samples  varying  in  size  from  100  to  800  shaft  revolutions 
were  analyzed  for  3  or  4  conditions  on  each  ship.  For  the  model,  samples 
ranging  from  25  to  400  were  analyzed. 

The  data  on  Ship  A  and  its  model  were  very  consistent  both  as  to  amplitude 
and  to  phase.  For  sample  sizes  larger  than  200  on  the  ship,  the  maximum  varia¬ 
tion  in  the  mean  thrust  was  less  than  1/2  per  cent.  For  blade  frequency,  the 
thrust  variation  was  less  than  0.1  per  cent  and  for  twice-blade  frequency  0.13 
per  cent  of  mean  thrust.  The  phase  angle  was  stable,  less  than  0.8  degrees  for 
blade  frequency  and  any  of  the  higher  harmonics.  All  full-scale  sampling  sys¬ 
tem  data  on  Ship  A  contained  in  this  report  are  for  samples  larger  than  300 
shaft  revolutions. 

A  similar  degree  of  stability  was  noted  in  the  results  of  Model  A.  The 
variation  of  the  mean  thrust  was  less  than  1/4  per  cent  for  samples  ranging  in 
size  from  25  to  300.  The  blade  and  twice-blade  frequency  forces  varied  less 
than  0.1  and  0.13  per  cent,  respectively,  for  100  samples  and  greater.  The 
phase  variation  was  less  than  0.3  degrees  for  the  sample  sizes  mentioned  above. 
The  consistency  of  both  the  forces  and  phase  measurements  on  model  and  full 
scale  on  this  configuration  is  quite  gratifying  and  would  indicate  that  samples  as 
low  as  300  revolutions,  full  scale,  and  100  revolutions,  model,  would  be  adequate 
for  accurate  results.  All  data  on  Model  A  is  for  300  or  more  samples. 

The  data  on  Ship  B  and  its  model  did  not  show  the  same  degree  of  consist¬ 
ency.  On  the  full-scale  trials,  five  runs  in  the  lower  speed  range  have  been 
analyzed  for  samples  varying  from  100  to  400  revolutions.  Neither  the  ampli¬ 
tude  nor  the  phase  showed  the  consistency  of  hull  A.  Amplitude  variations  as 
great  as  0.35  per  cent  of  mean  thrust  were  noted  between  300  and  400  samples. 
Between  200  and  400  samples,  variations  as  great  as  1.0  per  cent  of  mean  thrust 
were  noted.  In  most  instances,  phase  angle  variations  between  samples  of  300 
and  400  in  size  were  usually  less  than  1  degree  except  in  one  case  where  the 
phase  shifted  5  degrees.  Between  200  and  400  samples,  the  variationwasusually 
less  than  1  degree  although  one  case  showed  a  10-degree  variation.  This  varia¬ 
tion  in  phase  is  important  in  interpreting  the  value  of  the  amplitude  measure¬ 
ments.  Since  the  sampling  system  acts  as  a  "narrow"  band  filter,  any  significant 
variation  in  phase  results  in  a  tendency  to  produce  a  lower  amplitude  of  the 
mean  wave.  In  this  case,  the  1 -degree  shaft  angle  variation  in  phase  (5  degrees 
in  blade  frequency)  is  quite  small  if  the  sample  size  is  adequate.  Thus,  it  may 
be  concluded  for  the  sampling  system  that  the  test  runs  which  havt  large  phase 
shift  will  tend  to  give  lower  amplitudes. 
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On  the  tests  of  Model  B,  the  trigger  pulse  wave  in  the  sampling  system  was 
not  clear;  therefore,  it  was  not  possible  to  make  as  complete  a  sample  size 
study  as  that  conducted  on  Model  A.  An  analysis  was  made  of  two  runs  with 
samples  varying  from  25  to  approximately  200.  Within  the  limitations  of  the 
restricted  sample  size,  these  results  tended  to  show  consistency  of  data  ap¬ 
proaching  that  of  individual  runs  of  Model  A.  Comparing  75  and  200  samples 
showed  variations  in  amplitude  of  less  than  0.15  per  cent  for  blade  frequency 
and  0.3  per  cent  for  twice-blade  frequency  of  mean  thrust.  The  phase  angle 
variation  was  about  1  degree  for  blade  frequency  and  less  than  1/4  degree  for 
twice-blade  frequency.  Between  different  runs,  the  results  of  Model  B  did  not 
show  the  same  consistency  as  Model  A.  The  fact  that  less  consistency  in  data 
was  shown  on  both  the  ship  and  the  model  of  configuration  B  would  indicate  that 
the  cause  could  be  other  than  instrumentation  in  origin. 

Model  Tests 

The  test  results  for  Models  A  and  B  are  shown  in  Figs.  14  and  15,  respec¬ 
tively  for  both  blade  and  twice-blade  frequency.  The  amplitude  values  shown 
are  single  amplitude  and  plotted  against  model-propeller  revolutions  in  cps. 
These  values  are  derived  by  the  three  systems  of  analysis  previously  discussed: 
the  sampling  system,  Seadac,  and  planimetered  results  of  Viscorder  records. 
The  results  for  Model  A  in  Fig.  14  show  small  variation  over  the  model  test 
range.  The  variation  of  the  amplitude  of  the  sampling  system  results  is  less 
than  0.4  per  cent  of  the  mean  thrust.  Table  I  provides  a  comparison  of  the 
average  values  for  the  various  analyses  systems.  It  may  be  noted  that  the 
planimeter  method  followed  by  the  Seadac  and  the  sampling  system  give  pro¬ 
gressively  smaller  values.  This  is  to  be  expected  as  each  system  is  progres¬ 
sively  a  finer  filter.  The  agreement  as  a  whole  is  quite  good,  particularly 
between  Seadac  and  the  sampling  system. 

The  results  for  Model  A  show  that  the  amplitude  of  blade  frequency  is  less 
than  that  of  twice-blade  frequency.  This  is  unexpected  as  other  results  do  not 
support  this  conclusion.  Although  the  frequency  of  the  second  harmonics  is 
closer  to  the  resonant  frequency  of  the  instrumentation,  the  fact  that  the  ampli¬ 
tude  and  phase  show  virtually  no  change  over  a  frequency  range  of  144  to  190 
cps  would  indicate  that  the  results  are  valid  for  the  conditions  which  prevailed 
during  the  test. 

The  results  of  analysis  by  the  sampling  system  for  phase  angle  are  also 
shown  in  Fig.  14  for  Model  A.  The  agreement  in  phase  angle  for  the  various 
runs  are  ±2  1/2  degrees  for  blade  rate  and  -  l  degree  for  twice-blade  rate.  The 
agreement  for  the  six  runs  appear  to  be  too  good  to  be  a  coincidence.  It  should 
be  recognized,  however,  these  results  cannot  be  compared  directly  to  the  calcu¬ 
lated  results  because  certain  filters  in  both  the  analysis  system  and  the  start 
pulse  on  the  magnetic  tape  introduce  a  lag  in  the  phase  angle.  It  was  hoped  that 
the  calibration  for  phase  angle  could  be  supplied  by  the  manufacturer.  This  did 
not  prove  to  be  the  case,  and  time  precluded  making  these  rather  involved 
calibrations. 

The  results  from  Model  B.  shown  in  Fig.  15,  exhibit  less  consistency  than 
those  from  Model  A,  particularly  the  measurements  of  phase  angle.  The  ampli¬ 
tude  measurements  are  somewhat  more  consistent,  but  the  range  of  variation 
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TABLE  1 

Results  of  Alternating  Thrust  Model  Tests  and  Calculation  Methods 


Phase  Angle,  Degrees 

Per  Cent  Alternating  Clockwise  from  Top 
Thrust,  Single  Amplitude  Dead  Center 


MODEL  A 

Blade 

2xBlade 

3xBlade 

Blade 

2xBlade 

3xBlade 

Model  Test  Results 

Planimeter 

2.1 

3.1 

— 

— 

— 

— 

Seadac 

1.7 

2.6 

— 

— 

— 

— 

Sampling 

1.6 

2.3 

— 

9.4* 

26.3* 

— 

Calculations 

Centerline 

Induction  Factor 

3.29 

1.69 

.39 

-  3.5 

25.3 

16.7 

Burrill 

2.96 

1.49 

0.51 

-  0.4 

25.6 

16.5 

McCarthy 

3.64 

1.99 

0.73 

-  2.1 

24.5 

16.3 

Ritger  &  Breslin 

0.66 

0.26 

0.02 

10.0 

17.1 

15.1 

Leading  Edge 

Induction  Factor 

3.41 

1.74 

0.31 

-19.3 

10.0 

0.7 

Burrill 

3.85 

1.85 

0.41 

-15.7 

11.5 

1.2 

MODEL  B 

Model  Test  Results 

Planimeter 

3.6 

2.0 

— 

— 

— 

— 

Seadac 

4.5 

** 

— 

— 

— 

— 

Sampling 

3.0 

o.: 

— 

28.0* 

** 

— 

Calculations 

Centerline 

Induction  Factor 

2.52 

1.84 

0.54 

31.7 

-  1.4 

10.7 

Burrill 

2.54 

1.65 

0.62 

36.0 

1.0 

12.4 

McCarthy 

2.32 

1.56 

0.50 

35.8 

1.8 

12.2 

Ritger  &  Breslin 

0.58 

0.29 

0.03 

49.4 

12.9 

1.6 

Leading  Edge 

Induction  Factor 

2.01 

0.90 

0.02 

9.2 

-19.8 

11.7 

Burrill 

2.01 

0.92 

0.29 

12.8 

-17.7 

15.6 

-'Average  value  used  and  phase  angle  not  corrected  for  lag  introduced  by  filters . 
^-'Amplitude  negligible,  phase  angle  not  significant. 

is  somewhat  greater  (1  per  cent  of  the  mean  thrust)  than  Model  A.  The  different 
methods  of  analysis  also  produce  greater  variation.  For  blade  frequency,  an 
average  value  of  4.5  per  cent  of  mean  thrust  was  attained  from  Seadac,  3.6  from 
the  planimetered,  and  3.0  for  the  sampling  system.  The  results  of  twice-blade 
frequency  are  very  consistent  within  a  system  of  analysis,  but  the  results  of 
different  systems  are  widely  variant  ranging  from  a  1/4  of  a  per  cent  for  the 
sampling  system  to  2  per  cent  for  the  planimetered  results.  As  discussed  pre¬ 
viously,  it  is  to  be  expected  that  the  sampling  system  would  give  results  of 
lower  magnitude. 
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Model  A 

■+■  Planlmetered,  Filtered 
s  Seadac,  Hot  Filtered 

Seadac,  0-200  cps  Band  Pass  Filter 
a.  Sampling,  Hot  Filtered 
^  Sampling,  0-200  cps  Band  Pass  Filter 
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Fig.  14  -  Alternating  Thrust  and  Phase  Angle  as  Determined 
from  Tests  with  Model  A 
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Model  B 


-  Planimetered,  Filtered 

o  Seadac,  Not  Filtered 

v  Seadac,  0-250  cps  Band  Pass  Filter 

Sampling,  Not  Filtered 
/  Sampling,  0-250  cps  Band  Pass  Filter 
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13  14  15  16  1?  IS  19 

0  Model  Propeller  p.?S 

Fig.  15  -  Alternating  Thrust  and  Phase  Angle  as 
Determined  from  Tests  with  Model  B 
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CALCULATIONS 

Table  I  and  Figs.  16  and  17  compare  the  alternating  thrust  forces  deter¬ 
mined  by  the  various  calculation  methods  discussed  previously.  In  the  figures, 
the  alternating  thrust  forces  are  plotted  about  their  respective  mean  values. 

The  results  are  plotted  for  one  blade  cycle  using  the  top  dead  center  as  the 
zero  reference.  The  reference  on  the  propeller  blade  is  a  generating  line 
located  at  the  mid-length  of  the  chord  of  the  root  sections.  Table  I  showed  the 
results  of  the  harmonic  analyses  made  of  the  various  calculations.  Both  ampli¬ 
tude  and  phase  are  shown  for  blade  frequency  and  the  first  two  harmonics  of 
blade  frequency.  The  amplitudes  are  expressed  as  a  percentage  of  the  mean 
thrust  value  derived  by  calculations. 

These  results  show  quite  clearly  that  the  forces  predicted  by  the  various 
quasi-steady  methods  using  the  wake  distribution  at  the  propeller  blade  center- 
line  are  in  reasonably  good  agreement.  The  induction  factor  method  on  Model  B 
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Fig.  16  -  Thrust  as  Computed  for  Submarine  A  by  Induction  Factor, 
Burrill,  McCarthy,  and  Breslin  Methods 
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Fig.  17  -  Thrust  as  Computed  for  Submarine  B  by  Induction  Factor, 
Burrill,  McCarthy,  and  Breslin  Methods 


shows  a  larger  variation  in  magnitude;  however,  this  does  not  affect  the  ampli¬ 
tude  of  the  blade  frequency  harmonics  of  interest  in  tnis  report,  the  variation 
in  phase  between  the  different  quasi-steady  methods  is  small,  within  4  degrees 


The  amplitude  values  of  the  calculations  based  upon  the  wake  distribution 
prevailing  at  the  leading  edge  of  the  propeller  are  in  one  case  greater  and  the 
other  lower  than  that  based  upon  the  propeller  blade  centerline.  As  would  be 
expected,  the  phase  is  leading  that  predicted  by  the  centerline  calculations. 

The  calculations  by  the  method  developed  by  Breslin  show  a  significant 
change  in  magnitude  and  phase.  The  magnitude  of  the  blade  and  twice -blade 
frequencies  is  reduced  to  1/4  to  1/5  that  predicted  by  the  quasi-steady  method. 


Hadler,  Ruscus  and  Kopko 


The  amplitudes  are  also  substantially  less  than  those  measured  on  the  models 
except  for  the  twice -blade  frequency  amplitude  determined  by  the  sampling 
system  ^n  Model  B.  The  blade  frequency  lags  in  phase  by  10  to  17  degrees  that 
predicted  by  the  various  quasi-steady  methods  which  use  the  wake  at  the  blade 
centerline. 

Although  we  cannot  at  this  time  compare  numerically  the  phase  angle 
results  of  the  model  tests  with  the  calculations,  it  is  still  possible  to  draw 
tentative  conclusions.  Since  the  correlation  for  the  filters  in  the  sampling  sys¬ 
tem  will  introduce  lag  corrections,  the  results  of  the  model  tests  will  be  brought 
into  closer  agreement  with  those  predicted  by  the  quasi-steady  methods. 

This  correction  will  increase  the  disagreement  between  model  results  and 
the  prediction  by  Ritger  and  Breslin  with  the  model  results  leading  the  calcula¬ 
tions.  Thus,  it  would  appear  that  the  introduction  of  an  unsteady  correction  as 
developed  by  Ritger  and  Breslin  is  in  the  right  direction  but  tends  to  over 
correct. 

In  Table  I,  the  results  of  model  predictions  can  be  compared  to  the  predic¬ 
tions  made  by  the  various  calculations  methods.  It  is  disconcerting  to  note  that 
the  model  measurements  did  predict  significantly  stronger  blade  frequency 
forces  for  Model  B,  whereas  the  calculations  did  indicate  significantly  stronger 
forces  for  Model  A.  For  the  second  harmonic  the  inverse  is  true. 

In  the  course  of  making  the  analysis  of  the  unsteady  forces,  variations  were 
noted  in  the  mean  thrust  values  derived  from  the  various  calculations.  They  are 
compared  in  Table  II  with  the  measured  mean  thrust. 


TABLE  n 

Comparison  of  Calculated  Mean  Thrust/Measure  Mean  Thrust 


Calculation  Method 

Burrill 

Induction  Factor 

Breslin 

Ship  A 

1.28 

1.24 

1.36 

Ship  B 

1.08 

1.25 

1.12 

The  calculated  values  deviate  from  the  measured  rather  substantially.  The 
propeller  on  Ship  A  was  of  very  unusual  design  with  a  larg'  pitch  reduction  at 
the  root  of  the  propeller  blade.  It  is  thought  that  blade  interferences  were  more 
severe  than  normal.  The  methods  of  calculation  do  not  take  thickness  inter¬ 
ference  into  account  although  Burrill's  method  does  provide  a  nominal  correc¬ 
tion  for  cascade  effects.  Model  tests  of  this  propeller  indicated  substantially 
lower  efficiency  than  was  expected  from  the  design  calculation,  thus  the  poor 
agreement  is  not  surprising.  The  propeller  on  Ship  B  was  of  conventional 
design.  The  calculations  based  on  Burrill's  method  were  slightly  high.  The  cal¬ 
culations  by  Lerb's  induction  factors  showed  an  unexpectedly  large  disagree¬ 
ment.  At  this  time,  the  authors  are  unable  to  offer  a  rational  explanation  for 
this  large  difference.  The  predictions  made  by  the  Ritger-Breslin  method  are 
slightly  higher  than  those  predicted  by  Burrill. 
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In  view  of  the  rather  large  deviations  shown  in  the  calculated  values  of  the 
mean  thrust,  a  pilot  study  was  performed  on  Ship  B  to  determine  the  effect  of 
assumed  errors  on  the  calculation  of  the  magnitude  of  the  alternating  thrust 
forces.  This  study  was  made  using  the  induction  factor  method.  Calculations 
were  made  with  the  propeller  pitch  increased  one  and  two  degrees,  and  reduced 
one  degree.  A  final  calculation  was  made  with  a  linear  variation  of  the  design 
pitch  angle  starting  with  a  reduction  of  one  degree  at  the  root  section,  increas¬ 
ing  to  two  degrees  at  the  tip.  These  relatively  large  changes  in  the  angle  of 
attack  showed  significant  changes  in  the  mean  thrust  (about  12  per  cent  for  a 
1 -degree  change  in  pitch  angle),  but  the  effect  on  the  amplitude  of  blade  fre¬ 
quency  and  twice-blade  frequency  was  less  than  2  per  cent  when  compared  with 
the  amplitude  of  the  corresponding  frequencies  for  the  design  propeller.  Thus, 
it  may  be  concluded  that  the  effect  of  small  errors  in  determining  the  values  of 
the  section  angle  of  attack  and  lift-slope  curve  are  very  small  when  studying  the 
unsteady  forces  but  are  quite  significant  to  the  mean  thrust  values.  Although 
this  conclusion  is  comforting  as  far  as  calculating  alternating  forces  are  con¬ 
cerned,  the  determination  of  the  mean  forces  must  be  established  as  accurately 
as  possible  for  determination  of  the  percentage  of  alternating  force  to  mean 
force.  This  is  particularly  important  in  the  design  stage  before  model  test 
results  are  available  to  check  the  validity  of  the  calculated  values. 


FULL-SCALE  TRIALS 

The  results  of  the  full-scale  trials  on  Ships  A  and  B  are  shown  in  Figs.  18 
and  19  where  they  are  also  compared  with  the  results  of  their  corresponding 
model  tests.  The  analysis  is  made  by  two  methods:  the  Seadac  and  the  sam¬ 
pling  system.  The  sampling  system  is  expected  to  give  lower  values,  particu¬ 
larly  in  the  speed  range  around  resonances.  Outside  of  the  resonant  range  the 
agreement  between  the  two  systems  of  measurement  is  quite  good. 

The  results  of  the  trial  runs  on  Ship  A  are  shown  in  Fig.  18  and  are  incon¬ 
clusive.  The  amplitudes  in  the  speed  range  where  the  tests  were  conducted 
were  markedly  influenced  by  the  hull-shaft  system  resonances.  They  show 
amplitudes  many  fold  greater  than  those  measured  on  the  model.  Only  twice- 
blade  frequency  well  above  resonance  gives  values  in  nominal  agreement  with 
model. 

In  the  future,  it  will  probably  be  necessary  to  design  the  instrumentation  to 
accurately  measure  the  forces  at  much  lower  speeds,  speeds  which  are  well 
below  any  hull-shaft  system  resonance. 

Tiie  results  on  Ship  B  are  shown  in  Fig.  19.  These  trials  were  also  analyzed 
by  Seadac  and  the  sampling  system.  Again  the  results  of  the  sampling  system 
gave  lower  amplitude  values,  particularly  in  the  range  of  speeds  near  hull 
resonance.  On  this  ship,  7  runs  were  made  which  showed  little  influence  from 
the  hull-shaft  system  resonance  which  occurred  near  the  top  of  the  test  range. 
As  discussed  previously,  the  sampling  system  results  are  not  as  consistent  for 
this  ship  as  for  Ship  A.  The  scatter  of  the  individual  runs  are  greater,  abort 
0.4  per  cent  of  mean  thrust.  The  average  of  the  7  runs  below  resonance  show  a 
value  for  the  fundamental  of  about  1  per  cent  of  mean  thrust  with  variations  as 
great  as  ±1/2  per  cent  of  the  mean  thrust.  The  scatter  in  phase  angle  is  also 
relatively  large,  18.4  degrees,  showing  significant  phase  shift  thus  casting 
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Fig.  18  -  Alternating  Thrust  and  Phase  Angle  as  Determined 
from  Full-Scale  Trials  of  Submarine  A 
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Fig.  19  -  Alternating  Thrust  and  Phase  Angle  as 
Determined  from  Full-Scale  Trials  of  Submarine  B 
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further  doubt  upon  the  accuracy  of  the  measurements.  If  the  three  runs  are 
chosen  which  show  good  consistency  in  phase  angle,  it  will  be  noted  that  the 
amplitudes  for  blade  rate  are  also  quite  consistent.  The  value  in  these  cases 
is  about  1.0  per  cent  of  mean  thrust. 

The  second  harmonic  of  biade  frequency  is  influenced  in  the  lower  speed 
range  by  a  hull-shaft  system  resonance.  At  the  higher  speeds,  the  amplitude 
measurements  tend  to  level  off  to  a  value  of  about  0.6  per  cent  of  mean  thrust, 
but  the  phase  angle  is  still  erratic.  The  cause  of  the  phase  shift  between  runs 
must  be  determined  before  any  further  experimenting  on  this  ship  is 
warranted. 


CONCLUSIONS 

It  had  been  the  hope  at  the  commencement  of  this  work  that  some  knowledge 
would  be  gained  on  the  degree  of  correlation  between  existing  calculation 
methods,  model  test  predictions  and  full-scale  trial  results.  This  has  not  been 
achieved.  Many  problems  which  were  not  foreseen  have  been  brought  forth. 

Some  of  these  are  readily  solved  and  others  will  need  further  investigation.  It 
must  be  concluded  that  there  is  no  clear  cut  indication  of  the  validity  of  either 
calculation  or  model  test  to  predict  the  full-scale  forces.  It  is  probable  that  the 
measurement,  full  scale,  of  the  force  at  the  thrust  bearing  is  reasonably  accu¬ 
rate;  but  it  is  difficult  to  separate  this  force  into  its  various  components,  par¬ 
ticularly  those  generated  by  the  propeller.  The  problem  of  predicting  and 
measuring  the  alternating  forces  generated  by  a  ship's  propeller  is  certainly 
much  more  difficult  than  first  visualized.  This  work  does  point  out  that  the 
choice  of  test  vehicle,  for  the  reasons  given  in  the  introduction,  is  quite  valid 
and  even  more  important  than  first  visualized.  In  future  full-scale  work  on 
submarines,  the  following  must  be  considered: 

1.  A  propeller  of  as  low  a  number  of  blades  as  possible  should  be 
chosen  in  order  to  reduce  the  blade  frequency,  thus  providing  a  better  oppor¬ 
tunity  to  avoid  hull-shaft  system  resonances. 

2.  The  ship  measurements  should  be  made  at  lower  speeds  to  avoid 
hull  resonances.  It  may  be  necessary  to  design  instrumentation  to  take  accurate 
measurements  at  these  lower  speeds.  The  effect  of  the  filters  in  the  sampling 
and  measuring  systems  must  be  determined  so  that  phase  angle  can  be  meas¬ 
ured  accurately  and  correlated  with  that  from  model  tests. 

3.  Analysis  systems  such  as  sampling  and  Seadac  should  be  used  to 
show  the  various  resonances  and  to  give  information  on  phase  and  stability  of 
force  measurements. 

4.  The  torque  should  be  measured  as  well  as  the  thrust  when  possible 
to  provide  a  check  on  the  thrust  data. 

5.  If  hull  resonances  cannot  be  avoided,  complete  instrumentation  must 
be  made  of  the  hull-propeller -shaft  system  so  that  a  complete  analysis  can  be 
made  to  determine  the  magnitude  of  the  forces  at  the  propeller. 
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T  he  model  forces  measurements  are  somewhat  of  an  enigma.  The  consis¬ 
tency  of  the  results  of  measurements,  both  phase  and  amplitude,  on  Model  A 
inspire  confidence.  The  measurement  of  a  twice -blade  frequency  stronger  than 
blade  frequency  is  inconsistent  with  other  data.  The  instability  of  the  results  on 
Model  B  point  out  the  need  for  a  more  basic  knowledge  of  the  time -dependent 
flow  in  the  plane  of  the  propeller.  The  following  conclusions  may  be  drawn  for 
use  in  further  experimentation: 

1.  A  dynamic  calibration  system  must  be  developed  for  accurate 
calibration  of  the  model  measuring  system  before  it  is  possible  to  establish 
complete  confidence  in  the  results. 

2.  Analysis  systems  such  as  the  sampling  system  and  the  Seadac 
should  be  used  to  show  the  various  resonances  and  to  give  information  on  phase 
and  stability  of  force  measurements.  The  measurement  of  phase  is  essential  in 
correlation  with  calculations  and  full-scale  results. 

3.  Torque  should  be  measured  to  provide  a  further  check  on  the  con¬ 
sistency  of  the  thrust  data. 

4.  Adequate  data  should  be  taken  on  each  run  to  provide  at  least  300  or 
more  cycles  to  check  the  stability  of  the  results.  If  stability  is  demonstrated, 
100  revolutions  is  an  adequate  sample. 

As  a  result  of  the  uncertainties  of  the  model  measurements  in  the  complex 
flow  field  of  a  Ship,  it  is  considered  that  a  more  fundamental  approach  should  be 
used  in  correlating  theory  with  experiment.  An  analytically  simpler  flow  field 
(for  example  a  blade  frequency  sinusoidal  circumferential  velocity  pattern) 
which  does  not  experience  blade  and  near  blade  frequency  time-dependent  varia¬ 
tions  should  be  used.  The  results  of  the  various  calculation  methods  showed 
consistency  within  themselves  although  the  correlation  with  model  measure¬ 
ments  are  inconclusive.  All  the  calculation  methods  predicted  stronger  blade 
frequency  forces  than  twice-blade  frequency.  But,  measurements  on  Model  A 
indicate  higher  twice-blade  frequency  forces  than  blade  frequency.  The  cal¬ 
culations  also  predicted  higher  blade  frequency  forces  for  Model  A  than  for 
Model  B,  but  the  test  results  indicate  the  inverse.  The  following  tentative  con¬ 
clusions  may  be  drawm  for  use  in  future  calculations: 

1.  For  conditions  comparable  to  these  ships,  there  is  no  strong  indica¬ 
tion  that  one  quasi- steady  method  is  better  than  another. 

2.  The  unsteady  method  of  Ritger  and  Breslin  tends  to  over  correct 
both  amplitude  auu  phase.  The  amplitude  values  are  significantly  lower  than 
those  predicted  by  quasi- steady  calculations  or  those  measured  on  the  model 
except  for  the  twice-blade  frequency  forces  on  Model  B. 
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INTRODUCTION  AND  STATEMENT  OF  PROBLEM 

The  problem  we  are  concerned  with  is  shown  in  Fig  1.  A  propeller  repre¬ 
sented  here  by  its  blade  cross  section  moves  with  a  velocity  v  at  right  angles  to 
and  at  a  horizontal  distance  x  from  the  center  of  the  strut.  Both  the  strut  and 
propeller  are  subject  to  a  free  stream  velocity  u.  Due  to  the  rotation  of  the 
propeller,  i.e.  variation  in  yQ,  the  forces  generated  in  the  field  will  be  time- 
dependent  functions  and  as  such  will  pose  fatigue  problems  and  induce  vibrations 
either  by  hydrodynamical  excitations  of  the  strut  or  by  transmission  of  forces 
via  propeller  shaft.  The  knowledge  of  the  relation  between  these  forces  and 
such  design  parameters  as  tip  clearance,  relative  size  of  strut  and  blade  chord 
and  the  location  and  number  of  blades  may  provide  means  for  new  and  improved 
design  procedures. 

Of  the  early  work  dealing  with  forces  induced  by  rotating  propellers  are  the 
papers  by  Lewis  [1,2]  who  by  use  of  models  and  electrical  analogy  charted  the 
pressure  field  induced  on  a  wall  parallel  to  the  propeller  axis.  However,  the 
results  while  setting  down  the  nature  of  the  vibratory  forces  do  not  correlate 
these  with  the  various  design  parameters  inherent  in  propeller-appendage 
assemblies.  More  recent  work  on  the  subject  is  that  of  Breslin  [3],  who  solved 
the  problem  analytically  by  representing  the  propeller  blade  by  a  single  concen¬ 
trated  vortex  sweeping  by  a  moving  plate.  The  present  work  extends  Breslin's 
solution  in  several  important  respects.  Instead  of  a  concentrated  single  vortex 
the  blade  is  here  represented  by  a  chord-wise  vorticity  distribution  which  in 
addition  to  yielding  a  more  correct  value  for  the  forces  on  the  appendage,  en¬ 
ables  us  also  to  calculate  the  forces  on  the  propeller,  which  was  impossible  to 
do  in  Breslin's  case.  The  second  important  difference  is  that  we  have  here  in¬ 
cluded  the  mutual  interference  effects  of  propeller  blade  and  appendage;  for  as 
the  propeller  moves  through  the  velocity  field  of  the  appendage  these  velocities 
modify  and  are  in  turn  themselves  modified  by  the  velocity  potential  of  the 
travelling  propeller. 
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Fig.  1  -  Propeller- Appendage  System 


The  analysis  is  based  on  the  usual  assumptions  of  potential  theory,  namely 
that  the  flow  is  incompressible,  irrotational,  inviscid;  we  also  assume  that  the 
velocity  v  »  u  so  that  the  flow  is  nearly  parallel  for  both  the  appendage  and  the 
propeller.  The  propeller  is  treated  as  one  of  a  very  high  aspect  ratio  so  that 
its  three-dimensional  configuration  can  be  replaced  by  a  representative  blade 
cross-section  of  finite  chord.  The  appendage  too  though  infinitely  long  has  a 
finite  width  in  the  plane  of  the  propeller  cross-section.  The  problem  thus  is 
essentially  reduced  to  an  analysis  of  the  two  dimensional  unsteady  flow  field 
round  two  flat  plates,  as  shown  schematically  in  Fig.  2. 


Fig.  2  -  Schematic  Arrangement  of  Propeller-Strut  System 
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NOMENCLATURE 

a  -  half-chord  of  a  flat  plate  air  foil 


a2  =  yQ+  f 

c  =  chord  of  propeller  blade 

c  =  c/2  l 

l  -  half-chord  of  appendage 
q  coefficient  in  formula  for 

a 

r  =  V/U 
t  =  time 


u ,  v  =  velocity  components 
w  -  complex  potential 
x, y  =  rectangular  coordinates 
x'  variable  along  appendage 
xa  =  x  location  of  appendage  substitution  vortex 
xo  =  x  distance  of  propeller  from  center  of  appendage 
xp  x  location  of  propeller  substitution  vortex 
y'  =  variable  along  propeller  blade 
va  =  y  location  of  appendage  substitution  vortex 
yo  -  y  distance  of  appendage  from  center  of  propeller 
y  ^  v  location  of  propeller  substitution  vortex 
z  complex  coordinate  ( -  x1  iy) 


0) 
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c  =  correction  term  for  Appendage  Wake  Force 
D  =  correction  term  for  Propeller  Wake  Force 
F  =  force  per  unit  span 


T  =  unperturbed  propeller  thrust,  pwcUV 
U  =  free  stream  velocity 
V  =  velocity  of  propeller  blade 
y  -  vorticity  on  a  foil 
y2  -  vorticity  on  a  foil  due  to  its  wake 
y  vorticity  in  wake  of  a  foil 
yoa  -  quasi-steady  vorticity  on  appendage 
vQp  =  quasi -steady  vorticity  on  propeller 
y  j  =  quasi-steady  vorticity  on  propeller  due  to  voa 
y ^  -  vorticity  on  propeller  at  infinity 
-  density 
T  r  circulation 

Poa  -  quasi-steady  circulation  on  appendage 
op  =  quasi-steady  circulation  on  propeller 
T  =  quasi-steady  circulation  on  propeller  due  to 
=  circulation  on  propeller  at  infinity 
Subscripts 

a  =  appendage 
i  =  induced 
o  r  quasi-steady 
p  propeller 
m  =  maximum 
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w  =  wake 


1  =  apparent-mass  effect 

2  =  due  to  wake 
Superscripts 


pertains  to  normalization  by 

(a)  •?  for  all  lengths  (except  c  -  jj) 

(b)  77Uc  for  all  circulations 

(c)  T  for  all  forces 


METHOD  OF  SOLUTION 

The  basic  relations  for  the  lift  on  a  single  airfoil  subject  to  an  unsteady 
flow  have  been  derived  by  von  Karman  and  Sears  [4],  This  unsteady  lift  is 
shown  to  be  made  up  of  three  component  forces. 

1.  Fo  -  Quasi-steady  Force.  This  is  the  force  that  would  have  resulted 
from  a  steady  state  case  in  which  all  parameters  are  equal  to  the  instantaneous 
values  of  the  unsteady  motion.  The  expression  for  this  force  is 


where  Dis  the  quasi-steady  circulation  around  the  foil. 

2.  F  -  Apparent-mass  Force.  This  is  the  inertia  force  on  the  foil  due  to 
the  acceleration  of  the  mass  of  fluid  in  its  vicinity.  It  is  given  by 


Fi  :  "  ~t  J  x.o(x.t)dx 

a 


(2) 


where  .  is  the  quasi -steady  vorticity  distribution  on  the  foil  and  x  is  the 
coordinate  measured  along  the  foil,  the  latter  extending  from  x  =  -  a  to  x  -  a. 

3.  F,  -  Wake  Force.  Due  to  the  time  variation  of  ~  the  foil  will  shed 

2  O 

vortices  behind  it.  giving  rise  to  a  vorticity  distribution  •  wC '  - 1 )  in  the  wake, 
where  is  distance  along  the  wake,  measured  from  the  trailing  edge  of  the  foil. 
This  wake  vorticity  will  induce  a  wake  force  on  the  foil  given  by 


F 


2 


cVa 


V(  i  •  O 


(3) 


where  the  vorticity 


J ,  ■  t )  is  to  be  obtained  from  the  integral  equation  (4) 
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-U,  , - 

j  yw(5.t>  |/^ds  =  -  ro(t)  (4) 

The  total  force  on  the  foil  is  then  given  by 

F  =  Fo  +  F1  +  F2 

Since 


a 

r„(t)  =  f  yo(x,t)dx 


it  is  seen  from  Eqs.  1-4,  that  although  we  are  dealing  with  an  unsteady  problem, 
the  time  dependent  forces  can  be  obtained  once  the  quasi-steady  vorticity  70(x,  t) 
is  known.  Thus  the  original  problem  has  been  reduced  to  the  determination  of  a 
certain  steady  flow. 

The  quasi-steady  vorticity,  it  should  be  remembered,  is  in  itself  a  function 
of  time,  the  time  entering  as  a  parameter  that  specifies  the  moment  at  which  the 
flow  is  treated  as  steady.  Our  main  task  is  therefore  to  derive  expressions  for 
the  quasi-steady  vorticities  on  the  appendage  ,  03(x  .t)  and  on  the  propeller 
rop(y.  t ). 

For  our  particular  problem,  represented  schematically  in  Fig.  2,  we  have 
the  following  situation;  when  the  propeller  is  far  away  from  the  appendage,  (  v0 
is  very  large)  there  is  a  force  on  the  blade  due  to  the  cross  flow  U  given  by 
Fpx  =  t^  c  UV.  This  result  is  simply  the  lift  on  a  flat  plate  of  chord  c  subject  to  a 
free  stream  velocity  V  at  an  angle  of  attack  given  by 


At  that  time  the  appendage  being  subject  to  a  flow  U  parallel  to  itself  experi¬ 
ences  no  force,  or  Fa  =  0.  When  the  propeller  comes  within  the  proximity  of 
the  appendage  it  begins  to  feel  the  effect  of  the  appendage  and  this  effect  will 
vary  with  the  distance  yo.  Thus  at  any  given  position  yo  the  quasi-steady  force 
on  the  propeller  will  be  modified  due  to  appendage  interference  by  an  additional 
quantity  rp.,  such  that  the  quasi-steady  force  is  now 

F  =  F  _  -  F 

op  p®  pi 

In  addition,  as  already  mentioned  there  will  be  an  apparent  mass  force  Flp  and 
wake  force  F2p  acting  on  the  propeller.  The  appendage  likewise  will  nowT  ex¬ 
perience  a  quasi-steady,  apparent-mass  and  wake  forces.  Thus. 

FpT  -  force  on  propeller  at  infinity 

F  .  -  quasi-steady  force  induced  on  propeller  by  presence  of  appendage 
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Fop  -  quasi-steady  force  on  propeller  (=  *  Fpi) 

F2p  ■  force  on  propeller  induced  by  its  wake 

Fip  -  apparent-mass  force  on  propeller 

Foa  -  quasi -steady  force  on  appendage 

F2a  -  force  on  appendage  due  to  its  wake 

Fla  -  apparent-mass  force  on  appendage 

Our  main  task  is  now'  to  find  yoa  and  y  since  all  forces  can  be  obtained  once 
these  two  quantities  are  known. 

Since  the  complex  potential  for  a  simple  concentrated  vortex  of  strength  Co 
located  at  z  =  zo  is 

w  =  jer  Co  ''  h  ( 2  -  V 


and  for  a  uniform  stream 


w  =  -  Uz 

we  have,  by  representing  the  appendage  by  a  distributed  vorticity  yoa(x)  and  the 
propeller  by  yop(y),  the  following  expression  for  the  complex  quasi -steady 
potential  at  any  point,  z,  in  the  fluid: 


-  Uz 


'n( z  -  x ' )dx 1 


>op<y‘)  x‘n  (z-x0-  iy1  dy ' 


(5) 


where  ar  =  y0  -  (c  2),  and  a2  =  yo  -  (c  2),  and  where  the  time  dependence  of  >oa 
and  rop is  not  explicitly  indicated. 

By  imposing  the  condition  of  zero  normal  velocity  on  the  two  foils,  we  could 
use  Eq.  (5)  to  derive  a  pair  of  coupled  integral  equations  for  the  unknown  func¬ 
tions,  \a  and  yop.  The  solutions  to  the  integral  equations  are  not  unique  but 
become  so  when  the  Kutta  condition  is  imposed  at  the  trailing  edge  of  each  of 
the  foils.  However,  the  problem  of  determining  oa  and  '>op  in  this  w:ay  is 
sufficiently  difficult  to  necessitate  our  using  an  approximate  procedure  instead. 
The  method  employed  here  is  that  of  the  substitution  vortex.  In  this  method 
both  the  appendage  and  the  propeller  are  treated  as  finite  length  plates  with 
distributed  vorticities,  while  the  effect  that  each  of  these  plates  has  on  the  other 
is  assumed  to  be  that  of  a  concentrated  vortex  w'hose  strength  equals  the  total 
distributed  strength  of  the  respective  plate.  The  method  of  determining  the 
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unknown  strengths  and  locations  of  the  propeller  and  appendage  vortices  will 
become  clear  in  the  course  of  the  following  analysis. 

As  explained  previously  the  propeller  experiences  at  infinity,  due  to  the 
cross  flow  u,  a  vorticity  r^ty)  .  As  the  propeller  approaches  the  appendage,  it 
produces  and  is  affected  by  yoa(x),  thus  giving  rise  to  an  additional  vorticity 
/  j(y) .  As  shown  in  Fig.  3  we  shall  now  concentrate  the  distributed  vorticity 
yoa(x)  at  some  location  za  (to  be  determined)  and  call  its  strength  roa .  Since 
cancels  the  normal  velocity  of  the  uniform  stream  U  at  the  propeller,  we 
have  for  the  complex  potential  due  to  a  concentrated  vortex  Poa  and  a  distributed 
vorticity  ypi  the  following: 

a  2 

w  =  ^  <z  ~  za)  +  J  rpi(y')  (*-xo-  iy')dy' 


y 


l 

gXop(y) 

-U _ _ 

j 

Too 

^"oa  ( x  ) 

Fig.  3  -  Appendage  Substitution  Vortex 


Application  of  the  boundary  condition  that  the  normal  velocity  vanish  at  the 
propeller  blade  leads  to  the  integral  equation  for  -pi(v): 


i 


y-y.. 


(x  -xa)2  *  (y-y.) 


(6) 


where  the  bar  on  the  integral  indicates  a  Cauchy  principal  value.  Similarly,  we 
treat  /  (y)  as  a  concentrated  vortex  located  at  some  appropriate  coordinate  zp 
(again  to  be  determined)  and  write  the  complex  potential  as  due  to  ~op  and  a 
distributed  vorticity  v  (x)  along  the  appendage.  We  thus  have 
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_ op 

277 


f  z  -  X  - 
p 


'V 


-/ 


7oa( x ’ )  "tn  (z  -  x'  ;dx' 


The  condition  of  vanishing  normal  velocity  on  the  appendage  then  yields  the 
integral  equation  for  yoa(x) 


_r  '/°.(x') 

J  x*  -  x 


r 

op 


(x-x  )2  +  y  2 
P '  J  P 


(7) 


where  again  the  integral  is  a  Cauchy  principal  value. 

The  approximate  integral  equations  (6)  and  (7)  are  of  a  form  that  can  be 
solved  exactly,  giving  approximate  expressions  for  y  and  y  .  (or  equivalently, 
y  ).  The  details  of  this  process  are  discussed  in  [5j. 

If  we  now  insert  the  solutions  of  Eqs.  (6)  and  (7)  into  the  relationships 


rop  "  j  /0ply')dy'  =  |  /^(y'ldy'  -  j  ypi(y')dy' 

H  i  a  i  a  i 

l 

r  -  [  /  ( x 1  )dx ' 

oa  j  ' oa'  / 

we  obtain  the  following  expressions  for  and  “op  in  terms  of  za  and  zp: 


where 

A 


Re( A  -  1) 

1  -  Ref  A-  1  )Ref  B  -  I) 

(8) 

1 

1  -  Ref  A  -  1  )Ref  B  -  1) 

(9) 

/EZEI) :  ^x°~Xai 

V  -  !(Xo-Xa) 


It  remains  to  derive  two  other  relationships  among  the  four  unknowns,  oa.  r- 
z  .  and  z  . 

a  ■  p 

As  shown  in  Fig.  4,  (a)  and  (b),  we  consider  the  propeller  to  be  replaced  by 
a  concentrated  vortex  at  zp  with  circulation  ~op  .  We  seek  the  location.  za.  of 
that  vortex  by  which  the  appendage  may  be  replaced,  such  that  the  flow  at  suf¬ 
ficiently  large  z  due  to  the  two  vortices  approximates  the  original  flow.  More 
precisely.  za  is  to  be  so  determined  that  the  flow  due  to  the  two  vortices  agrees 
with  the  original  flow  to  terms  of  order  l  z . 
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Let  *-j  be  the  complex  potential  of  the  flow  associated  with  the  two  vortices. 


'l  r  2^'op  l0R  '  2^  oa  lo*  (Z*  V 


Expanding  the  second  term  in  inverse  powers  of  z.  we  have 


i  =  2-  _  —  Ior  (z-z  )  -  2-  lo?  z  ~  2-  • 

“  op  p  -  o  a  *■  oa 


JV,  (11) 


where  the  remainder  is  a  power  series  in  1  z  convergent  for  z  za  . 


Now  denote  by  "s  the  potential  of  the  actual  flow  induced  by  the  vortex 
located  at  zp  in  the  presence  of  the  appendage.  We  first  express  "2  as  a  func¬ 
tion  of  ' .  where  "  is  defined  by  the  transformation 


In  the  '  plane  the  appendage  is  mapped  into  a  circle  of  radius  2  with 
center  at  '  -  0.  The  vortex  at  zp  maps  into  a  vortex  at  with  circulation  Top. 
Likewise  the  circulation  ~oa  around  the  appendage  is  preserved. 

Using  Milne-Thompson's  [6]  circle  theorem  in  the  '  plane,  we  get 
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log  (5-{p)  - 


i£op 

2  7T 


log 


/2 

ii  ~  --i 


oa 
2  77 


log 


(12) 


where  is  the  image  of  zp  and  the  bar  over  the  £  stands  for  the  complex 
conjugate. 

Expressing  »2  as  a  function  of  z  and  expanding  it  in  inverse  powers  of  z  as 
far  as  the  1/z  terms,  we  can  rewrite  Eq.  (12)  as  [5] 


-j: 2  1°R  (z-  Zp)  - 


Z 


where  the  remainder  is  a  power  series  convergent  for  z '  . 

Comparison  of  (13)  with  (11)  to  terms  of  order  1  z  gives 


where 

“p 


;  2 


(13) 


(14) 

(14a) 


To  determine  the  position  of  the  substitution  vortex  for  the  propeller,  we 
proceed  in  a  manner  exactly  analogous  to  the  above,  except  that  we  must 
remember  that  the  incident  flow  on  the  propeller  comes  not  only  from  a  vortex 
at  za  but  also  from  a  uniform  stream  traveling  with  velocity  C  in  the  positive 
x  direction.  With  this  minor  modification  we  get  the  following  expression  for 
zp.  the  location  of  the  substitution  vortex  that  replaces  the  propeller: 


Z 

P 


(15) 


where  zp  \n  -  iy^,  the  position  of  the  center  of  the  propeller,  and  ;ais 
defined  by 


(15a) 


Equations  (14)  and  (15)  together  with  Eqs.  (8)  and  (9)  constitute  the  four 
desired  relations  for  the  determination  of  oa.  op.  za,  and  zp.  Once  these  are 
solved  (we  have  done  this  numerically  for  a  large  number  of  cases)  the  results 
are  put  into  the  right  hand  sides  of  the  integral  equations,  (6)  and  (7).  which  are 
then  inverted  to  yield  explicit  approximate  formulas  for  -oa(*'  and  -op(y). 

Note  that  Eqs.(14)and(15)  imply  that  xp  =  xp  and  ya  =  0.  i.e..  that  the  substitu¬ 
tion  vortices  lie  on  the  plates,  the  only  variation  occurring  along  and  not  normal 
to  the  appendage  or  propeller.  We  can  thus  rewrite  A  and  B  in  Eqs.  (8)  and 
(9)  as 
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One  additional  remark  should  be  made  concerning  a  limitation  on  the  use  of 
the  substitution  vortex  method.  To  terms  of  order  1  z,  the  potential  due  to  the 
presence  of  the  appendage  is  equal  to  that  due  to  the  appendage  vortex,  but  this 
equality  holds  only  for  observation  points  z  for  which  z  >' ,  i.e.,  observation 
points  exterior  to  a  circle  centered  on  the  appendage  and  having  a  radius  equal 
to  the  half-chord.  Similarly,  the  potential  due  to  the  propeller  is  approximated 
by  that  of  the  propeller  vortex  for  points  outside  a  corresponding  circle  centered 
on  the  propeller.  It  follows  that  in  treating  the  flow  with  both  foils  present  by 
the  substitution  vortex  method,  neither  foil  should  penetrate  the  circle  asso¬ 
ciated  with  the  other.  This  requirement  imposes  a  restriction  on  the  variables, 
c,  and  xo,  viz., 


x><-4-  or  c  ^  <  l/  y  2  -  ( x  -1)2  (17) 

o  2  “  F  ^  o  o  '  '  ' 

Thus  the  method  breaks  down  if  the  propeller  passes  too  close  to  the  end  of 
the  appendage.  On  the  other  hand,  it  seems  likely  that  a  slight  penetration  of 
the  circles  by  the  foils  will  not  seriously  spoil  the  accuracy  of  the  method  so 
that  practically  speaking,  the  inequality  (17)  is  a  little  too  restrictive. 


EXPRESSIONS  FOR  THE  UNSTEADY  FORCES 


The  Quasi-Steady  Forces 

According  to  Eq.  (1)  the  quasi -steady  forces  are 


F 


oa 


l 


oa 


F 

op 


v  r 

Op 


or,  from  Eqs.  (8)  and  (9) 

rF°a  =  Re,  A-  1  (IB) 

T  1  -  Re  A  -  1  )Re(B  -  1) 

=  _ 1 _  (19) 

T  1  -  Re  A  -  1  )Re<  B  -  1 ) 

where  T  =  -cl  Vis  the  unperturbed  propeller  thrust  and  r  p  .  It  will  be 
noticed  from  the  above  that 


F 

o  a 


Re( A  -  1  F 

r  op 


(20) 
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Also 


F 


Ref  A  -  1  jRefB  -  1) 

1  -  Re(  A  -  1  )Re(B  -  1  ) 


(21) 


The  Apparent-Mass  Forces 


As  shown  in  Eq.  (2),  the  determination  of  the  apparent-mass  force  involves 
the  evaluation  of 


M  =  xv  (x  )dx 
a  o  a  / 


for  the  appendage,  and 


y'-'op^y'^y' 


for  the  propeller. 

The  functions  ,oafx/and  (>•)  having  been  determined  approximately  by 
the  substitution  vortex  technique  just  described,  the  evaluation  of  these  inte¬ 
grals  as  performed  in  [5]  yields 


M 

a 


Re  )/(X0-  1>V2' 


(22) 


The  apparent  mass  forces  are  given  by 


J 


F 


-t 


M 

3 


F 


Ip 


Since 


v 


■v 

•  D 


we  have 


(24) 
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where  it  must  be  remembered  that  xa  and  vp  are  functions  of  yp  . 

The  Wake  Forces 

As  mentioned  previously  the  unsteady  circulation  on  both  the  appendage  and 
propeller  will  cause  the  shedding  of  wake  vortices  and  these  in  turn  will  induce 
an  additional  circulation  round  the  two  plates.  Thus  according  to  Eqs.  (3)  and 
(4),  the  integral  equation  for  the  wake  vorticity  /wa(  : )  and  the  expression  for 
the  force  induced  by  it  on  the  appendage  are  respectively 


F 


2  a 


c\>i 


(26) 


(27) 


Similarly,  for  the  wake  force  on  the  propeller,  we  have 


F 


2? 


V~>d- 


(28) 


where  S  =  and  -  measures  distance  along  the  propeller  wake  from  the 
trailing  edge  of  the  propeller. 

In  [5]  the  expression  for  F2a  was  derived  via  the  following  steps.  Instead 
of  ~o  in  Eq.  (26)  a  unit  impulse  was  used,  i.e.  ~a3  -  1.  The  force  F  2a  corre¬ 
sponding  to  7oa  =  1  could  then  be  obtained.  By  means  of  the  Duhamel  integral 
the  force  due  to  an  arbitrary  input  “Da  was  then  derived  yielding 


(29) 


Equation  (29)  tells  us  that  the  wake  force  is  always  equal  to  minus  one  half  the 
quasi-steadv  force  plus  a  correction  involving  the  expression 


C 


(4-R--  ; 


(30) 


Direct  integration  in  Eq.  (30)  is  difficult  since  .  oa  is  a  complicated  function. 

We  shall  represent  oaby  a  simpler  function  which  by  a  suitable  choice  of  con¬ 
stants  can  be  made  to  give  a  fair  approximation  to  the  original  expression. 
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has  in  general  the  shape  of  Fig.  5  and  we  can  write 


(31) 


Fie.  5  -  Shaoe  o:T 

*  o  a 
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C  =  -- 


2ci.r  "am 


[( 4 r  -  P ) 2  -  q,]2  [ 
(4r-P)2  -  q.  /V 


( 4r-P)2  -  q 

< C4r  ~  P)  <n  - L 


16r2 


■1 


C4r  -  P)2  - 
4r 


(32) 


where  P  =  y  -  y  . 

Thus  the  force  on  the  appendage  due  to  the  wake  is 

rF~  1  / rF 

2«  _  _  If  -g.?.  -  c 

T  2  T  ) 


(33) 


A  similar  procedure  for  the  propeller  yields 


T 


2  T 


-  2 


(34) 


Thus,  the  wake  force  is  equal  to  minus  one  half  of  the  induced  force  plus  a 
correction  D  given  by 


D 


M-y; 


(35) 


NUMERICAL  EVALUATION  OF  FORCES 


From  the  preceding  section  by  summing  F  =  F0 
total  lift  on  the  strut  and  propeller 


-  F, 


F. 

T 


1  r  o  e 

2  T~ 


1b 

rT 


-  C  r 


i  -  I  1JLi  -  Ftp  - 
2  T  T 


F,  we  obtain  for  the 

(36) 

(37) 


The  individual  terms  in  the  above  equations  are  given  by  the  following 
expressions 

(Fns  Tt  -  by  eqs.  (18)  and  (16) 

F,a  I  -  by  eqs.  (24)  and  (22) 

C  -  -by  eq.  (32) 

(F„  I)  -  by  eqs.  (21)  and  (16) 
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(Flp/T)  -  by  eqs.  (25)  and  (23) 

D  -  by  eq.  (35) 

All  the  above  equations  contain  the  coordinates  of  the  substitution  vortices 
xa  and  yp  and  thus  we  have  to  resort  to  eqs.  (14),  (14a),  (15)  and  (15a)  for  their 
values. 

It  will  be  noticed  that  all  the  expressions  necessary  for  calculating  Fa  and 
Fp  are  given  in  explicit  form.  The  only  unevaluated  expression  is  the  integral 
for  D,  eq.  (35).  This  integral  has  been  evaluated  numerically  using  Simpson's 
rule.  The  entire  project  has  been  programmed  on  a  7090  IBM  digital  computer 
and  component  as  well  as  total  forces  were  obtained  for  the  following  sets  of 
parameters . 


x0  -  -1.6,  -1.4,  -1.2,  -1.05,  1.05,  1.2,  1.4,  1.6 
c  -  0.1,  0.2,  0.3,  0.5, 
r  -  2,  3,  4 

v  -  from  -5.0  to  5.0  in  intervals  of  J.v  =  0.05 

-  O  *  O 

The  results  of  these  computations  are  available  in  tabular  form. 


DISCUSSION 

The  various  expressions  for  the  component  and  total  forces jnven  in  the 
preceding  sections  contain  the  propeller-appendage  length  ratio  c  -  c  2'  as  a 
parameter.  When  in  these  expressions  we  set  c  =  0.  the  forces  on  both  propel¬ 
ler  and  appendage  disappear.  However,  in  spile  of  this  disappearance,  the 
dimensionless  ratios  F  I  approach  definite  non-zero  limits  as  c  -  0  .  The 
curves  for  the  case  c  =  0  are  therefore  to  be  interpreted  as  plots  of  these 
limiting  values.  These  c  =  0  curves  are.  as  expected,  identical  with  the  curves 
of  Breslin  who  obtained  the  forces  on  the  appendage  by  making  the  simplifying 
assumption  that  the  propeller  has  both  a  constant  non-zero  circulation  and 
zero  chord. 

In  the  discussion  to  follow  we  shall  first  describe  the  effect  of  varvinc  x  . 

_  •  —  3 

r  and  c  on  the  nature  and  magnitude  of  the  hydrodynamic  forces  and  then  draw 
some  conclusions  with  regard  to  optimum  design  features  of  propeller-appendage 
assemblies. 

Rudder  Position  -  xo) 

Effects  on  Appendage  -  Figures  6  through  9  show  sample  plots  of  the  com¬ 
ponent  forces  indicating  that  while  the  apparent-mass  forces  go  up  more  than 
proportionately  with  c,  the  quasi-steady  and  wake  forces  change  less  than 
proportionately  with  c.  The  complex  way  in  which  these  component  forces  make 
up  the  total  force  is  shown  in  a  sample  plot  of  Fig.  10.  Figures  12  through  19 
show  the  variations  of  the  total  forces  and  these  can  be  summarized  as  follows: 
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a.  The  forces  are  predominantly  positive,  i.e.,  they  act  in  a  direction 
opposite  to  propeller  motion.  For  reasonable  spacings,  x0  >  1.1,  a  minimum  in 
the  value  of  Fa/T  occurs  around  c  =  .15  for  r  -  2  and  around  c  =  .1  for  r  =  4. 

b.  The  maximum  force  occurs  before  the  propeller  center  passes  the  ap¬ 
pendage,  0  <  yoT  <  <,  with  yor,  moving  closer  to  the  appendage  with  a  decrease 
in  c. 


c.  After  the  propeller  has  passed  the  appendage  the  forces  are  usually 
negative  and  negligible. 

d.  The  maximum  normalized  forces  decrease  with  an  increase  in  propeller 
velocity.  Fam  is  reduced  by  about  25%  in  going  from  r  -  2  to  r  =  4  . 

e.  As  shown  in  Figs.  18  and  19  the  forces  go  up  drastically  with  a  decrease 
inxo  .  Fair  increases  2-1/2  times  in  going  from  x0  =  1.6  to  xo  =  1.2. 

Effects  on  Propeller  -  The  apparent  mass  forces  and  also  usually  the  wake 
force  go  up,  according  to  Figs.  20  through  22.  more  than  proportionately  with  c 
while  the  quasi  steady  forces  go  up  less  than  proportionately  with  c.  Figure  23 
shows  how  the  three  component  forces  make  up  the  total  force.  It  should  be 
noticed  that  the  line  Fa  T  =  l  represents  the  force  on  the  propeller  at  infinity 
or  the  unperturbed  thrust.  Thus  the  plots  in  Figs.  25  to  28  represent  the  ratio 
of  the  actual  force  on  the  propeller  to  that  without  interference.  The  variation 
of  the  total  force  can  be  viewed  as  a  small  or  moderate  perturbation  round 
Fp=  T  =  l  and  thus  the  propeller  force  always  acts  in  the  same  direction.  It  can 
be  shown  that  Fp  is  independent  of  r  .  and  its  dependence  on  x,  and  c  can  be 
summarized  as  follows: 

a.  The  effect  of  appendage  interference  is  in  general  to  yield  forces  less 
than  the  unperturbed  propeller  thrust.  This  reduction  increases  with  propeller 
size. 

b.  The  propeller  force  reaches  a  minimum  before  it  passes  the  appendage 
in  the  region  of  0  <  v  <  .6  . 

w  ■  O 

c.  A  measurable  maximum  as  shown  in  Fig.  30.  is  reached  by  F_,  only  at 
x,  <  1.2. 

O 


d.  After  the  propeller  has  passed  the  appendage  the  forces  on  it  are 
slightly  higher  than  the  unperturbed  thrust 

From  an  analytical  point  of  view  it  is  interesting  to  note  in  Figs.  31  to  33 
the  rather  wide  excursion  of  the  coordinates  of  the  substitution  vortices.  As 
explained  in  t5]  the  value  of  xa  does  not  approach  the  expected  quarter-chord 
position  as  >■  -  u  because  the  line  along  which  z -  -  is  perpendicular  to  the 
appendage. 
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Skeg  Position  (-  xqj 

Effects  on  Appendage  -  For  the  case  where  the  propeller  is  upstream  of 
the  appendage  both  the  quasi-steady  forces  and  the  wake  forces  increase  more 
than  proportionately  with  an  increase  in  c.  However  as  seen  in  Fig.  8,  the 
apparent  mass  forces  exhibit  a  fairly  complex  behaviour.  The  depressions 
occurring  at  yo  -  0  were  unexpected  and  their  influence  can  be  noticed  in  the 
shape  of  the  total  force  as  exemplified  in  Fig.  11.  From  the  succeeding  plots 
of  the  total  appendage  force  for  a  skeg  position  the  following  general  comments 
can  be  made. 

a.  Except  for  xQ  >  -  1.2  the  forces  are  predominantly  negative,  acting  in 
the  direction  of  propeller  motion.  The  ratio  Fa,T  seems  to  increase  with  an 
increase  in  c.  Thus  with  an  increase  in  propeller  chord  the  value  of  Fa  will 
increase  both  by  virtue  of  an  increase  of  T  with  c  and  an  increase  in  the 
coefficient  F  /T. 

a 

b.  The  maximum  (negative)  force  occurs  before  the  propeller  center 

passes  the  appendage  and  this  occurs  in  the  fairly  narrow  range.  . l  <  <  .5. 

c.  After  the  propeller  has  passed  the  appendage  the  forces  are  usually 
positive  and  negligible. 

d.  The  maximum  (negative)  normalized  forces  decrease  with  an  increase 
in  propeller  velocity. 

e.  The  forces  go  up  drastically  with  a  decrease  in  xo  . 

f.  The  peak  forces  for  a  skeg  arrangement  are  quantitatively  about  the 
same  and  of  opposite  sign  as  the  peak  forces  for  a  rudder  arrangement. 

Effects  on  Propeller  -  The  normalized  apparent  mass  forces  go  up  less 
than  proportionately  with  an  increase  in  c  while  the  quasi-steadv  and  wake 
forces  go  up  more  than  linearly  with  c.  From  Figs.  25  to  28  the  following 
emerges: 

a.  The  effect  of  appendage  interference  is  to  increase  the  propeller  force 
above  that  of  the  unperturbed  thrust.  For  c  =  0.5  this  increase  can  be  as  high 
as  25^,  imposing  large  additional  forces  on  the  propeller  blade. 

b.  F  reaches  a  maximum  in  the  reeion  .3  <  y  <  1.0. 

P  •  => 

c.  As  shown  in  Fig.  30  the  value  of  the  maximum  force  increases  with  a 
decrease  in  x0  and  an  increase  in  c. 

d.  After  the  propeller  has  passed  the  appendage  the  forces  on  it  are 
slightly  below  the  value  of  the  unperturbed  thrust. 

As  shown  in  Fig.  33  the  excursion  of  the  substitution  vortices  is  here 
smaller  than  for  the  propeller-rudder  arrangement. 
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CONCLUSIONS 

1.  Spacings  closer  than  xQ  =  1.2  between  propeller  and  appendage  should 
be  avoided  for  at  least  two  reasons;  at  xo  <  1.2  there  are  two  cycles  of  stress 
reversals;  and  the  peak  forces  become  excessive. 

2.  For  a  given  propeller  chord  sizec  there  exists  an  optimum  ratio  cwhich 
will  produce  the  smallest  peak  force  on  the  appendage.  These  values  are  c  2'/7 
for  low  propeller  speeds  ( r  =  2);  and  c  2^/10  for  high  propeller  speeds  (r  =  4). 
The  above,  of  course,  applies  to  the  practical  range  of  c  values,  .  1  <  c  <  .5  and 
excludes  the  case  of  K  -  0  when  the  force  on  the  appendage  would  be  zero. 

3.  Peak  forces  on  both  appendage  and  propeller  always  occur  before  the 
propeller  center  passes  the  appendage;  the  forces  are  negligible  after  the  pro¬ 
peller  has  passed  the  appendage. 

4.  The  peak  forces  on  the  appendage  do  not  differ  appreciably  for  either 
skeg  or  rudder  arrangement. 

5.  The  peak  forces  on  the  propeller  for  a  rudder  arrangement  are  essen¬ 
tially  equal  to  the  unperturbed  thrust;  for  a  skeg  arrangement  they  are  meas¬ 
urably  higher. 

6.  On  the  appendage  the  peak  forces  increase  less  than  proportionately  with 
an  increase  in  V;  on  the  propeller  they  are  proportional  to  its  velocity. 


Fig.  7  -  Apparent  Mass  Forces  on 
Appendage  tor  xo  =  1.2 


Fig.  6  -  Quas  i-Steaay  Forces  on 
Appendage  for  xo  =  =1.2 
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Fig.  32  -  Po  sition  of  Substitution  Vortex 
on  Propeller  vs.  Propeller  Position 
xo  =  1.2 


Fig.  33  -  Location  of  Substitution  V ortcx 
vs.  Propeller  Position 
*0  =  -1-2 
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NUMERICAL  AND  EXPERIMENTAL 
INVESTIGATIONS  OF  THE  DEPENDENCE  OF 
TRANSVERSE  FORCE  AND  BENDING  MOMENT 
FLUCTUATIONS  ON  THE  BLADE  AREA  RATIO  OF 
FIVE-BLADED  SHIP  PROPELLERS* 


J.K.  Krohn 

Hamburg  Model  Basin 
Hamburg  Germany 


I.  INTRODUCTION 

As  the  wake  of  a  ship  is  not  axis-symmetrical,  the  propeller  working  in 
this  wake  will  experience  a  non-steady  resulting  force  and  a  non-steady  result¬ 
ing  moment.  In  recent  years  the  components  in  direction  of  the  propeller 
axis — namely  the  thmst  and  tnrnnp  fluctuations — have  been  investigated  fairly 
thoroughly.  But  little  is  known  about  investigations  of  the  vertical  and  horizontal 
components  of  the  resulting  force  and  moment.  Some  experimental  results  were 
published  in  two  papers  by  J.D.  van  Manen  and  R.  Wereldsma  [1,2].  The  present 
paper  is  a  further  clarifying  contribution  to  this  problem.  It  deals  in  particular 
with  the  experimental  and  numerical  determination  of  the  influence  of  propeller- 
blade  area  ratio  on  transverse  force  and  bending  moment  fluctuations.  In  addi¬ 
tion  to  answering  the  specific  questions,  the  theoretical  part  allows  some 
general  conclusions  about  the  influence  of  wake,  number  of  propeller-blades, 
etc.  As  example,  numerical  calculations  were  carried  out  for  three  five-bladed 


field.  The  wake  distribution  used  in  these  calculations  is  that  measured  behind 
the  model  used  for  the  experimental  investigation. 


*The  re  search  work  reported  in  this  paper  was  carried  out  under  sponsorship 
of  the  Office  of  Naval  Research,  U.S.  Department  of  Navy. 
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II.  METHOD  FOR  CALCULATING  TRANSVERSE  FORCE  AND 

BENDING  MOMENT  FLUCTUATIONS 

The  basis  for  the  calculation  of  transverse  force  and  bending  moment 
fluctuations  is  the  formula  for  the  lift  of  an  infinitely  long  hydrofoil.  Introducing 
the  camber  corrections  kj  and  k2  for  propellers  [3],  the  lift  for  a  blade  element 
between  r  and  dr  is  given  by 

^  =  ’ t  •  v2,/£R*dx  (*  =  £). 

Substituting  the  known  formula  ca  =  2w(o  +  aD)  for  the  lift  coefficient  it  follows 

dL  =  Yv~'  ■  v2,(a+ «0)'dx . 

As  a  rule  this  equation  is  used  for  the  calculation  of  the  lift  under  the  assump¬ 
tion  that  the  field  of  flow  in  the  vicinity  of  the  propeller  may  be  considered  axis- 
symmetrical.  That  is,  only  the  mean  inflow  velocity  ve  over  the  circumference 
is  taken.  For  the  following  considerations  the  assumption  of  rotational  symmetry 
is  omitted.  The  inflow  velocity  ve  can  then  be  split  up  into  the  mean  value  over 
the  circumference  and  the  fluctuation  Ave  so  that  ve  =  ve  -  AVe.  To  simplify  the 
calculation  it  is  assumed  that  |AVe|<<ve  ,  hence  that  terms  of  second  and  higher 
power  of  A Ve  can  be  neglected.  The  introduction  of  the  term  AVe  means  that  the 
relative  velocity  V  as  well  as  the  angle  of  attack  a  can  be  split  up  into  a  mean 
value  and  a  fluctuating  term.  This  in  turn  means  that  the  lift,  too,  can  be  repre¬ 
sented  by  the  sum  of  a  mean  value  and  a  fluctuating  term.  To  simplify  the  cal¬ 
culation  it  is  assumed  that  the  propeller  is  only  lightly  or  moderately  loaded. 
Then,  the  resultant  of  the  axial  and  tangential  component  of  the  induced  velocity 
is  normal  to  the  resultant  relative  velocity.  Thus  the  relative  velocity  can  be 
expressed  in  terms  of  the  velocity  u  which  is  the  resultant  of  the  rotational 
speed  r.fiar.d  the  inflow  velocity  ve.  It  follows  from  Fig.  1  that 


V  -  U.cos  ( 3 ;  -  3 ) 


r.n. 


COS  (6;  -  6) 

cos  3 


where  the  angular  velocity  fi  is  constant.  Further  it  can  be  deduced  from  the 
Fig.  1  that,  owing  to  ve  =  ve  -  AVe,  it  is  3  =  f  -  e  and  on  the  other  hand,  owing 
to  the  constant  geometrical  pitch  angle  <p  =  3i  +  a,  it  is  a  =  a  ^  Aa  and 
3j  =  £3j  -  Aa.  The  quantities  with  a  bar  are  mean  values  over  the  circumference. 
Substituting  the  expressions  for  the  angles  in  the  expression  for  the  relative 
velocity  and  developing  in  terms  of  the  fluctuating  quantities,  one  obtains 


v=  V  -  AV  -  U-cos  (3; -6)  -  U-cos  (6  .  -  3)  •  [(  1  -  t  )•  tg(g.  -  f3)  +  tgfiJ’E 

where  U  =  r.fi-'cos  3  and  -  =  Aa/e.  The  development  was  stopped  after  the  linear 
term  in  e  or  Aa,  respectively,  since,  owing  to  AVe|«Ve>  it  is  also  e'<<g  and 
|  Aa i < < 3  j .  After  some  simple  calculations  it  is  now  possible  to  express  the  lift 
as  follows 
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Fig.  1  -  Vector-Diagram  of  the  Velocities  at  a  Propeller  Blade  Element 


dL 


dL  +  dAL 


77*  p  •  R  •  K 

kl'k2 


U2-cos2  ((?£ -£)•(»„  *  qp  -  fjJ-dx 


U2-< 


(Si  -  6) 


H 


) 


•  j(  1  -  r)-  tg  (?;-£)  -  to  gjj  -id'dx 

Thence  the  tangential  component  dLt  is  obtained  by  multiplying  dL  in  sin  3j. 
Developing  the  expression  thus  found,  the  tangential  component  of  the  lift  on  a 
blade  element  becomes 


dLt  -  oLt  +  djLt  =  dL-sin  £;  -  (dL’Cotg  £j-£ia  -  A'.L)  -  sin  £; 


If  the  blade  element  under  consideration  belongs  to  the  j  -th  blade  of  a  z-bladed 
propeller  (z  >  l),  then  the  multiplication  of  the  tangential  component  in  cos  . ; 
or  sin  -j ,  respectively,  gives  the  horizontal  or  vertical  component  of  the  trans¬ 
verse  force  on  an  element  for  the  j  -th  blade  (see  Fig.  2) 


dlf '  '  =  dL. • cos 

ho  r  .  t 


dT 


(  j  ) 

vert. 


dL. 


Substituting  the  corresponding  quantities  and  integrating  over  the  radius  one 
obtains  finally  the  horizontal  and  vertical  comonnent  of  the  transverse  force  for 
the  j  -th  blade. 


•R-j 


O-gjVcos2  (S;  —  £)-sin  Sj-dx-^  ’ 

;  in  .  (Cont. ) 
) 
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Fig.  Z  -  Angles  and  Coordinates  at  the  Propeller 


.(  i 

ho  r . 


T 


<  i  ) 
vert 


•[2-  (l--)-tg  (-_-£) 


tg 


(1) 


*  cot  g  £;J>--cos2  (g.-gVsin  £.• 


sin 

j 


Likewise  one  obtains  by  multiplication  of  dL  by  cos  £ ;  the  axial  component  dLa 
of  the  lift 

dLa  -  dLa  -  dlXa  -  dL-cos  £.  -  (dL-tg  c.Ci  -  d£L)'cos  gj 

Thence  one  arrives  at  the  components  of  that  part  of  the  bending  moment  about 
the  horizontal  and  vertical  axis  which  is  due  to  an  element  of  the  j  -th  blade  by 
multiplying  dLa  into  the  distance  from  the  two  axes,  hence 
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dM 


.()> 


hor  . 


dL  •  R  •  x  •  co  s  kIj  . 
a  v  j 


dM 


(  i  ) 


dL  •  R  •  x  •  s  i  n  p . 

9 


Then  the  integration  over  the  radius  gives  the  horizontal  and  vertical  components 
of  the  bending  moment  for  the  j-th  blade. 


(i)  "1 
hor.  1 


ho 


cos  P 


i)  f  ■  77,/°,r2-  It  \  •  U2‘(ao  +  (P  -  3j  )-cos2  (6;  -8)-cos  0;-x-dx-< 

e  r  t  J  "*0  1  2  [^in 


+  71  *  p 


r*  9  _  f  a+Cp-3-  r 

'R2-J  iTTir  •  u2‘V  -  ~2—. r - 1  ‘L2-  n-T)-tB  Oj-P)  +  tg  0) 

x0 

COS  p  J 


T*tg  3  •  f'Cos  ^(0  .  -  3)  * cos  3-  -Aa*x-dx* 


sin  p 


In  order  to  obtain  the  transverse  force  and  bending  moment  components  for  the 
propeller,  eqs.  (l)and(2)  have  to  be  summed  over  the  number  of  blades.  For  the 
first  term  on  the  right  side  of  the  two  equations  this  summation  is  easily  carried 
out  because  apart  from  the  angle  Sj  contained  in  the  angle  ^ j  no  other  quantity 
depends  on  the  index  of  summation.  The  angle  Sj  is  measured  from  the  first 
blade  to  the  J-th  blade  in  the  mathematically  positive  sense,  i.e., 


As  known 


as  well  as 


z 

L 


cos 


277 


111 

z 


z 

L 


sin 


2t- 


j-1 

2 


vanish  for  all  z  >  l,  so  that  the  first  terms  on  the  right  side  of  the  eqs.  (1)  and  (2) 
do  not  contribute  to  the  transverse  force  and  bending  moment  components.  This 
is  also  understandable  for  physical  reasons,  if  one  notes  that  these  terms  con¬ 
tain  only  the  axis -symmetrical  part  of  the  wake  distribution.  For,  in  an  axis- 
symmetrical  wake  a  single  blade  can  be  excited  hydrodynamically  to  transverse 
force  and  bending  moment  fluctuations  with  a  frequency  which  is  equal  to  the 
number  of  revolutions,  but  not  a  multi-bladed  propeller.  In  carrying  out  the 
summation  over  the  second  term  it  is  to  be  observed  that  e  as  well  as  Aa  are 
functions  of  the  index  j  .  Therefore,  this  relation  shall  be  determined  first.  For 
this  purpose  the  representation  of  the  inflow  velocity  ve  by  a  Fourier-series  is 
used.  The  term  which  is  independent  of  the  circumferential  coordinate  4>\  then 
corresponds  to  the  mean  inflow,  whilst  the  value  of  the  series  is  equal  to  the 
velocity  fluctuation  ^.ve .  Now  only  those  parts  of  the  inflow  field  are  of  interest 
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in  which  the  propeller  blades  are  at  the  moment.  The  circumferential  coordinate 
of  a  point  within  a  blade  element  of  the  j  -th  blade  is  given  by  (Fig.  2) 


•di .  -  -  fi  •  t  +  7  +  b. 

r  J  '  > 


i  .  =  2  77 


j  =  1,2, 


Then  the  fluctuation  of  the  inflow  velocity  in  this  point  relative  to  the  velocity  u 
is  expressed  by 


\  \  ’  /  in^.  inJ/.\ 

-zf)  =  V*  ’  +  Imbn-e  ’)  . 


j  n  ■  1 


On  the  other  hand  one  can  deduce  the  relation 


-)  ' 
u  /  j 


from  Fig.  1,  so  that  the  relationship  between  ej  and  the  circumferential  coordi¬ 
nate  j  is  known.  It  remains  now  to  determine  how  e;  and  Adj  are  related  with 
one  another;  that  is,  a  statement  on  r  must  be  made.  On  the  basis  of  the  afore 
made  assumptions  and  calculations  nothing  can  be  said  about  r  since  as  an  essen¬ 
tial  quantity  the  fluctuation  of  the  velocity  induced  at  the  propeller  enters  into  r. 
In  order  to  determine  this  fluctuation,  fundamental  research  in  the  behaviour  of 
a  hydrofoil  in  three-dimensional  non-steady  flow  is  necessary.  These  investiga¬ 
tions,  however,  exceed  the  limits  of  the  method  of  calculation  used  here,  where 
the  theory  of  an  infinitely  long  hydrofoil  in  two-dimensional  flow  has  been  ap¬ 
plied  to  the  propeller.  For  this  reason  it  will  be  assumed  in  the  following  calcu¬ 
lations  that  Ej  and  la,  coincide  in  both  amplitude  and  phase,  that  is,  r  -  l.  Then 
the  relation  between  _j  and  ej  holds  also  for  Aa,-  which  is  expressed  by 


i  in v  . 

,  Re  2  • e  }  •  Im  b 


in*.\ 

n  e  V 


If  this  equation  is  multiplied  by  cos  Vj  or  sin  Tj  ,  respectively,  it  follows  after 
some  transformation,  under  consideration  of  the  addition  theorems  for  the 
trigonometric  functions, 


Acr  -cos  j 


I.£{Re  V(e1(n*1)C’  *  e!(n_1)ii)*Im  b„- (  e‘ (  "M  ^  -  e‘ ( i)  } 


1  .  „  .1 
2  1  2 


b  ,tb 

n-  1 


Re  a2*e  ]  -  Im  b0*e  ^  j^Re  n~  1  ^ 

n*  2 

AlAV-j} 


(Co,t.) 
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Aaj  •  sin  "/<)  =  j 


an-(ei(nMW'i-e,(n-1)0O-Re  <"* 1  >*i  -  e* 1  >*i)} 

n*  1 

bi  _  (lm  otj-e'^-Re  b2-ell/,i)  +  {im  — ■ 1  2  ^  1  •e'"0! 

'n-  1  ~  ^n*  1 

2  '  e  J  . 


n*  2 


-  Re 


From  these  equations  we  obtain  by  summation  over  the  number  of  blades  the 
formulae 


Z  00  C  n 

V~\  V  ■<  amz-l  amz+l  imz-(-Q.t  + 

/  'cos  p.  =  2  *  al  +  z  /  l^e  - 2 -  ’  e 

m*  1 

-S'  t  ♦  7)j 


y) 


+  Im 


i-l +  ^mz+1  imz • (- 


(3a) 


m”  1 


Y^a  2  ,  V'1  /»  “rnz-l  amz+l  i»z-(-nt*y) 

^  Sln  *j  2'hl  r  Z'Z^  lIm  - 2 - ’e 

+  y  )| 


_  b»i- 1  ~  bmr*  1  imz -(-fit 
-  Re  - - j -  'e 


(3b) 


Returning  now  to  eqs.  (1)  and  (2)  and  summing  them  over  the  number  of  blades; 
the  relations  obtained  in  this  way  consist  of  terms 


Y 

L-, 

i-  l 


and 


7  a  •  •  sin  ii  . 

t—i  J  J 

j=i 


which  are  provided  with  factors  and  are  integrated  over  the  radius.  The  rela¬ 
tions  obtained  from  the  summation  do  not  yet  represent  the  complete  transverse 
force  and  bending  moment  fluctuations,  but,  only  that  part  of  the  fluctuations 
which  is  effective  on  a  straight  line  which  includes  the  angle  y  with  the  mean 
line  of  the  blade.  Then  obviously  the  equations  (3a)  and  (3b)  are  expressing  the 
fluctuation  of  the  angle  of  attack  on  the  just  mentioned  straight  line  on  all  z 
blades.  Further,  however,  the  fluctuations  must  be  summed  over  the  breadth  of 
the  blade.  This  summation  has  already  been  carried  out  in  a  general  manner  by 
Sears  [4]  and  is  here  supposed  as  known.  Using  the  results  obtained  by  Sears 
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v  z  •  p 


'■f3-  ■  J  ‘  '  (a0^-8i)-(2-tg  8-tg  p.)} 


'  cos2(8j  -  0)-cos  0.  -bj-x-dx  +  77  2  2  8  *  [  ’  U2;|l  -  (a 


0  +  'A  ~  a£ ) 


CP 

•(2-tg  0- tg  0j)}-cos2  (Ij-3)-cos  0j  •  ^{Mam2.i-aml+i)-F(wm2) 

m=  1  ^ 

e(bmI-l"bmz+l>,F(WmI),-e  ’m2iit}-X-dx  _  (5b) 


•  im  zQt 
•e  -  R 


Where 


F(»  ) 

'  mz  * 


(K„ 


i  w  )  + 
m  z 


K.  (  iw  )] 

1  fTl  2 


is  the  reduction  formula  of  Sears,  and 


m‘  z -C,3  _  cos  41 

m  z  “  „  —  t r 

z’L  cos  p 

is  the  reduced  frequency  which  is  obtained  by  means  of  the  relation  i/2  ■ 
cos  <p  -  r-y0  (Fig.  2).  The  eqs.  (4)  and  (5)  require  a  short  discussion,  because, 
here  a  term  independent  of  the  circumferential  coordinate  appears  besides  the 
expected  fluctuation  dependent  on  the  circumferential  coordinate.  This  is  sur¬ 
prising,  because,  when  deriving  the  equations  it  appeared  that  only  the  fluctua¬ 
tion  of  the  innow  velocity  \e  delivers  a  contribution,  the  axis-symmetrical  part, 
however,  drops  out.  Physically  this  means  that  for  a  given  number  of  revolu¬ 
tions  the  fluctuation  of  the  inflow  velocity  to  the  propeller  produces  a  constant 
transverse  force  and  a  constant  bending  moment  besides  the  transverse  force 
and  bending  moment  fluctuations.  This  result  can  be  explained  by  the  example 
of  a  single  screw  ship.  The  distribution  of  the  nominal  inflow  velocity  in  the 
propeller  plane  behind  a  single  screw  ship  is  symmetrical  relative  to  the  verti¬ 
cal  axis  (Fig.  2);  that  is,  in  a  given  interval  of  time  the  same  quantity  of  water 
is  flowing  across  the  semi-plane  on  both  the  right  ana  the  left  side  of  the  vertical 
axis.  On  the  other  hand  the  distribution  of  the  inflow  velocity  is  asymmetrical 
relative  to  the  horizontal  axis.  Thus,  in  a  given  interval  of  time  a  different 
quantity  of  water  is  flowing  across  the  semi-planes  above  and  below  the  hori¬ 
zontal  axis.  Indeed,  the  velocity  in  the  lower  semi-plane  is  higher.  The  trans¬ 
verse  force  components,  too,  show  a  different  behaviour  in  relation  to  the  axes. 
Inside  the  upper  or  lower  semi-plane,  respectively,  the  horizontal  transverse 
force  component  has  the  same  direction,  whereas  the  direction  between  the  two 
semi-planes  is  opposed.  The  same  behaviour  is  found  for  the  vertical  compo¬ 
nent  relative  to  the  right  and  left  semi -plane.  Thus,  it  is  to  be  expected  that  the 
whole  vertical  component  of  the  transverse  force  disappears  on  account  of  the 
symmetry  of  the  inflow  velocity  relative  to  the  vertical  axis;  the  whole  horizon¬ 
tal  component,  however,  differs  from  zero  owing  to  the  higher  velocity  in  the 
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lower  semi-plane.  This  consideration  is  only  valid  for  that  part  of  the  trans¬ 
verse  force  which  depends  on  the  first  harmonic  of  the  inflow  distribution.  This 
is  due  to  the  difference  of  the  behaviour  in  the  respective  two  semi-planes.  To 
summarize,  it  can  be  said  that  the  steady  state  term  of  the  transverse  force  re¬ 
sulting  from  the  calculation  and  its  dependence  on  the  first  harmonic  of  the  in¬ 
flow  velocity  is  easy  to  explain  physically.  In  the  same  way  an  explanation  for 
the  bending  moment  can  be  given. 

Carrying  out  the  numerical  calculation  of  the  expressions  (4)  and  (5)  all 
quantities  which  are  not  given  as  propeller  data  or  as  wake  analysis  can  be 
ascertained  from  simple  geometrical  relations  which  are  to  be  taken  from 
Fig.  1.  Only  the  determination  of  the  angle  is  an  exception,  since  the  mean 
induced  velocity  enters  into  it.  On  account  of  the  assumption  of  the  lightly  to 
moderately  loaded  propeller  one  can  obtain  g,  by  equating  the  lift  coefficient 
derived  from  the  simple  airfoil  theory 

ca  =  k^r2  •  (a0+  vA  -  3i) 

to  the  lift  coefficient  following  from  Goldstein's  calculations  [5] 

4  •  77  ■  y  T)  _  _  _ 

ca  =  - - —  •  jr  '  sin  |3.-tg  (P;  -  0)  _ 


III.  TESTS  AND  GENERAL  RESULTS  OF  TESTS 

To  carry  out  the  tests,  the  model  of  a  bulk  carrier,  scale  1:25,  was  used. 
The  sections  of  this  model  are  represented  in  Fig.  3.  Furthermore,  three  pro¬ 
pellers  have  been  designed  and  manufactured  for  this  model.  The  essential  dif¬ 
ference  of  these  propellers  consists  in  the  blade  area  ratio.  Otherwise,  all  pro¬ 
pellers  have  the  same  diameter  and  are  designed  as  optimum  propellers  for  a 
given  speed  (speed  of  model  1.543  m/sec  corresponding  to  a  ship's  speed  of 
15  kn).  The  shape  of  the  blades  and  of  the  sections  are  shown  in  Fig.s  4  to  6. 
The  characteristic  data  of  both  the  ship  model  and  the  propeller  models  are  as 
follows: 

a.  ship  model 

length  between  PP 
beam 
draft 

displaceme  nt 
block  coefficient 

b.  propeller  model 

diameter  230.00  230.00 

pitch  193.66  193.66 

pitch  diameter  ratio  0.842  0.842 

blade  area  ratio  0.35  0.55 

number  of  blades  5  5 


230.00  [mm] 
193.66  [mm] 
0.842 
n  7K 

u  •  i  O 

5 


L  =  6120  [mm 

B  =  840  mm 

T  =  360  mm 

D  =  1369.5  [kg] 
b  =  0.74 
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Fig.  3  -  Frame  Plan 


Fig.  5  -  Propeller  Plan 
Blade  Area  Ratio  0.55 


Fig.  4  -  Propeller  Plan 
Blade  Area  Ratio  0.35 
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Fig.  6  -  Propeller  Plan 
Blade  Area  Ratio  0.75 


In  order  to  measure  the  transverse  force  and  bending  moment  fluctuations  a 
special  dynamometer  is  installed  in  the  ship  model.  This  instrument  transforms 
transverse  force  and  bending  moment  fluctuations  into  electric  quantities  which 
are  recorded  after  amplification.  The  essential  element  of  this  instrument  is 
the  bearing  of  the  propeller  shaft  which  is  supported  by  tubular  beams  as  shown 
in  Fig.  14.  This  suspension  is  axis -symmetrical,  so  that  the  forces  transmitted 
to  the  beams  can  be  registered  in  two  directions,  (horizontal  and  vertical)  by 
means  of  strain  gauges.  With  regard  to  its  vibration  characteristics,  the  instru¬ 
ment  is  so  designed  that  the  frequencies  of  the  quantities  to  be  measured  are 
sufficiently  below  the  natural  frequency  of  the  instrument.  The  model  prepared 
for  the  test  is  arranged  underneath  the  towing  carriage  as  for  a  propulsion  test, 
so  that  it  is  free  to  move  in  all  directions.  It  is  only  guided  fore  and  aft  in 
order  to  keep  it  on  a  straight  course.  Tests  with  the  self-propelled  model  are 
carried  out  at  different  speeds.  Hence,  each  test  point  corresponds  to  one  run. 
Thus,  the  influence  of  speed  on  the  transverse  force  and  bending  moment 
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fluctuations  can  be  determined.  Hence,  one  series  of  tests  had  to  be  carried  out 
for  each  of  the  three  propellers.  The  results  of  these  tests  are  given  in  the 
following  tables.  They  are  also  shown  graphically  in  Figs.  7  to  12.  It  should  be 

noted  that  the  fluctuations  t  2-AT|  and  |  2-am|  ,  respec¬ 
tively,  are  the  differences  between  the  recorded 
maximum  and  minimum  values  of  the  fluctuations 
(vide  adjacent  sketch)  and  not  amplitudes.  The  rela¬ 
tive  fluctuations  which  are  also  included  in  the  tables 
and  graphs,  are  related  to  the  mean  thrust  or  the 
mean  torque,  respectively. 


As  mentioned  in  Section  II,  the  mean  inflow  velocity  Ve  must  be  known  for 
the  computation  of  the  transverse  force  and  bending  moment  fluctuations.  For 
this  reason  the  nominal  inflow  velocity  Ve  (without  propeller)  was  measured  at 
various  radii  r  and  angles  0  for  a  model  speed  of  1.543  m/sec  corresponding  to 
a  full  scale  speed  of  15  knots.  The  result  is  shown  in  Fig.  13. 


IV.  COMPARISON  OF  THE  EXPERIMENTAL  AND  THEORETICAL  RESULTS 

Having  reported  the  results  of  the  experiments  and  deduced  a  method  for 
calculating  the  transverse  force-  and  bending- moment  fluctuations,  the  results 
obtained  experimentally  shall  be  compared  with  the  results  found  by  computation. 
Hence  the  experimental  curves  from  Figs.  7  to  12  have  to  be  compared  with  the 
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Table  1 

Results  of  the  Measured  Fluctuations 
of  the  Transverse  Force  and  Bending  Moment 
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Table  2 

Results  of  the  Measured  Fluctuations 
of  the  Transverse  Force  and  Bending  Moment 
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Table  3 

Results  of  the  Measured  Fluctuations 
of  the  Transverse  Force  and  Bending  Moment 
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Fig.  9  -  Results  of  Transverse  Force  Test  Ap  A  =  0.75 
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Fig.  13  -  Wake  Distribution 
Model  Speed  Vm  =  1.543  [m/sec] 
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Fig.  14  -  Detail  of  the  Second  Tubular  Beam 
The  Distance  between  the  Two  Identical  Beams  is  644  mm. 


corresponding  calculated  curves.  However,  this  would  mean  a  great  deal  of 
computational  work.  Therefore,  the  comparison  shall  be  carried  out  only  for 
the  service  speed.  This  is  1.543  m/  sec  for  the  model  and  corresponds  to  15 
knots  for  the  full  scale  ship.  The  restriction  of  the  comparison  to  one  speed 
does  not  necessarily  limit  the  validity  of  the  conclusions.  Because,  it  can  be 
seen  from  eqs.  (4)  and  (5)  of  Section  II  that  the  calculated  and  experimental 
curves  as  function  of  the  model  speed  agree  in  tendency.  Apart  from  the  re¬ 
striction  just  made,  only  the  first  term  of  each  sum  in  the  relations  (4)  and  (5) 
is  used  in  the  calculations  for  the  comparison  of  the  fluctuations.  The  reason 
for  this  is,  that  the  Fourier  analysis  of  the  nominal  inflow  velocity  Ve  shows 
that  the  higher  terms  of  the  series  are  small  compared  to  the  first  term.  Under 
these  assumptions  the  measured  and  calculated  values  of  the  transverse  force 
and  bending  moment  fluctuations  for  the  model  speed  of  1.543  m  sec  are  com- 
piled  in  Table  4. 


Table  4 

Comparison  between  Tests  and  Calculations 


Af  A 

Thor. 

Exp. 

[g] 

Num. 

^ve r  t . 

Exp. 

[g] 

Num. 

Mho  r  . 

Exp. 

[gem] 

Num. 

MVe  r  t . 

Exp. 

[gem] 

Num. 

0.35 

62.0 

68.8 

18.0 

3137 

mm 

I 

0.55 

82.0 

89.6 

25.5 

23.6 

3567 

i'EH 

0.75 

88.5 

95.0 

_ 

29.5 

26.7 

3575 

3675 

mm 

922 
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The  comparison  of  the  calculated  and  measured  values  shows  that  deviations  up 
to  10%  occur.  This  is  due  mainly  to  the  assumptions  made  in  the  calculations. 
Thus,  for  instance,  the  two-dimensional  hydrofoil  theory  was  applied  to  a  pro¬ 
peller  which  works  in  a  three-dimensional  field  of  flow;  identity  of  e  and  Aa  was 
assumed  and  only  the  velocity  component  in  direction  of  the  propeller  axis  was 
taken  into  consideration.  However,  the  measurements,  too,  have  a  scattering 
range  which  is  of  the  same  order  of  magnitude  as  the  deviations. 

In  spite  of  these  differences  between  experiment  and  calculation,  the  question 
about  the  dependence  of  transverse  force  and  bending  moment  fluctuations  on  the 
blade  area  ratio  of  the  propeller— which  was  posed  in  this  problem— can  be 
answered  definitely.  As  can  be  seen  from  Table  4,  both  experiment  and  calcula¬ 
tion  indicate  an  increase  of  the  transverse  force  and  bending  moment  fluctua¬ 
tions  with  increasing  blade  area  ratio. 


V.  SUMMARY 

In  the  foregoing  work  the  question  should  be  answered  how  the  fluctuations 
of  transverse  force  and  bending  moment  depend  on  the  blade  area  ratio  of  the 
propeller.  To  answer  this  question  tests  have  been  carried  out  with  three  five- 
bladed  propellers  which  differ  in  blade  area  ratio.  The  results  of  the  tests  show 
that  the  fluctuations  increase  with  increasing  blade  area  ratio.  In  addition  to 
these  tests  computations  of  the  fluctuations  have  been  made  according  to  a 
method  deduced  in  the  paper.  Calculated  and  experimental  results  agree  in 
tendency.  The  absolute  values  differ  up  to  10%  from  each  other.  The  calcula¬ 
tions  also  give  an  explanation  for  the  course  deviation  of  a  single  screw  ship 
with  rudder  amidships.  The  reason  is  a  steady  state  term  for  the  transverse 
force  and  bending  moment. 


VI.  NOMENCLATURE 

A  =  propeller  disc  area 
Ac  =  expanded  propeller  blade  area 
a  =  coefficient 

n 

a  =  angle  of  attack 
a0  =  angle  of  zero  lift 

a  =  mean  value  of  the  angle  of  attack  relative  to  - 
Aa  =  fluctuation  of  the  angle  of  attack 
bn  =  coefficient 

6  =  5-  tang'1  vc  r  (see  Fig,  1) 

6  =  mean  value  of  6  relative  to 
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Transverse  Force  and  Bending  Moment  Fluctuations 
P;  =  hydromechanical  pitch  angle 
P;  =  mean  value  of  p.  relative  to  <p 
c  =  lift  coefficient 

a 

D  =  propeller  diameter 
o  j  -  angle  of  position  of  the  j  -th  blade 
e  =  fluctuation  of  p 

Ff'Vz)  =  generalized  Theodorsen  function 

y  =  angle  measured  to  the  center  line  of  blade  (see  Fig.  2) 
y0  =  maximum  of  y 

kj,  k2  =  coefficients  of  camber  correction 
K0,  Kj  =  modified  Bessel-functions  of  second  kind 
H  =  Goldstein  factor 
L  =  lift 

La,  Lt  =  mean  value  of  the  axial  and  the  tangential  component  of  the  lift 
relative  to  f 

£La.  iLt  =  fluctuation  of  the  axial  and  the  tangential  component  of  the  lift 
i  =  chord  length 

M  =  mean  value  of  torque  relative  to  $ 

Mhor’ Mvert  =  horizontal  and  vertical  component  of  the  bending  moment 

AMhor,  =  fluctuation  of  the  horizontal  and  the  vertical  component  of  the 
m  bending  moment 

vert 

|  2-£Mhor  =  difference  between  the  maximum  and  the  minimum  value  of  the 

„  ...  recorded  fluctuation  of  the  components  of  the  bending 

I  *  . 

vert  moment 

fl  =  angular  speed  of  the  propeller 
o)m.  =  reduced  frequency 

<j>  =  geometrical  pitch  angle 
41  =  coordinate  of  circumference 
R  =  propeller  radius 
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r  =  radial  coordinate 
p  =  mass  density 

s  =  mean  value  of  thrust  relative  to  i 

CTh  =  fluctuation  of  the  horizontal  and  the  vertical  component  of  the 

•  T  transverse  force 

'*vert 

T.  ,  T  =  horizontal  and  vertical  component  of  the  transverse  force 

2‘  jTho  J  =  difference  between  the  maximum  and  the  minimum  value  of 
,  the  recorded  fluctuation  of  the  components  of  the  trans- 

vert  verse  force 

t  =  la/'e 

U  =  /r2 3 4 5-n2  -  ve2 

U  =  mean  value  of  U  relative  to  - 
Ve  =  inflow  velocity  (=  nominal  inflow  velocity) 
vp  =  mean  value  of  the  inflow  velocity  relative  to  - 
l\’e  =  fluctuation  of  inflow  velocity 
V  =  relative  velocity  at  the  propeller 
v  =  mean  value  of  the  relative  velocity  relative  to  - 
IV  =  fluctuation  of  the  relative  velocity 
x  =  non-dimensional  radial  coordinate 
z  =  number  of  blades 
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DESIGN  PROBLEMS  IN  HYDROELASTICITY 

A.  J.  Giddings 
Bureau  of  Ships 
Washington,  D.  C. 


Before  beginning  a  discussion  of  hydroelasticity  from  the  point  of  view  of  a 
"victim,"  rather  than  a  "villain,”  it  would  be  well  to  define  what  is  meant  by 
hydroelasticity  in  this  paper. 

Hydroelastic  phenomena  are  considered  to  be  those  in  which  the  nature  or 
magnitude  of  a  hydrodynamic  load  are  significantly  affected  by  the  structural 
deformation  of  the  body  involved.  Even  though  elastic  deformation  is  implied, 
plastic  deformations  are  not  excluded. 

The  generality  of  this  definition  will  become  evident  in  the  paragraphs  to 
follow. 

The  problems  in  hydroelasticity  facing  the  naval  architect  may  conveniently 
he  divided  in  two  categories.  There  are  those  which  have  beer,  problems  for  a 
long  time,  and  which  are  either  evaded  in  design,  allowed  for  by  ,rbeefing  up" 
the  structure  empirically  or  are  not  serious  enough  for  attention.  The  other 
group  contains  those  which  are  largely  anticipated  and  may  not  actually  mate¬ 
rialize,  at  least  in  the  expected  form. 

The  first  group  consisting  of  the  old  familiar  problems  includes  the  hydro¬ 
elastic  phenomena  associated  with  slamming,  underwater  explosions,  hull  vibra¬ 
tion,  and  propeller  singing.  A  little  explanation  of  these  terms  is  warranted. 
Slamming  is  the  word  applied  by  naval  architects  to  hull  impacts  which  can  be 
felt  aboard  ship  as  a  distinct  shock.  The  water  entry  of  a  “V"  bow  is  not  neces¬ 
sarily  a  "slam,”  the  entry  of  a  "U"  shaped  bow  is  usually  felt  as  a  "slam," 
while  the  rapid  water  entry  of  a  flat  bottomed  bow  of  a  "shoe  box  hull"  such  as 
that  of  an  LST  is  always  a  "slam.”  The  hydroelastic  nature  of  the  phenomenon 
is  most  evident  in  the  last  case.  The  pressure  history  of  flat  bottomed  impacts 
computed  by  rigid  body  theory  produces  infinite  loads.  In  the  real  case,  the 
pressure  rise  is  limited  by  the  compressibility  of  the  sea.  but  more  especially 
by  the  change  in  shape  and  entering  velocity  of  the  flat  bottom  due  to  elastic 
(and  sometimes  plastic)  deformations. 
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Reference  [1].  Underwater  explosion  phenomena  [2]  involving  ship  structure 
and  pressure  waves  are  unavoidably  hydroelastic  phenomena.  The  interaction  of 
the  structure  moving  and  deforming  in  response  to  the  pressure  wave  greatly 
changes  the  pressure  time  history  at  the  surface  of  the  structure.  Much  of  the 
literature  in  this  field  is  classified,  but  [3]  is  a  good  source  for  background. 

Hull  vibration  problems  in  general  have  been  analyzed  without  including  the 
hydroelastic  interaction  effects.  The  added  mass  and  damping  due  to  the  pres¬ 
ence  of  a  dense  fluid  with  a  free  surface  have  been  quite  thoroughly  examined 
for  the  rigid  body  case,  and  strip  theory  applied  to  the  solution  of  real  problems. 
It  is  probable  that  the  fruits  of  research  along  these  lines  will  be  applied  to  the 
hydroelastic  problem  of  hydrofoils  near  a  free  surface,  since  a  new  three- 
dimensional  solution  within  hydrofoil  theory  is  unlikely. 

An  interesting  hydroelastic  problem  exists  in  which  the  fluid  loading  is 
hydrostatic  rather  than  hydrodynamic.  This  is  the  problem  of  analyzing  the 
depth  potentialities  of  compressible  submarines.  It  is  possible,  in  theory,  to 
design  pressure  hulls  either  more  or  less  compressible  than  the  fluid  so  that 
neutral  buoyancy  can  be  maintained  at  all  depths.  This  depends,  of  course,  on 
an  assumed  depth-density  variation.  The  dynamics  of  the  problem  in  a  uniform 
density  gradient  are  analogous  to  those  of  foil  divergence. 

Another  problem  related  to  hydroelasticity  is  that  of  the  strength  of  sub¬ 
marine  whip  antennas.  These  are  slender  and  flexible  rods  mounted  so  as  to  be 
vertical  when  out  of  the  water.  When  the  submarine  submerges  under  way,  or 
when  waves  pass  over,  the  antennas  are  designed  to  deform  elastically  and 
stream  aft.  A  careful  balance  of  steady  and  unsteady  hydrodynamic  loading  and 
of  steady  state  and  vibratory  stress  and  deformation  is  necessary. 

Propeller  singing  is  a  real  and  somewhat  mysterious  problem.  The  variety 
of  "solutions"  used  by  practitioners  of  the  art  of  propeller  design  indicates  the 
lack  of  real  understanding  of  the  phenomenon.  It  is  apparently  a  local  trailing 
edge  effect,  perhaps  akin  to  trailing  edge  "buzz"  sometimes  mentioned  in  the 
aeronautical  literature.  Singing  is  detected  as  a  high  frequency  tone  emanating 
froma  marine  propeller  at  certain  speeds.  At  low  speeds,  no  tone  is  heard, 
then  upon  reaching  a  critical  RPM,  a  characteristic  sound  occurs.  As  RPM  is 
further  increased  essentially  the  same  tone  (frequency)  remains,  and  then 
fades  away,  often  replaced  abruptly  by  a  higher  frequency  tone.  The  frequency 
does  not  vary  smoothly  with  RPM.  but  appears  to  "lock  in"  to  a  few  character¬ 
istic  tones  over  particular  RPM  ranges.  Since  singing  involves  hydrofoil  lifting 
sections,  the  subject  provides  a  convenient  bridge  to  the  other  group  of  hydro¬ 
elastic  problems,  those  which  are  anticipated  more  than  experienced. 

Before  going  on  to  these  problems,  however,  it  is  interesting  to  consider  a 
phenomenon  often  met  with  on  slow  speed  sail  boats.  It  is  not  uncommon  to  ex¬ 
perience  centerboard  or  rudder  ’'buzz"  at  speeds  below  four  knots,  when  sailing 
downwind  or  slightly  off  the  wind.  Whether  this  is  a  vibration  excited  by  vortex 
shedding  or  a  flutter  type  phenomenon  is  not  clear  Centerboards  and  rudders 
on  small  sailboats  are  often  loosely  mounted,  so  either  possibility  exists.  When 
the  noise  is  especially  bothersome,  it  can  usually  be  eliminated  by  changing  the 
trip  of  the  sails,  thereby  altering  the  flow  to  the  control  surfaces. 
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The  anticipated  problems  are  largely  of  the  same  nature  as  the  aeroelastic 
problems  already  encountered  in  aerodynamics.  They  are  associated  with  high¬ 
speed  ships,  especially  hydrofoils.  Other  more  usual  high  speed  ships,  however, 
are  not  ignored.  The  same  names  as  those  which  are  used  in  aeroelasticity  are 
used  to  describe  these  problems;  divergence,  flutter,  control  reversal,  etc. 


DIVERGENCE 

The  high  steady  load  concentrations  on  hydrofoils  and  ship  control  surfaces 
demand  such  heavy  structure  that  divergence  of  a  practical  structure  is  highly 
unlikely.  Ordinary  ship  rudders  and  submarine  diving  planes  are  designed  with 
relatively  high  safety  factors  compared  with  aircraft  practice.  Grounding  or 
ice  contact  is  usually  required  to  induce  failure.  Typically,  the  operating  load 
on  one  rudder  of  an  aircraft  carrier  is  on  the  order  of  one  and  a  half  million 
pounds,  and  the  "hinge”  moment  provided  is  20  million  inch  pounds.  The  rudder 
stock  to  support  this  load,  with  a  safety  factor  of  2  based  on  yield,  is  a  high 
strength  steel  machined  forging  four  feet  in  diameter.  The  particular  rudder 
under  discussion  weighs  80  tons.  The  position  of  the  elastic  axis  on  ship  control 
surfaces  is  always  forward  on  the  platform  thereby  providing  even  more  margin 
against  divergence.  There  is  not  yet  enough  design  experience  with  hydrofoil 
structures  to  be  as  positive  about  divergence,  but  with  the  possible  exception  of 
the  thin  supercavitating  case,  divergence  of  practical  hydrofoils  and  struts  is 
unlikely. 


FLUTTER 

The  subject  of  flutter  is  the  one  which  has  excited  the  most  interest  in  hydro¬ 
elasticity,  both  technical  and  fiscal.  The  catastrophic  potential  of  flutter  failure 
in  aircraft  lends  a  sense  of  apprehension  to  the  consideration  of  flutter  in  hydro¬ 
foil  craft  and  other  ships,  and  the  size  of  the  rudder  mentioned  above  would  make 
flutter  quite  spectacular.  However,  it  is  likely  that  a  flutter  failure  on  currently 
conceived  military  hydrofoils  would  be  more  embarrassing  than  catastrophic. 

A  hydrofoil  has  only  a  few  feet  to  fall,  and  it  is  anticipated  that  a  military  crew 
would  be  securely  seated.  The  embarrassment,  however,  would  extend  beyond 
the  immediate  incident,  and  could  be  catastrophic  to  the  realization  of  future 
hydrofoils.  In  a  more  pragmatic  sense,  damage  consequent  to  a  hydrofoil  flutter 
failure  would  be  very  expensive  to  repair,  especially  if  it  involved  the  propulsion 
system.  Concern  with  these  possibilities  has  generated  the  Bureau  of  Ships  pro¬ 
gram  in  hydroelasticitv. 

There  are  other,  non-hydrofoil  control  surface  vibration  problems  which 
appear  to  be  linked  to  flutter  [4.  5.  6],  These  flutter  cases  are  particularly  diffi¬ 
cult  for  a  designer  to  cope  with  in  the  design  stages. 

Flutter  of  the  type  discussed  by  McGoldrick  on  a  destroyer  is  very  difficult 
to  predict.  The  interaction  of  hull  vibration  modes  and  control  surface  modes 
is  highly  complex  to  analyze,  and  once  analyzed,  changes  are  hard  to  make.  The 
structure  of  a  ship  is  such  that  in  order  to  change  the  bending  or  torsional  stiff¬ 
ness  significantly,  such  gross  changes  in  structure  are  required  that  the  overall 
design  may  be  defeated.  A  further  complication  arises  from  the  fact  that  ships 
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are  built  one  at  a  time,  or  a  few  at  a  time,  so  that  when  sufficiently  detailed 
structural  plans  are  available  to  conduct  a  precise  analysis,  it  is  too  late  to 
affect  the  design.  The  order  of  precision  required  is  sufficient  to  prevent 
confident  predictions  during  early  design  phases. 

As  a  result  of  the  aforementioned  difficulties,  the  designer  tries  to  leave 
a  way  out  of  potential  difficulty.  Variations  in  mass  balance,  control  system 
dynamics,  etc.,  have  been  the  "backup  tools"  of  the  aero  designer.  Practical 
changes  in  effective  mass  balance  of  ship  control  surfaces  or  hydrofoils  are  in¬ 
consequential,  due  to  the  high  density  fluids  involved.  Control  system  dynamics 
in  ships  can  be  affected  slightly,  but  since  the  horsepower  used  in  moving  ship 
control  surfaces  is  in  the  order  of  40  to  200  horsepower  changes  after  construc¬ 
tion  are  not  easily  made.  Hydrofoil  control  system  dynamics  are  more  suscep¬ 
tible  to  change,  but  similar  problems  of  magnitude  exist.  The  structure  of  a 
hydrofoil  surface  is  "hollow"  in  name  only,  and  there  is  very  little  free  volume 
for  application  of  "cures." 

The  ultimate  designer's  need  in  this  regard  is  for  a  method  of  synthesis  of 
hydrofoils  and  high-speed  control  surfaces  which  will  avoid  flutter  problems. 
Methods  of  analysis  are  all  that  is  expected  in  the  near  future,  but  in  the  com¬ 
pressed  time  scale  and  with  the  limited  design  manpower  typical  of  shipbuilding 
programs,  results  of  analysis  are  usually  too  late,  and  if  unfavorable,  costly 
and  time  consuming  delays  result.  A  useful  substitute  for  a  closed-form  syn¬ 
thesis  would  be  design  tables  and  charts  sufficiently  general  to  allow  the  rapid 
and  reasonably  accurate  prediction  of  flutter  for  a  variety  of  hydrofoil  and  con¬ 
trol  surface  configurations.  From  these  the  most  suitable  arrangement  could 
be  selected.  The  state  of  the  art  of  the  "elastic"  part  of  the  problem  is  well 
developed  and  automated.  Reference  [5]  and  many  of  the  reports  listed  in  [5] 
attest  to  the  sophistication  of  approach  in  the  sfructural  side  of  the  problem. 
These  references  also  demonstrate  that  the  immediate  research  aim  should  be 
a  similar  level  of  knowledge  in  the  "hydro"  part  of  the  phenomenon.  The  more 
recent  literature  in  the  field  has  shewn  such  an  emphasis. 


CONTROL  SURFACE  REVERSAL 

It  appears  that  steady  load  considerations  will  limit  hydrofoil  aspect  ratios 
to  low  values.  Subcavitating  foils  are  not  likely  to  have  aspect  ratios  exceeding 
6,  and  based  on  unsupported  length,  even  smaller  structural  aspect  ratio  will 
occur.  Supercavitating  hydrofoils  will  rarely  exceed  aspect  ratio  4.  with  values 
below  3  being  more  likely.  The  effective  torsional  stiffness  associated  with  low- 
aspect  ratios  make  it  appear  that  control  reversal  is  an  unlikely  problem.  De¬ 
spite  this,  the  possibility  should  not  be  ignored,  especially  for  thin  supercavi¬ 
tating  foils  with  flaps  or  spoilers.  Newer  high  strength  low  modulus  materials 
will  further  complicate  the  matter. 

It  should  be  noted,  however,  that  reversal  may  just  as  well  occur  as  a  result 
of  cavity  deformation  due  to  spoilers  as  it  might  be  due  to  elastic  deformation, 
so  that  the  possible  occurrence  of  reversal  on  some  operating  boats  would  be 
difficult  to  interpret. 
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SUMMARY 

Hydroelastic  problems  which  lace  the  naval  architect  include  both  old  and 
new  problems.  Old  problems  are  those  such  as  slamming,  explosive  loading 
and  ship  vibration.  Newer  problems  include  divergence  and  flutter. 

A  body  of  experience  exists  for  dealing  with  the  older  problems,  but  the 
transferral  of  the  equivalent  body  of  aeroelastic  design  experience  into  hydro¬ 
elastic  design  practice  has  not  yet  been  demonstrated  to  be  feasible.  Results  of 
current  research,  and  ultimately,  performance  of  high-speed  hydrofoil  craft, 
will  help  to  determine  if  the  extensive  aeroelastic  design  literature  can  be  used 
in  naval  architecture.  The  brevity  of  this  discussion  of  naval  architectural 
features  of  hydroelastic  problems  is  testimony  of  the  newness  of  the  field,  and 
to  the  anticipatory  nature  of  the  problems. 
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THE  FLUTTER  CHARACTERISTICS  OF  A 
HYDROFOIL  STRUT* 
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Grumman  Aircraft  Engineering  Corporation 
Bethpage,  New  York 


ABSTRACT 

Previously  reported  experimental  data  on  the  effects  of  sweep,  percent 
immersion,  and  mass-densitv-ratio  for  a  particular  s urfac e-pie rcing 
hydrofoil  strut  configuration  are  briefly  summarized  ar-d  the  results 
of  modal  analysis  flutter  predictions  for  this  configuration  are  con¬ 
sidered  in  detail. 

Particular  attention  is  paid  to  the  convergence  of  the  modal  theory  pre¬ 
dictions,  and  it  is  seen  that  the  number  of  modes  required  for  conver¬ 
gence  increases  abruptly  at  low  mass-der.sity-ratios. 

Certain  analytical  features  evidently  peculiar  to  or  a:  least  greatly 
exaggerated  at  ;Ow  values  ot  mass-densii\ -rat.o  are  noted,  ar.ci  a  -oca. 
maximum  in  the  predicted  flutter  speed  is  seen  to  occur  in  the  general 
vicinity  of  the  so-called  "critical  mass-density-ratio. " 


INTRODUCTION 

In  the  course  of  a  Bureau  of  Ships  sponsored  research  program  recently 
completed  by  the  authors,  flutter  of  submerged  lifting  surfaces  was  experimen¬ 
tally  demonstrated  down  to  mass-density  ratios  of  approximately  0  1  and  limited 
experimental  and  theoretical  parameter  studies  were  conducted  utilizing  a  series 
of  simple,  surface-piercing  hydrofoil-strut  models. 

By  far  the  most  significant  result  of  this  program,  which  is  summarized  in 
part  in  [1]  and  reported  in  detail  in  [2j,  was  simply  the  demonstration  that  hydro¬ 
foil  flutter  can  occur. 


*The  studies  reported  herein  were  initiated  under  BuShips  Contract  No.  NObs 
S4455  and  continued  under  the  sponsorship  of  the  Grumman  Aircraft  Engineer¬ 
ing  Corporation  Advanced  Development  Program. 
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Perhaps  the  second  most  significant  finding  was  that  a  modal  type  of  flutter 
analysis  using  ordinary  aerodynamic  flutter  theory  could,  if  properly  applied, 
yield  generally  reasonable  predictions  of  the  experimental  behavior.  It  was 
further  noted,  but  not  investigated  in  any  detail,  that  the  theoretical  flutter  speed 
predictions  were  extremely  sensitive  to  the  inclusion  of  higher  modes  in  the 
analysis.  More  specifically,  it  was  found  that  the  inclusion  of  modes  whose  nat¬ 
ural  frequencies  were  many  times  the  flutter  frequency  wao  necessary  in  order 
to  obtain  a  converged  solution,  i.e.,  a  flutter  speed  prediction  not  affected  by  the 
inclusion  of  additional  degrees  of  freedom.  Such  a  stringent  requirement  for 
simple  uniform  surfaces  such  as  the  Reference  [2]  models  is  contrary  to  most 
aircraft  experience  where  a  good  dynamic  representation  is  usually  achieved 
using  relatively  few  (two  or  three)  of  the  fundamental  modes. 

Our  purposes  in  the  present  paper  are  three-fold.  The  first  is  to  shed  fur¬ 
ther  light  on  the  subject  of  convergence  of  the  modal  theory  at  low  mass  ratios. 
To  this  end  we  have  chosen  a  particular  Reference  [2]  model  configuration  and 
made  detailed  analyses  over  a  wide  range  of  mass-density  ratios  in  an  attempt 
to  provide  a  gradual  transition  from  the  regime  typical  of  aircraft  and  familiar 
to  most  flutter  analysts  to  the  less  familiar  regime  typical  of  hydrofoil  operation. 
In  so  doing,  our  second  purpose,  namely  to  observe  the  behavior  of  a  typical  con¬ 
figuration  over  a  wide  range  of  mass-density  ratios,  particularly  in  the  vicinity 
of  the  so-called  "critical  value"  (see  [3]  and  [4]),  is  automatically  achieved.  Our 
third  purpose,  inspired  by  the  sparseness  of  available  low-mass -density  ratio 
flutter  data,  is  simply  to  bring  together  in  one  place  a  comprehensive  body  of 
data,  both  experimental  and  analytical,  on  the  flutter  characteristics  of  a  par¬ 
ticular  configuration  in  the  hope  that  it  may  prove  to  be  of  some  service  to  other 
investigators. 


SYMBOLS 

A  sweepback  angle,  degree 

v  speed,  knots  or  ft  sec 

f  frequency,  cps 

VF  flutter  speed,  knots 

fp  flutter  frequency,  cps 

i.  circular  frequency,  radians  sec 

b  semi-chord,  measured  perpendicular  to  leading  edge,  ft 
V  b.  reduced  velocity 

-  mass  of  foil  per  unit  span  along  leading  edge,  lb-sec  *  if 
mass  density  of  fluid,  lb-sec2  ft4 

mass-density  ratio,  (ratio  of  structural  mass  to  mass  of  surround¬ 
ing  cylinder  of  fluid).  -  b  2 
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critical  mass-density  ratio,  (the  value  of  mass-density  ratio  below 
which  two-degree-of-freedom  representative -section  analysis 
yields  no  real  flutter  speed). 

v,  structural  damping  coefficient  required  for  neutral  stability 


DISCUSSION 
I.  The  Model 

The  model  to  be  discussed  here  is  a  four  foot,  constant-chord,  solid,  root- 
cantilevered  strut  (Fig.  1).  The  section  is  symmetrical  and  is  composed  of  a 
circular  arc  from  leading  edge  to  mid -chord  and  constant  thickness  from 
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mid-chord  aft.  For  the  experimental  program  it  was  fabricated  m  both  steel 
(Model  No.  2)  and  aluminum  (Model  No.  3)  yielding  mass-density  ratios  in  water 
of  approximately  0.3  and  0.1  respectively.  The  experimental  set-up  was  such 
that  the  model  could  be  rotated  about  a  pivot  at  its  root  in  order  to  obtain  a  'Aide 
range  of  sweep  angles.  However,  it  was  specifically  designed  for  a  sweep  angle 
of  15  degrees,  and  the  root  restraint  and  tip  are  exactly  stream  wise  only  at  that 
sweep  setting. 


II.  Experimental  Conditions  vs.  Analytical  Assumptions 

In  order  to  provide  a  proper  basis  for  the  comparison  of  experimental  and 
theoretical  data,  the  analytical  representation  of  the  physical  model  will  be  clari¬ 
fied  at  the  outset.  It  is  convenient  for  purposes  of  discussion  to  consider  the 
structural  representation  and  the  hydrodynamic  representation  separately. 

The  natural  modes  and  frequencies  of  the  model  (Fig.  2)  were  calculated 
using  a  lumped  parameter  technique  and  an  experimental  check  on  the  steel 
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model  (at  the  design  sweep  setting)  showed  excellent  agreement  with  respect  to 
both  frequency  and  mode  shape.  Further,  frequency  checks  made  with  the  model 
mounted  on  the  towing  carriage  indicated  that  the  mounting  system  employed  in 
the  experiments  provided  a  good  cantilever  root  restraint.  In  short,  the  authors 
are  of  the  opinion  that  the  analytical  representation  of  the  structure  is  excellent 
for  the  design  condition  of  15  degrees  (which  will  be  the  condition  of  primary  in¬ 
terest  here).  For  sweep  angles  other  than  15  degrees,  the  actual  root  condition 
is  somewhat  complex,  and  the  analytical  representation  used  is  inexact. 

The  hydrodynamic  representation  was  idealized  to  a  somewhat  greater  de¬ 
gree  than  the  structural  representation  in  that  two-dimensional  incompressible 
(Theodorsen)  coefficients  were  used  without  modification.*  Implicit  in  this  are 
the  assumptions  that  free -surface  and  finite -span  effects  are  negligible  and  that 
the  foil  is  fully  wetted  (i.e.,  cavitation  free).  With  regard  to  the  experimental 
conditions,  it  can  be  stated  with  considerable  certainty  that  no  cavitation  existed 
on  the  surfaces  of  the  models  below  the  flutter  speed  with  the  possible  exception 
of  the  highest  flutter  speed  recorded  (96  knots).  However,  because  of  the  blunt 
trailing  edge,  some  degree  of  oase  ventilation  was  noted  at  nearly  all  speeds. 
While  the  exact  significance  of  this  base  vented  condition  (if  any)  is  as  yet  un¬ 
clear;  we  remark  that  the  Kutta  condition  does  not  seem  to  be  violated  and  ten¬ 
tatively  assert  that  the  base  ventilation  is  at  most  of  secondary  importance. 


III.  Sweep  and  Immersion  Depth 

Experimental  studies  of  the  effect  on  flutter  speed  of  strut  sweep  angle  and 
percent  immersion  were  made  for  a  limited  range  of  the  parameters.  Experi¬ 
mental  technique,  instrumentation,  etc.,  are  treated  in  detail  in  [2],  and  only  a 
brief  summary  of  the  results  will  be  given  here. 

The  immersion  depth  study,  which  was  unfortunately  limited  to  a  range  of 
immersion  depth  variation  of  approximately  25  percent  span,  was  performed 
using  the  steel  strut.  The  results,  given  in  Fig.  3  along  with  the  corresponding 
analytical  results,  showed  the  flutter  speed  to  vary  inversely  with  immersion 
depth. 

The  sweep  study,  using  the  aluminum  strut,  is  summarized  in  Fig.  4.  Here 
it  is  seen  that  for  the  range  investigated  (10  -  30  )  increasing  sweep  angle  has 
a  markedly  beneficial  effect  on  the  flutter  speed. 

Further  inspection  of  Figs.  3  and  4  shows  that  quintic  analyses  yielded  con¬ 
servative  predictions  in  all  cases.  They  were,  in  fact,  somewhat  more  conserva¬ 
tive  than  one  might  ordinarily  expect.  This  can  perhaps  be  rationalized,  at  least 
in  part,  by  considering  the  discussion  of  the  previous  section.  More  striking  in 
the  opinion  of  the  authors  is  the  large  discrepancy  between  the  cubic  and  quintic 
results,  or,  more  specifically,  the  inadequacy  of  the  cubic  analysis.  This  will  be 
discussed  at  length  in  the  following  section.  The  experimental  data  are  summa¬ 
rized  in  Table  1 . 


^Except  as  noted  in  Section  V. 
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•  EXPERIMENT 

-  QUINTIC  THEORY 

—  —  CUBIC  THEORY 


0  20  -10  60  SO  100 


PERCENT  AREA 'MMERSED 


Fig.  3  •  The  Effect  of  immersion  Depth  Strut  No.  2,  15°  5v.eep 


IV.  The  Problem  of  Convergence 

In  treating  any  problem  in  dynamics,  the  most  basic  requirement  for  a  suc¬ 
cessful  analysis  is.  of  course,  that  the  phenomenon  under  investigation  must  be 
describable  by  the  degrees  of  freedom  being  considered.  While  this  statement 
seems  almost  too  trivial  to  write  down,  earnest  consideration  of  the  modal 
flutter  analysis  procedure  from  the  degree-of-freedom  viewpoint,  as  opposed  to 
a  consideration  of  only  the  modal  frequencies  involved,  would  seem  to  give  at 
least  partial  insight  into  the  reason  for  the  significance  of  higher  order  modes 
in  the  hydrofoil  flutter  analysis  problem.  When  the  magnitude  of  the  dynamic 
pressures  typical  of  hydrofoil  operation  (up  to  25.000  psf  for  the  data  of  Table  1) 
is  considered,  there  would  seem  to  be  at  least  some  intuitive  basis  for  expecting 
the  flutter  mode  shape  to  be  less  susceptible  to  accurate  description  by  two  or 
three  fundamental  shapes  than  might  be  the  case  for  the  much  lower  dynamic 
pressures  typical  of  aircraft. 
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SWEEP  ANGLE  -  DEGREES 

Fig.  4  -  The  Effect  of  Sweep  Strut  No.  3 


In  order  to  better  understand  the  apparent  "many-mode"  flutter  analysis 
requirement  at  low  mass-density  ratios  noted  in  2  .  it  is  helpful  to  isolate  what 
we  might  call  the  "configuration-imposed"  modal  requirements  from  the 
"--imposed"  requirements.  Accordingly,  we  have  performed  and  compared  the 
predictions  of  quadratic,  cubic,  quartic  and  quintic  analyses  for  mass-density 
ratios  ranging  from  0.1  to  100.  (Some  discussion  of  the  results  of  "picking  and 
choosing"  mode  combinations  will  be  given  later,  but.  for  the  present  study, 
problem  size  was  increased  simply  by  adding  the  next  higher  mode.)  The 
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Table  1 

Summary  of  Experimental  Results 


1  ' 

Strut  No. 

Sweepback 

(deg.) 

Percent  Area 
Immersed 

- j 

VF 

(knots) 

(cpFs) 

2 

15 

79.3 

81 

4.1 

15 

68.8 

85 

4.2 

15 

56.3 

96 

4.2 

3 

10 

81.6 

44 

1.6 

10 

69.8 

46 

1.5 

15 

79.3 

48 

2.3 

20 

77.0 

54 

3.0 

20 

69.8 

56 

3.0 

25 

73.5 

67 

4.3 

1  30 

69.8 

1  _  —  i 

82 

8.0 

results  of  these  analyses  are  summarized  in  Fig.  5*  and  several  typical  solutions 
are  shown  in  Figs.  6  through  9.  For  purposes  of  discussion  we  shall  refer  to  the 
various  modes  according  to  their  primary  content  (e.g.,  first  bending,  first  tor¬ 
sion,  etc.)  even  though  they  are  actually  the  coupled  modes  of  the  strut.  Further, 
we  define  a  "converged  solution"  to  be  a  flutter  speed  prediction  unaffected  by 
the  inclusion  of  higher  modes  in  the  analysis.  Since  the  solution  of  a  ten-mode 
system  for  the  lowest  -  considered  yielded  a  prediction  essentially  identical  to 
that  of  the  quintic  analysis,  it  can  be  stated  with  reasonable  certainty  that  the 
quintic  results  do.  in  all  cases,  represent  converged  solutions. 


Considering  the  various  features  of  Fig.  5  in  detail,  it  is  seen  first  of  all 
that  the  quadratic  predictions  are  of  rather  poor  quality  from  the  viewpoint  of 


ronrro  foilinrr  fn  chruv  anv 
*~‘****=>  -  — / 


mods!  convergence,  throughout  the  mass -density  r 
instability  at  all  at  the  hydrofoil  end.  That  this  system  is  inadequate  is  to  be  ex¬ 
pected.  since  we  have  as  yet  allowed  no  appreciable  amount  of  torsion  to  enter 
the  picture.  Thus,  the  need  for  more  than  the  first  two  modes  is  a  "configuration 
imposed"  requirement,  i.e..  for  this  configuration  the  first  two  modes  are  both 
primarily  bending  modes,  and  hence  are  insufficient  to  describe  the  flatter  phe¬ 
nomenon.  It  is  next  noted  that  systems  of  cubic  degree  and  higher  result  in  con¬ 
verged  solutions  for  the  higher  range  (-  1):  a  result  in  keeping  with  aircraft 

experience.  However,  an  abrupt  change  in  the  requirement  for  convergence  is 
seen  to  occur  as  one  enters  the  hydrofoil  range.  Specifically,  inclusion  of  the 
second  torsion  mode  (quintic  system)  becomes  necessary  for  low  whereas 
only  those  modes  up  through  first  torsion  (cubic  system)  are  required  for  high 


*Tt  should  be  noted  that  the  flutter  speeds  shown  in  rig.  5  are  the  lowest  speeds 
to  which  unstable  solutions  could  be  obtained  rather  than  the  zero-damping 
points.  The  difference  is  negligible  (see  for  example  Fig.  c),  except  m  the 
mass -density- ratio  range  0.4  _  O.S.  Here  the  shape  of  the  plot  is  altered 

somewhat,  but  the  basic  characteristic  s  of  the  plot  (which  are  discussed  m  the 
following  paragraphs)  remain  the  same. 
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Fig.  5  -  Flutter  Speed  as  a  Function  o:  Mass  Ratio 


It  is  concluded  then  that  the  need  for  additional  degrees  of  freedom  above  the 
third  mode  is  a  "--imposed"  requirement  and  is  not  due  to  any  basic  character¬ 
istic  of  the  configuration. 

It  is  interesting  that  this  abrupt  change  in  convergence  requirement  is  ac¬ 
companied  by  a  well  defined  local  maximum  in  ine  predicted  flutter  speed,  and 
that  this  maximum  occurs  near  the  critical  mass-density  ratio.  _a.  defined 
from  representative-section  theory  as  the  density  ratio  at  which  the  flutter  speed 
increases  asymptotically  to  infinity.  It  is  noted  that  this  local  maximum  near  _a 
was  observed  previously  on  another  configuration  investigated  by  Herr  4 ] .  so  at 
least  partial  evidence  exists  that  this  phenomenon  is  not  a  "configuration  - 
imposed"  peculiarity  of  any  single  foil,  but  rather  is  a  -imposed"  condition 
which  might  be  characteristic  of  hydrofoils  in  general.  It  is  interesting  also 
that  consideration  of  additional  degrees  of  freedom  tends  to  both  lessen  the  se¬ 
verity  of  the  local  maximum  and  alter  its  location  in  the  direction  of  progres¬ 
sively  higher  mass  ratios. 

V.  Flutter  Analysis  Based  on  In- Fluid  Modes 

It  occured  to  the  authors  that  an  alternate  approach  to  the  problem  of  ob¬ 
taining  a  good  dynamic  representation  of  the  strut  at  low  mass  ratios  might  be 
to  base  the  analysis  on  a  more  realistic  set  of  vibration  modes,  namely  the  nat¬ 
ural  modes  of  the  model  immersed  in  the  fluid.  In  order  to  evaluate  this 
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0  100  200  300  i'Jj 

V  -  <n'0‘S 

Fie.  6  -  _  =  100,  Cubic  Analysis 


possibility,  parallel  analyses  were  made  for  the  aluminum  strut,  one  set  based 
on  the  usual  modes  "in  vacuo"  and  the  other  on  the  "in-fluid"  set.  Beginning 
with  a  quadratic  solution  of  the  first  two  modes,  the  problem  size  was  increased 
a  step  at  a  time  as  described  in  the  previous  section  until  all  modes  up  through 
second  torsion  were  included.  Table  2  summarizes  the  mode  types  and  frequen¬ 
cies  used  and  Table  3  lists  the  resulting  flutter  speed  predictions. 
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Fig.  7  -  _  =  100,  Quintic  Analysis 


As  might  be  expected,  inclusion  of  all  modes  up  through  second  torsion  re¬ 
sults  in  essentially  identical  solutions.  However,  the  superiority  of  the  "m-fluid" 
results  for  the  smaller  problem  sizes  is  quite  pronounced. 

Specifically,  the  "in-fluid"  quadratic  system  does  predict  an  instability, 
while  the  "in  vacuo"  quadratic  did  not.  Since  the  difference  in  mode  shapes  be¬ 
tween  these  two  sets  is  very  minor,  this  result  seems  especially  noteworthy  and 
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appears  to  be  indicative  of  the  extreme  sensitivity  of  flutter  theory  at  low  mass 
ratios.  It  should  be  mentioned  by  way  of  clarification  that  the  "in  vacuo"  quad¬ 
ratic  does  indicate  strong  coupling  between  the  modes  resulting  in  a  marked  re¬ 
duction  in  damping:  however,  neutral  stability  is  never  attained. 

In  an  attempt  to  improve  the  quality  of  the  "in-fluid"  modes,  the  effect  of 
orrecting  the  virtual  mass  terms  for  finite  span  effects  was  evaluated  (based  on 
mpirical  data).  No  appreciable  change  in  flutter  speed  resulted,  however. 
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0  20  40  60  eo 

v  _  knots 

Fig.  9  -  -  =  0.1,  Quintic  Analysis 


VI.  Flutter  Speed  vs.  Density  Ratio 

An  analytical  study  of  the  effect  on  flutter  speed  of  mass-density-ratio  vari¬ 
ations  over  the  very  low  mass-density-ratio  range  (0  _  <  0.4)  was  reported  by 

the  authors  in  [1]  and  [2]  and  is  summarized  here  in  Fig.  10.  These  results,  to¬ 
gether  with  Fig.  5,  give  a  reasonably  complete  picture  of  the  flutter  characteris¬ 
tics  of  the  strut  as  a  function  of 
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Table  2 

Summary  of  Modes 
Strut  No.  3;  A  =  15°;  100%  Immersed 


Mode  Type 

Frequency  (cps) 

In  Vacuum 

In  Fluid 

First  bending 

4.85 

1.44 

Second  bending 

30.10 

8.87 

First  torsion 

46.40 

18.30 

Third  bending 

83.50 

24.25 

Second  torsion 

138.00 

54.00 

Fourth  bending 

— 

45.00 

NOTE:  The  order  of  occurrence  of  second  torsion  and  fourth 
bending  is  reversed  in  going  from  in-vacuum  to  in¬ 
fluid  modes. 


Table  3 

Summary  of  Modal  Analysis  Results 
Strut  No.  3;  A  =  15°;  100%  Immersed 


Problem  Size 

Flutter  Speed  (knots) 

Vacuum  Modes 

In-Fluid  Modes 

Quadratic 

stable 

Cubic 

52.0 

44.5 

Quartic 

49.5 

43.0 

Quintic 

30.5 

42.0 

Sextic 

— 

30.5 

Interestingly  enough,  the  relationship  VF*-vT,  suggested  in  [5]  on  a  semi- 
empirical  basis  for  ^  >  10,  is  a  good  approximation  to  the  flutter  speed  variation 
to  the  left  of  the  previously  mentioned  "i— peak,"  i.e.,  for  u  <  l.  The  experimental 
data  points  for  the  steel  and  aluminum  struts  for  A  =  15°  and  an  immersion 
depth  of  79.3%  span  (the  only  common  test  condition)  reflect  this  variation. 

For  the  higher  density  ratios,  say  io.  the  relationship  vF"~v -  is  again 
seen  to  give  an  approximation  to  the  flutter  speed  variation.  However,  a  varia¬ 
tion  of  the  form  vp  =  clVT  +C2  seems  to  be  somewhat  better  in  this  range. 

For  the  intermediate  range  of  mass-density  ratios,  which  is  of  little  practi¬ 
cal  interest,  no  simple  variation  seems  to  exist. 

Due  largely  to  the  present  inability  to  give  a  satisfactory  physical  explana¬ 
tion  of  the  flutter  speed  maximum  in  the  vicinity  of  „a,  there  is  an  intuitive 
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QUINTIC  THEORY  (100%  I  MM.) 
A  =  15° 


Fig.  10  -  The  Effect  of  Mass  Density  Ratio 


tendency  to  doubt  its  validity.  However,  every  investigation  that  has  come  to  the 
authors'  attention  has  indicated  the  existence  of  either  a  local  maximum  or  an 
asymptotic  rise  (as  is  approached  from  above)  in  flutter  speed  in  this  area. 
In  short,  it  appears  that  a  maximum  flutter  speed,  either  local  or  absolute,  does 
i p r? p p h  occur  in  ths  vicinity  of  ;~a. 


VTI.  The  Basic  Flutter  Mechanism 

Until  the  advent  of  large  electronic  computers,  flutter  analyses  were  per¬ 
formed  in  a  manner  that  gave  somewhat  more  insight  into  the  so-called  "flutter 
mechanism"  than  is  the  case  with  present-day  methods.  A  very  few  years  ago, 
solution  of  a  quintic  system  was  considered  to  be  an  almost  monumental  under¬ 
taking.  As  a  matter  of  practicality  the  modes  of  a  surface  were  analyzed  two 
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and  three  at  a  time  in  carefully  chosen  combinations,  and  as  a  result  the  analyst 
usually  developed  a  good  "feel"  for  the  flutter  characteristics  of  the  surface  he 
was  analyzing. 

We  have  resorted  to  this  earlier  technique  here  in  order  to  better  define  our 
basic  flutter  mechanism. 

The  previously  discussed  results  indicate  that  the  basic  unstable  mechanism 
is  contained  in  the  cubic  system  (first  bending-second  bending-first  torsion)  and 
that  the  addition  of  higher  modes  constitutes  a  refining  process.  It  has  been  the 
authors'  experience  that  the  basic  cause  of  instability  in  almost  any  system  can 
be  isolated  by  consideration  of  only  two  judiciously  chosen  modes  of  vibration. 

In  the  present  case  we  have  replaced  judicious  choosing  by  analysis  of  all  three 
of  the  possible  quadratic  systems  for  ^  =  0.1  and  p  =  100.  It  was  concluded 
earlier  that  the  first  bending-second  bending  quadratic  formulation  is  unsatisfac¬ 
tory,  particularly  at  the  lower  mass  ratios.  Similarly,  solution  of  the  second 
bending-first  torsion  quadratic  gave  no  sensible  result.  However,  the  first 
bending-first  torsion  quadratic  systems  (Figs.  11  and  12)  yield  essentially  the 
same  flutter  speed  and  frequency  predictions  as  the  cubic  systems  for  both  the 
high  and  low  values  of  mass  ratio.  We  conclude  then  that  the  basic  flutter  mech¬ 
anism  for  the  model  of  interest  is  defined  by  unstable  coupling  of  the' primary 
bending  and  primary  torsional  degrees  of  freedom— the  most  classical  case. 

High  speed  motion  pictures  taken  during  the  experimental  program  tend  to  bear 
out  this  finding. 


Vin.  Some  Unusual  Analytical  Behavior 

The  fact  that  root-locus  plots  of  the  type  shown  in  Figs.  6-9,  11,  12  often 
trace  out  physically  "meaningless"*  patterns  does  not  come  as  news  to  any  ex¬ 
perienced  analyst.  Frequency  curves  which  are  triple  valued  with  respect  to 
velocity,  such  as  the  second  bending  branch  in  Fig.  6,  are.  in  fact,  common¬ 
place  in  bending-torsion  flutter  analysis  and  it  is  not  unusual  for  the  correspond¬ 
ing  damping  roots  to  describe  a  closed  loop. 

It  has  been  the  authors'  experience  that  this  behavior  of  the  root -locus  plot 
is  greatly  magnified  at  low  mass  density  ratios.  The  cubic  analysis  for  _  =  0.55 
(Fig.  13)  is  a  good  illustration  of  the  type  of  behavior  to  which  we  refer.  (The 
arrowheads  in  Fig.  13  indicate  the  direction  of  increasing  V  ~bJ).  It  is  seen  here 
that  the  frequency  of  the  torsion  branch  initially  rises  quite  rapidly  with  increas¬ 
ing  v  bi  and  then  at  some  very  high  valued  combination  of  speed  and  frequency 
doubles  back  sharply  toward  the  origin,  eventually  coalescing  with  the  second 
bending  branch  and  proceeding  out  along  the  speed  axis  in  the  usual  manner. 
Meanwhile,  the  locus  of  the  damping  values  has  crossed  the  neutral  stability- 
axis  and  proceeded  to  a  speed  which  is  roughly  half  the  zero-damping  speed  be¬ 
fore  rising  sharply  and  doubling  back  to  higher  speeds.  Differences  of  this  mag¬ 
nitude  between  the  zero-damping  speed  and  the  minimum  speed  for  unstable 
solutions  are,  to  say  the  least,  highly  unusual  and  the  authors  cannot  recall  ever 
having  encountered  such  behavior  at  higher  density  ratios. 

*The  word  meaningless  is  used  here  only  in  the  sense  that  three  different  values 
of  the  same  frequency  or  damping  curve  obviously  cannot  exist  simultaneously 
at  the  same  speed. 
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Fig.  11  -  im  -  100,  First  Bending  Vs.  First  Torsion 


For  mass  density  ratios  slightly  less  than  0.55  the  frequency  plot  for  the 
torsion  branch  actually  becomes  infinite  before  doubling  back  toward  the  origin. 
That  is  to  say,  there  exists  a  small  range  of  reduced  frequencies  for  which  this 
branch  yields  no  real  solution.  The  analysis  shown  in  Fig.  8  exhibits  this  type 
of  behavior.  The  disappearance  of  a  root  as  v.Tiai  is  increased  is  not  unusual. 
However,  the  reappearance  of  that  root  for  some  still  higher  value  of  V  is 
again  a  new  experience  for  the  authors. 
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Fig.  12-  u  -  0.1,  First  Bending  Vs.  First  Torsion 


For  the  particular  model  under  discussion  these  unusual  characteristics 
were  greatiy  minimized  by  the  inclusion  of  additional  degrees  of  freedom  (cf . 
Figs.  8  and  9).  Whether  or  not  this  result  is  general  or  peculiar  to  this  par¬ 
ticular  model  cannot  be  said  with  certainty;  however,  it  reinforces  an  already 
strong  temptation  to  use  something  more  than  a  minimum  number  of  modes  at 
low  density  ratios. 
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Fig.  13  -  —  =  .55,  Cubic  Analysis 

IX.  Summary  Discussion  and  Conclusions 

The  investigations  reported  here  havp  been  by  no  means  exhaustive.  In  par¬ 
ticular  the  behavior  of  the  model  in  the  region  of  pa  is  still  not  well  understood. 
It  is  the  intention  of  the  authors  to  further  pursue  this  particula"  point,  possibly 
through  a  study  of  the  changes  in  flutter  mode  shape  as  is  approached  from 
above.  A  comparison  of  the  modal  analysis  results  with  the  exact  solution  of  the 
differential  equations  of  motion  might  also  prove  to  be  enlightening,  since  the 
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latter  method  does  not  suffer  from  the  convergence  problems  discussed  in  Sec¬ 
tion  IV.  We  remark,  however,  that  this  comparison  is  possible  here  only  be¬ 
cause  of  the  uniform  nature  of  the  struts  being  considered;  in  the  analysis  of 
actual  working  hardware,  the  analyst  is  nearly  always  forced  to  use  modal 
analysis  techniques  due  to  non-uniform  mass  and  stiffness  distributions. 

With  respect  to  our  attempt  at  gradual  transition  from  the  high  mass- 
density-ratio  regime  to  the  hydrofoil  regime,  we  must  admit  only  limited  suc¬ 
cess.  It  would  seem,  based  on  the  convergence  studies  reported  here,  that  there 
is  a  definite  change  in  the  flutter  characteristics  of  the  strut  as  one  enters  the 
low-mass-ratio  regime,  and  that  the  change  is  in  fact  abrupt. 

Based  on  ojx-  work  to  date  we  offer  the  following  conclusions. 

1.  A  modal  type  of  flutter  analysis  may  be  used  to  successfully  predict 
flutter  at  low-mass -density  ratios. 

2.  The  number  of  modes  necessary  for  a  converged  solution,  i.e.,  a  solu¬ 
tion  unaffected  by  the  inclusion  of  additional  modes,  increases  abruptly  in  the 
low-mass-density  ratio  regime. 

3.  There  is  some  indication  that  for  small  problem  sizes  (quadratic  or 
cubic  systems),  the  use  of  the  natural  modes  of  the  model  immersed  in  the  fluid 
yields  results  superior  to  those  based  on  the  natural  or  assumed  modes  in  vacuo. 

4.  The  basic  unstable  mechanism  for  the  model  considered  appears  to  be 
describable  by  consideration  of  the  primary  bending  and  torsion  modes. 

5.  A  local  maximum  in  predicted  flutter  speed  occurs  in  the  region  of  the 
so-called  critical  mass-density  ratio. 

6.  For  the  very  low  mass  density  ratio  range  the  approximate  variation  in 
flutter  speed  as  a  function  of  mass  ratio  is  given  by  Vp~i,Zr. 

7.  For  the  range  of  sweep  angles  investigated,  sweepback  is  beneficial  in 
increasing  the  flutter  speed. 

8.  The  flutter  speed  of  the  strut  varies  in  an  inverse  manner  with  percent 
area  immersed. 
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COMPARISON  OF  HYDROFOIL  FLUTTER 
PHENOMENON  AND  AIRFOIL  FLUTTER  THEORY* 

Charles  J.  Henry 
Davidson  Laboratory 
Stevens  Institute  of  Technology 
Hoboken,  New  Jersey 


To  meet  the  demand  for  more  effective  vehicles,  two  trends  have  become 
apparent  in  recent  designs  of  naval  craft;  speeds  have  increased  and  structural 
rigidity  has  decreased.  The  effect  of  the  former  trend  is  to  increase  the  hydro- 
dynamic  loads  acting  on  the  hull  and  appendages  and  the  effect  of  the  latter  is 
to  increase  the  elastic  response  of  the  structure.  Each  of  these  trends  increases 
the  likelihood  of  serious  hydroelastic  problems  in  ships. 

The  analogous  problems  in  aircraft  design  (aeroelasticity)  have  been  investi¬ 
gated  thoroughly  in  order  to  acquire  dependable  methods  of  prediction  of  aero- 
elastic  phenomenon.  Thus,  a  large  amount  of  knowledge,  literature  and  experi¬ 
ence  is  available  to  the  naval  designer  concerned  with  hydroelastic  problems,  if 
the  dependability  of  aeroelastic  theories  carries  over  to  the  ranges  of  param¬ 
eters  of  interest  to  the  hydroelastician. 

One  of  the  most  important  problems  in  hydroelasticity  is  flutter  of  hydro¬ 
foils,  which  is  a  self-excited,  oscillatory  instability  of  an  elastic  lifting  surface. 
To  determine  whether  or  not  aeroelastic  theories  could  accurately  predict  hydro¬ 
foil  flutter  conditions,  experimental  studies  were  conducted  at  the  Davidson  Lab¬ 
oratory  and  the  results  were  compared  with  predictions  based  on  aerofoil  flutter 
theory 

Every  effort  was  made  to  reproduce  the  theoretical  conditions  in  the  expeii- 
mental  configuration.  Since  the  resulting  configuration  was  somewhat  idealized, 
the  conclusions  of  this  investigation  are  limited  to  deeply  submerged,  fully- 
wetted  hydrofoils  with  rectangular  planforms  in  two-dimensional  flow  and  elas¬ 
tically  supported  in  two  degrees  of  freedom.  The  theoretical  and  experimental 
determination  of  the  effects  of  cavitation,  ventilation,  free  surface,  planform 
geometry,  distributed  elasticity,  more  realistic  support  conditions  and  three- 
dimensional  flow  should  be  investigated  before  accurate  hydrofoil  flutter  predic¬ 
tions  can  be  made  with  assurance.  The  data  presented  in  this  paper,  however, 
indicate  that  inaccurate  predictions  may  occur  in  hydrofoil  flutter  investigations. 

*  Conducted  under  Bureau  of  Ships  Contract  NObs  84500. 
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The  model  used  in  these  experiments  was  a  symmetric  airfoil,  12%  thick 
with  a  6-inch  chord  and  12-inch  span  (NACA  0012  cross  section)  and  was  sup¬ 
ported  with  its  chord-plane  vertical  between  large  horizontal  end-plates.  A 
complete  description  of  the  apparatus  is  given  in  [1]  and  [2],  The  model  was 
held  by  a  rigid  string  which  was  connected  to  the  supporting  structure  by  a 
flexure  balance  which  provided  elastic  support  in  two  degrees  of  freedom  in 
the  horizontal  plane  and  rigid  support  for  all  other  motions  of  the  foil.  Thus, 
the  model  was  elastically  restrained  in  translation  perpendicular  to  the  stream 
direction  and  rotation  about  the  1/4  chord  axis.  Two  sets  of  weights  were  con¬ 
nected  rtgidly  to  the  foil  and  were  designed  to  attain  the  chosen  values  of 
center  of  gravity  location,  radius  of  gyration  and  natural  frequency  ratio, 
while  varying  the  effective  foil  mass. 

The  flexure  balance  was  instrumented  to  give  electrical  outputs  which  were 
proportional  to  the  translational  and  rotational  displacements  of  the  model.  A 
tachometer  generator  attached  to  the  carriage  and  driven  by  a  wheel  on  the  car¬ 
riage  rail  gave  an  indication  of  the  instantaneous  speed  of  the  apparatus;  the 
measured  time  for  the  apparatus  to  travel  a  known  distance  gave  an  accurate 
indication  of  the  average  speed  of  the  apparatus.  The  two  measurements  of  the 
speed  agreed  and  the  instantaneous  speed  was  essentially  constant  during  a  run. 
The  two  displacements  and  the  instantaneous  carriage  speed  were  recorded  on 
paper  tape. 

All  motions  of  the  model,  other  than  the  two  degrees  of  freedom  in  the  hori¬ 
zontal  plane,  were  rigidly  restrained,  so  that  the  "assumed  modes”  method  of 
flutter  analysis  provided  an  exact  mathematical  description  of  the  dynamic  sys¬ 
tem.  The  appropriate  modes  of  motion  were 

h(t)  =  hobe^t 
i(t)  -  0'oe'£t 


) 


where 

=  -3  + 

and 

h(t)  =  translational  displacement 
ho  =  dimensionless  complex  translational  amplitude 
t )  =  rotational  displacement 
\  =  complex  rotational  amplitude 
c  =  decay  rate 
u>  =  circular  frequency 
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b  =  half  chord  length 
t  =  time. 

The  equations  of  motion  for  the  dynamic  system  shown  in  Fig.  1  are 

m(h  -  bxaa)  +  Khh  =  L  (2) 

and 

I^a  -  mbx^h  +  Kaa  =  M  (3) 


where 

m  =  mass  of  foil  plus  weights  per  unit  span 

xa  =  distance  from  rotational  axis  to  the  center  of  gravity  in  half  chord 
lengths,  positive  aft 

Ia  =  mass  polar  moment  of  inertia  of  foil  plus  weights  about  the  rotational 
axis  per  unit  span 

Kh  =  translational  support  stiffness 

Ka  =  rotational  support  stiffness 

L  =  unsteady  hydrodynamic  lift  per  unit  span 

M  =  unsteady  hydrodynamic  moment  about  the  rotational  axis,  per  unit  span. 

It  must  be  noted,  however,  in  deriving  the  equations  of  motion,  Eqs.  1  and  2,  use 
was  made  of  the  fact  that  the  mass  associated  with  translational  motion,  was 
negligible  compared  with  ma,  associated  with  rotational  motion.  (See  Fig.  1.) 

The  dots  indicate  differentiation  with  respect  to  time.  The  system  parameters 
are  depicted  in  Fig.  1  and  the  sign  conventions  are  indicated  in  Fig.  2. 

Dividing  Eq.  2  by  - bU2  and  Eq.  3  by  -  b2U2  and  defining  the  dimensionless 
parameters 


M  =  m/r>Lb2 

=  density  ratio 

_  ,2 
r  A  =  ia  mu 

-T  a 

=  radius  oi  gyration 

=  Khb2  mlj2 

=  uncoupled  natural  frequency 

na2  =  K,b2  I,U2 

=  uncoupled  natural  frequency 

translation  in  vacuum 
rotation  in  vacuum 
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Fig.  1  -  Schematic  Diagram  of  System  Used  for 
Dynamic  Analysis 

and 

s  =  Ut/b  =  dimensionless  time, 
then  the  dimensionless  responses  become 

h(s)  =  hoe‘s  'j 

a(s)  =  a0e‘,s  J 


t 


W 


whereas,  the  equations  of  motion  become 
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Fig.  2  -  Representative  Hydrofoil  Orientation  Showing  Nomenclature 
and  Sign  Conventions 


/ara2a"  -  /xx,h"  +  /ira2n<12a  =  M/npb2U2,  (6) 

where  the  primes  indicate  differentiation  with  respect  to  s. 

To  obtain  accurate  results  at  speeds  below  the  critical  flutter  speed,  the 
Wagner  description  of  the  circulatory  part  of  the  unsteady  hydrodynamic  force 
was  used,  giving 

s 

L/VpbU2  =  -h"  +  a'  -  act"  +  2  j^H'(o)<f(s)  +  j  H"(0)d{s  -  0)dy/j  (7) 
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M/V^b2!}2 


-ah"  -  ( -  a)  a'  -  +  a2)  a" 

+  2(|  +  3  )  [h  '  (o)0(  s  )  +J  H"(0)0(  s  -0)d^] 


(8) 


where 


a  =  distance  from  midchord  to  the  rotational  axis  in  half  chord  lengths, 
positive  aft 

4'(s)=  the  Wagner  function 

H'(s)=  the  vertical  velocity  of  the  3/4  chord  point  defined  by 

H'(s)  =  -h'  +  a  +  -  a  )a‘.  (9) 

The  Wagner  function  as  is  known  represents  the  indicial  circulatory  lift  re¬ 
sponse  as  opposed  to  the  added  mass  response  to  the  motion  given  by  the  first 
three  terms  on  the  right  hand  side  of  Eqs.  7  and  8.  The  following  approximate 
form  of  the  Wagner  function  given  in  [3]  was  used. 

<p(s)  =  1  -  0.165e-°’o4SSs  -  0. 335e*0’ 3s  (l0) 

Equations  5  and  6,  in  conjunction  with  Eqs.  7,  8,  9  and  10.  were  solved  using 
Laplace  transform  methods,  leading  to  the  following  responses 

h(s)  -  hje  lS 
a(s)  =  3.je'ls  * 


h2e*2  S  1 


a2e  2  S 


(ID 


where  h1;  h2,  ij  and  t.2  are  complex  amplitudes  and  j  and  2  are  the  complex 
eigenvalues. 

In  the  experiments,  the  model  was  held  rigidly  with  an  initial  angle  of  at¬ 
tack  until  the  carriage  had  accelerated  to  the  test  speed.  The  model  was  then  re¬ 
leased  and  the  resulting  motions  were  recorded.  The  speed  was  increased  in 
each  subsequent  run  until  a  flutter  condition  was  reached.  Tests  at  speeds 
slightly  above  the  critical  flutter  speed  were  found  fruitful  and  for  these  cases, 
the  model  was  started  from  the  equilibrium  position.  Figure  3a  exhibits  a  typical 
record  taken  below  the  critical  flutter  speed  whereas  Fig.  3b  shows  one  above 
the  critical  flutter  speed. 

The  responses  shown  in  Fig.  3  contain  only  one  of  the  predicted  modes  of 
vibration,  associated  with  q  and  since  the  second  mode  of  vibration,  and 
uj2,  was  found  to  be  very  highly  damped  as  predicted,  i.e.,  2  >  j .  Thus  in  the 

data  analysis  program,  the  response  was  treated  as 
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PARAMETRIC  VALUES 
M  :  2  A  3 
*0  0  200 
•a  ■■  0  8  00 
- r-  1  0498 


FLUTTER  CONDITIONS 
EXPERIMENTAL  THEORETICAL 


I-H 


2  30 

0  8  30 

2  3  7 
95° 


3  2  i 

0  860 

2  64 

97° 


TRANSLATION 


I  0 )  8EL0W  FLUTTER  SPEEO 
168,  ~  =  0  8  41,  1^-1  :  1.85,  1>  ■  100° 


■V255’  ^  :  ')«2S  •  l£l  = 2  '0.  * 


Fig.  3  -  Typical  Records 


h{s)  hjC*3!5  cos 
t(s)  ije-’l5  cos 

The  decay  rate,  a,  of  the  rotational  response  was  measured,  whereas,  the  fre¬ 
quency  of  response,  oj,  was  measured  from  both  degrees  of  freedom,  as  well  as 
the  magnitude  and  argument  of  the  ratio  iq  T,.  The  decay  rate  and  response 
frequency  were  made  dimensionless  by  dividing  by  the  uncoupled  natural 
frequency  in  rotation,  to  give  the  overall  damping  ratio,  -  and  the  frequency 
ratio.  These  experimental  results  are  compa.red  with  the  predicted  values 

in  Figs.  4  through  11. 

A  discrepancy  was  found  between  the  predicted  and  measured  values  of 
•a,  whereas  predicted  and  measured  values  of  3  and  the  magnitude  and 
argument  of  h L /a l  agreed  in  all  cases.  Calculations  showed  that  appreciable 
variations  of  c/uja  resulted  from  systematic  changes  of  the  constants  in  Eq.  10, 
whereas,  the  predicted  values  of  3  and  ht  t  remained  essentially  un¬ 
changed,  thus  indicating  that  3  is  the  response  characteristic  which  is  most 
sensitive  to  the  circulatory  part  of  the  unsteady  lift.  Since  the  discrepancy  was 
found  for  a,  the  hypothesis  presented  in  [1]  is  partially  substantiated;  i.e., 
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Fig.  7  -  Overall  Damping  Ratio,  Frequency  Ratio 
Amplitude  Ratio  and  Phase  Lag,  /x  =  2.50,  xa  =  0 


} 


’  _JU_ 

6“o 


Fig.  10  -  Overall  Damping  Ratio,  Frequency  Ratio, 
Amplitude  Ratio  and  Phase  Lag,  m  =  2.50,  x2  =  0.4 


Fig.  11  -  Overall  Damping  Ratio,  Frequency  Ratio, 
Amplitude  Ratio  and  Phase  Lag,  =  3.12,  xa  =  0.4 
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the  circulatory  terms  in  the  theory  are  less  accurate  than  the  added  mass  terms. 
It  is  suggested,  therefore,  that  a  new  model  of  the  bound  and  wake  vorticity  dis¬ 
tribution  is  needed  to  provide  a  more  accurate  representation  of  the  actual  flow 
pattern  behind  an  oscillating  foil. 

A  prediction  of  flutter  speed  was  obtained  from  the  plots  of  the  overall 
damping  ratio  where  <y  vanishes.  These  predicted  flutter  speeds  were  plotted  in 
Fig.  12  together  with  those  from  the  experimental  results.  Flutter  speeds  for 
the  three  center  of  gravity  locations  were  presented  together  with  those  previ¬ 
ously  obtained.  These  results  show  the  inadequacy  of  the  theory  to  predict  flutter 
speeds  of  the  tested  configuration,  particularly  at  low  values  of  density  ratio.  At 
the  high  values  of  i±,  the  theory  gave  ...  conservative  estimate  of  flutter  speed 
which  was  in  agreement  with  aeroelastic  experience.  However,  the  range  of  p. 
of  practical  interest  in  hydrofoil  operation  is  0.1  <  p  <  1,  and  the  discrepancy 
in  this  range  becomes  more  dangerous  since  the  theory  gives  a  non-conservative 
estimate  of  flutter  speed.  In  fact,  flutter  was  found  experimentally  within  the 
range  of  p  for  hydrofoil  operation  where  freedom  from  flutter  was  predicted  at 
all  speeds,  thus  drastically  emphasizing  the  need  for  more  accurate  methods  of 
hydrofoil  flutter  analysis. 


In  each  case,  however,  a  sharp  upward  trend  in  the  experimental  flutter 
speed  was  found  as  p  decreases.  This  trend  was  in  agreement  with  the  predicted 
trend,  but  the  experimental  turning-up  occurred  at  a  lower  density  ratio  than 
predicted.  This  behavior  of  flutter  speed  was  investigated  theoretically  in  [4] 
using  the  quasi-steady  representation  of  the  unsteady  lift  forces.  A  rather  com¬ 
plicated  result  is  obtained  except  for  the  limiting  case  =  0  when  the  as- 

symptotic  value  of  density  ratio,  pCR,  is  given  by 


Fig.  12 


Measured  and  Predicted  Flutter  Speeds 
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mcr  1  +  2(x0  +  a)  (13) 

Equation  13  was  plotted  in  Fig.  13  for  comparison  with  the  minimum  values  of 
density  ratio  at  which  flutter  was  found  experimentally.  This  comparison  shows 
a  constant  reduction  of  25%  in  mcr  for  the  values  of  xa  +  a  tested.  This  quan¬ 
titative  result  cannot  be  generalized  for  other  configurations;  in  fact,  in  [5]  much 
larger  reductions  of  mcr  were  obtained  indicating  that  the  actual  flutter  stability 
boundary  extends  by  an  unknown  amount  below  the  predicted  mcr  toward  the 
range  of  m  for  hydrofoils. 

In  summary,  comparison  of  measured  and  predicted  flutter  conditions  of  a 
two-degree  of  freedom  system  in  two-dimensional,  fully-wetted  flow  lead  to  the 
following  conclusions: 

1.  The  predicted  overall  damping  ratio  did  not  agree  with  measured  values. 

2.  The  measured  and  predicted  values  of  the  frequency  ratio  and  the  ratio 
of  c  implex  amplitudes  for  one  mode  of  vibration  were  in  agreement. 


C.G  LOCATION  IN  HALT  CHORDS  TROM  MIDCMORD  Ua  +  0) 

Fig.  13  -  Critical  Density  Ratio 


773 


Henry 


3.  The  predicted  flutter  speed  at  high  values  of  density  ratio  was  less  than 
the  measured  one,  a  fact  which  is  in  agreement  with  aeroelastic  experience. 

4.  At  low  values  of  density  ratio,  in  the  range  for  typical  hydrofoils  opera¬ 
tion,  the  discrepancy  between  predicted  and  measured  flutter  speeds  became 
non -conservative  and  thus  more  dangerous.  In  addition,  flutter  was  found  ex¬ 
perimentally  in  the  region  of  density  ratio  where  freedom  from  flutter  is  pre¬ 
dicted  at  all  speeds. 

5.  The  predicted  upward  trend  in  the  flutter  speed  for  decreasing  density 
ratio  occurred  in  the  experimental  results  but  at  a  smaller  density  ratio. 

6.  Systematic  changes  in  the  circulatory  lift  terms  in  the  theoretical  analy¬ 
sis  showed  that  the  overall  damping  ratio  depends  strongly  on  these  terms 
whereas  the  other  response  characteristics  do  not. 

Conclusions  1,  2  and  6  give  partial  substantiation  for  the  hypothesis  that  the 
circulatory  lift  response  is  less  accurately  represented  than  the  added  mass 
response  in  the  classical  unsteady  airfoil  theory.  It  is  recommended,  therefore, 
that  a  more  realistic  theoretical  model  is  needed  for  the  bound  and  wake  vor- 
ticity  associated  with  an  oscillating  foil. 
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INTRODUCTION 

The  present  development  of  hydrofoil  craft  has  been  aimed  at  producing  ve¬ 
hicles  that  can  perform  effectively  at  high  forward  speeds.  Subcavitated  hydro¬ 
foil  designs  are  presently  capable  of  speeds  of  the  order  of  50-60  knots,  while 
supercavitating  hydrofoil  craft  are  expected  to  reach  100  knots  and  higher.  One 
of  the  problems  that  face  designers  of  these  craft  is  the  possibility  of  the  occur¬ 
rence  of  hydroelastic  instability  (i.e.,  flutter  and/or  divergence)  at  these  high 
speeds.  Experience  in  the  aircraft  industry  has  shown  that  these  problems  ap¬ 
pear  as  speeds  increase  and  as  the  structures  get  thin.  Both  of  these  conditions 
are  characteristic  of  the  presently  considered  classes  of  hydrofoil  craft. 

In  the  past  four  years,  certain  theoretical  studies  have  been  devoted  to  the 
problems  of  hydroelasticity,  for  both  fully-wetted  hydrofoils  [1,  2]  and  for  super¬ 
cavitating  hydrofoils  with  very  long  cavities  [3].  Experimental  investigations 
aimed  at  determining  the  hydroelastic  characteristics  of  hydrofoils  in  fully- 
wetted  flow  have  only  recently  been  carried  out,  and  some  of  the  results  of  these 
studies  are  being  presented  at  this  symposium.  The  conditions  under  which 
flutter  and/or  divergence  occur  were  determined,  in  terms  of  density  ratio, 
speed,  natural  frequencies,  location  of  center  of  gravity  and  elastic  axis,  etc.,  in 
all  of  these  studies.  While  it  appears  that  flutter  may  possibly  be  a  problem  (in 
certain  instances)  for  the  fully-wetted  case,  and  that  divergence  is  also  a  prac¬ 
tical  possibility  for  that  situation,  the  theoretical  results  for  supercavitating 
tfow  [3]  show  that  both  flutter  and  divergence  are  definite  possibilities  that  must 
be  avoided  by  proper  design. 


*This  study  was  carried  out  for  TRG,  Inc.,  where  the  author  was  employed  as  a 
consultant.  The  w-ork  was  carried  out  under  Contract  Nonr  3434(00),  sponsored 
under  the  Bureau  of  Ships  Fundamental  Hydromechanics  Research  Program, 
Project  S-4009  01  01,  technically  administered  by  the  David  Taylor  Model 
Basin. 
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Li',  the  various  naval  applications  for  which  lifting  surfaces  are  utilized,  such 
as  propellers,  hydrofoil  craft  wings,  control  surfaces,  etc.,  there  are  certain 
periods  of  time  when  a  hydrofoil  designed  for  non -cavitated  operation  will  never¬ 
theless  experience  partial  cavitation.  This  cavitation  will  be  in  the  form  of  a 
cavity  extending  over  a  portion  of  the  upper  surface  of  the  foil.  Even  when  a  foil 
is  designed  for  supercavitating  operation,  there  are  situations  that  occur  wherein 
it  is  partially  cavitated  (e.g.,  during  take-off,  slowing  down,  etc.).  Under  certain 
conditions  the  presence  of  this  partial  cavitation  may  not  be  too  serious  with  re¬ 
gard  to  the  lift  and  drag  characteristics  of  the  foil,  but  it  is  expected  that  the 
presence  of  this  particular  degree  of  cavitation  will  have  an  important  influence 
on  the  hydroelastic  behavior  of  the  foil.  The  objective  of  the  present  study  is 
the  determination  of  the  operating  conditions  under  which  hydroelastic  instabil¬ 
ities  will  occur  with  this  particular  flow  pattern,  thereby  providing  theoretical 
guidance  that  will  fill  the  gap  between  the  two  cases  of  fully-wetted  flow  and 
supercavitating  flow. 


HYDRODYNAMIC  FORCES  AND  MOMENTS 

The  hydrofoil,  in  steady  state,  will  be  oriented  at  some  small  angle  of  attack 
and  the  ambient  flow  conditions  are  such  that  the  upper  surface  will  have  a  cav¬ 
ity  extending  from  the  leading  edge  to  some  point  on  the  foil  ahead  of  the  trailing 
edge.  In  order  to  carry  out  an  analysis  of  the  hydroelastic  characteristics  of 
foils  with  such  a  flow  pattern,  it  is  necessary  to  know  the  hydrodynamic  forces 
and  moments  acting  on  the  foil  in  steady  state  and  also  when  the  foil  performs 
oscillations.  The  method  of  analysis  will  be  concerned  with  the  various  effects 
at  a  representative  section  of  the  foil  and  hence  two-dimensional  theoretical  re¬ 
sults  for  the  hydrodynamic  effects  will  be  used. 

The  lift  and  moment  for  a  partially  cavitated  foil  (flat  plate  or  cambered)  in 
steady  state  are  available  in  the  work  of  Geurst  [4],  which  contains  the  most  ex¬ 
tensive  information  necessary  for  the  present  study.  The  information  presented 
in  [4]  related  the  steady  angle  of  attack,  the  cavitation  number  and  the  cavity 
length  (relative  to  the  chord),  thereby  defining  the  range  of  interest  for  applica¬ 
tion  to  the  present  problem.  .A  chart  exhibiting  this  relation  is  shown  in  Fig.  1, 
and  points  out  the  fact  that  there  are  certain  multi-valued  results  for  cavity 
length  as  a  function  of  angle  of  attack  and  cavitation  number.  The  experimental 
results  [5]  show  that  no  cavities  with  a  length  beyond  3/4  of  the  total  chord  length 
are  stable,  and,  in  addition,  further  computations  show  the  existence  of  unreal¬ 
istic  hydrodynamic  values  at  this  critical  condition.  Using  the  relations  given  in 
[4],  it  can  be  shown  that  the  static  lift  rate  with  angle  of  attack  is  given  by 


where  the  angle  >  2  is  defined  by 
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o 

u 

Fig.  1  -  Relation  between  cavity  length,  steady  angle  of 
attack,  and  cavitation  number 


with  -t  the  cavity  length  (in  terms  of  the  half-chord  b)  measured  from  the  mid- 
chord  position,  positive  for  cavities  terminating  between  the  mid-chord  and  the 


trailing  edge  of  the  foil.  A  plot  illustrating  the  variation  of  this  lift  rate  is  given 
in  Fig.  2,  and  as  associated  information,  the  distance  to  the  center  of  pressure, 


^  ^  ( rvi  OO  Cll  T'A/l  ^  f  U  A  f  /4  aU  aw/4  a  a  a.'  11  »  *  a  ^  a**  AA  a 

W  J  ymvuoua  VU  11UU1  U1C  UllU'UiUlU  pUOl  LlWli  111  LC1  HID 


positive  for  center  of  pressure  aft),  for  this  condition  is  shown  on  Fig.  3.  All  of 


the  results  in  Figs.  1,  2,  and  3  are  applied  to  a  flat  plate  hydrofoil,  which  will  be 


the  configuration  of  major  concern.  Much  more  complicated  relations  are  nec¬ 
essary  when  the  foil  is  cambered  (see  [6]),  and  the  results  are  dependent  upon 


the  particular  shape  of  the  camber  line  and  the  maximum  camber  ratio. 


Examination  of  the  figures  shows  that  the  lift  rate  for  a  partially  cavitated 
foil  exceeds  that  of  a  fully-wetted  foil,  and  this  result  may  be  ascribed  to  an  ef¬ 
fective  increase  in  camber  of  a  flat  plate  due  to  the  presence  of  the  partial  cav¬ 
ity.  It  also  appears  that  there  is  not  much  variation  in  the  position  of  the  center 
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Fig.  3  -  Center  of  pressure  position  for  steady  motion 


of  pressure  for  this  case,  in  the  range  of  practical  cavity  lengths  of  interest. 

The  consequences  of  these  hydrodynamic  results  for  the  hydroelastic  behavior 
of  partially  cavitated  foils  will  be  considered  in  a  later  section. 

In  order  to  consider  the  dynamic  effects  in  a  hydroelastir  analysis  (i.e., 
flutter),  it  is  necessary  to  know  the  hydrodynamic  lift  force  and  pitch  moment 
acting  on  an  oscillating  partially  cavitated  foil,  where  the  degrees  of  freedom  of 
the  oscillations  are  (essentially)  heave  and  pitch.  The  heaving  motion  is  the  dis¬ 
placement  in  translation  (for  the  dynamic  analysis)  and  the  pitching  motion  is  the 
displacement  in  rotation.  The  translational  displacement  is  defined  as  positively 
down,  and  the  rotational  displacement  is  defined  as  positive  for  leading  edge  up, 
as  shown  in  the  illustration  of  Fig.  4.  A  formulation  of  the  potential  flow  prob¬ 
lem  for  determining  the  lift  and  moment  acting  on  an  oscillating  partially  cavi¬ 
tated  hydrofoil  was  initially  presented  by  Timman  [7],  but  the  solution  wTas  not 
pursued  to  completion  nor  was  any  numerical  work  presented.  Recently,  Stein¬ 
berg  and  Karp  [8]  utilized  Timman's  initial  formulation  and  completely  solved 
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Fig.  4  -  Partially  capitated  hydrofoil  elastically  restrained  in 
translation  and  rotation,  showing  nomenclature 


the  problem  including  numerical  results.  The  results  of  that  study  will  be  uti¬ 
lized  in  the  determination  of  the  conditions  for  flutter.  The  results  of  [8]  can  be 
arranged  in  a  form  that  can  be  directly  used  in  the  hydroelastic  analysis,  where 
the  lift  and  moment  per  unit  span  at  the  leading  edge  are  represented  by 


Lo  =  -bv2  [crh-if;h 


)h0 


ff  '  -  if'  )  a 

cp  sp  c 


(3) 


and 


=  cb2V2  [(n^h  -  Kh)h»eit' 


(rr/ 

cp 


irn’  )  z. 
sp 7  c 


(4) 


where 


h  =  bh0ei!tt 


(5) 


are  the  complex  representations  of  the  oscillatory  motions  in  the  translational 
and  rotational  degrees  of  freedom.  In  Eqs.  (3)  and  (4)  the  motion  a  is  a  rotation 
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of  the  foil  about  its  mid-chord,  and  the  results  in  [8]  are  obtained  for  that  motion 
The  curves  shown  in  [8]  are  the  quantities  denoted  as  f' ,  f'  ,  m' ,  m'  in  the 
present  study  (the  further  subscripts,  h  or  p,  represent  heave  or  pitch  motion). 
These  terms  are  functions  of  the  reduced  frequency  k  =  ub/v,  and  also  of  a/a, 
where  a  in  this  instance  is  the  steady-state  angle  of  attack  reference  condition. 

In  order  to  identify  the  various  force  and  moment  quantities  in  terms  of  fa¬ 
miliar  hydrodynamic  force  terms,  a  study  was  made  of  the  form  of  the  force  and 
moment  in  fully-wetted  flow  [9]  and  also  supercavitated  flow  [10].  As  an  exam¬ 
ple,  the  lift  force  in  fully-wetted  flow,  for  oscillations  about  the  foil  mid-chord, 
is  represented  by 


LO>  =  -pbV2  ^(rrk2  +  277kG)  -  i2rrkFj  hQ  e‘ at 

(6) 

-pbV2  [(-kG-277F)  -  i(r-k  +  -kF  -  2oC)J  aQ  e‘ 

where  F(k)  and  G(k)  are  the  real  and  imaginary  parts  of  the  complex  Theodor- 
sen  function  C(k),  which  provides  the  modification  of  the  forces  due  to  unsteadi¬ 
ness.  With  this  representation  as  a  basis  and  as  a  typical  example,  some  identi¬ 
fication  of  the  physical  quantities  associated  with  f^h,  f'h,  m^h,  etc.,  for 
partially  cavitated  flow,  can  be  made.  The  following  is  an  outline  of  the  compo¬ 
nent  terms  making  up  these  various  quantities: 

a.  f'h  represents  the  added  mass  in  plunging  (heaving)  motion.together  with 
the  quasi-steady  lift  force  due  to  vertical  velocity,  suitably  modified  by  a  particu¬ 
lar  frequency-dependent  function.  The  added  mass  portion  is  proportional  to  k2 
and  is  the  predominant  quantity  at  large  values  of  k,  while  the  remaining  part  is 
dependent  on  k  in  the  form  of  k  times  the  frequency-dependent  modification 
factor  (actually  a  component  of  a  complex  frequency  factor,  as  shown  in  [9]). 

b.  f'h  represents  the  quasi-steady  lift  due  to  plunging  velocity  (effective 
angle  of  attack),  suitably  modified  by  a  frequency-dependent  modification  factor 
(this  factor  is  also  a  function  of  a/a,  as  are  all  the  frequency-dependent  factors 
herein,  in  the  present  problem).  In  the  limit  of  low  frequency,  this  term  can  be 
shown  to  approach  the  value  kcL  where  CL  is  the  steady  lift  rate  shown  in 
Fig.  2. 


c.  f*  is  composed  of  a  term  representing  the  lift  due  to  angle  of  attack, 
modified  by  a  frequency-dependent  factor;  a  small  added  mass  term  propor¬ 
tional  to  k2;  and  a  portion  of  the  lift  force  due  to  angular  velocity, 


ified  by  a  frequency-dependent  factor.  In  the  limit  of  low  frequency  this  term 
(i.e.,  {')  can  be  shown  to  approach  the  value  -CL_,  and  hence  it  is  simply  re¬ 
lated  to  the  low  frequency  limit  of  f 'h.  This  is  due  to  the  hydrodynamic  equiv¬ 
alence  of  the  flow  pattern  and  resultant  lift  force  arising  from  an  angle  of  attack 
and  the  equivalent  effect  due  to  plunging,  which  gives  a  spatially  uniform  distri¬ 
bution  of  angle  of  attack. 


d.  f'  represents  the  lift  due  to  angular  velocity  variations,  suitably  modi¬ 
fied  by  a  frequency-dependent  factor;  an  inertial  reaction  proportional  to  angular 
velocity  (probably  without  a  frequency-dependent  modification  factor);  and  a  por¬ 
tion  of  the  lift  due  to  angle  of  attack,  with  a  frequency-dependent  modification 
factor. 
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e.  m^h  represents  the  moment  due  to  the  added  mass  force  in  plunging  mo¬ 
tion,  together  with  a  portion  of  the  moment  due  to  the  vertical  velocity  which  is 
modified  by  a  frequency-dependent  factor.  The  added  mass  portion  varies  as 
k2,  while  the  remaining  part  varies  as  k  times  the  frequency-dependent  factor. 

f.  m'h  represents  the  moment  due  to  plunging  velocity,  modified  by  a 
frequency-dependent  factor.  In  the  limit  of  low  frequency,  this  term  can  be 
shown  to  approach  the  value  (l  d*)kCL„  +  kCLd*,  which  is  simply  related  to  the 
moment  due  to  steady  angle  of  attack. 

g.  m^p  is  composed  of  a  term  representing  the  moment  due  to  angle  of  at¬ 
tack,  modified  by  a  frequency-dependent  factor;  an  added  mass  moment  propor¬ 
tional  to  k2;  and  a  portion  of  the  moment  due  to  angular  velocity,  which  is  modi¬ 
fied  by  a  frequency-dependent  factor.  In  the  limit  of  low  frequency  this  term  can 
be  shown  to  approach  the  value  -( l  -  d»)CL_  -  CLdj,  and  hence  is  related  to  the 
low  frequency  limit  of  m'h. 

h.  m^pis  composed  of  the  moment  due  to  angular  velocity,  modified  by  a 
frequency-dependent  factor;  an  inertial  moment  proportional  to  angular  velocity 
(probably  without  a  frequency-dependent  factor);  and  a  portion  of  the  moment  due 
to  angle  of  attack,  with  a  frequency-dependent  modification  factor. 

The  particular  frequency-dependent  factors  are  not  explicitly  represented 
in  the  results  of  [8],  but  certain  judgment  can  be  made  as  to  the  limiting  values 
of  the  different  aspects  of  this  frequency  factor  for  low  frequencies.  Since,  as 
k-0,  the  results  should  be  appropriate  to  quasi-steady  values,  the  different  por¬ 
tions  of  the  frequency  modification  factors  can  be  shewn  to  approach  values  of 
1.0  and  0,  depending  upon  the  particular  quantity  which  it  modifies.  Some  dis¬ 
cussion  of  the  application  of  these  ideas  for  analyses  appropriate  to  the  limiting 
condition  where  k-0,  i.e.,  for  determination  of  the  critical  density  ratio,  w’ill  be 
presented  in  a  later  section.  Similarly,  an  outline  of  further  hydrodynamic  stud¬ 
ies  which  will  lead  to  representations  of  the  forces  and  moments  in  a  form  that 
separates  the  contributions  of  quasi-steady  flow,  unsteady  flow  modifications, 
inertial  effects,  etc.,  will  also  be  presented.  These  results  will  allow  physical 
interpretation  and  identification  of  the  component  terms,  for  both  the  quasi¬ 
steady  and  unsteady  cases,  and  will  aid  in  interpretation  of  the  major  effects 
that  influence  the  flutter  phenomena. 


EQUATIONS  OF  MOTION  AND  STABILITY  ANALYSIS 

For  the  analysis  herein  the  hydrofoil  itself  is  assumed  to  be  rigid  but  sup¬ 
ported  elastically  in  two  degrees  of  freedom.  These  degrees  of  freedom,  as  de¬ 
scribed  previously,  are  translation  normal  to  the  free  stream  velocity  and  rota¬ 
tion  about  an  axis,  normal  to  the  plane  of  flow,  which  is  known  as  the  elastic 
axis.  The  elastic  axis  is  located  at  a  prescribed  position  along  the  foil  and  the 
location  of  the  center  of  gravity  and  mid-chord  position  relative  to  it  are  defined 
by  certain  specific  length  parameters.  An  illustration  of  these  various  geomet¬ 
rical  parameters  is  shown  in  Fig.  4.  which  is  the  same  (except  for  the  particular 
extent  of  cavitation)  as  that  used  in  the  investigation  of  bending-torsion  flutter 
and  torsional  divergence  of  rigid  foil  sections  in  previous  hydroelastic  studies. 
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The  equations  of  motion  for  this  system  are 


and 


mh  t  Saa  +  I^h  =  -L 


where 


+  Sah  -  Kaa  M 


(7) 

(8) 


m  =  mass  of  hydrofoil  section  per  unit  span 

Sa  =  first  moment  of  mass  per  unit  span  of  hydrofoil  section  about 
elastic  axis 


Ia  =  mass  polar  moment  of  inertia  per  unit  span  of  hydrofoil  section 
about  elastic  axis 


Kh  ,Ka  =  spring  constants  in  bending  and  torsion,  respectively 

L.M  =  lift  and  momert  per  unit  span  at  elastic  axis. 

The  expressions  for  L  and  M  in  Eqs.  (7)  and  (8)  are  determined  by  transforming 
the  results  in  Eqs.  (3)  and  (4)  in  order  to  allow  them  to  be  applicable  to  a  refer¬ 
ence  position  at  the  elastic  axis.  The  results,  obtained  by  transforming  in  terms 
of  the  effective  foil  displacements  relative  to  the  elastic  axis  position,  are 
given  by 


B,fct  V 


M  -  b2''2*1^' 


'**  ||Kh  ‘  i-sh  -  'a*  1  fch  -  if5h^  ho 


•  \<Kp  -  Kp)  ‘  fa  -  1)  ffcp  •  ifspj  •  a  "ch  ■  i'ib  > 


-  af a  -  1 )  (flh  -  iflh)  a.  >• 


for  the  case  where  the  translational  and  rotational  motions  are  oscillatory,  as  in 
Eq.  (5). 


The  equations  of  motion  given  by  Eqs.  (7)  and  (8)  represent  a  description  of 
the  motions  which  are  departures  from  the  equilibrium  position,  and  the  stability 
of  these  perturbation  displacements  is  directly  determined  from  the  equations. 

In  determining  the  conditions  for  divergence,  which  is  a  static  instability,  there 
are  no  oscillations  (i.e.,  ^  =  0)  and  also  no  time-derivative  terms  appear  in  the 
equations  of  motion.  The  static  instability  occurs  when  the  increase  in  the  hydro- 
dynamic  moment  due  to  an  angular  change  arising  from  a  structural  deformation 
is  greater  than  the  increase  in  the  elastic  restoring  moment.  Hence  the  equa¬ 
tion  of  concern  for  studying  divergence  is  the  reduced  form  of  Eq.  (8),  viz. 


K.-  =  V  =  jb2V2  a  -d*)  Cj/i). 


(ID 
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This  is  the  simplified  approach  to  the  divergence  problem  and  circumvents  the 
necessity  of  carrying  out  limiting  operations  on  the  various  components  of  the 
hydrodynamic  force  and  moment.  The  equation  is  appropriate  to  the  equilibrium 
condition  as  well  as  when  an  arbitrary  perturbation  is  considered.  With  the  an¬ 
gle  a  represented  by  a  =  ae  *■  Aa,  where  a,  is  the  equilibrium  value  and  Aa  the 
perturbation,  the  equation  then  becomes 


where 


■  K  +  H  =  M(a*>  +  if 


(12) 


if  =  pb2V2  [(a-d*)^  -  qd*]  ,  (13) 

and  after  subtracting  the  equilibrium  conditions,  the  resulting  equation  is 


K3A  a  =  pb2V2  j\a  -  d*  )  CL_  -  Cj_d*  j  A  a  . 


(14) 


This  condition  represents  the  precise  balance  between  the  hydrodynamic  moment 
due  to  an  angle  of  twist  and  the  elastic  restoring  moment,  yielding  the  particular 
speed  for  equilibrium,  known  as  the  critical  divergence  speed.  Speeds  greater 
than  this  value  will  result  in  divergence  for  the  foil.  Using  the  definitions 

-  =  rr.  -^b2  =  density  ratio 

r 2  =  I.  nb2  =  dimensionless  radius  of  gyration  about  elastic  axis 
■Jl  -  K.  I.  =  uncoupled  rotational  natural  frequency 
Eq.  (14)  may  be  rearranged  to  the  form  given  by 


(15) 


which  defines  the  critical  divergence  speed. 

It  can  be  seen,  from  examination  of  Eq.  (15),  that  the  divergence  speeds  for 
the  case  of  partially  cavitated  foils  are  usually  lower  than  for  fully-wetted  foils 
(for  the  same  elastic  and  inertial  characteristics)  as  long  as  the  partial  cavity- 
length  is  not  too  long,  since  the  lift  rate  CL  is  larger  for  partially  cavitated 
foils  and  the  quantity  d?  is  negative  until  the  cavity  length  extends  up  to  about 
half  the  chord  length.  As  an  illustration  of  these  results,  divergence  speeds  are 
shown  in  Figs.  5  and  6  for  partially  cavitated  foils  and  compared  with  the  results 
for  filly-wetted  foils.  The  results  exhibited  are  appropriate  to  a  condition  with 
a  small  partial  cavity  [(i  -  O  ?  =  .25]  in  Fig.  5  and  for  a  larger  partial  cavity 
[d  -  ' i  2  =  .625]  in  Fig.  6.  Analysis  shows,  for  the  partially  cavitated  case 
[(l--n  2  =  .625]  of  Fig.  6,  that  no  divergence  can  occur  for  a  <  -.17.  i.e.,  asthe 
elastic  axis  moves  further  forward  of  the  mid-chord  position.  Results  for  the 
condition  where  the  cavity  extends  up  to  the  3  4  chord  point  on  the  foil  can  be 
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Fig.  5  -  Variation  of  divergence  boundary  with  elastic  axis  vocation, 
comparing  results  for  fully-wetted  and  partially  cavitated  flow- 


shown  to  indicate  that  divergence  speed  is  effectively  0  (theoretically),  since  the 
denominator  of  Eq.  (15)  approaches  x,  except  for  one  particular  value  of  the  quan¬ 
tity  a  that  determines  the  elastic  axis  location.  In  actual  practice  such  results 
will  not  occur,  but  they  add  further  emphasis  to  point  out  the  general  flow  insta¬ 
bility  associated  with  conditions  for  cavity  lengths  extending  up  to  this  point  and 
slightly  beyond. 

One  other  important  factor  with  regard  to  divergence,  for  the  present  case 
of  partially  cavitated  hydrofoils,  is  the  fact  that  as  the  foil  increases  its  angle  of 
attack  due  to  the  "overriding"  of  the  elastic  restoring  effect,  the  phenomenon  is 
accelerated  (up  to  a  point)  since  the  lift  rate  CL  and  the  term  -d*  increase  as 
a  c-  increases.  All  of  these  results  are  appropriate  to  a  flat  plate  foil  since  no 
computations  have  been  made  to  include  camber  effects.  If  the  foil  itself  is  not 
completely  rigid,  but  can  also  undergo  chordwise  bending,  then  additional  effects 
enter  since  the  force  and  moment  differ  in  that  case.  The  foil  will  then  have 
some  effective  camber,  determined  from  the  deflection  shape,  and  hence  a  new 
lift  and  moment  distribution  are  determined.  This  in  turn  determines  a  new 
angle  and  lift  distribution,  etc.  The  obvious  behavior  of  the  static  hydroelastic 
problem  as  a  feedback  system  is  shown  by  this  description,  and  a  process  of 
successive  approximation  wculd  be  necessary  in  order  to  determine  the  variation 
of  the  stability  characteristics  associated  with  these  effects.  This  is  rather  a 
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Fig.  6  -  Variation  of  divergence  boundary  with  elastic  axis  location, 
comparing  results  for  fully-wetted  and  partially  cavitated  flow- 


complicated  problem,  and  extends  beyond  the  scope  of  the  present  exploratory 
study.  Nevertheless,  for  practical  purposes  of  estimation,  these  effects  may  be 
ignored  and  the  first  approximation  for  critical  divergence  speeds  can  be  ob¬ 
tained  by  the  simple  techniques  outlined  above. 

For  the  case  where  dynamic  effects  are  included,  the  stability  of  the  system 
is  determined  by  analyzing  the  basic  equations  of  motion  to  determine  the  condi¬ 
tions  under  which  the  perturbation  displacements  are  purely  oscillatory.  The 
conditions  'under  which  this  occurs  are  the  boundaries  of  stability,  i.e..  they  rep¬ 
resent  neutral  stability.  The  means  of  determination  of  these  conditions  are 
presented  below. 

The  equations  of  motion  are  nondimensionalized  by  dividing  Eq.  (7)  by 
-  b3..2  and  Eq.  (8)  by  -.  b4  and  cancelling  the  complex  exponential  e--;  in  each 

term  of  the  equations.  Using  the  definitions  given  in  the  paragraph  following  Eq. 
(14),  and  also  the  definitions 

x.  =  S.  -b  =  dimensionless  distance  between  elastic  axis  and  center  of 

gravity  in  half -chord  lengths,  positive  when  center  of  gravity 
is  aft. 

..2  =  Kf,  -  =  uncoupled  translational  natural  frequency. 
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the  equations  of  motion  are  then  represented  in  the  form 


A  damping  force  given  by 


and  a  damping  moment  given  by 


have  been  included  in  the  equations  in  order  to  represent  the  effect  of  structural 
damping.  These  terms  are  proportional  to  the  oscillatory  amplitude  and  stiff¬ 
ness  of  the  respective  modes  of  motion.,  and  the  dimensionless  proportionality 
factor  is  the  damping  coefficient,  g.  which  is  assumed  equal  for  both  translation 
and  rotation. 

Eqs.  (16)  and  (17)  obtained  above  are  simultaneous  linear  homogenous  equa¬ 
tions  with  two  unknowns,  h  and  -.  .  A  nontrivial  solution  exists  if.  and  onlv  if. 

0  0 

the  determinant  of  the  coefficients  of  the  unknowns  is  zero.  The  resulting  deter- 
minantal  equation  which  must  be  satisfied  for  the  existence  of  a  solution  to  the 
equation  of  motion  is  then 
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(18) 


Since  the  terms  in  these  equations  are  complex,  two  sets  of  equations  must  be 
satisfied;  one  for  the  real  part  and  one  for  the  imaginary  part.  The  solutions 
that  satisfy  this  determinantal  equation  define  a  neutrally  stable  motion,  to  which 
a  particular  forward  speed  is  associated.  If  the  speed  is  less  than  this  critical 
value  the  perturbed  motion  will  be  convergent  (and  hence  stable),  and  if  the 
speed  is  greater  than  critical  the  perturbed  motion  will  diverge  (unstable).  The 
boundaries  between  stable  and  unstable  conditions  are  defined  by  the  solutions 
of  the  determinantal  Eq.  (18),  which  are  the  flutter  stability  boundaries. 

The  flutter  conditions  are  found  from  Eq.  (18)  by  setting  the  damping  coeffi¬ 
cient  g  =  0  and  applying  the  density  variation  method  [11],  The  two  equations 
resulting  from  expanding  the  determinant  are  combined  in  order  to  determine 
the  t.wo  unknowns,  which  are  the  density  ratio  -  and  the  frequency  ratio  ~  A 
quadratic  equation  is  obtained  for  the  quantity  (•--  ~)2  ,  and  the  quantity  _  is  de¬ 
termined  in  terms  of  the  values  of  (-*  found  from  the  other  equation.  The 
only  physically  meaningful  results  are  those  where  and  -  are  both  real 
and  positive.  Solutions  are  obtained  at  selected  values  of  the  reduced  frequency 
k,  and  a  curve  of  reduced  flu  icr  speed  V  t*_.  versus  density  ratio  is  obtained 
from  these  solutions  by  means  of  the  relation 

v  .  _ 1_  . 

b ^  ’  k(ll)  U9) 

The  results  of  applying  this  method  of  solution  are  shown  in  Figs.  7  through  12, 
where  the  variation  of  the  flutter  stability  boundaries  with  cavitation  number, 
elastic  axis  location,  center  of  gravity  location,  radius  of  gyration,  and  natural 
frequency  ratios  are  presented. 

The  results  of  previous  hydroelastic  analyses,  as  well  as  the  appearance  of 
the  flutter  stability  boundaries  for  the  present  problem,  show  that  the  flutter 
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Variation  of  flutter  boundary  with  radius  of  gyration  and 
elastic  axis  location 


speed  ratio  becomes  asymptotically  infinite  at  a  low  value  of  density  ratio. 
Along  this  branch,  as  v  b^.  the  value  of  k-  0.  The  critical  *  at  which  the 
asymptote  develops  can  be  predicted  theoretically,  since  some  of  the  limiting 
values  of  the  hydrodynamic  force  and  moment  components  as  k-o  are  known. 
The  various  frequency-dependent  modification  factors  approach  1  and  0  for  the 
different  hydrodynamic  components.  Some  measure  of  the  behavior  of  the  force 
and  moment  coefficients  in  the  limit  as  k  -  0  is  given  by  the  following: 


f;h  = 

0(k2) 

f;h  = 

kCL=  = 

0(kl 

f;P  = 

o,  n 

f;P  = 

0(k) 
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Fig.  10  -  Flutter  boundaries  for  greater  extent  of  cavitation 
effects  of  center  of  gravity  location 
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illustrating  the 
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cp  r  '  1  '  d”  CL,  -  CL  =  :  =  0  1 

0  k 


"'»P 


The  precise  form  of  these  relations  really  requires  ?  determination  of  the  ana¬ 
lytical  expressions  for  i .  f’  and  in  the  quasi-steady  sense,  in¬ 

cluding  the  associated  inertial  contributions.  A  technique  ior  determining  these 
quantities  for  application  to  the  analysis  appropriate  to  k  -  0  will  be  outlined  in 
another  section  of  this  paper,  but  the  present  results  are  indicative  of  the  ex¬ 
pected  overall  behavior. 

Using  the  general  relations  given  by  Eq.  (20)  in  the  determinant  of  Eo.  (IS), 
and  collecting  the  terms  of  O’  1  k2  ,  the  limiting  value  of  the  critical  -  (when 
-b  ...  =  g  =  0)  is  obtained  in  the  form 

ch^ci:  *"  c  h c  —  1  s  h 1  so  ”s*-*sp 
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Fig.  12  -  Variation  of  flutter  boundaries  with  natural  frequency  ratios 


No  numerical  values  can  be  obtained  from  this  result  since  the  explicit  forms  of 
some  of  the  hydrodynamic  coefficients  for  this  limit  case  are  not  precisely 
known. 


DISCUSSION  OF  RESULTS 

In  discussing  the  results  of  the  analysis,  it  is  necessary  to  bear  in  mind 
that  these  statements  apply  to  foils  that  are  designed  for  either  supercavitating 
or  fully-wetted  operation,  but  which  encounter  partial  cavitating  flow  conditions. 
The  statements  are  concerned  with  the  flutter  and  divergence  characteristics  of 
partially  cavitated  foils,  but  the  foil  physical  characteristics  are  thosp  appropri¬ 
ate  to  the  originally  intended  flow  condition,  i.e..  either  supercavitated  or  fully- 
wetted.  Emphasis  in  the  present  paper  is  devoted  to  the  supercavitated  foil  de¬ 
sign.  since  that  is  the  situation  which  will  certainly  experience  partial  cavitation 
during  its  operational  history,  and  also  because  the  trend  toward  higher  speed 
hydrofoil  craft  will  necessitate  supercavitating  foils. 

The  application  of  the  theoretical  results  described  in  the  previous  section 
is  illustrated  by  the  curves  exhibited  in  Figs.  5  and  6  for  the  case  oi  divergence, 
and  in  Figs.  7  through  12  for  the  case  of  flutter  The  range  of  phvsical  charac¬ 
teristics  appropriate  to  supercavitating  hydrofoil  sections  has  been  described 
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previously  in  [3],  and  some  of  the  conditions  chosen  in  the  present  figures  were 
selected  to  fit  within  those  appropriate  ranges.  Differences  in  values  of  the 
various  geometric  and  inertial  parameters  have  been  selected  in  order  to  ex¬ 
hibit  the  variations  in  the  stability  boundaries  with  changes  in  these  parameters. 

Figures  7  and  8  illustrate  the  effects  of  changes  in  radius  of  gyration,  cen¬ 
ter  of  gravity  position,  and  elastic  axis  location  on  the  flutter  boundary  while 
similar  information  with  regard  to  divergence  is  given  in  Figs.  5  and  6.  The  re¬ 
sults  show  that  an  increase  in  the  radius  of  gyration  results  in  an  increase  in 
the  flutter  speed  ratio,  without  much  change  in  the  value  of  the  critical  density 
ratio.  Similarly,  an  increase  in  the  radius  of  gyration  also  increases  the  diver¬ 
gence  speed.  Hence  a  larger  value  of  the  radius  of  gyration  decreases  the 
chance  of  occurrence  of  both  flutter  and  divergence. 

An  increase  in  x,  ,  i.e.,  moving  the  center  of  gravity  aft  relative  to  the 
elastic  axis,  results  in  a  lower  value  of  the  critical  density  ratio  and  also  a 
lower  flutter  speed.  Thus  the  center  of  gravity  should  be  as  far  forward  as  pos¬ 
sible  relative  to  the  elastic  axis  in  order  to  prevent  flutter. 

An  increase  in  the  quantity  a  ,  i.e.,  moving  the  elastic  axis  further  back  from 
the  mid-chord  position,  leads  to  a  decrease  in  the  value  of  the  critical  density 
ratio,  and  also  a  decrease  in  the  flutter  speed.  Also,  an  increase  in  a  results 
in  lower  divergence  speed.  Thus  a  forward  elastic  axis  position  decreased  the 
possibility  of  both  flutter  and  divergence. 

Figure  12  illustrates  the  effect  of  increasing  the  ratios  of  the  natural  fre¬ 
quencies  and  it  is  shown  there  that  an  increase  in  .  results  in  a  shift  in  the 
critical  density  ratio  to  higher  values. 

The  results  described  above  as  to  the  effect  of  changes  in  the  radius  of  gy¬ 
ration,  center  of  gravity  position,  elastic  axis  location,  and  natural  frequency 
ratio  are  the  same  as  those  obtained  in  previous  studies  of  hydroelastic  insta¬ 
bilities  where  the  flow  was  fully-wetted  [1,  2]  or  supercavitating  [3].  Thus  it  ap¬ 
pears  that  the  same  results  occur  for  variations  in  these  geometric  and  inertial 
properties  whether  the  flow  about  the  foil  is  fully-wetted,  supercavitated  or  par¬ 
tially  cavitated.  Some  modification  of  this  latter  statement  is  possible  in  the 
case  of  partial  cavitation  since  the  conclusions  are  only  valid  up  to  a  certain 
cavity  length,  less  than  the  length  of  the  foil  chord. 

Figures  9,  10  and  11  illustrate  the  behavior  of  the  flutter  boundaries  for  a 
larger  cavity  length  than  has  been  considered  up  to  this  time  in  the  data  pre¬ 
sented  through  Fig.  8.  Figure  9  shows  the  flutter  boundary  variation  for  the 
case  where  the  cavity  length  extends  up  to  1  2  the  chord  length  from  the  leading 
edge.  Comparison  with  the  results  in  Figs.  7  and  8  show  that  there  is  a  tendency 
toward  lower  values  of  the  critical  density  ratio.  Similarly.  Figs.  10  and  11  ex¬ 
hibit  flutter  boundaries  for  larger  cavity  length  conditions,  viz.,  a  cavity  length 
of  5/8  of  the  chord  length,  and  a  shift  toward  still  lower  values  of  the  critical 
density  ratio  is  shown.  A  trend  toward  smaller  values  of  flutter  speed,  all  other 
conditions  remaining  constant,  is  seen  as  the  cavity  length  increases.  Results 
for  the  case  where  the  cavity  length  extends  up  to  3  4  of  the  chord  length  have 
not  been  given  because  of  the  steady  state  conditions  that  indicate  infinite 
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Fig.  13  -  Comparison  of  fully-wetted,  partiallv-cavitated,  and  super- 
cavitating  stability  boundaries  for  foils  with  identical  elastic 
and  inertial  properties 


behavior  in  that  region.  Conditions  for  flows  with  cavity  length  greater  than  that 
length  show  a  flow  instability,  which  caused  vibration  even  when  a  model  was 
tested  in  steady  state  in  a  water  tunnel  [5], 

The  curves  in  Fig.  13  compare  the  different  stability  boundaries  for  foils 
with  identical  inertial  properties,  but  with  different  flow  conditions.  Unfortu¬ 
nately.  the  example  chosen  for  illustration  is  a  poor  one  in  that  it  does  not  show 
much  danger  for  the  case  of  partial  cavitation  in  regard  to  flutter,  but  it  cer¬ 
tainly  points  out  the  difference  in  regard  to  the  possibilities  of  failure  due  to 
divergence.  This  is  a  definite  condition  that  should  be  guarded  against  during 
the  early  stages  of  design. 

The  results  obtained  herein  for  the  case  of  partially  cavitated  hydrofoils  are 
only  as  valid  as  the  hydrodynamic  information  available  as  the  input  for  this 
study.  Attention  should  be  directed  toward  proper  determination  of  the  hydro- 
dynamic  reactions  on  partially  cavitated  hydrofoils  with  particular  concern  for 
the  region  of  low  reduced  frequency.  This  region  is  important  since  it  is  the  re¬ 
duced  frequency  range  where  the  flutter  eigen  values  were  determined.  Only  a 
limited  amount  of  information  on  the  behavior  of  the  hydrodynamic  lorces  in  this 
range  was  available  and  perhaps  a  quasi-steady  analysis  method  would  be  ap¬ 
propriate  to  this  particular  flow  regime.  An  outline  of  further  theoretical 
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hydrodynamic  studies  which  should  be  carried  out  in  order  to  provide  a  basis 
for  continuing  the  theoretical  work  of  prediction  of  flutter  is  described  in  the 
next  section. 


FURTHER  HYDRODYNAMIC  STUDIES 

As  mentioned  above,  the  results  of  [8]  are  cast  in  a  numerical  form  with  no 
separation  of  the  contributions  of  damping,  added  mass,  unsteadiness,  etc.  Also 
the  hydrodynamic  information  presently  available  for  the  low-k  behavior  of  the 
forces  and  moments  is  insufficient  to  determine  the  critical  density  ratio,  as 
represented  in  Eq.  (21).  It  is  possible  to  carry  out  a  hydrodynamic  analysis  to 
determine  this  information,  and  it  will  be  shown  that  this  only  requires  proper 
application  of  the  results  of  [4]  and  the  extended  study  [6]  based  upon  it.  The 
quantity  fch,  in  the  limit  as  k-0  (for  application  to  the  determination  of  ^cr), 
is  proportional  to  the  added  mass  of  the  partially  cavitated  foil,  and  this  can  be 
obtained  by  a  simple  extension  of  the  results  of  Geurst  [4]  for  the  steady  state 
problem.  Expressions  are  found  in  [4]  for  the  distribution  of  the  horizontal  per¬ 
turbation  velocity  on  the  foil,  and  this  quantity  can  also  be  related  to  the  time- 
dependent  pressure  component  for  unsteady  motion  (see  the  analysis  in  [12], 
where  the  relation  between  integrals  of  the  impulsive  pressure  and  integrals  of 
the  longitudinal  velocity  perturbation  is  exhibited).  Thus,  if  the  vertical  velocity- 
distribution  on  the  foil  is  proportional  to  h,  resulting  in  the  longitudinal  pertur¬ 
bation  velocity  being  proportional  to  h,  the  added  mass  force  required  for 
may  be  determined  from  the  following  relation: 


_d_ 

^ch  -  dt 


l 


_d_ 

dt 


Re 


<j>  wzdz 


(22) 


where  »•  is  the  complex  perturbation  velocity  and  z  =  x  -  iy  is  the  complex 
variable  in  the  physical  plane. 

The  information  presented  in  [4]  is  directly  applicable  to  determine  this 
quantity,  and  in  fact,  it  is  found  that  f'ch  is  proportional  to  the  moment  coeffi¬ 
cient  C^,  determined  there.  Similarly,  the  value  of  m’h  ,  which  may  be  inter¬ 
preted  for  the  present  application  as  the  moment  due  to  added  mass,  is  also  of 
inertial  nature  and  it  can  be  determined  in  a  similar  manner,  where  it  will  be 
necessary  to  find,  as  one  of  the  constituent  terms,  the  value  of 

x3dx  -  -r~Re^wz2dz  '9" 

dt  at  1  J 

--1 

The  procedure  followed  in  [6]  will  have  to  be  applied  to  determine  this  quantity, 
and  it  is  then  necessary  to  carry  out  the  expansion  of  the  complex  velocity  per¬ 
turbation  to  the  next  order  term  (i.e..  up  to  terms  of  0(1  z3)). 

The  term  f'  contains  two  contributions  of  the  same  form,  one  of  which  is 

SP 

determined  as  a  quasi- steady  force  while  the  other  arises  from  inertial  consid- 
erations.  The  inertial  term  follows  in  the  same  manner  as  given  in  Eq.  (20) 
above,  using  the  vertical  velocity  along  the  foil  proportional  to  This  results 
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in  a  term  proportional  to  4  which  is  the  required  result.  The  quasi-steady  con¬ 
tribution  arises  from  consideration  of  the  vertical  velocity  along  the  foil  to  be 
proportional  to  the  distance  from  the  leading  edge,  which  is  then  a  linear  func¬ 
tion  of  the  variable  x  in  the  physical  plane  (i.e.,  it  is  of  the  form  (x  1)4).  The 
lift  force  for  this  distribution  of  vertical  velocity  can  be  obtained  by  adapting  an 
answer  derived  for  the  case  of  a  cambered  foil  by  Geurst  [6],  where  the  vertical 
velocity  distribution  along  the  foil  was  of  this  particular  form.  The  computa¬ 
tions  will  have  to  be  carried  cut  for  that  case,  recognizing  the  equivalence  of  the 
term  in  4  to  the  camber  ratio  in  that  particular  study.  Similar  procedures  may 
be  utilized  to  determine  the  two  components  (i.e.,  inertial  and  quasi-steady)  for 
the  determination  of  m'  ,  and  all  of  the  available  information  needed  for  that 
case  is  also  provided  by  the  analytical  results  in  [6]  and  [12], 

While  the  information  on  the  limiting  behavior  for  the  quasi- steady  and  in¬ 
ertial  components  of  the  hydrodynamic  forces  and  moments  are  of  interest,  and 
are  also  of  practical  consequence  for  determining  ^cr,  it  is  still  required  to 
have  a  complete  unsteady  representation  of  the  hydrodynamic  forces  and  mo¬ 
ments  for  analysis  of  flutter  stability  conditions.  The  results  given  in  [8]  pro¬ 
vide  this  information  numerically,  but  do  not  give  any  information  on  the  nature 
of  the  frequency-dependent  modification  functions.  As  an  example,  the  repre¬ 
sentation  of  lift  and  moment  for  oscillating  fully-wetted  foils,  as  given  in  terms 
of  the  Theodorsen  function  [9]  with  an  imposed  complex  exponential  form  for  the 
oscillatory  motions,  allows  a  simple  interpretation  of  the  amplitude  and  phase 
modifications  brought  about  by  the  real  and  imaginary  parts  of  the  Theodorsen 
function.  Similar  results  are  expressed  for  supercavitating  hydrofoils  (for 
"  =  0),  and  the  form  of  tiie  complex  frequency  response  function  shows  the 
range  of  frequencies  in  which  important  modifications  take  place.  No  such  func¬ 
tion  (or  functions)  are  provided  by  the  results  of  [8],  and  hence  there  is  no  means 
of  determining  the  modifying  effects  of  unsteadiness,  per  se.  In  an  effort  to  ob¬ 
tain  the  solutions  in  this  form,  an  alternate  method  was  formulated  and  is  pre¬ 
sented  in  the  following  discussion.  The  technique  is  essentially  an  application  of 
the  Riemman-Hilbert  problem  for  a  half-plane,  after  carrying  out  a  simple  aux¬ 
iliary  mapping.  The  method  follows  that  of  Geurst  r4]  in  some  aspects,  but  ap¬ 
plied  to  the  unsteady  problem.  The  outline  of  the  analytical  procedure  to  be  used 
for  this  case  is  given  by  the  following: 

Only  the  unsteady  problem  is  considered  herein,  and  the  boundary  conditions 
in  the  physical  plane  are  represented  by  the  sketch  below 
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where  Ffz;  =  ^  +  i p  is  the  complex  acceleration  potential.  This  plane  is 
mapped  to  an  auxiliary  plane  by 


z' 


7. 

2 


which  maps  the  boundary  conditions  to  the  lower  half-plane,  as  shown  below 


where  s 


This  mixed  boundary  value  problem  for  c  is  solved  by  choosing  an  appro¬ 
priate  Green’s  function,  which  leads  to  a  representation  given  by: 


i(x' , y '  ) 


2-  -y' 


c(f  .0)  log  f(f  -  x ') 


(24) 


After  differentiating  with  respect  to  >■',  applying  the  definition  of  the  two- 
dimensional  Laplace  equation,  integrating  with  respect  to  x' ,  and  then  approach¬ 
ing  the  real  axis  by  allowing  y'  -  0.  there  results  the  singular  integral  equation 


C 


[  3y(t)dt 


1 


(25) 


for-  :(*’  )  along  the  real  axis.  Rather  than  solve  this  particular  problem,  a  dif¬ 
ferent  method  is  utilized,  resulting  in  the  equation 


-(x') 


(26) 


where  :  and  -  are  the  real  and  imaginary  parts  of  the  complex  function  F  . 
Considering  the  limiting  values  of  F  as  y'-O-  or  0-.  denoted  as  F*  and  F", 
the  function  F  satisfied  the  relations  (after  reflection  into  the  upper  half -plane 
by  Schwarz's  lemma) 
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F*  -  F"  =  i2 


•r 


ay(t )dt 


m,J3  <  X  <  s 


(27) 


F*  +  F'  =  0  s  <  x'  <  oo  (28) 

This  is  the  classic  Riemman-Hilbert  boundary  value  problem,  and  applying  the 
Plemlj  formulas  leads  to 


F(z' ) 


\  s  -  z'  I 

s  1 

f 

_C+  j 

^  ay(t)dt 

•  X 

77  J 

\  s  -  £  (£  -  z'  ) 

P(z' ) 


(29) 


where  the  term  after  the  integral  represents  the  homogenous  solution,  with 
P(z' )  a  polynomial  function.  This  function,  P(z' )  ~  z'n,  where  n  is  chosen 
such  that  the  pressure  i'P)  is  integrable  and  has  appropriate  singular  behavior 
near  the  leading  edge  of  the  plate.  Near  the  leading  edge  (z--b  or  z'-  x); 


F(V  ) 


(b  -  z) 


-(M)l 


'J 


(30) 


Possible  values  of  n  are  n  =1,2,  but  the  solution  can  only  be  the  case  where 
n  =  1  for  the  leading  edge  behavior,  in  view  of  the  requirement  of  integrability 
of  pressure  and  also  for  the  cavity  to  be  on  only  one  side  of  the  plate  (see  com¬ 
ments  by  Geurst  [6]  and  Wu  [13]).  Thus 


Pfz' )  =  Az'  -  B 


(31) 


where  A  and  B  are  two  additional  real  coefficients  to  be  determined. 


An  illustrative  application  is  for  heaving  motion, 


h  =  bh  e11"1 

o 


so  that 


a 


y 


(32) 


(33) 


and 


-4k2b2h 

O 


x' 


(34) 


where  k  =  <b  v  is  the  reduced  frequency.  This  leads  to  the  representation 
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F(z'  ) 


f  c  +  2k2h  ej'Jt  -~ 

L _ °  b2  +  z 

l-  Vs -£  (£-  z'  ) 


elf 


Az'  4  B 
Vs  -  z' 


(35) 


for  the  case  of  heaving  motion. 

The  integral  in  Eq.  (35)  can  be  evaluated  by  contour  integration  around  a 
suitable  contour,  where  a  branch  cut  is  chosen  along  the  real  axis  from  s  to 
A  circle  of  radius  R  surrounds  the  contour,  and  a  small  circle  of  radius  S  sur¬ 
rounds  the  point  £  =  s,  joining  with  the  straight  line  contours  of  the  branch  cut. 

Taking  account  of  the  singularities  at  ±ib  and  z'  leads  to 


Ft  z'  ) 


ic  +  i2k2h  e*'*'1 

O 


Az'  +  B 
\  s  -  z’ 


Vs  -  z1  _  _ \  s  -  z' 

v  s  -  ib  (  ib  -  z'  )  Vs  -  ib  (  ib  -  z'  ) 

There  are  four  unknowns,  viz.,  c,  s  (or  i  ,  the  cavity  length),  A,  and  B. 

The  quantity  c  is  determined  by  a  choice  of  the  value  of  r  at  x.  The  Kutta  con¬ 
dition  is  satisfied  by  this  solution,  and  no  information  can  be  obtained  using  that 
condition.  A,  B  and  s  are  found  by  use  of  three  additional  conditions,  such  as 
the  limiting  value  of  v  at  x,  given  as  a  constant  dependent  on  r;  the  velocity- 
matching  condition  on  the  foil;  and  another  condition  such  as  continuity  of  verti¬ 
cal  velocity  in  the  wake,  or  constant  volume,  or  a  singularity  free  solution,  in 
accordance  with  the  desired  physical  model  (no  discussion  will  be  presented 
herein  as  to  the  nature  of  the  proper  model  for  this  case).  The  algebraic  manip¬ 
ulations  can  be  carried  out  to  complete  this  problem,  and  also  similar  proce¬ 
dures  for  the  case  of  pitching  motion. 

The  above  procedures  are  suggested  outlines  of  an  approach  to  determine 
the  hydrodynamic  reactions  for  unsteady  partially  cavitated  flows.  Solutions 
based  on  these  methods  will  still  require  extensive  computation  of  specific 
functions  that  represent  the  frequency-dependent  modification  factors,  and  there 
may  be  some  question  as  to  the  value  of  effort  to  be  expended  for  this  case. 
Nevertheless,  the  outline  is  suggested  as  a  means  of  obtaining  a  decomposition 
of  the  various  force  and  moment  components,  which  is  not  given  in  8].  The  com¬ 
pletion  of  the  theoretical  hydrodynamic  studies  recommended  in  the  present  sec¬ 
tion  for  determining  the  quasi-steady,  inertial,  and  unsteady  reactions  would 
then  provide  all  of  the  necessary  tools  required  for  a  theoretical  analysis  of  thp 
hydroelastic  characteristics  of  partially  cavitated  hydrofoils. 


CONCLUSIONS 

The  theoretical  results  obtained  in  the  present  study  clearly  indicate  that 
there  are  definite  dangers  of  hydroeiasUc  instabilities  occurring  in  the  par¬ 
tially  cavitated  flow  regime  on  various  types  of  hydrofoils.  In  view  of  this  re¬ 
sult,  it  is  necessary  that  careful  checks  be  made  as  to  the  precise  aspects  of 
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these  instability  possibilities,  including  both  theoretical  and  experimental 
studies.  A  definite  recommendation  is  for  the  experiments  to  be  carried  out  in 
order  to  ascertain  the  existence  of  hydroelastic  instabilities  in  this  flow  regime 
by  conducting  special  hydroelastic  tests,  preferably  in  a  water  tunnel.  Further 
theoretical  studies  should  be  carried  out  as  well,  with  emphasis  on  the  low 
reduced  frequency  range,  with  both  quasi-steady  theory  (as  outlined  in  the  pre¬ 
vious  section)  and  unsteady  theory  computations  being  carried  out.  Further¬ 
more,  there  should  be  a  back-up  program  for  measurement  of  the  hydrodynamic 
forces  and  moments  acting  on  a  partially  cavitated  foil  in  oscillatory  motion,  in 
order  to  check  the  results  of  theory  as  well  as  to  obtain  a  better  understanding 
of  the  mechanisms  that  contribute  to  the  various  types  of  hydroelastic 
instabilities. 

The  theoretical  analyses  performed  in  this  paper  have  been  carried  out  for 
straight,  rigid,  uniform  hydrofoils  supported  elastically  in  two  degrees  of  free¬ 
dom,  with  only  two-dimensional  flow  concepts  utilized  in  the  determination  of 
the  hydrodynamic  forces.  It  is  possible  that  three-dimensional  effects,  together 
with  possible  aspects  of  sweepback,  taper,  flexibility,  etc.,  may  alter  some  of 
the  conclusions  of  the  present  study.  Therefore,  it  is  recommended  that  further 
experiments  and  theory  be  continued  in  order  to  ascertain  the  effects  of  these 
additional  considerations,  and  hence  to  provide  basic  information  for  practical 
design  problems. 


NOMENCLATURE 

a  =  dimensionless  distance  between  mid-chord  and  elastic  axis,  in  half¬ 
chord  lengths,  positive  when  elastic  axis  is  aft 

ay  =  vertical  fluid  acceleration  on  foil 

b  =  half-chord  length 

CL  =  two-dimensional  lift  coefficients 

C.  =  lift  coefficient  rate  of  change  with  angle  of  attack 
— ~ 

d*  =  dimensionless  distance  to  the  center  of  pressure,  measured  from  mid¬ 
chord  position  in  terms  of  half-chord  lengths,  positive  for  center  of 
pressure  aft 

f'.f'  =  dimensionless  real  force  coefficients  (subscripts  b  or  n  indicate 
either  heave  or  pitch  motion,  respectively) 

F  =  complex  acceleration  potential 

g  =  translational  displacement,  positive  down 

ho  =  dimensionless  amplitude  of  translational  oscillation  in  half-chord 
lengths 

i  =  \Tl 
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Ia  =  mass  polar  moment  of  inertia  per  unit  span  of  hydrofoil  section  about 
the  elastic  axis 

j  =  vcT  ij  f  -i 
k  =  reduced  frequency,  k  =  ™b/v 

Kh,Ka  =  spring  constants  in  translation  and  rotation,  respectively 

l  =  cavity  length,  in  terms  of  half-chord,  measured  from  the  mid-chord 
position,  positive  for  cavities  terminating  between  the  mid-chord  and 
the  trailing  edge  of  the  foil 

L,  M  =  lift  and  moment  per  unit  span  at  the  elastic  axis 
Ln,Mo  =  lift  and  moment  per  unit  span  at  the  leading  edge 
m  =  mass  of  hydrofoil  section  per  unit  span 

mc,ms  =  dimensionless  moments  (subscripts  h  or  p  indicate  either  heave  or 
pitch  motion,  respectively) 

Pc  =  pressure  inside  cavity 

=  static  pressure  in  fluid  at  infinity 

P  =  difference  in  pressure  between  static  pressure  at  infinity  and  constant 
pressure  inside  cavity,  ip  -  P^  -  Pc 

r,  =  dimensionless  radius  of  gyration  of  hydrofoil  section  about  elastic  axis, 
in  half-chord  lengths,  r\  =  I,  'mb2 

S2  =  first  moment  of  mass  per  unit  span  of  hydrofoil  section  about  the 
elastic  axis 

1  =  time 

u,v  =  horizontal  and  vertical  fluid  velocities  components  on  foil 

V  =  free  stream  velocity 

»■  =  u  -  i  v  ,  complex  fluid  velocity  on  foil 

=  dimensionless  distance  between  elastic  axis  and  the  center  of  gravity  in 
half-chord  lengths,  positive  when  center  of  gravity  is  aft.  x.  =  S.  rab 

l 

x  =  dimensionless  distance  between  elastic  axis  and  center  of  pressure,  in 
half-chord  lengths,  positive  when  the  center  of  pressure  is  aft 

z  =  x  +  iy.  complex  coordinate  in  physical  plane 

a  =  rotational  displacement,  positive  when  leading  edge  is  up:  also  steady 
state  of  attack 
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=  amplitude  of  rotational  oscillation 
m  =  density  ratio,  p  =  m/p-nb2 
p  =  fluid  density 

a  =  cavitation  number,  a-  =  Ap/i-pV2 

4>,4>  =  real  and  imaginary  parts  of  complex  acceleration  potential 

,ua  =  uncoupled  translational  and  rotational  natural  frequencies  respectively; 

"2  =  V",  <£  =  K./I. 

a>  =  circular  oscillation  frequency 
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COMPARISON  OF  THEORY  AND  EXPERIMENT 

FOR 

MARINE  CONTROL-SURFACE  FLUTTER 


Ralph  C.  Leibowitz  and  Donald  J.  Belz 
David  Taylor  Model  Basin 


ABSTRACT 

Both  the  Extended  Simplified  Flutter  Analysis  and  Modified  Theodorsen 
Flutter  Analysis,  proposed  by  McGoldrick  and  Jewell,  are  applied  to  the 
T MB  CONTROL  SURFACE  FLUTTER  APPARATUS.  Predictions  of  vi¬ 
brational  stability  and  instability  based  on  these  analyses  are  compared 
with  stable  and  unstable  (classical  flutter)  vibrations  observed  in  the 
apparatus  for  towing  speeds  in  the  range  of  0  to  20  knots. 

The  comparison  of  predicted  and  observed  values  of  (1)  damping  and 
(2)  critical  flutter  speeds  shows  that  the  Modified  Theodorsen  Analysis 
gives  a  consistently  better  agreement  with  experimental  data  than  does 
the  Extended  Simplified  .Analysis;  moreover,  the  results  of  the  former 
analysis  are  in  good  agreement  with  available  experimental  data, 
whereas  the  results  of  the  latter  analysis  are  not. 

To  extend  the  range  of  mass  unbalance,  speed,  and  other  parameters  that 
show  good  agreement  between  theory  and  experiment,  certain  studies 
that  will  yield  refinements  to  the  Modified  Theodorsen  Analysis  are 
proposed. 


INTRODUCTION 

The  possibility  of  flutter  in  marine  control  surfaces  came  pointedly  to  the 
attention  of  naval  research  personnel  when  sea  trials  of  USS  FORREST  SHER¬ 
MAN  (DD  931)  revealed  that  severe  vibrations  were  transmitted  to  the  hull  by 
the  rudders  [l].*  This  indicated  the  need  for  a  thorough  exploration  of  the  pos¬ 
sibility  of  marine  control-surface  flutter:  for  it  may  be  possible  that  as  the 
speeds  of  other  ships  are  increased  flutter  may  occur  more  commonly  within 
the  range  of  operating  speeds.  For  this  reason,  methods  of  predicting  llutter 
warrant  serious  consideration  in  the  fieid  of  naval  architecture. 

^References  are  listed  on  page  930. 
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The  present  comparison  of  theoretical  and  experimental  results  is  intended 
as  a  help  to  the  researchers  under  contract  to  the  Bureau  of  Ships  in  their 
search  for  a  suitable  method  of  flutter  prediction.  Such  a  method  will  permit 
ship  designers  to  establish  stability  margins  of  safety  from  flutter  for  ships  po¬ 
tentially  capable  of  control-surface  flutter. 

In  this  report,*  the  stability  of  a  TMB  Control  Surface  Flutter  Apparatus 
has  been  analyzed  by  computing  on  a  digital  computer  the  damping  associated 
with  the  apparatus;  stability  predictions  based  on  these  computations  are  com¬ 
pared  with  available  experimental  data.  These  data  include  the  results  of  tests 
performed  on  the  flutter  apparatus  published  in  [2]  and  recently  published  results 
of  similar  tests  recently  performed  by  the  TMB  Hydromechanics  Laboratory. 

The  recent  data  are  of  special  interest  because,  as  a  result  of  changes  made  in 
certain  physical  parameters  of  the  apparatus,  classical  flutter!  was  observed  as 
a  hydroelastic  phenomenon. 

In  addition  to  the  digital  computations,  an  analog  solution  of  the  equations  of 
motion  [2]  used  in  the  analysis  of  the  flutter  apparatus  was  undertaken.  Qualita¬ 
tive  information  on  the  total  motional  response  was  obtained  from  this  solution. 


NOTATION 
Symbol 
A 

ab 


B  i  o  • B  1 1 
BI2-  B21 


C(k ) 


Definition 

Lift  constant  of  the  hydrofoil  (lift  force  per 
unit  attack  angle  per  unit  velocity  squared) 

Distance  from  midchord  to  axis  of  rotation 
(positive  aft  of  midchord) 

Symbols  for  coefficients  of  the  hydrofoil  equa¬ 
tions  of  motion 


Semichord  length  of  hydrofoil 

Linearized  damping  constant  for  the  transla¬ 
tional  degree  of  freedom  at  zero  speed. 

Critical  damping  constant  (general  symbol 
employed  for  rotational  or  translational  degree 
of  freedom) 

Theodorsen  function 

Linearized  damping  constant  for  the  rota¬ 
tional  degree  of  freedom  at  zero  speed 


Dimensions 

lb-sec2 
in. 2 

in. 


varying 


lb-sec/in. 


in. -lb-sec  (rot.) 
lb-sec  in.  (trans  ) 


Dimensionless 
in. -lb-sec 


*A  preliminary  report  on  the  present  study  was  published  in  letter  form  as  [3]. 
iClassical  flutter  is  a  dynamically  unstable,  self-excited  vibration  of  an  oscil¬ 
latory  system  immersed  in  a  field  of  fluid  flow  [2], 
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Symbol 


e 


RL 

h 


I 


] 

K 

k 

L 


M 


M0 


m 


R 

R 


10'RU 
12'  R20 


R21'R22 


S 


Definition 


Base  of  Natural  Logarithms  (2.718.  .  .) 

Oscillatory  lift  force  less  the  added  mass  and 
zero  hydrodynamic  damping  effects 

Distance  from  the  axis  of  rotation  to  the  c.g. 
of  the  rotating  assembly,  based  on  mass  plus 
added  mass  (positive  if  c.g.  is  downstream) 

Effective  mass  moment  of  inertia  of  the  rotat¬ 
ing  assembly  with  respect  to  its  axis,  includ¬ 
ing  the  added  mass  moment  of  inertia 

The  square  root  of  minus  one  (v"22!) 

Translational  spring  constant 

Torsional  spring  constant 

Distance  of  the  center  of  lift  from  the  axis  of 
rotation  (positive  if  center  of  lift  is  forward 
of  the  axis) 

Mass  of  the  apparatus  that  moves  only  in 
translation 

Hydrodynamic  oscillatory  moment  exerted  on 
the  hydrofoil  about  the  axis  of  rotation  less 
the  added  mass  and  zero  speed  hydrodynamic 
damping  effects 

Mass  of  the  hydrofoil  including  the  mass  of 
the  entire  assembly  that  rotates  with  it  and  the 
added  mass  for  translation 

Added  mass  of  the  hydrofoil  in  translation  or  Y 
degree  of  freedom 

Multiplier  of  t  in  assumed  solution  ~  ent 
(See  p.  in  Appendix  E) 

Symbols  for  coefficients  of  the  hydrofoil  equa¬ 
tions  of  motion 


Hydrofoil  towing  speed 


Dimensions 

Dimensionless 

lb 

in. 

in. -lb-sec 2 

Dimensionless 
lb/ in . 
in .  -lb 
in. 

lb-sec  2/in. 
in. -lb 

ib-sec 2/  in. 

lb-sec  2/in. 
sec ' 1 

varying 

in. /sec  in  compu¬ 
tations.  converted 
to  knots  for  data 
presentation 
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Symbol 

Definition 

Dimensions 

sa 

Moment  about  the  forward  quarterpoint  of  the 
rotational  structural  mass 

lb-sec  2 

T 

Period  of  an  oscillation 

sec 

t 

Elapsed  time 

sec 

*  0 

Duration  of  an  impulsive  force 

sec 

lr  l2 

Successive  numerical  values  of  elapsed  time 

sec 

Y 

Translational  displacement  of  the  hydrofoil 
axis  normal  to  the  flow  and  to  the  axis  of  rota¬ 
tion  (measured  from  the  equilibrium  position) 

in. 

*0 

Numerical  value  of  Y  at  t  =  0  sec 

in. 

'0 

Preset  angle  of  attack  of  hydrofoil 

degrees 

Logarithmic  decrement 

dimensionless 

* 

Rotational  displacement  of  the  control  surface 
from  the  direction  of  flow 

radians 

Numerical  value  at  t  =  0  sec 

radians 

Complex  circular  frequency  of  vibration 

sec  1 

Complex  conjugate  of 

sec 1 

Real  part  of  ■  indicating  the  degree  of 
damping 

sec  - 1 

Ratio  of  circumference  to  diameter  of  a  circle 
(3.141.  .  .) 

dimensionless 

Phase  angle  separating  Y  and  responses 

degrees 

Circular  frequency  of  vibration  (magnitude  of 
imaginary  part  of  1 ) 

sec  ' 1 

i  he  distance  of  the  center  of  mass  aft  of  the 
rotational  axis. 

dimensionless 

BACKGROUND 

A  Control  Surface  Flutter  Apparatus,  shown  schematically  in  Fig.  1.  was 
built  and  tested  at  the  David  Taylor  Model  Basin  as  a  joint  effort  of  the  Struc¬ 
tural  Mechanics  and  Hydrodynamics  Laboratories  [2].  Experimental 


810 


Comparison  of  Theory  and  Experiment  for  Marine  Controi-Surface  Flutter 


measurements  of  overall  damping" 
associated  with  the  hydrofoil  of  the 
apparatus  were  made  from  data  ob¬ 
tained  while  the  apparatus  was  towed 
with  its  foil  submerged. 


In  addition,  two  analytic  ap¬ 
proaches  to  the  problem  of  predict¬ 
ing  flutter  were  devised  and  desig¬ 
nated  as  the  Extended  Simplified 
Analysis  and  the  Modified  Theodor - 
sen  Analysis  [2, 3, 4, 5].  The  charac¬ 
teristic  equation  obtained  by  expan¬ 
sion  of  the  determinant  of  the 
coefficients  of  the  diff  'ential  equa¬ 
tions  of  motion  was  converted  to 
algebraic  form  for  both  approaches, 
and  the  Routh  discriminant  of  these 
characteristic  equations  was  deter¬ 
mined  in  order  to  predict  the  sta¬ 
bility  of  the  hydrofoil.  The  results 
of  this  study  were  published  in  [2]. 

That  reference  stated  that  ana¬ 
lytical  predictions  of  instability, 
based  on  the  Routh  criteria  alone, 
were  not  verified  experimentally. 

However,  marked  reductions  in  the 
damping  of  stable  oscillations  were 
observed.  This  associated  condition 
of  barely  stable  vibration  was  defined  as  subcritical  flutter.  Because  subcritical 
flutter  is  generally  not  predictable  from  the  Routh  criteria,  the  present  study 
was  initiated  to  compute  damping  directly  in  order  to  furnish  a  more  general 
prediction  of  stability  for  the  flutter  apparatus. 


Fig,  1  -  Schematic  representation 
of  the  TMB  control  surface  flutter 
apparatus 


TMB  CONTROL  SURFACE  FLUTTER  APPARATUS 

The  TMB  Control  Surface  Flutter  Apparatus!  was  designed  to  provide  a 
means  of  "checking  flutter  analyses  based  on  various  assumptions  as  to  the  na¬ 
ture  of  the  oscillatory  lift  forces  and  moments"[2]. 

The  mechanism  consists  of  a  relatively  rigid  NACA  0015-section  hydrofoil 
so  suspended  that  it  rotates  about  a  vertical  axis  and  translates  normal  to  the 
path  of  a  towing  carriage  upon  which  the  Control  Surface  Flutter  Apparatus  is 
mounted.  Deflections  in  the  two  degrees  of  freedom,  (rotation)  and  Y  (trans¬ 
lation),  of  the  foil  are  resisted,  respectively,  by  linear  rotational  and  transla¬ 
tional  spring  forces.  In  addition,  eddy  current  dampers  provide  forces  for 


^Overall  damping,  as  defined  on  page  4  of  [2],  includes  all  effects  contnouting 
to  the  rate  of  decay  or  buildup  of  a  free  vibration, 
t  A  detailed  description  of  this  apparatus  may  be  found  in  [2], 
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increasing  the  damping  in  either  or  both  degrees  of  freedom.  Signals  from  strain 
gages  mounted  on  the  supporting  springs  give  a  continuous  indication  of  displace¬ 
ments,  Y  and  9,  as  they  vary  with  time;  see  Fig.  1. 

The  foil  itself  is  suspended  below  a  surface  plate  to  eliminate  wave  effects. 


FLUTTER  ANALYSIS 

Damping  ratio,*  a  measure  of  the  rate  of  decay  of  oscillations,  is  used  as 
the  criterion  for  identifying  both  classical  and  subcritical  flutter.  Analytic  ex¬ 
pressions  for  damping  ratio  are  obtained  from  solutions  of  the  equations  of  mo¬ 
tion  for  the  flutter  apparatus. 


EQUATIONS  OF  MOTION 

Two  separate  analyses  of  the  response  of  the  flutter  apparatus— the  Ex¬ 
tended  Simplified  and  the  Modified  Theodorsen  Analyses— were  proposed  by 
McGoldrick  and  Jewell  in  [2]. 

The  Modified  Theodorsen  Analysis  is  based  on  Theodorsen's  solution  of  the 
stability  problem  for  two-dimensional  flow  over  a  plane  foil  of  infinite  aspect 
ratio  with  no  structural  damping  [2,5].  Modifications  of  the  equations,  originally 
derived  by  Theodorsen,  are  explained  fully  in  [2],  Changes  were  made  in  ex¬ 
pressions  for  the  lift  forces  and  moments  and  in  the  inclusion  of  a  steady  hydro- 
dynamic  moment  ascribed  to  circulation. t  The  equations  of  motion  for  the  Modi¬ 
fied  Theodorsen  Analysis  are: 

It'  +  (c  +  ~  Ab2  s)s  +  (k  -  i  ALS2  )  6  -  mhY  =  0 
•mb"  -  AbS  9  -  k  AS2  9  +  (M  +  m)  Y  +  (  C  +  4  As)  Y  +  KY  =  0, 

£  \  i.  • 

where  ( ')  and  (  ••)  denote  first  and  second  total  derivatives  with  respect  to  time.* 

The  equations  of  motion  for  the  Extended  Simplified  Analysis  are: 
i”  +  c’  +  (k  -  ALS2)  9  -  mhY  +  ALS  Y  -  0 
-  mb"  -  AS2  +  (M  +■  m)  Y  +  (C  +  AS)  Y  +  KY  =  0. 


^Damping  ratio  is  defined  as  the  ratio  of  1  damping"  to  "critical  damping"  (ex¬ 
pressed  as  a  decimal)  for  an  oscillating  system. 
tAlso  the  generally  complex  Theodorsen's  function,  C(k),  was  assumed  equal 
to  1/2,  because  the  reduced  frequency  or  Strouhal  number  (c^b  S)  was  relatively 
high  (of  the  order  of  1.2).  The  limited  calculations  carried  out  by  the  Hydro¬ 
mechanics  Laboratory  showed  that  the  real  part  of  Cfk-)  was  very  nearly  equal 
to  1/2  and  that  the  phase  angle  of  C(k)  was  in  the  order  of  10  deg.  These  find¬ 
ings  are  considered  to  be  in  agreement  with  the  assumption. 

*A11  symbols  in  the  coefficients  of  the  equations  of  motion  are  defined  in  the 
notation,  p. 
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For  both  the  Modified  Theodorsen  Analysis  and  the  Extended  Simplified 
Analysis,  the  equations  of  motion  are  mathematically  of  the  form: 

B1 2e  +  Bn0  +  B10£*  +  b22y  +  b21y  =  0 

Rl26  +  Ru0  +  Rloe  +  r22y  +  r21y  +  r20y  =  0. 

For  this  reason,  the  following  methods  of  determining  damping  ratios  may 
be  applied  to  either  of  the  two  analyses  by  employing  the  appropriate  coefficients. 


DIGITAL  COMPUTER  DETERMINATION  OF  DAMPING  RATIOS 

Assumed  solutions  of  the  form  6  -  S0eAt  and  Y  =  Y0eXt  (where  dQ ,  y  and 
\  are  generally  complex)  are  substituted  in  the  equations  of  motion  for  both  the 
Extended  Simplified  and  Modified  Theodorsen  Analyses.  Two  algebraic  equa¬ 
tions  of  the  form, 


(B12\2  +  Bu\  +  B10)  e0  +  ( B 2 2\ 2  +  b21m  y0  =  0 


( R j 2^- 2  +  Ru  +  R i q )  +  (R22x2  +  R21A  +  R2o';  "  0 


result  from  this  substitution  for  either  analysis.  These  equations  must  be  satis¬ 
fied  so  that  the  assumed  solutions  may  satisfy  the  equations  of  motion. 

A  nontrivial  solution  of  the  preceding  equations  exists,  if,  and  only  if,  the  de¬ 
terminant  of  the  coefficients  vanishes.  In  other  words,  the  following  characteris¬ 
tic  equation  of  fourth  degree  (frequency  quartic)  in  the  generally  complex  fre¬ 
quency  K  =  n  +  jx  must  be  satisfied: 


(Bi2R22  “  Ri2B22)  ^ 


B12R21  * 


I?  o  _  r>  o  n  3 
“11~22  iV  1  2  2  1  * 


+  (  B  1qR2  2  +  B  1 1R  2  1  +  B12R20  "  R10R22  R  1 1B  2  1  ^  *  +  ^B10R21 
+  BuR21  +  BjjR2a  -  R  10B2 1  ^  '  +  B 1  0R 20  "  R 10B2  1  = 


Note  that  the  coefficients  of  this  equation  are  all  real. 

The  hydrofoil  of  the  flutter  apparatus  has  two  degrees  of  freedom  and,  con¬ 
sequently,  two  modes  of  vibration  corresponding,  in  general,  to  two  distinct 
natural  frequencies.  If  one  of  the  two  modes  is  considered  to  predominate  in 
the  total  motional  response,  the  damping  ratio  will  equal  the  logarithmic  decre¬ 
ment  of  the  response  curve  *-  vs  t  and/or  Y  vs  t  divided  by  2-.*  For  numerical 

!:'Logarithmic  decrement  i  may  be  considered  to  be  defined  by  the  expression 
-  2~(c  Cc)  \  1  -  ( c  Cc) 2.  When  c  Cc  is  small  compared  to  unity,  as  is  an¬ 
ticipated  in  the  present  study,  =  2~c  Cc.  Damping  ratio,  defined  previously 
as  c  Cc,  is  then  approximately  equal  to  the  logarithmic  decrement  divided 
by  2  . 
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values  of  damping  ratio  that  are  small  compared  to  unity,  damping  ratio  may 
also  be  approximated  by  -p/w.* 

Solutions  of  the  preceding  frequency  quartic  equation,  for  a  (given  set  of  co¬ 
efficients,  may  occur  mathematically  as  four  real  roots,  two  pairs  of  complex 
conjugate  roots,  or  as  two  real  ’-oots  and  one  pair  of  complex  conjugate  roots. 

When  solutions  occur  as  two  pairs  of  complex  conjugates,  two  of  the  roots 
will  be  associated  with  one  mode  of  vibration  and  the  remaining  two  will  be  as¬ 
sociated  with  the  other  mode. 

For  oscillations  in  a  given  mode,  no  distinction  is  made  between  damping 
in  the  translational  degree  of  freedom  and  damping  in  the  rotational  degree  of 
freedom.  Thus  the  two  roots,  a,  associated  with  that  mode,  have  identical 
values  of  p  and  u,  the  two  roots  being  complex  conjugates. 

The  sign  of  the  damping  ratio,  -p/w,  is  always  opposite  to  the  sign  of  the 
associated  value  of  damping  p.  For,  a  negative  value  of  p,  indicating  stability, 
is  associated  with  a  positive  logarithmic  decrement  and,  hence,  a  positive 
damping  ratio.  The  converse  statement  is  also  true. 

When  classical,  critical,  or  subcritical  flutter  occurs,  a  marked  coupling 
between  the  two  natural  modes  may  be  observed  [2],  depending  upon  the  initial 
conditions.  For  the  two-degree-of-freedom  system,  this  is  mathematically 
evident  from  a  consideration  of  the  four  distinct  eigenvalues  associated  with 
the  equations  of  motion  when  solutions  of  the  form  =  0e'-t  and  Y  =  Yne'  *  are 

assumed.  When  these  four  values  of  are  denoted  by  subscripts  1  through  4, 
the  total  response  may  be  expressed  as 


or 


+  e 


0  2 


03 


04 


Y  -  Y 


01 


‘02 


■04 


If  any  of  the  ,  (i  =  1,  2,  3,  4)  contains  a  positive  p  (unstable  condition), 
then,  regardless  of  the  initial  conditions  imposed  upon  the  physical  system,  the 
response,  vs  t  and  Y  vs  t,  must  ultimately  be  unstable  for  the  coupled  mode 
system.  That  is,  the  unstable  terms  in  the  expression  for  and  Y  must  even¬ 
tually  predominate  in  the  total  response. 


"Consider  a  response  Y  -  Y0e  .  The  logarithmic  decrement  of  the  Y  vs  t  curve 
may  be  interpreted  as  the  natural  logarithm  of  two  successive  maximum  am¬ 
plitudes,  Yx  and  Y 2 ,  which  occur  T  seconds  apart.  "T"  is  therefore  the  period 
of  oscillation;  i.e.,  T  =  2v  T,  where  <.  is  the  circular  frequency  of  the  oscilla¬ 
tion.  Then 


Rt(Y1)  Y0e 

lo?e  i?  Tv  \  =  loBe 


=  l°g„e 


v  2 


Rf(Y2) 

Thus  damping  ratio,  which  is  equal  to  2~,  may  be  expressed  as 


l°K„e‘  ‘  =  -_T  =  2-r/i.  . 
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The  frequency  quartic  equation  was  coded  for  solution  on  an  IBM  704  elec¬ 
tronic  data  processing  machine  by  the  TMB  Applied  Mathematics  Laboratory. 

A  sufficiently  wide  range  of  values,  for  the  physical  parameters  that  make  up 
the  coefficients  of  the  frequency  quartic  equation,  was  employed  to  correspond 
to  experimental  conditions  for  which  damping  ratio  vs.  speed  data  were  avail¬ 
able.  Solutions,  X;  =  +  j'^i,  of  the  frequency  quartic  equation  were  obtained, 

and  for  each  solution,  damping  ratio  -fj/u>  and  logarithmic  decrement  b  were 
computed  as  part  of  the  program.  The  results  of  these  digital  computations  are 
presented  graphically  in  Appendix  A.  Figure  2  shows  a  sample  format  of  the 
output  data.  The  corresponding  input  data,  together  with  the  coefficients  A0 ,  Aj , 
A2,  a3  of  the  frequency  quartic  equation,  have  also  been  included  on  this  format. 
Some  symbols  on  the  format  differ  from  the  notation  used  throughout  this  report. 
Table  1  illustrates  the  equivalence  of  these  symbols. 
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Fig.  2  -  Sample  format  of  digital  computer  output  data 
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Table  1 

Comparison  of  Notation  Used  in  Fig.  2 
with  Notation  of  This  Report 


Notation  Defined 
on  Pages 

Notation  of 

Fig.  2 

C 

CC 

C 

C 

K 

KK 

k 

K 

M 

MM 

m 

M 

/V  CD 

MU/OMEGA 

M 

MU 

a. 

OMEGA 

^0 

A-O 

Ai 

A-l 

a2 

A-2 

a3 

A-3 

mh 

MH 

L 

L 

S 

S 

Note  that  the  results  of  the  computations  predict  the  stability  or  instability 
of  the  system  but  not  the  total  motional  response,  because  Y0  and  ~0  are  not 
found  if  the  initial  conditions  are  not  considered  in  the  solution  of  the  equations 
of  motion. 


ANALOG  DETERMINATION  OF  FLUTTER  RESPONSE 

The  equations  of  motion,  whether  based  on  the  Extended  Simplified  Analysis 
or  on  the  Modified  Theodorsen  Analysis,  may  be  solved  by  an  electronic  differen¬ 
tial  analyzer  to  obtain  a  set  of  completely  predicted  response  curves,  i  -  -f  t ) 
and  Y  =  Y(t).  Four  possible  general  types  of  response  may  be  obtained;  see 
Fig.  3.  These  include  stable  and  unstable  oscillations,  both  with  one  mode  pre¬ 
dominating  and  with  beating  between  the  two  modes  to  produce  either  a  stable  or 
an  unstable  condition.  "Temporarily  suppressed  flutter,"  a  special  case  of  the 
previous  classification,  occurs  when  the  damping  u  is  positive  (unstable)  in  one 
mode,  negative  (stable)  in  the  other,  and  when  initial  conditions  are  such  as  to 
make  the  stable  mode  predominate  initially  in  the  total  response.  Eventually, 
the  unstable  mode  must  predominate  to  produce  classical  flutter.  However,  the 
number  of  cycles  which  must  pass  before  the  instability  is  observed  will  depend 
upon  the  physical  parameters  of  the  apparatus.  Recognition  of  this  phenomenon 
is  of  great  importance  in  the  use  of  analog  methods  of  predicting  flutter  because 
the  number  of  cycles  over  which  the  response  curves  are  recorded  may  be  in¬ 
sufficient  to  allow  the  amplitudes  due  to  the  unstable  mode  to  reach  observable 
magnitudes.  The  difficulty  may  be  obviated  by  obtaining  two  sets  of  response 
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Stable-Beating  Between  Two  Modes 
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Unstable-Beating  between  Two  Modes 


Temporarily  Suppreeeed  Flutter 


Fig.  3  -  Analog  response  showing  stable  and 
unstable  oscillations 


817 


Leibowitz  and  Belz 


curves  from  the  analog  for  each  set  of  parameters,  the  first  with  initial  condi¬ 
tions  to  make  one  mode  predominate  and  the  second  with  initial  conditions  to 
make  the  other  mode  predominate  in  the  total  response.  An  unstable  mode,  if  it 
exists,  is  then  easily  observed  after  a  few  cycles  from  either  of  the  response 
curves.  An  example  of  "temporarily  suppressed  flutter"  is  shown  in  Fig.  3. 

In  the  present  study,  the  analog  approach  was  used  to  obtain  qualitative  in¬ 
formation  about  the  general  character  of  the  response  wave  form.  However, 
numerical  values  of  damping  ratio  may  be  computed  from  response  curves,  in 
which  one  mode  predominates,  by  evaluating  i>  2n,  where  e  is  the  logarithmic 
decrement  of  these  curves. 


EXPERIMENTAL  WORK 

The  earliest  data  obtained  from  experiments  with  the  TMB  Control  Surface 
Flutter  Apparatus  were  presented  in  [2],  The  damping  ratios  and  associated  fre¬ 
quencies  therein  were  computed  from  records  of  vibrations  induced  in  the  ap¬ 
paratus  by  striking  it  laterally  while  underway.  In  these  tests,  the  vertical  axis 
of  rotation  was  located  at  the  forward  quarter-chord  position. 

A  more  detailed  explanation  of  the  experimental  procedure  can  be  found 
in  [2]. 

Since  the  publication  of  [2],  the  Hydromechanics  Laboratory  has  conducted 
further  tests  on  the  flutter  apparatus.  The  results  of  those  tests  have  been  pub¬ 
lished  in  [6]  and  are  included  in  this  study  for  comparison  with  the  results  pre¬ 
dicted  by  the  Extended  Simplified  and  Modified  Theodorsen  Analyses.  Table  2 
summarizes  the  various  configurations  for  which  the  comparison  was  made. 

Each  configuration  corresponds  to  the  different  values  of  the  parameters  as 
shown.  The  most  significant  changes  in  these  parameters  were  an  increase  in 
the  mass  of  the  assembly  that  rotates  with  the  hydrofoil  and  the  relocation  of 
the  center  of  mass  further  aft  of  the  vertical  axis  of  rotation. 

Classical  flutter  was  observed  in  tests  of  Configurations  B  and  D.  Experi¬ 
mentally  observed  damping  ratios  for  these  configurations,  as  well  as  for  the 
configuration  {TMB  1222)  used  in  the  study  reported  in  [2],  are  compared  with 
analytical  predictions  in  the  following  section. 


ANALYTICAL  AND  EXPERIMENTAL  RESULTS 

Computations  of  damping  ratio  and  frequency  were  made  for  Configurations 
B,  D,  and  TMB  1222,  based  on  the  Extended  Simplified  Analysis  and  the  Modified 
Theodorsen  Analysis.  Numerical  values  of  the  parameters  mb,  L,  S,  and  -0, 
for  which  the  computations  were  made,  are  given  in  Appendix  B.  Figures  19 
through  86,  presented  in  Appendix  A,  are  plots  of  computed  damping  ratio  and 
associated  frequency  vs.  speed  for  both  natural  modes. 

Empirical  data  published  in  [2]  and  more  recent  data  furnished  by  the  TMB 
Hydromechanics  Laboratory  [6]  are  superposed  upon  these  plots  to  permit  the 
desired  comparison  between  analytical  predictions  and  experimental  observations 
of  stability. 
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The  most  significant  information  contained  in  these  graphs,  for  purposes  of 
comparison  of  theory  with  experiment,  has  been  reproduced  in  Figs.  4  through 
16.  The  section,  Discussion  of  Results,  gives  the  reasons  for  selecting  these 
graphs . 

Figures  17  and  18  show  the  experimentally  observed  dependence  of  critical 
flutter  speed  on  mass  unbalance,  mh  for  Configurations  B  and  D,  respectively. 
Superposed  on  those  figures  are  analytical  curves  of  critical  flutter  speed  vs. 
mh,  based  on  the  Modified  Theodorsen  Analysis,  faote  that  these  curves  are 
based  on  different  values  of  L  even  though  a0  =1.88°  for  all  tests  conducted  for 
Configurations  B  and  D.  The  use  of  values  of  L  not  uniquely  dependent  on  aQ 
violates  the  assumption  [2]  which  underlies  the  Modified  Theodorsen  and  Ex¬ 
tended  Simplified  Analyses;  see  Discussion  of  Results  and  Recommendations. 


DISCUSSION  OF  RESULTS 

The  data  in  Figs.  4  through  16  have  been  selected  from  Figs.  19  through  86 
in  Appendix  A  for  convenience  in  interpreting  the  comparison  of  analytical  and 
experimental  damping  ratios.  The  following  points  form  the  criteria  upon  which 
the  data  of  Figs.  4  through  16  were  selected: 

1.  Not  all  values  of  L  ,  for  which  families  of  damping  ratio  and  frequency 
vs.  speed  curves  were  drawn  in  Appendix  A,  correspond  to  experimental  condi¬ 
tions.  For  Configuration  TMB  1222,  the  observed  [2]  value  of  L  was  2.8  in., 
corresponding  to  a0  =  O3.  No  experimental  measurement  of  L  was  obtained  for 
Configurations  B  and  D.  Therefore,  based  on  computations,  a  family  of  curves 
for  the  parameter  L  was  plotted  in  an  attempt  to  find  a  correlation  between 
analytical  curves  for  a  unique  value  of  L  and  experimental  data.  This  approach 
for  Configurations  B  and  D  is  discussed  in  Point  3. 

2.  For  Configuration  TMB  1222,  who rs  no  classical  fluttsr  was  obsorvod, 
the  phase  angle  between  Y  and  °  indicates  that  the  mode  of  lower  frequency  pre¬ 
dominated  in  the  total  response  for  mh  =  0.0  and  0.3  lb-sec2;  however,  for  mh  = 
2.0  lb-sec2  the  mode  of  higher  frequency  predominated:  see  Appendix  C.  There¬ 
fore,  comparisons  of  theory  and  experiment  should  be  made  for  the  lower  mode 
when  mh  =  0.0  or  0.3  lb-sec2  and  for  the  higher  mode  when  mh  =  2.0  lb-sec2. 

3.  In  Configurations  B  and  D,  for  all  values  of  mh  under  consideration,  the 
higher  mode  consistently  gave  the  best  comparison  with  test  data  and  is  therefore 
postulated  to  have  been  the  mode  predominantly  excited  in  the  total  response. 

4.  In  Figs.  4  through  16,  damping  ratio  vs.  speed  is  plotted;  Figs.  19  through 
86  in  Appendix  A  show  frequency  vs.  speed  in  addition.  These  frequency  curves 
were  omitted  in  Figs.  4  through  16  not  because  they  are  irrelevant  but  because 
the  major  concern  in  plotting  the  latter  figures  was  to  effect  a  comparison  of 
stability  predictions  (damping  ratios)  and  observations.  A  comparison  of  ana¬ 
lytical  frequency  predictions  with  observed  frequencies  forms  an  important  part 
of  the  general  comparison  of  theory  with  experiment,  but  does  not  directly  offer 

a  comparison  of  stability  predictions  and  observations. 
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Sp*ed  (S)  li  Knots 


Fig.  5  -  Comparison  of  computed  and  experimental  damping  ratio; 
(Configuration  TMB  1ZZ2,  nh  =  0.3  lb-sec2) 
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Fig.  8  -  Comparison  of  computed  ar.d  experimental  camping  ratios 
(Configuration  B,  nh  =  3.68  lb-sec2) 
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Fig.  14  -  Comparison  o:  computed  ar.c  experimental  damping  ration 
( Conti gu ration  D,  r.h  =  4.Cr  lb-sec2 
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Configuration  D  rr.h  •  4.32 
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Figures  4  through  6  furnish  convincing  evidence  that  results,  based  on  the 
Modified  Theodorsen  Analysis,  compare  well  with  test  data  for  the  lower  range 
of  values  of  mass  unbalance  (~;  )  under  consideration.”  For  the  two  lowest 
values  of  eh  (Figs.  4  and  5).  the  departure  of  analytic  damping  ratio  curves 
from  experimental  data  is  generally  less  than  25  percent  of  the  experimental 
values.  At  -h  =2.0  lb-sec2,  the  scatter  of  test  data  is  much  greater  than  at 
the  lower  -h  values:  yet  the  analytical  curve,  based  on  the  Modified  Theo¬ 
dorsen  Analysis,  predicts  damping  ratios  near  the  average  of  scattered  em¬ 
pirical  data. 


-  i  r.at  is.  for  -.n  =  0.0.  0.5,  ar.c  0.0  (Cun.-t-rai.t:: 
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In  the  consideration  of  Figs.  31  through  86.  from  which  Figs.  7  through  16 
have  been  abstracted,  no  unique  value  of  L  provides  analytical  curves  that  corre¬ 
late  with  test  data  for  Configurations  B  and  D.  This  lack  oi  correlation  is  asso¬ 
ciated  with  values  of  mass  unbalance  (~.h)  about  one  and  one-half  to  two  times  as 
large  as  the  -h  values  of  Configuration  TMB  1222.  for  which  good  correlation 
was  obtained  between  test  data  and  the  Modified  Theodor  sen  Analysis.  Because 
experimental  estimates  of  l  were,  unfortunately,  not  obtained  for  Configurations 
B  and  D.  the  correlation  considered  here  is  that  between  the  region  in  which  test 
data  fall  and  a  "predicted  region."  considered  to  be  bounded  by  two  curves  of  the 
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family  of  curves  for  the  parameter  L. "  An  arbitrary  choice  of  -1  and  -4  as 
values  of  L  provides  the  bounding  curves  in  which  test  data  generally  fall;  see 
curves  shown  in  Figs.  7  through  16.  These  bounds  are  associated  with  a  rather 
narrow  range  of  variation  in  damping  ratio;  the  differences  in  ordinates  of  the 
damping  ratio  vs.  speed  curves  based  on  the  Modified  Theodorsen  Analysis  for 
L  =  -l  and  L  =  -4  rarely  exceed  0.02  at  a  given  speed  below  15  knots.  For  ex¬ 
ample,  in  Fig.  13,  the  Modified  Theodorsen  Analysis  predicts  a  damping  ratio  of 
0.004  at  a  speed  of  12.9  knots  for  L  =  -l  and  a  damping  ratio  of  -0.014  for 
L  =  -4  at  that  speed.  The  difference  in  the  ordinates  for  this  example  is  thus 
0.018. 

Reference  2  reported  that  at  a  preset  attack  angle  ,f  of  zero  degrees, 
both  steady  lift  forces  and  moments  were  recorded.  One  important  feature  of 
both  the  Modified  Theodorsen  Analysis  and  the  Extended  Simplified  Analysis  is 
that  they  include  a  term  for  steady  hydrodynamic  moment  due  to  circulation  co 
account  for  this  experimental  observation  on  the  TMB  Flutter  Apparatus  with 
the  axis  of  the  rudder  stock  at  the  forward  quarter-chord  position.  The  classi¬ 
cal  Theodorsen  analysis  [2]  predicts  zero  steady  hydrodynamic  moment,  i.e., 
hydrodynamic  balance  when  the  stock  is  at  this  position,  thus  disagreeing  with 
experimental  observation.  The  presence  or  absence  of  hydrodynamic  balance 
makes  a  marked  difference  [2]  in  the  overall  damping  characteristic  obtained 
from  the  flutter  apparatus.  It  should  be  recognized  that  the  hydrofoil  of  the 
flutter  apparatus  has  an  NACA  0015  cross  section,  i.e.,  its  thickness  is  15  per¬ 
cent  of  the  chord  length,  which  may  well  be  a  significant  departure  from  the 
plane  foil  assumed  in  the  classical  theory. 

Nevertheless,  it  has  not  been  conclusively  established  that  the  preset  attack 
angle  .  was  actually  zero,  because  mechanical  imperfections  of  the  flutter  ap¬ 
paratus  and  its  mounting  introduce  uncertainties  as  high  as  0.5  deg  in  nominal 
values  of  .  The  values  of  considered  in  this  report  are  small  (--  =0.0 
deg  and  1.88  deg).  Therefore,  uncertainties  in  .  must  be  considered  as  a 
possible  explanation  of  the  apparently  observed  nonzero  lift  and  moment  at 
o  =  0=. 

There  is  no  conclusive  evidence,  either  from  experiments  or  theoretical 
considerations,  to  cause  one  or  the  other  of  the  preceding  explanations  to  ac¬ 
count  for  the  observation  of  lift  forces  and  moments  at  n  =  0  deg,  as  reported 
in  [2].  For  further  discussion  of  the  parameter  L  associated  with  these  mo¬ 
ments,  see  Appendix  D. 

When  applied  to  the  TMB  Flutter  Apparatus,  the  classical  Theodorsen  equa¬ 
tions  [2,3]: 

1.  Yield  a  steady  lift  force  about  three  times  as  large  as  that  found  experi¬ 
mentally;  i.e.,  the  computed  force  and  moment  do  not  converge  to  the  value  of 


*The  parameter  L,  the  rr.om.er.:  arm.  o 
rotation,  was  defined  as  the  ratio  0: 
steady  lift  force. 

'The  preset  attack  angle  r.  defines  the 
see  Fig.  1 . 


t r.e  ?trc.cy  .'.it  lorir  ioon  ir.i  s  o 
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the  experimental  steady  lift  force  and  moment  at  zero  frequency.  Hence,  they 
cannot  predict  divergence,  which  is  usually  included  in  a  flutter  analysis. 

2.  Show  no  dependence  on  the  mean  angle  of  attack,  whereas  the  steady 
moment  was  found  to  vary  with  the  mean  angle  of  attack. 

3.  Show  good  agreement  with  observed  critical  speeds  over  a  limited  range 
of  mh  [7].  However,  this  reference  gives  no  information  on  agreement  of  pre¬ 
dicted  frequencies  and  phase  relations.  A  sound  method  should  check  in  all  re¬ 
spects. 

It  should  be  noted  that  the  majority  of  the  conditions  explored  experimen¬ 
tally  and  reported  in  [7]  show  the  "mild  flutter"  condition  in  which  the  inclusion 
or  omission  of  structural  damping  can  make  a  relatively  large  difference  in  the 
predicted  critical  flutter  speed. 

Analytical  curves  of  damping  ratio  vs.  speed  based  on  the  Extended  Simpli¬ 
fied  Analysis  do  not  fall  along,  or  generally  near,  the  experimental  data  plotted 
except  for  the  two  lowest  values  of  mass  unbalance  (- h)  employed;  i.e.,  -h  =  0.0 
and  0.3  lb-sec  2;  see  Figs.  4  through  6. 

For  analog  solutions  of  the  equations  of  motion,  initial  conditions  imposed 
on  the  foil  must  be  taken  into  consideration.  In  general,  when  arbitrary  initial 
conditions  are  assumed,  the  solutions  Y't )  and  fft  of  the  differential  equations 
of  motion  for  the  flutter  apparatus  reprf  sent  the  superposition  of  two  modes  of 
vibration.  The  solution  can,  however,  be  restricted  to  represent  a  single  mode 
of  vibration;  one  of  the  two  modes  can  be  suppressed,  if  the  initial  conditions 
are  properly  chosen.  This  will  eliminate  the  possibility  of  beating  between 
modes,  which  is  the  cause  of  "temporarily  suppressed  flutter,"  discussed  under 
Analog  Determination  of  Flutter  Response/5  Criteria  for  the  proper  selection 
of  initial  conditions  to  cause  one  mode  to  predominate  in  the  total  response  are 
established  in  Appendix  E.  For  a  discussion  of  initial  conditions  as  they  affect 
the  vibration  of  a  ship’s  rudder,  see  Appendix  F. 

In  Figs.  17  and  18  the  regions  in  which  experimental  and  analytical  data  fall 
are  quite  close  and  sometimes  overlap.  This  suggests  a  strong  dependence  of 
critical  flutter  speed  upon  the  parameters  and  L.  Note  that  a  good  correla¬ 
tion  of  observed  and  analytical  critical  speeds  as  functions  of  r.h  are  possible 
only  by  violating  the  assumption,  made  in  r2  ,  that  L  is  a  function  of  .  only. 
For,  in  Fig.  17,  a  value  of  L  =  -3.0  was  assumed  to  correspond  to  .  =  1.88 
deg,  whereas  in  Fig.  18,  a  value  of  L  =  -1.5  was  assumed  to  correspond  to 
z„  =  1.88  deg.  Therefore,  the  "correlation"  between  theory  and  experiment 
shown  in  Figs.  17  and  18  has  no  meaning  other  than  to  indicate  that  L  is  appar¬ 
ently  a  function  of  -h  as  well  as  of  .  (See  Recommendation  2.) 


'•This  does  not  imply  that  "temporarilv  suppressed  flutter  will  r.eces sari-y 
occur  when  two  modes  beat. 


837 


Leibowitz  and  Belz 


CONCLUSIONS 

The  preceding  comparison  of  analytical  stability  predictions  with  available 
test  data,  although  quite  limited  in  extent,  nevertheless  leads  to  the  following 
conclusions: 

1.  The  Modified  Theodor  sen  Analysis,  as  compared  with  the  Extended  Sim¬ 
plified  Analysis,  appears  to  be  the  most  suitable  analysis  for  yielding  good  pre¬ 
dictions  of  clamping  ratio  and  frequency  for  a  given  speed  and  for  predicting 
critical  flutter  speeds. 

2.  The  Extended  Simplified  Analysis  correlates  well  with  test  data  for  only 
the  two  lowest  values  of  mh  investigated;  i.e.,  mh  =  0.0  and  0.3  lb-sec2.  This 
analysis  is  therefore  considered  to  be  quite  limited  in  its  applicability  to  the 
problem  of  predicting  flutter. 

3.  The  accuracy  of  the  Modified  Theodorsen  Analysis  apparently  improves 
as  mass  unbalance  mh  is  decreased.  The  dependence  of  L  on  parameters  other 
than  z0  (such  as  mh  or  speed)  might  be  profitably  investigated  to  extend  the 
range  of  parameters  over  which  the  Modified  Theodorsen  Analysis  correlates 
well  with  test  data  (see  Recommendation  2). 

4.  The  ship  designer  requires  the  simplest  analysis  that  will  yield  predic¬ 
tions  consistent  with  experimental  observations.  The  results  obtained  for  theo¬ 
retical  and  experimental  data  indicate  that  the  Modified  Theodorsen  Analysis 
might  yield  more  realistic  predictions  for  ship  control-surface  systems  than 
the  more  elaborate  equations  used  in  the  classical  flutter  theory. 


RECOMMENDATIONS 

To  further  the  development  of  practical  design  criteria  for  avoiding  control- 
surface  flutter,  the  following  recommendations  are  made: 

1.  A  series  of  hydrofoil  towing  tests  should  be  conducted  to  determine 

a.  the  point  of  application  of  the  hydrodynamic  lift  force  on  the  foil  and 

b.  whether  steady-  lift  and  moment  do  occur  at  =0  deg.  These  tests 
may  not  be  possible  on  the  existing  TMB  Control  Surface  Flutter  Apparatus  be¬ 
cause  of  the  uncertainties  in  measurements  of  that  are  inherent  in  the  pres¬ 
ent  device.  Therefore,  in  the  design  of  future  hydrofoil  flutter  apparatus,  con¬ 
sideration  should  be  given  to  methods  of  measuring  the  chordwise  location  of 
center  of  pressure  for  variations  in  ;  see  Recommendation  2.  It  is  recom¬ 
mended  at  this  stage  that  the  value  of  L,  the  distance  between  the  axis  of  rotation 
and  the  center  of  pressure,  be  determined  by  taking  the  ratio  of  the  observed 
moment  and  lift  force  as  indicated  in  r2l. 

2.  If  the  location  of  the  lift  force  as  determined  in  accordance  with  Recom¬ 
mendation  1,  is  found  to  depart  significantly  from  the  forward  quarter-chord 
position,  a  series  of  tests  should  be  carried  out  to  determine  the  dependence  of 
L  on  other  parameters,  as  well  as  on  .  The  result  of  this  recommended 
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study  will  be  a  graphical,  or  possibly  an  analytical,  relation  between  L  and  these 
parameters.  In  addition,  the  assumption  that  the  oscillatory  lift  and  moment  fol¬ 
low  the  steady  relations  should  be  investigated.  The  more  realistic  expression 
for  L  so  obtained  might  then  be  used  in  conjunction  with  the  Modified  Theodorse" 
Analysis  to  extend  the  range  of  physical  parameters  over  which  that  analysis 
agrees  well  with  experimental  findings. 

3.  A  study  of  the  applicability  of  the  classical  Theodorsen  approach  to  flut¬ 
ter  prediction  for  model  and  full-scale  rudders  should  be  undertaken  along  with 
a  continuing  study  of  both  the  Extended  Simplified  and  Modified  Theodorsen 
Analyses.  Investigation  of  the  latter  two  analyses  is  particularly  stressed  be¬ 
cause  of  the  relative  ease  with  which  they  may  be  applied  and  because  they  are 
formulated  in  dimensional  terms  common  to  present  vibrations  analysis  prac¬ 
tice.  It  would  be  of  value  to  apply  the  classical  Theodorsen  equations  to  the 
experimental  data  published  in  this  report. 

A  model  devised  for  flutter  investigation  should  be  designed  so  that  its  ex¬ 
perimental  operating  conditions  and  (certain)  parameter  values  are  similar  to 
those  for  the  full-scale  rudder;  see  Appendix  G. 

In  evaluating  the  applicability  of  the  classical  Theodorsen  or  other  analyses 
for  flutter  prediction,  it  is  desirable  to  experimentally  determine  the  reaction 
on  vibrating  rudders  and/or  rudder  models.  (In  Appendix  H  an  analysis  is  given 
for  the  reduction  of  the  classical  Theodorsen  results  to  concrete  form.  The 
dependence  of  the  derived  formulas  on  ship  parameters  is  shown,  and  a  discus¬ 
sion  is  given  of  the  applicability  of  Theodorsen’s  results  to  rudders  and  the 
need  for  measurements  of  the  reactions  on  the  rudder.) 

4.  The  discrepancy  between  stability  predictions  based  on  the  Routh  dis¬ 
criminant*  of  the  frequency  quartic  equation,  and  on  solutions  of  that  same 
equation  as  reported  in  the  present  study,  should  be  resolved. 

5.  The  dependence  of  critical  flutter  speed  on  mass  imbalance  should  be 
investigated. 

6.  It  is  suggested  that  dimensional  notation  be  used  in  any  hydroelastic 
analysis  made  for  consistency  with  existing  codes  at  the  Applied  Mathematics 
Laboratory  on  hull  vibration  analysis.  While  dimensionless  notation  has  found 
wide  acceptance  by  naval  architects  and  aeronautical  engineers,  it  is  not  widely 
used  in  the  analysis  of  mechanical  vibration  at  the  present  time. 


ACKNOW  LE  DGMENTS 

The  authors  are  grateful  to  Messrs.  R.T.  McGoldrick  and  D.A.  Jewell  for 
their  advice  on  the  work  undertaken  during  the  present  study. 


'‘Stability  predictions  ior  Configuration  iM3  1222,  based  or.  the  Routh  discrimi¬ 
nant,  can  be  found  in  [2],  where  a  discrepancy  is  a. so  shown  to  exist  between 

Lite  Ivuutii  Lixtciia  xui  cillC  Xp6  TIIT'.  5..  76  5  t  ;  , 


839 


Leibowitz  and  Belz 


They  also  wish  to  thank  Messrs.  L.K.  Meals  and  E.W.  Haskins  of  the  TMB 
Applied  Mathematics  Laboratory  for  coding  the  solution  of  the  frequency  quartic 
equation.  Dr.  F.  Theilheimer  of  that  laboratory  contributed  substantially  to  the 
mathematical  analysis  given  in  Appendix  E. 

Dr.  E.H.  Kennard  made  a  substantial  contribution  to  the  analysis  given  in 
Appendix  H. 

Messrs.  D.L.  Greenberg,  J.W.  Church,  and  F.W.  Palmer  contributed  to  the 
analog  study  of  the  equations  of  motion  of  the  TMB  Control  Surface  Flutter 
Apparatus. 


Appendix  A 

COMPARISON  OF  PREDICTED  AND  OBSERVED  DAMPING 
RATIOS  AND  ASSOCIATED  FREQUENCIES  FOR  THE  TMB 
CONTROL  SURFACE  FLUTTER  APPARATUS 


Analytical  curves  of  damping  ratio  and  frequency  vs.  speed,  obtained  from 
digital  solutions  of  the  frequency  quartic  equation  based  on  both  the  Extended 
Simplified  and  Modified  Theodorsen  Analyses,  are  presented  in  Figs.  19  through 
86  for  combinations  of  the  parameters  given  in  Table  3. 


Table  3 

Numerical  Values  of  Parameters  mh,  L,  S,  and  z0  for  which 
Analytical  Frequency  and  Stability  Predictions  Have  Been  Made 


Parameters 

Dimensions 

J 

I 

Numerical  Values 

Configuration  TMB  1222 

_ i 

mh 

lb- sec  2 

0.0,  0.3,  2.0 

L 

inches 

0.0,  2.8,  6.41,  8.05,  8.90,  10.0 

S 

knots* 

0.0  to  20.0  in  1-knot  increments 

"o 

degrees 

™ _ J 

Configurations  B  and  D 

mh 

lb- sec 2 

3.53,  3.68,  3.82,  3.94,  4.05,  4.21,  4.32 

L 

inches 

-4,  -3,  -2,  -1.  0,  2.8,  6.41,  8.05,  8.90,  10.0 

S 

knots  * 

0.0  to  20.0  in  1-knot  increments 

xo 

degrees 

i_di! _ ! 

*In  performing  calculations,  S  must  be  in  units  consistent  with  those  of  the 
other  parameters;  i.e.,  in  inches  per  second.  For  convenience  of  the  reader, 
speeds  are  indicated  in  knots  in  Figs.  4  through  86.  For  each  configuration,  ail 
possible  permutations  of  the  above  parameters  were  cons.dered  analytically. 
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Fig.  20  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  21  -  Comparison  of  predicted  ar.c  observed  damping 
ratios  and  associated  frequencies  for  the  TM3  control 
surface  flutter  apparatus 
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Fig.  23  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
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Fig.  24  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Configuration  TMB-1222 
30  Extended  Simplified  Analysis 
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Fig.  28  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Configuration  TU(1*IS22  mh  -  i  000,  «0 . 0 

Extended  Simplified  Analysis  Lower  Mode 


Fig.  30  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 


852 


Damping  Ratio 


Comparison  of  Theory  and  Experiment  for  Marine  Control-Surface  Flutter 


C<Mfigurstion  B  mk  -  I.S2H3,  *,  •  1.1) 


Modified  Theodoraen  Analysis  Hither  Mode 
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-  Comparison  of  predicted  and  observed  damping 
and  associated  frequencies  for  the  TMB  control 
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frequencies,  hence  uncertain  data. 
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Fig.  32  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Configuration  b  mh  '  3.  5200  oq “1.08 

Modified  Theodorsen  Analysis  Lower  Mode 


Fig.  33  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Configuration  B  mh  •  3.5280  <*o  ■  1.88° 

Extended  Simplified  Analysts  Lower  Mode 


Fig.  34  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  35  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  36  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  39  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  40  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Configuration  B  inh  >  3.  8100  o0  •  1.  88° 


Fig.  41  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  44  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  45  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  46  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  48  -  Comparison  of  predicted  ar.d  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  contro. 
surface  flutter  apparatus 
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Fig.  51  -  Comparison  oi  predicted  ar.d  observed  damping 
ratios  and  associated  frequencies  tor  the  TM3  control 
surface  flutter  apparatus 
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Fig.  60  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TM3  cor.tro: 
surface  flutter  apparatus 


882 


I 


Frrqumcy  (m) 


Leibowitz  and  Belz 


ratios  and  associated  frecuer.cie  s  tor  the  i  V-3  r.or.tro. 
surface  flutter  aooaratus 


885 


Cortf lf\i rill rxi  D 
Eidended  Simplified 


iX. 


- ;  rr'-^te; 

-  C-'fT.put#  ‘ 


"3 - 

Fig.  6- 

ratio  ? 


« •  •  -r  ♦  a 


Leibowitz  and  Belz 


mh  *  3.  ?7«C 


H '.frier  Mode 


omparison  of  Theory  and 

IT.*! 


Configuration  D 

The 'idornan  Anj.yvs 


d  observed  darr 
or  the  TMB  co: 


Fig.  66  -  Comparison  o‘‘  predicted  ar.d  observed  camping 
ratios  and  associated  frequencies  for  the  TM3  control 
surface  flutter  apparatus 
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Fig.  68  -  Comparison  of  predicted  and  observed  damping 
ratios  ar.d  associated  frequencies  for  tbe  TMR  control 
surface  flutter  apparatus 
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Fig.  69  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flatter  apparatus 
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Fig.  1Z  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  74  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  77  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  79  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TiviB  control 
surface  flutter  apparatus 
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Fie.  82  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  83  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  84  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Fig.  85  -  Comparison  of  predicted  and  observed  damping 
ratios  and  associated  frequencies  for  the  TMB  control 
surface  flutter  apparatus 
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Superposed  on  these  plots  are  experimental  values  of  damping  ratio  and 
frequency  vs.  speed.  The  comparison  of  theory  with  experiment  should  be  made 
in  accordance  with  the  points  given  in  the  Discussion  of  Results. 

Where  experimental  data  were  not  available  (Figs.  59  through  74),  analytical 
predictions  are  given  to  present  a  qualitative  picture  of  trends,  in  the  computed 
curves,  produced  by  changes  in  the  parameters  mh,  L,  and  s.  (Note  that  in  the 
present  analyses,  L  is  a  function  of  a0  only.) 


Appendix  B 

NUMERICAL  VALUES  OF  THE  PARAMETERS  mh,  L,  S,  AND  u0 


The  numerical  values  of  mh,  L,  s,  and  u0,  given  in  Table  3,  are  those  val¬ 
ues  for  which  analytical  stability  predictions  were  made,  based  on  the  Extended 
Simplified  and  Modified  Theodorsen  Analyses. 

The  mass  unbalance  (mh)  values  of  Configurations  B,  D,  and  TMB  1222 
were  chosen  to  correspond  to  experimental  values  of  mh. 

For  mh  values  used  in  conjunction  with  Configuration  TMB  1222,  see  [2], 
For  Configurations  B  and  D,  mh  values  were  computed  from  numerical  values 
of  S.,  m',  and  ah  supplied  by  the  Hydromechanics  Laboratory.  The  relation 
between  these  quantities  is 


mh  =  S.  -  m'  (  ab ) . 

where  ab  is  the  location  of  the  axis  of  rotation  aft  of  the  midchord  position, 
m'  is  the  experimentally  observed  added  mass  in  translation,  and  s.  is  the  mo¬ 
ment  about  the  forward  quarter-chord  point  of  the  rotational  structural  mass. 
For  both  Configurations  B  and  D,  ab  =  -4.5  in.  and  r.'  =  0.284  lb-sec  2/in.  Val¬ 
ues  of  s,  employed  experimentally  were  2.25,  2.40,  2,54,  2.66,  2.77,  2.93,  and 
3.04  lb-sec2. 

The  values  of  L  listed  under  Configuration  TMB  1222  are  all  those  values 
for  which  stability  computations  based  on  the  Routh  discriminant  were  made  in 
[2].  Experimental  measurements  reported  in  that  reference  showed  that  L  =  2.8 
in.  was  the  experimental  value  to  be  considered  for  =  0  deg. 

No  experimental  measurements  of  L  were  obtained  for  Configurations  B 
and  D.  A  range  of  L  corresponding  to  that  employed  for  Configuration  TMB 
1222  was  used  in  addition  to  the  negative  values,  L  =  -1,  -2,  -3,  -4,  which 
were  arbitrarily  selected  to  examine  the  trends  of  computed  damping  ratio  and 
frequency  vs.  speed  curves. 

The  range  of  speeds  s  corresponds  to  the  design  range  of  speeds  of  the 
TMB  Control  Surface  Flutter  Apparatus  (0  to  20  knots). 

The  -.0's  listed  in  Table  3  are  equal  to  nominal  settings  of  for  which 
tests  were  conducted  on  the  flutter  apparatus. 
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Appendix  C 

RELATIONSHIP  OF  THE  MODEL  FREQUENCIES 
TO  THE  PHASE  ANGLE  BETWEEN  Y  AND 


In  the  ideal  two-degree-of-freedom  system  shown  in  Fig.  87a,  the  funda¬ 
mental  or  lower  frequency  is  observed  when  the  motions  of  the  two  masses  are 
in  phase  [8].  When  the  motions  are  in  phase,  the  algebraic  signs  of  Xj  and  x2 
are  the  same  at  any  instant  of  time. 

When  analyzing  the  motions  of  the  flutter  apparatus,  the  fundamental  fre¬ 
quency  is  also  observed  when  Y  and  b  have  the  same  signs.  However,  this 
condition,  for  the  flutter  apparatus,  indicates  a  phase  angle  -  of  180  deg. 

This  situation  is  explained  by  considering  the  sign  conventions  employed  in 
the  two  systems  shown  in  Fig.  87.  Table  4  shows  the  relation  between  frequency 
and  phase  angle  for  both  systems. 

Experimental  values  of  phase  angle  c  and  frequency  are  given  in  Table  4 
of  [2]  for  Configuration  TMB  1222. 
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Table  4 

Relation  Between  Frequency  and  Phase  Angle  {i  Deg)  for  Common 
Two-Mass  System  and  Hydrofoil  of  Flutter  Apparatus 


Two-Mass  System 
(Fig.  87a) 

Flutter  Apparatus  Hydrofoil 
(Fig.  87b) 

Signs  of 

Xj  and  x2 

Frequency 

d  Deg 

(Angle  Between 

V  and  a) 

Signs  of 

Y  and  J- 

F  requency 

1 

0° 

Same 

Fundamental 

(Lower) 

~  0° 

Same 

Higher 

1 

180° 

Opposite 

Higher 

=  180c 

Opposite 

Fundamental 

Appendix  D 

RELATIONSHIP  BETWEEN  THE  PARAMETER  L 
AND  THE  ANALYTICAL  EXPRESSIONS  FOR 
HYDRODYNAMIC  LIFT  AND  MOMENT 


During  constant  speed  runs  of  the  flutter  apparatus  with  the  hydrofoil  at  a 
nominal  zero  preset  angle  of  attack,  steady  lift  forces  and  moments  were  ob¬ 
served  by  the  authors  of  [ 2l .*  To  account  for  this  observation  it  was  assumed 
that  the  center  of  lift  did  not  coincide  with  the  axis  of  rotation  at  the  forward 
quarter-chord  position  [ 2]T  The  observation  of  steady  forces  and  moments  can¬ 
not  be  accounted  for  by  the  aerodynamic  strip-foil  theory  used  to  design  the 
flutter  apparatus.  Also,  the  assumption  that  the  center  of  lift  did  not  coincide 
with  the  forward  quarter -chord  position  was  made  contrary  to  strip  theory. 

For  both  the  Extended  Simplified  and  Modified  Theodorsen  Analyses,  it  was 
assumed  that  the  component  of  oscillatory  moment  M , ,  due  to  the  oscillatory  lift 
force,  follows  the  steady  moment  relation;  i.e.,  M  =  LFl. 

For  the  Extended  Simplified  Analysis,  the  oscillatory  lift  force  is  taken  to 
be 

-,  /  v ' 

KL  =  AS-  -i 

which  is  an  expression  for  the  instantaneous  oscillatory  lift  force.  The  total 
oscillatory  moment  was  considered  to  be  caused  by  FL  acting  at  some  point 
called  the  center  of  pressure,  not  on  the  axis  of  rotation.  In  other  words,  for 
the  Extended  Simplified  Analysis, 


*A  great  deal  of  the  material  contained  in  this  appendix  is  a  restatement  of  por¬ 
tions  of  [2],  This  material  is  included  here  for  the  reader's  convenience. 
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M,  LF, 
or 

M,  =  als2  (e  -  ij 

According  to  the  classical  Theodor  sen  analysis,  as  applied  to  the  flutter 
apparatus  [2],  the  oscillatory  lift  forces  and  moments  should  be  described  by 
the  expressions 

FL  -  i  AS2-  -  ~  ASY  +  AbS- 

and 

M,  =  -  i  Ab2S ' . 

The  Modified  Theodorsen  Analysis  retains  the  classical  expression  for  fl. 
But  in  describing  M  ,  both  the  classical  expression  (-  l  2  Ab2s  )  and  a  compo¬ 
nent  to  account  for  the  moment  due  to  fl  are  considered.  Thus 

M,  =  -  -  AbV  -  LF.  . 

2  L 

where  fl  is  taken  to  be  only  the  dependent  terms  of  the  classical  expression 
for  fl.  In  other  words,  for  the  Modified  Theodorsen  Analysis, 

F,  -  \  AS2  -  j  ASY  -  Abs’ 

and 

M.  =  -  4  Ab2S:  -  4  ALS2-  . 

2  2 

Throughout  the  derivation  of  both  analyses,  L  was  assumed  to  depend  only 
on  the  preset  angle  of  attack  ~-0 ,  for  a  given  foil  section,  and  to  be  independent 
of  other  parameters  such  as  speed  s  and  mass  unbalance  -h  [2].  In  this  pres¬ 
ent  study,  these  analyses,  based  on  this  assumption,  are  used  to  make  computa¬ 
tions  of  damping  ratio  and  frequency  of  vibration.  It  is  assumed  that  these  com¬ 
putations  are  reasonably  accurate  so  long  as  L  does  not  vary  widely  with 
parameters  other  than  (See  Discussion  of  Results  and  Recommendations.) 
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Appendix  E 

CRITERIA  FOR  SELECTION  OF  INITIAL  CONDITIONS 
WHICH  ALLOW  ONE  MODE  TO  PREDOMINATE 
IN  THE  TOTAL  RESPONSE 


Two  modes  of  vibration  are  generally  associated  with  solutions  of  the  equa¬ 
tions  of  motion  for  the  TMB  Control  Surface  Flutter  Apparatus.  Criteria  for 
the  proper  selection  of  initial  conditions  leading  to  the  suppression  of  one  of  the 
two  modes  is  now  derived. 

If  the  equations  of  motion  for  either  the  Extended  Simplified  or  Modified 
Theodor  sen  Analyses, 

B12  *  B11  +  B10  *  B22Y  *  B  2  1 Y  ^ 

R12  *  R11  *  R10  *  R22Y  *  R21Y  *  R20Y  =  0 
have  basic  solutions  of  the  form 

\t  \*  t  \  t  *  t 

-  r0e  :  Toe  and  Y  =  Yoe  :  Yoe 

where  0,  Y„ ,  and  '  are  generally  complex,  then  the  general  solution  of  the 
differential  equations  of  motion  is 


04 


Y 


Y  0  !e 


*  ^  o  2e 


-  Y  ,e 


If  the  initial  conditions  are  chosen  to  suppress  the  ,  mode,  solutions  of 
the  equations  of  motion  representing  the  •  1  mode  are 


'  =  Yoie 

These  latter  solutions  for  and  Y,  with  one  mode  composing  the  total  re¬ 
sponse,  are  also  solutions  of  a  well  known  and  simpler  set  of  differential  equa¬ 
tions 


-  a’  -  B  =  0 


y  -  CY  -  ny  =  o 
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To  solve  these  equations  for  ,  assume  ---ent.  Substituting  this  expres¬ 
sion  for  ,  together  with  its  first  and  second  time  derivatives,  in  the  simpler 
differential  equation  in  yields  a  quadratic  equation, 

n2  -  An  -  B  =  0 


having  roots 


-A  -  -/A2  -  4B 


and 


-A  -  \  A2  -  4B 
n2  -  2 

With  expressions  for  the  roots  n:  and  n2  known,  the  quadratic  equation, 
n2  -  An  -  B  =  0  may  be  written  as 


<'n-n1)(n-n2-  =  0 


or 


C\ 


Comparing  this  form  of  the  equation  with  the  form  originally  used  shows 

that 


A 


"1 


B  =  r. , 


The  general  solution  of  the  equation 

"  -  a'  -  B  =  "  -  n j  -  r< j 


••1  "2 


is 


-  Fr  '■ 


If  E,  F,  n.  and  r-  are  replaced  by  ,,  .  and  .  respectively,  then 


A  similar  procedure  may  be  followed  for  V.  When  that  is  done,  it  is  seen  that 
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and 


Y  Yrjle-  1  -  Y02e''> 

are  solutions  of  the  differential  equations 

"  -  ^  *  i  I*  =  0 


Y  - 


i)  Y 


1  !‘ 


At  this  point,  note  that 


i*i  *  f  - 1  *  i  -- 1  -  *  f  -i  *  i  1 )  -  2-i 


2  2 

'it  -i  *  J'-i)-  -i  r-i  =  -x  *  -i 


The  preceding  differential  equations  can  thus  be  rewritten  as 


Y  -  2-jY  *  Y  -  0  . 

The  expressions  for  and  y  with  the  ,  mode  suppressed  must  satisfy 
both  the  foregoing  simpler  differential  equations  and  the  equations  of  motion  for 
the  flutter  apparatus.  Hence,  the  original  equations  together  with  the  simpler 
differential  equations  may  be  used  to  eliminate  the  second  derivatives  and  to 
yield  a  first-order  differential  equation  which  must  be  satisfied  by  ,  y  and 
,  \ .  The  elimination  of  the  second  derivative  gives  the  following  set  of  equa¬ 
tions  which  are  the  resulting  restriction  on  the  initial  conditions: 


Bu  *  **iB: 2 ' *  "B:-  " 


B12 


-  B:i  -  2-j  B,:  V  -  _j*  -  .  B;;V  - 


Ru  Ri2  ri:  -:*  *  i  R:e 


-  R;i  -  2_j  Ei,  Y  -  R-,  -  -  .2  R,,  Y  =  0  . 

These  equations  ena.ble  us  to  express  any  two  of  the  quantities  r,  ,  V,  or 
y  in  terms  of  the  other  two.  Because  these  equations  hold  at  all  values  of  time, 
they  hold  at  t  =  0.  Thus  these  two  equations  constitute  the  means  whereby  ini¬ 
tial  conditions  may  be  chosen  to  suppress  one  mode  in  the  total  response.  That 
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is,  Y.  trfJ  and  t  =  0  which  may  be  arbitrarily  chosen,  and  the  corresponding 
values  Y  ,  rj  and  .  t=0  computed  from  the  above  equations ,  are  the  initial  con¬ 
ditions  required  in  solving  the  original  differential  equations  (practically,  by 
means  of  an  analog  or  digital  computer)."  There  is  then  no  contribution  of  the 
2  mode  to  ft)  and  Yft). 


Appendix  F 

THE  EFFECT  OF  INITIAL  CONDITIONS  ON 
THE  VIBRATION  OF  A  SHIP'S  RUDDER 


Solutions  Y't)  and  '-(t  ,  of  the  equations  of  motion  for  the  flutter  apparatus 
represent  the  superposition  of  two  modes  of  vibration  when  arbitrary  initial 
conditions  are  assumed.  The  solution  can,  however,  be  restricted  to  represent 
a  single  mode  of  vibration;  i.e.,  one  of  the  two  modes  can  be  suppressed  if  the 
initial  conditions  are  properly  chosen.  This  may  be  seen  from  the  analog  solu¬ 
tion  shown  in  Fig.  3.  Similar  solutions  can  be  obtained  by  the  digital  method  of 
computation.  Criteria  for  the  proper  selection  of  these  initial  conditions  are 
established  in  Appendix  E. 

Similarly,  the  vibratory  response  of  any  point  on  a  rudder  or  movable  con¬ 
trol  surface  of  a  ship  will  also  depend  upon  the  initial  conditions  of  the  rudderT 
in  translation  and  rotation.  In  actual  practice  the  initial  conditions  of  a  rudder 
v. oration  may  be  established  by  considering  an  impulsive  force  of  duration  : 
applied  at  a  given  point  on  the  rudder  at  time  -  =  0 .  The  response  of  the  sys¬ 
tem  immediately  after  the  imposition  of  this  force  (after  t  =  is  equivalent 
to  the  solution  of  the  homogeneous  differential  equations  of  motion  for  the  rudder 
system  with  initial  conditions  the  same  as  the  condition  of  the  forced  system 
at  t  -  ;  . 

To  obtain  the  actual  initial  conditions  at  time  t  -  for  the  homogeneous 
equations,  it  is  necessary  to  solve  the  inhomogeneous  equations  of  motion  which 
include  the  impulsive  force.  Solutions  will  express  the  motions  of  the  rudder  in 
translation  and  rotation  as  functions  of  time.  The  numerical  values  of  these 
quantities  and  their  time  derivatives,  evaluated  at  :  =  ,  are  the  initial  condi¬ 

tions  of  the  vibrating  rudder  system. 

It  may  be  inferred  from  Table  1  of  ',9  that  the  three  modes  of  vibration 
associated  with  athwartship  motions  for  an  actual  rudder  system  will  in  general 
exist  simultaneously,  unless  the  initial  conditions  are  specially  chosen.  Contri¬ 
butions  to  the  displacement  of  any  point  on  the  rudder  for  each  coupled  mode 
are  due  to  the  motions  in  the  translational  and  the  two  rotational  degrees  of 
freedom. 


"This  if  easily  dor.e  or.  the  analog  computer.  Note  that  all  the 
considered  as  known,  ar.c  ..  having  beer,  predetermined 
digital  computer  as  previously  exp. aired. 

“The  term  rudder  will  hereafter  be  used  ir.  a  broadser.se  to  tr.; 
all  rudderlike  apper.dages  of  ships,  such  as  submarir.e  divm.g 


er  =  a-  d 
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The  influence  of  a  given  set  of  initial  conditions  on  the  vibratory  response 
at  different  points  on  the  rudder,  measured  simultaneously,  will  generally  vary 
because  the  initial  conditions  will  make  different  modes  (and  their  associated 
frequencies)  predominate  in  the  vibratory  response  at  different  points  on  the 
rudder.  In  other  words,  different  predominant  frequencies  may  be  measured  at 
different  points  on  a  rudder  at  the  same  time.  In  addition,  the  relative  vibratory 
response  at  those  same  points  will  vary  with  changes  in  the  initial  conditions, 
or  its  equivalent,  the  point  of  application  of  the  impulsive  force. 

Finally,  at  a  given  point  on  a  rudder  the  frequency'  of  a  given  response 
curve  may  vary  if  an  initially  predominant  mode  decays  more  rapidly  than  an 
initially  imperceptible  mode. 

The  previous  discussion  of  initial  conditions  is  substantiated  by  the  analysis 
of  the  rudder  vibration  records  for  ALBACORE  presented  in  [  1 0] . 


Appendix  G 

ANALOGY  BETWEEN  TMB  CONTROL  SURFACE  FLUTTER 
APPARATUS  AND  THE  RUDDER  CONFIGURATION  OF 
USS  FORREST  SHERMAN  (DD  931) 


The  following  comments,  comparing  experimental  conditions  for  the  flutter 
apparatus  with  trial  conditions  [l]  of  FORREST  SHERMAN  [4]  (on  which  appar¬ 
ent  flutter  phenomena  of  the  rudders  was  observed)  were  made  by  D.A.  Jewell 
in  [7].  These  comments  are  considered  to  be  of  great  interest  in  connection 
with  the  present  study  and,  because  of  the  concise  wording  of  the  original,  are 
quoted  here. 

"In  many  ways,  the  experimental  conditions'5,  were  similar  to  those  on  the 
DD  931.  The  two  degrees  of  freedom,  the  natural  frequencies,  the  general  rud¬ 
der  configuration,  and  location  of  the  rotational  axis  with  respect  to  the  rudder 
were  the  same  in  both  cases.  Two  or  three  experimental  parametric  values, 
however,  differ  significantly  from  DD  931  values.  In  dimensionless  form,  these 
parameters  are: 

t 

The  mass-density  ratio  - 

The  distance  of  the  center  of  mass  aft  of  the  rotational  axis  -  X 

The  frequency  -  k  y 
where 


is  the  translational  mass, 
is  the  fluid  density, 


More  exactly,  the  interval  between  axis  crossings. 
"Configurations  B  and  D. 
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b  is  the  rudder  semichord, 

'  is  the  rudder  span  length,  and 
is  the  frequency  at  speed  v . 

Values  of  Three  Dimensionless  Parameters 
Parameter  Experimental  DD  931  Class  Ships 

=  3.0  36 

X  0.23  to  0.31  0.20 

k  =1.0  2.3 

The  different  values  of  and  X.  for  the  ship  strongly  indicate  that  the 
ship's  critical  flutter  speed  is  much  higher  than  the  experimental  speeds.  For 
instance,  at  X.  =  0.31,  where  _  was  increased  from  3.24  to  3.55  (Configuration 
B  to  D),  the  critical  flutter  speed  increased  from  approximately  11.5  to  13.5 
knots.  The  effect  of  the  different  values  of  as  an  independent  parameter  can¬ 
not  yet  be  evaluated." 

The  usefulness  of  the  Modified  Theodorsen  .Analysis  in  predicting  the  sta¬ 
bility  of  the  flutter  apparatus  can,  therefore,  reasonably  be  regarded  as  an  indi¬ 
cation  of  the  usefulness  of  that  analysis  in  predicting  ship  control-surface  flutter, 
after  the  refinements  suggested  in  the  Recommendations  have  been  made. 


Appendix  H 

THE  CLASSICAL  THEODORSEN  EQUATIONS  .AND  THEIR 
QUESTIONABLE  APPLICABILITY  TO  RUDDERS 

The  classical  Theodorsen  equations  are  now  written  for  the  case  of  a  thin 
flat  foil  of  width  2b  and  infinite  length,  inclined  at  an  angle  to  a  uniform, 
stream  of  velocity  .  :  see  Fig.  88. 
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Let  h0  be  the  displacement  of  the  foil  centerline  transverse  to  and  let 
the  foil  be  stationary  or  execute  small  vibrations  at  circular  frequency  Then 
the  reactions  on  the  foil  are  equivalent  to  three  distributed  forces  and  a  distrib¬ 
uted  moment  whose  respective  magnitudes  per  unit  length  are:" 


acting  along  the  forward  quarterline  A, 

P2  --b2vl 


acting  along  the  rear  quarterline  B,  and 

P,  =  -  — .;  b  2  h  r 

acting  along  the  midchord  line,  and 


Here 


I  v_ 

k  "  b  - 


■>- 

T  =  period  -  - — 


"This  formulation  car.  be  obtained  from.  Ecus.*.: or.;  X 
tir.e  all  T  term?  (r.o  aileron  considered  here),  insert 
in  a  everyth  in.  a  real  by  vrioi  r.s  '  e1  '  .  1 1  -  ~  a 

for  h  ;  let  1;  .  Ai  so  writ  e  P  r  -  p  ,  -  p  ,  -  p  .  a: 

axis  of  rotation  :s  the  midchord  line.  Then  note 
assumed  to  act  alone  the  lines  specified  above,  the 
men!  V.  about  tr.e  mdcn.orc  -one,  a —  terms  except 
is.  with  the  above  substitutions,  Ecuation  XX  c.ves 


In  the  notation,  used  here, 


Other  lines  of  action,  could  be  assumed  for  Pj.  F.  ,  and  P3:  then  the  expres¬ 
sion  for  M  would  have  to  be  corrected  so  as  to  keep  the  value  of  M.  the  same. 
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F  and  G  are  functions  of  1  V.  (see  [5] ,  Fig.  4),  with  F  positive  and  G  nega¬ 
tive.  F  rises  from  F  1  2  at  1  V  -  0  to  1  (?)*  as  l  V  -  .  g  decreases 
from  G  0  at  l  i  0  to  a  minimum  of  -0.20  at  about  (?)  l  >  =  ;  and  then 
slowly  increases  to  0  (?)  as  l  v.  - 

l  i:  can  be  visualized  as  the  distance  that  the  stream  advances  during  one 
period  of  vibration  divided  by  -  times  the  foil  width. 

In  these  formulas,  represents  rotation  of  the  foil  about  the  midchord  line. 
It  may  be  preferable  to  let  the  rotation  -  occur  about  a  parallel  axis  e  away, 
being  positive  ahead  of  midchord.  Let  h,  denote  the  displacement  of  the  foil 
at  this  new  axis;  then  hc  =  h„  -  e-.  Substitution  for  h.  in  the  formula  for  p, 
changes  the  first  two  terms  to  Pj  where 


The  individual  magnitudes  of  these  terms  are  thereby  changed,  but  their  sum 
remains  the  same.  It  is  simplest,  however,  to  let  h.  stand  in  the  third  term  of 
Pj  and  in  P3  and  M.  The  total  turning  moment  '■!.  about  the  new  axis  of  rota¬ 
tion  is  given  by  the  formula 


The  forces  that  give  rise  to  are  distinct  from  those  included  in  F.  .  P,. 
or  P,;  they  add  up  to  a  zero  resultant  but  provide  a  turning  moment  v.,  of  the 
magnitude  stated,  about  any  axis. 


DISCUSSION 

The  validity  of  Theodorsen's  formulas  for  rudders  is  discussed  presently. 

If  his  formulas  are  used,  it  appears  probable  that  the  constant  :  >.  will  normally 
be  less  than  unity  for  ships.  When 


Lift  Force.  If  =  0  and  h.  =  :  ,  only  the  first  term  of  F.  remains  as  the 
familiar  lift  force  per  unit  length  for  steady  motion  acting  along  the  forward 
quarter-line.  Here  f..  represents  a  steady  translation  and  merely  alters  the 
steady  angle  of  attack.  In  this  case  -  '  ,  hence  l  -  -  and  (presumably) 

r  _  i 


Virtual  Mass.  P-  and  v.  may  be  regarded  as  reactions  to  a  distributed 
virtual  mass  -j  along  the  midchord  line  and  a  distributed  virtual  moment  of 
inertia  I.  along  this  line.  The  coefficient  of  (-.  -  b  ’  )  in  F.  will  be  denoted 

by  The  magnitudes  are  (per  unit  length! : 


These  (')  are  used  because  the  graphs  go  :r_y  to  1!<-  41:  values  a:  1 
have  r.o;  beer,  verified:  or  eraoh.  i-  or.  too  srrtali  a  scale. 
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=  "*b2:  M,  -2^-b2  (i)o: 

Note  that  h,  -  1 1  2  T  is  the  acceleration  of  the  rear  quarter  line  and  that  G  -  o, 
so  that  o.  Also,  bv  .  b2/k.  The  quantities  M  and  i  have  the  usual 

values  for  a  uniform  plane  strip  of  infinite  length  moving  transversely. 

Significant  Terms  in  Pj.  The  quantity  iif  M.  =-(2  k)G  =  0,  If  i  k  -  2, 

M  /M  '0.6.  XI  -  o  and  l  k  -  M.  -  (?)  but  less  rapidly  than  l ;  how¬ 
ever,  the  contribution  of  the  M,  term  to  P,  for  given  amplitudes  of  h0  and  a  is 
numerically  proportional  to  bv->.  g,  and  so  ^  0  as  -0  (since  h0  =  -i.2h0, 

1'  =  -o2a).  This  part  of  is  not  enormously  large,  as  shown  by  a  comparison 
with  the  first  two  F  terms  in  P,.  The  terms  in  l’i0  and  h0  differ  in  phase,  but 
may  be  compared  as  to  magnitude  by  introducing  the  amplitudes  h0  a_p  =  am¬ 
plitude  of  h0,  etc.;  then  h0  -  h0  anp,  etc.  Similar  comparisons  may  be 
made  for  5  and  ■>-.  Then  it  is  seen  that  (since  l  k  =  v  b 


••  2-..  I"bv  ..  ;(-G)  h 

h.  ratio  = - : - 222 

2 bvF  h„ 


G 

F 


2--  (bv  - )(-G)  1  2(b  2  ) 

'-!■  ratio  - - - 

2-  bv2  F-a_p 


Here 


-G  F  '0.35  (?)  \  1  2  kf-G  F  "  0.  20 

Hence  for  a  rough  approximation,  the 

G  (hB  -  I  ■•) 

term  in  P  perhaps  may  be  ignored  in  comparison  with  the  first  term  of  Pj. 

Damping  Terms.  Two  methods  for  discussing  the  foil  damping  are  now 
presented.  In  the  first  method  the  forces  and  moments  on  the  fcil  associated 
with  the  '  terms  are  considered,  whereas  in  the  second  method  the  energy  of 
the  foil  associated  with  the  h.  and  '  terms  is  treated. 

Force-Moment  Method.  The  '  terms  in  P2  and  P;  add  to  a  force  P  of 
magnitude 

P:  =  -  b;v  (l  -  F  -  £  g)  i. 

Also,  these  two  terms  in  P,  and  Pls  one  acting  at  -t  2  and  the  other  at  -b  2, 
give  rise  to  a  turning  moment  V,  about  midchord  of  magnitude 
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M./a  -  0  since  F  "  1  and  G  "  0.  Our  equations  are  valid  only  for  harmonic  mo¬ 
tion,  but  we  surmise  that  whatever  physical  process  gives  rise  to  a  ratio  M.  i 
that  is  negative  in  all  cases  of  harmonic  motion  will  tend  to  damp  out  any  motion, 
i.e.,  have  a  positive  damping  effect.  The  effect  of  P. ,  however,  is  not  easily 
seen. 


A  rough  estimate  of  the  quantitative  significance  of  P.  and  V. •  may  perhaps 
be  made  by  comparing  these  quantities,  respectively,  with” the  a  ferm  in  P L  and 
with  the  turning  moment  about  midchord  due  to  this  term.  Because  of  a  90  deg 
difference  in  phase,  the  comparison  is  made  most  easily  in  terms  of  amplitudes 
by  recalling  that  ian  =wzasrp.  The  algebraic  signs  are  then  of  minor  interest; 
hence,  for  convenience  -M.  will  be  used  instead  of  -m.  .  Denoting  the  amplitude 
ratios  for  P  and  M  by  rp  and  rM  respectively: 


-,b2v 

2~.c  b  v  2  F  _ 


\ 

l) 


”  b3  v 


if G 


a-p 


b2v2  F - 


a  i 

2  If 


G 

F 


since  b<v  v)  =  k.  Some  values  calculated  from  these  formulas,  using  Theo 
dorsen’s  Fig.  4  for  F  and  G,  are: 


1  k 

o  1 

! 

0.25  1 

0.5  ' 

1.0 

o 

CM 

4.0 

q 

o’ 

rH 

20.0 

30.0 

40.0 

~ 

F 

5 

0.51 

0.52 

0.54 

0.60 

0.70 

0.84 

0.91 

0.94 

0.96 

1.00 

G 

j 

o 

-0.03 

-0.06 

-0.10 

-0 . 1 D 

-0.18  -0.15 

-0.13  -0.10 

0.09 

0 

rp 

- 

5.9 

2.80 

1.24 

0.42 

0.05  -0.08 

-0.09  -0.07 

-0.07 

0 

rM 

1.98  1.04 

0.61 

0.42 

0.31- 

0.20 

0.15 

0.11 

0.09 

0 

From  these  values  of  rD  and  rM.  it  appears  that  when  l  k  *  0.25.  at  least,  the 
terms  in  Pj  and  P2  may  be  expected  to  have  large  effects  in  comparison  with 
the  term  in  Pj.  Only  when  lk  5  do  the  terms  become  relatively  rather 
small. 

Energy  Method.  The  terms  containing  h.  or  1  in  P.  and  P,  have  the  form 
of  damping  terms.  It  is  worthwhile  to  ascertain  the  sign  of  their  net  effect  upon 
the  energy  of  the  vibrating  foil. 

Let  dw  dt  stand  for  the  inflow  of  energy  into  the  foil  due  to  the  components 
of  force  represented  by  the  hc  and  ’  terms.  If  cw  dt  0.  the  net  energy  flow 
is  outward  as  in  ordinary  (positive)  damping. 
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The  value  of  dw/dt  can  be  found  by  multiplying  each  component  of  force  by 
the  velocity  of  its  point  of  application,  and  adding  these  products.  The  velocity 
is  h0  +  bi/2  for  any  term  of  Pj,  but  h0  -  bi/2  for  P2,  which  acts  along  the 
rear  quarter-chord  line.  Hence  (in  the  case  of  harmonic  motion): 


or 


dW 

dt 


-  2 rr/i  bv 


b 

2 


dW 

dt 


-  2 -np  bv 


(' 


The  factor  enclosed  in  brackets  [  ]  in  the  last  equation  will  be  denoted 
hereafter  by  the  symbol  [  ].  The  h02  and  i2  terms  are  positive,  since  F  -  1 
and  G  <  0,  but  the  sign  of  the  h0'-  term  is  not  fixed.  Hence,  a  numerical  inves¬ 
tigation  is  necessary. 

Write  bi  2  =  ?h0  where  may  have  any  real  value.  Then  after  dividing 
by  h02 


If  -  the  2  term  predominates  and  f  ]  must  be  positive,  since  F  -  l  and 
G  -  0.  Between  these  extremes,  .  h02,  regarded  as  a  function  of  f,  must  have 
a  minimum  value  and  [  ]  can  become  negative  only  if  this  minimum  is  itself 
negative . 

To  locate  the  minimum,  set  the  derivative  of  .  h02  with  respect  to  r 
equal  to  zero  and  solve  for  ,  obtaining 


Substitution  of  this  value  of  gives  as  a  minimum  value 

2  2 

j_  -  F  1  -  k  G 

.  o  —  *  ■> 

h.  4  1  -  F  -  77  G 

'  / 

Some  values  calculated  with  the  use  of  Theodorsen's  Fig.  4  are: 
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1  k 

0 

1.0 

.  _  . 

2.0 

4.0 

10.0 

20.0  30.0 

40.0 

F 

0.50 

0.51 

0.52 

0.54 

0.60 

0.70 

0.84 

0.91  0.94 

0.96 

G 

0 

-0.03 

-0.06 

-0.10 

-0.15 

-0.18 

-0.16 

-0.13  -0.10 

-0  09 

2G,  k 

0 

-0.02 

-0.06 

-0.20 

-0.60 

-1.44 

-3.2 

-5.2  -6.0 

-7.2 

fl +2G  k)2 

1.0 

0.96 

0.88 

0.64 

0.16 

0.18 

4.84 

17.6  25.0 

38.4 

1  -  F  -  2G  k 

0.50 

0.51 

0.54 

0.66 

1.00 

1.74 

3.36 

5.29  6.06 

7.24 

r  ,  •  2 
-  ]/h0 

0 

0.04 

0.11 

0.30 

0.56 

0.67 

0.48 

0.07  -0.09 

-0.37 

It  may  be  concluded  that,  at  least  for  0  ;  l  k  '  21,  !  !  -  0  and  hence 
dw  dt  <  o  ,  so  that  the  net  effect  of  the  h0  and  '  terms  in  Pt  and  P2  is  to  with¬ 
draw  energy  from  the  foil.  Thus,  if  steady  flutter  occurs  with  l  k  in  the  range 
specified,  other  terms  must  provide  an  equal  inflow  of  energy.  At  speeds  below 
the  lowest  speed  at  which  flutter  is  possible,  it  may  be  surmised  that  the  physi¬ 
cal  processes  responsible  for  the  h.  and  '  terms  in  the  formulas  for  the  har¬ 
monic  case  will  give  rise  to  positive  damping. 

It  would  seem  that,  if  the  h,  term  in  Pj  is  retained,  as  is  usually  done, 
then  for  consistency  the  1  terms  should  be  retained  also.  In  steady  motion  the 
h0  v  term  results  from  a  simple  cause  -  namely,  a  change  in  the  angle  of  attack - 
whereas  the  origin  of  the  '  terms  is  not  obvious,  but  this  difference  scarcely 
seems  to  justify  retention  of  the  term  alone. 

Simplified  Approximations.  The  following  approximations  may  be  useful 
for  some  purposes.  The  steady- motion  lift  force  described  on  page  is  fre¬ 
quently  used  as  an  approximation  even  when  is  allowed  to  vary.  It  is  then 
necessary  to  consider  whether  should  be  replaced  by  the  displacement  of 
some  point  other  than  the  forward  quarter-line,  and  what  assumption  should  be 
made  concerning  the  effective  line  of  action  of  the  lift.  If  this  line  of  action  is 
distant  L  from  the  axis  of  rotation,  the  turning  moment  about  this  axis  will 
equal  L  times  the  lift  force. 

For  a  closer  approximation  the  terms  may  be  retained.  So  long  as  i 
does  not  exceed  I  cr  2,  however,  the  error  may  not  be  excessive  if  all  G  terms 
are  omitted  and  F  is  replaced  by  1  2.  This  was  done  in  2]  in  obtaining  the 
"Modified  Theodorsen  Analysis."  To  obtain  the  results  in  2],  we  assume  that 
the  originally  specified  lines  of  action  for  F!  and  P;  are  retained.  If  F  12 
and  G  =  0,  the  results  for  Pj  and  P,  with  the  axis  of  rotation  distant  'V  ahead 
of  midchord  are: 


P  ,  =  ~  b '  v  ■  1  ■  . 
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Therefore,  the  total  lift  force  per  unit  length  on  the  foil  is: 

Pa  Pi  +  P2  =  ^bv2  (a  -  -^)  +  77Pb2v(|  +  i. 

We  do  not  try  to  specify  a  line  of  action  for  Pa  as  a  whole.  To  calculate 
the  total  moment  about  the  axis  (exclusive  of  inertial  moment  *.t),  it  is  nec¬ 
essary  to  split  Pa  again  into  its  two  parts,  P2  acting  at  fb  '2  -  e>  ahead  of  the 
axis  and  P2  acting  at  f-b  2  -  e>  behind  the  axis  (e  is  negative  if  behind  mid¬ 
chord).  Then 

Ma  =  P[(b  2-  e)  +  Paf-b/2-  e)  =  Pj(b  2  -  e)  -  P2fb  2+  e) 

=  -np  b  v2  f  a  -  he  v  )  ( b  2  -  e)  +  to  b2vi  (  1/2  +  e  b  )  (b  2-e)  -  -pb2vifb  2+e) 
=  -77  p  bv2(b  2  -  e)  (a  -  he  v)  *  -rp  b  2  v  fb  /4  +  e  '2  -  e  2-  f2'b-  b  2  -  e): 

=  fpb  v2  fb-  2  -  e)  ( a- hp  v)  -  Tpbvfb  2ie)2i. 

In  the  special  case  e  =  b  2: 


ra  =  bv2  f  7  -  he  V)  7  2~c  b2vi 
=  — - b3vi 

These  values  of  p  and  Ma  agree  with  those  of  fl  and  m.  as  given  in  the 
middle  of  page  37  of  [ 2] ,  where  S  v,  Y  -  he,  ~  =  a,  and  A  =  2-rbl.  The 
length  of  the  foil  1  occurs  in  A  because  FL  and  M_  represent  total  reactions  on 
the  foil,  whereas  Pa  and  M.  stand  for  magnitudes  per  unit  length. 

No  specific  line  of  action  for  Pa  or  FL  is  assumed  here,  since  the  total 
turning  moment  about  the  -  or  axis  is  explicitly  stated  in  the  second  equa¬ 
tion.  That  is,  the  same  distributed  forces  whose  resultant  is  Pa  or  fl  give 
rise  to  the  moment  Ma  or  M_.  The  usual  device  of  replacing  the  second  equa¬ 
tion  by  Ma  =  LPa  or  SI  .  =  LFl  is  not  available  because  M.  or  M_  is  not  propor¬ 
tional  to  the  whole  of  Pa  or  Fl.  To  facilitate  thinking,  however,  it  may  be 
desirable  to  assume  that  P  or  FL  acts  along  a  line  through  or  axis. 


DAMPING  COMPUTATIONS  FOR  ALBACORE  RUDDER 
AND  TMB  FLUTTER  APPARATUS 


A  meaningful  interpretation  of  r  and  rM  is  strictly  valid  for  the  foil  de¬ 
scribed  on  page  and  approximately  valid  for  an  airplane  wing;  however,  for 
a  structurally  damped  rudder  with  finite  aspect  ratio  and  thickness,  attached  at 
the  quarter  chord  (e  =  0)  through  a  flexible  rudder  shaft  to  a  flexible  hull,  the 


o pfiia  1  volnoc  r\f 
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values  found  from  the  equations  derived  on  page  .  Moreover,  the  motions  of 
the  top  of  the  rudder  stock,  at  the  point  of  attachment  of  the  rudder  stock  to  the 
hull,  certainly  affect  the  damping  of  the  rudder.  Finally,  the  athwartship  vibra¬ 
tory  displacements  of  the  rudder  consisting  of  motions  in  three  degrees  of  free¬ 
dom,  one  in  translation  and  two  in  rotation,  further  invalidate  the  use  of  rn  and 
rM  in  determining  the  significance  of  the  P.  and  M.  terms. 

For  the  TMB  Flutter  Apparatus,  the  relatively  rigid  rudder  stock  (or  shaft) 
is  attached  at  its  upper  end  to  a  rigid  structure  and  the  hydrofoil  motions  are 
restricted  to  two  degrees  of  freedom.  However,  again  e  !  o,  the  foil  is  struc¬ 
turally  damped  and  has  a  finite  aspect  ratio  and  thickness. 

Nevertheless,  it  is  instructive  to  show  by  example  how,  based  on  Theodor- 
sen's  equations,  a  value  of  r  and  rM  can  be  determined  for  an  actual  or  rudder 
model  (i.e.,  rudder  plus  stock  attached  to  a  rigid  hull)  when  the  effects  of  finite 
aspect  ratio  and  thickness  are  ignored  and  when  the  motions  of  the  rudder  in 
only  two  degrees  of  freedom  are  treated.  The  motions  in  these  degrees  are 
considered  to  make  the  most  significant  contributions  to  the  vibratory  displace¬ 
ment.  Although  the  results  here  for  rp  and  rM  hold  only  for  e  =  0 ,  the  proce¬ 
dure  for  deriving  the  equations  leading  to  a  single  calculation  for  rp  and  rM 
points  the  way,  for  the  interested  reader,  towards  deriving  just  as  easily,  simi¬ 
lar  equations  for  "e"  corresponding  to  a  rudder  turning  about  a  rudder  stock 
attached  at  the  quarter- chord,  i.e.,  e  =  b  2. 

For  the  rudder  of  ALBACORE,  b  may  be  estimated  as  3  ft  and  the  lowest 
vibration  frequency  for  vY-  vibrations  as  780  cpm.*  Thus  ■-  =  2-  >  780  60  -  82 
rad/sec  and,  if  vkn  is  the  speed  in  knots, 

1  k  -  »t.:  1. 69  vkn  ( 3  '  82)  -  vkn  145 
vkn  =  10  20  30 

1  k  =  0.069  0.138  0.207. 

At  such  speeds  the  chart  on  page  indicates  that  rp  5,  rM  -  2.  Such  values 

of  rp  and  ry  discourage  omission  cf  the  ’■  terms  in  and  P2. 

For  the  TMB  Flutter  Apparatus  described  in  [2],  b  =  9  in.  and  the  frequency 
is  4  cps,  hence 


lk-  (1.69  v,n  0.75  f  4  '  2- ; }  =  v„n  11 

Thus  at  22  knots,  l  k  =  2  and  rp  =  0.42,  ry  =  0.42.  Conceivably  such  values  of 
r  and  rM  justify  the  suspicion  that  failure  to  obtain  flutter  in  the  observations 
might  have  been  due  largely  to  excessive  hydrodynamic  damping. 

Perhaps  for  airplane  wings,  low  and  high  v  make  k  and,  hence,  also  rp 
and  rM  much  less  than  1,  so  that  neglect  of  the  '  terms  is  justified. 


*As  shown  in  this  report,  the  frequency  does  not  vary  much  with  speed. 
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APPLICATION  OF  THE  CLASSICAL  THEODORSEN 
EQUATIONS  TO  RUDDERS 

Theodorsen's  results  reler  to  the  case  of  a  uniform  flat  foil  of  infinite 
length.  In  contrast,  the  aspect  ratio  of  ships'  rudders  (height  over  width)  is 
rather  small  (always  between  1  and  3).  The  forces  in  this  case  are  likely  to  be 
decidedly  different  from  those  obtained  by  direct  use  of  the  classical  Theodorsen 
expressions.  Recent  work  described  in  various  reports  does,  in  fact,  indicate 
that  this  difference  is  probably  large.  (See  discussion  by  H.N.  Abramson  in  [4].) 

When  the  foil  is  locked  in  rotation  (a  =  ">  =  o)  at  an  angle  of  attack  a  =  a  , 
then  for  a  constant  displacement  h0(h0  =  h0  =  0)  the  steady  lift  force  (cfk)  l) 
given  by  Theodorsen's  classical  equation  is  (for  a  foil  of  length  -i): 

p;  =  p/-  =  2-p>.bv2 

whereas  the  Extended  Simplified  or  Modified  Theodorsen  Analyses  give  (In  Ap¬ 
pendix  D  let  fl,  S,  and  0  be  denoted  by  p!  ,  v,  and  %  respectively) 

p;  =  Av 2  'j.g . 

For  the  TMB  Flutter  Apparatus,  it  was  found  that  the  lift  force  predicted  by 
the  classical  Theodorsen  analysis  is  approximately  three  times  as  large  as  the 
lift  force  found  by  experiment  [2]*;  i.e.,  the  lift  constant  2~  <b  --  3A,  where  the 
experimental  value  for  A  is  0.034  lb  -  sec2/in.2  (see  Table  2).* 

Actually,  not  much  is  known  so  far  about  the  magnitude  of  the  force  and 
moment  reactions  on  a  ship's  rudder,  except,  of  course,  in  the  case  of  a  steady 
rudder  angle.  In  other  cases,  measurement  of  the  reactions  is  no  doubt  difficult. 
Attention  should  be  directed  at  present  toward  obtaining  actual  measurements  of 
the  reactions  on  vibrating  rudders  or  rudder  models;  such  experimental  data 
may  lead  to  the  establishment  of  a  reliable  method  of  predicting  both  steady  and 
unsteady  lift  force  and  moment  vs.  speed  relations. 

Moreover,  as  pointed  out  in  the  Discussion  of  Results,  the  inclusion  or 
omission  of  structural  damping  can  make  a  relatively  large  difference  in  the 
predicted  critical  flutter  speed. 

Free  surface  waves  and  cavitation  affect  the  boundary  conditions,  thereby 
causing  additional  differences  between  hydroelastic  and  aeroelastic  phenomena. 

Further  reservations  as  to  the  applicability  of  Theodorsen's  equations  to 
ship  and/or  model  rudders  are  based  on  analysis  and  evaluations  given  in  Dis- 
cussion  of  Results. 


*Note  that  2-  'b  =  6.28  (9.34  «  10"5  lb  -  sec2/in.4)  (18  in.)  (9  in.)  =  0.094  lb  - 
sec  2 /in. 2 . 
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EFFECTS  OF  UNDERWATER  EXPLOSIONS 
ON  ELASTIC  STRUCTURES 


George  Chertock 
David  Taylor  Model  Basin 
Washington  7,  D.  C. 


INTRODUCTION 

Underwater  explosions  have  been  in  use  for  100  years  or  so,  and  there  has 
accumulated  a  considerable  store  of  information  on  the  effects  of  these  explo¬ 
sions  on  ships  and  structures.  Most  of  this  information  is  best  described  as 
qualitative  "know-how”,  a  large  part  has  been  condensed  into  quantitative  for- 
mulaes  based  on  some  empirical  data  and  much  speculative  data,  and  a  small 
part  of  the  information  has  been  analyzed  mathematically  and  correlated  with 
fundamental  physical  theory. 

In  keeping  with  the  purpose  of  this  symposium  I  intend  to  discuss  some  of 
this  more  analytic  work,  and  only  with  regard  to  its  interest  as  examples  of 
hydroelasticity,  not  for  its  military  applications  or  importance.  Special  appli¬ 
cations  of  this  analysis  wrere  published  in  a  series  of  papers  starting  about  10 
years  ago.  However,  the  method  has  been  considerably  generalized  since  then, 
and  I  hope  that  the  formalism  and  point  of  view  will  be  of  value  in  other  hydro¬ 
elastic  problems. 

When  an  underwater  explosion  acts  on  a  submerged  structure  there  is  a 
very  large  interaction  between  the  motions  of  the  structure  and  the  pressure 
field.  The  structure  not  only  responds  to  the  pressures  but  substantially  modi¬ 
fies  them.  However,  it  is  possible  by  a  proper  choice  of  generalized  coordi¬ 
nates  and  parameters  to  separate  the  analysis  of  this  response  into  two  independ¬ 
ent  parts,  one  describing  the  explosion  and  its  pressure  wave  without  the  target, 
and  the  other  describing  the  possible  motions  of  the  target  without  the  explosion. 
Thus  it  makes  sense  to  start  by  describing  the  pressure  field  due  to  the  explo¬ 
sion  in  a  free  field  with  no  boundaries. 


933 


Chertock 


Underwater  Explosion  Pressure  Field 

There  is  a  very  extensive  theoretical  and  experimental  literature  on  under¬ 
water  explosion  phenomena  [l  ,2]  and  a  good  survey  was  given  by  Snay  at  a  pre¬ 
vious  symposium  [ 3] .  However,  since  most  of  you  are  probably  unfamiliar  with 
the  field,  I  will  summarize  those  features  which  are  of  particular  importance  to 
our  problem. 

An  explosion  is  simply  a  chemical  reaction  which  very  quickly  converts  a 
solid  mass  of  explosive  into  an  equal  mass  and  volume  of  gas  at  high  tempera¬ 
ture  and  pressure.  The  initial  gas  pressure  is  typically  of  the  order  of  a  half 
million  psi.  In  an  underwater  explosion,  this  high  pressure  bubble  then  expands 
against  the  ambient  hydrostatic  pressure  level  and  pulsates  with  very  large 
changes  in  volume  and  pressure.  Thus  the  pulsing  bubble  presses  on  the  water 
and  radiates  a  pressure  wave  which  can  be  completely  determined  from  the 
motion  of  the  bubble  surface.  The  initial  kick  of  the  bubble  generates  the  high 
amplitude  shock  wave  which  propagates  as  a  steep  fronted  pulse  with  exponential 
decay  behind  the  front.  Because  of  the  high  amplitude  and  because  of  viscosity 
effects  at  the  front,  the  amplitude  decreases  with  distance  a  little  faster  than 
l  r .  The  subsequent  continuous  motion  of  the  bubble  generates  a  pressure  wave 
similar  to  any  low  amplitude  acoustic  pressure  which  varies  in  proportion  to  the 
volume  acceleration  of  the  source.  If  as  in  many  structural  response  problems, 
the  response  time  of  the  structure  is  much  longer  than  the  duration  of  the  shock 
wave,  then  the  precise  variation  of  the  shock  wave  pressure  is  of  no  consequence 
and  the  shock  wave  can  be  represented  as  an  impulse.  Then  the  pressure  at 
( r. t )  is 


p'  r.  t 


4-r 


c ) 


'  t  -  r  c  ) 
4-r 


(1) 


where  -( t  -  r  <->  is  a  delta  function  of  time,  v,  is  the  initial  volume  velocity  of 
the  explosion  bubble  and  V  is  the  volume  acceleration  of  the  bubble  measured  at 
the  retarded  time  t  -  r  c.  Thus,  the  problem  of  determining  the  pressure  field 
can  be  replaced  by  the  problem  of  determining  the  history  of  the  bubble  volume. 


The  bubble  volume  vs  time  relation  is  known  from  a  combination  of  theo¬ 
retical  analysis  and  experiments  on  many  different  scales.  A  typical  v  -  curve 
is  shown  in  Fig.  1. 


The  bubble  pulses  about  its  equilibrium  volume  with  relatively  long  slow 
expansions  and  short  quick  contractions.  For  1000  lbs  of  TNT  at  a  depth  of  100 
ft,  the  first  peak  bubble  has  a  diameter  of  about  50  ft  and  the  first  bubble  period, 
i.e.,  the  time  to  the  first  contraction  is  about  0.75  sec.  lor  any  other  charge 
size  and  depth  the  peak  bubble  volume  is  proportional  to  the  weight  of  charge  w 
divided  by  the  total  hydrostatic  pressure  P  at  the  depth  of  the  explosion,  and  the 
first  bubble  period  is  proportional  to  w1  3P3  6.  When  the  bubble  first  contracts 
about  two  thirds  of  its  energy  is  dissipated  in  irreversible  processes.  Hence, 
the  second  peak  volume  of  the  bubble  is  about  one  third  as  large  as  the  first, 
and  the  pulsation  period  is  about  70  percent  of  the  first.  There  are  similar  en¬ 
ergy  losses  at  every  contraction  of  the  bubble  and  so  the  amplitude  and  period  of 
the  pulsation  progressively  decrease.  Figure  1  is  a  representative  but  simpli¬ 
fied  history  of  the  explosion  bubble.  It  is  modified  in  detail  by  the  nature  of  the 
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explosive,  by  the  important  effects  of  migration  due  to  gravity  forces  and  to  the 
presence  of  nearby  surfaces.  But  for  our  present  purpose  the  important  point 
is  that  if  the  bubble  volume  is  given  in  units  of  its  maximum  value,  and  if  the 
time  is  expressed  in  units  of  the  first  bubble  period,  then  the  relation  between 
the  reduced  volume  and  the  reduced  time  is  a  universal  relation  which  is  appli¬ 
cable  with  sufficient  accuracy  to  all  charge  sizes  and  all  depths.  This  universal 
curve  is  simply  Fig.  1,  with  the  coordinates  of  the  first  maximum  set  equal  to 
V  Vm  1,  t/Tb  =  1/2. 


Fig.  1  -  Variation  ol  bubble  volume  with  time 


The  pressure  wave  generated  by  the  explosion  bubble  is  shown  in  Fig.  2. 
Whenever  V  V  ,  then  V  is  positive  and  a  positive  pressure  signal  is  gener¬ 
ated,  and  whenever  V  ■  V  ,  which  occurs  for  about  78  percent  of  the  time, 
then  V  is  negative  and  a  negative  pressure  signal  is  radiated.  Again  to  give  you 
a  feeling  for  the  others  of  magnitude  involved  and  again  referring  to  the  1000  lb 
charge  at  the  100  ft  depth,  the  shock  wave  at  a  50  foot  standoff  has  a  peak  pres¬ 
sure  of  3000  psi  and  a  time  constant  of  0.75  millisecond  which  is  only  1/10  per¬ 
cent  of  the  first  bubble  period  and  doesn't  even  show  on  the  graph.  The  ampli¬ 
tude  of  the  second  positive  peak,  or  first  bubble  pulse  as  it  is  called,  can  be 
anything  up  to  15  to  20  percent  of  the  shock  wave  peak,  typical  values  are  5  to 
10  percent.  During  the  under  pressure  phase  the  peak  underpressure  is  typi¬ 
cally  only  l/2  percent  of  the  peak  shock  wave  pressure.  Despite  these  relatively 
low'  pressures  the  durations  of  these  later  pressures  are  so  much  longer  that 
the  time  constant  of  the  shock  wave  that  they  may  have  a  greater  influence  on 
structural  motions  than  the  shock  wave  does. 
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Fig.  2  -  Variation  of  pressure  with  time 


STRUCTURAL  MOTIONS 

In  general  there  are  two  types  of  explosion- excited  motions  which  have  been 
amenable  to  theoretical  analysis.  Historically  the  first  class  of  motions  to  be 
analysed  was  the  large  plastic  deformations  of  circular  steel  diaphragms  under 
attack  by  the  shock  wave  phase  of  an  underwater  explosion.  It  turns  out  that 
these  motions  are  very  appreciably  affected  by  complex  non-linear  effects,  e.g., 
strain  hardening,  strain  rate,  and  delayed  yielding  effects  in  the  steel,  and  by 
cavitation  effects  in  the  water,  and  while  most  of  the  features  are  qualitatively 
understood  a  complete  theoretical  analysis  of  the  process  has  never  been 
achieved.  However,  I  do  not  intend  to  discuss  these  effects  any  further,  because 
there  has  been  very  little  of  this  type  of  analysis  in  the  last  10  years,  and  the 
older  work  is  adequately  described  in  the  now  unclassified  literature  [2]. 

The  types  of  motion  I  will  discuss  are  a  class  of  linear  elastic  motions  that 
appear  over  the  whole  outer  surface  of  the  hull,  and  particularly  those  which 
can  be  completely  described  in  terms  of  normal  vibration  modes  of  the  surface. 

It  is  a  common  observation  from  experience  that  a  structure  is  capable  of 
sustained  vibration  in  many  different  characteristic  patterns  or  modes  of  mo¬ 
tion,  and  that  each  mode  has  a  characteristic  frequency.  We  will  specify  the 
pattern  of  motion  by  a  mode  function  .  i f  S > ,  where  i  is  the  relative  displace¬ 
ment  in  the  direction  of  the  normal  to  the  surface  at  the  point  S  on  the  surface. 
The  index  i  labels  the  modes  according  to  any  convenient  scheme.  As  an  exam¬ 
ple  of  the  types  of  motion,  we  could  consider  very  general  vibration  patterns  of 
a  submarine  hull  made  up  of  rigid  body  motions  such  as  heaving  and  pitching; 
beam-like  flexural  motions  or  whipping  vibrations  in  which  each  transverse 
section  of  the  ship  moves  as  a  unit  in  the  direction  normal  to  the  longitudinal 
axis,  accordionlike  vibrations  in  which  each  transverse  section  moves  as  a  unit 
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in  the  axial  direction  and  expands  or  contracts  radially,  and  lobar  vibrations  in 
which  the  perimeter  of  each  transverse  section  deforms  into  a  wavy  pattern. 

For  any  particular  submarine  these  mode  functions  and  their  associated  fre¬ 
quencies  can  in  principle  be  calculated  the'oretically  by  solving  an  eigenvalue 
problem,  or  perhaps  they  can  be  measured  experimentally.  But  most  of  the 
things  I  have  to  say  are  independent  of  the  particular  mode  function  and  depend 
only  on  three  general  properties  of  these  normal  modes.  First  is  the  fact  that 
these  mode  functions  are  mutually  orthogonal. 

:  (2) 

where  ,4  5)  is  the  mass  per  unit  area  at  s  divided  by  the  cosine  of  the  angle 
between  the  direction  of  motion  and  the  surface  normal,  and  M;  is  the  modal 
mass  for  mode  i.  Note  that  picking  M t  is  equivalent  to  normalizing  u. .  Sec¬ 
ond  is  the  assumption  that  the  mode  functions  form  a  sufficiently  complete  set, 
i.e.,  that  any  complex  vibration  history  of  the  surface,  whether  due  to  free  or 
forced  motion,  can  be  expressed  as  a  superposition  of  these  normal  modes 

f(S.t)  £q ift)  rifS).  (3) 

where  q.ft)  is  the  normal  coordinate  which  measures  the  instantaneous  ampli¬ 
tudes  of  excitation.  The  third  property  is  the  equation  of  motion  when  any  time 
varying  pressure  distribution  pi's,  t )  acts  on  the  surface  of  the  body,  namely 


where  ■ ,  is  rhe  circular  frequency  of  that  mode  (in  vacuo)  and  the  right  side  is 
the  generalized  force  or  modal  force  in  the  ith  mode.  In  a  real  submerged 
structure,  these  three  relations  are  only  approximations  or  idealizations  of  the 
true  situation.  For  one  thing  structural  damping  forces  have  been  neglected.  In 
an  actual  structure  they  are  not  negligible,  they  are  not  proportional  to  the  ve¬ 
locity,  and  they  are  not  distributed  in  proportion  to  the  mass  distribution.  Sec¬ 
ond  we  have  effectively  assumed  a  shell-type  structure  in  which  all  of  the  vi¬ 
brating  mass  is  in  the  shell  or  rigidly  connected  to  the  shell.  In  an  actual  ship 
or  submarine,  the  greater  part  of  the  structure  is  elastically  sprung  from  the 
outer  shell  to  a  greater  or  minor  degree.  This  means  that  for  the  normal  mode 
of  an  actual  structure  the  integrations  of  Eqs.  (2)  and  (4)  should  be  extended 
over  the  interior  masses  as  well  as  the  outer  surface,  and  the  weighting  function 
in  Eq.  (2)  is  more  complicated. 

These  equations  are  valid  approximations  whether  the  structure  is  vibrating 
in  vacuum,  in  air,  or  in  water.  However,  in  water  the  distributed  pressures  on 
the  surface  must  include  a  pressure  distribution  induced  by  the  motion  of  the 
structure,  in  addition  to  the  externally  applied  pressures  such  as  those  due  to 
an  explosion.  It  is  convenient  to  separate  this  induced  pressure  field  into  con¬ 
tributions  due  to  the  separate  action  in  each  normal  mode. 

For  the  present  we  consider  only  low  frequency  motions  of  the  structure, 
for  which  d  c  1 ,  where  d  is  a  representative  dimension.  The  pressures 
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they  generate  and  which  act  on  the  surface  of  the  structure  are  virtually  the 
same  as  though  the  water  was  incompressible  and  the  pressure  was  transmitted 
with  infinite  velocity.  Hence  we  can  define  an  induced  modal  mass,  l;  ,  as  the 
modal  force  on  the  structure  in  the  jth  mode  due  to  unit  acceleration  of  the 
structure  in  the  ith  mode. 

Lij  =  •  (5) 

where  PjfS.t)  is  the  pressure  distribution  on  the  surface  due  solely  to  the  mo¬ 
tion  q ;( t )  These  induced  mass  coefficients  are  commonly  called  the 

virtual  masses,  or  entrained  masses.  In  general  they  are  independent  of  the 
time  and  they  can  be  calculated  theoretically  by  the  solution  of  a  boundary  value 
problem.  In  terms  of  these  induced  mass  coefficients  the  equation  of  motion  is 

Mi('ii  +  ai2  qi )  r  JJ  P0  -i  dcr  -  L  «ij  Lij  ■  (6) 

where  p(S.  t )  is  the  pressure  distribution  on  the  surface  if  the  structure  were 
rigid  and  immovable. 

In  general,  unless  there  is  sufficient  symmetry  for  the  Lj .  terms  to  vanish, 
all  the  normal  modes  are  coupled  to  each  other  by  the  induced  pressure  field. 
However,  under  the  conditions  we  are  assuming,  there  exists  a  real  linear 
transformation  to  a  new  set  of  normal  coordinates  qj ,  mode  functions  j[,  and 
induced  pressures  p  j ,  such  that  the  equations  of  motion  are  uncoupled  in  these 
transformed  variables. 


where  the  new  frequencies 

,  -  *i[Mi  W;  -L,,)]  .  (8) 

These  new  stationary  mode  shapes  are  not  orthogonal  in  the  sense  of  Eq.  (2). 
Instead  a  relation  of  the  form 

+  Pi  9;’  -i  M!  ij  (9' 

is  valid.  This  can  be  interpreted  to  show  that  the  rate  at  which  the  vibrating 
structure  does  work  on  the  fluid  in  the  new  stationary  mode  is  proportional  to 
the  kinetic  energy  of  the  structure  in  that  mode. 

A  detailed  derivation  of  this  transformation  of  coordinates  is  given  in  the 
appendix  of  the  author's  paper  [4],  Lax  [5]  has  used  a  similar  analysis  in  dis¬ 
cussing  how  the  radiation  pressures  modify  the  vibration  modes  of  a  circular 
diaphragm. 
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RECIPROCITY  RELATION  FOR  THE  MODAL  FORCE 

In  our  problem  the  pressure  distribution  on  the  surface  of  the  structure  is 
not  simply  the  incident  pressure  field  given  by  Eq.  (1),  because  it  also  includes 
reflected  pressures  and  diffracted  pressures  due  to  the  presence  of  the  struc¬ 
ture,  The  components  due  to  the  motion  of  the  structure  have  been  eliminated. 
In  order  to  avoid  solving  a  diffraction  problem  for  this  pressure  distribution, 
it  is  possible  to  express  the  generalized  force  term  in  Eq.  (4)  as  a  function  of 
V(t),  the  volume  of  the  explosion  bubble,  and  Pjfr.t),  the  pressure,  at  the  vec¬ 
tor  distance  r  which  locates  the  center  of  the  explosion,  due  to  a  vibration  of 
the  structure  in  the  single  mode  > Pi.  For  the  case  of  a  nearby  explosion, 
cur/c  <  i,  this  function  has  a  simple  form 

Qj(t)  =  j"J*  Po  Aa  =  p<t ft’  (10) 

where  <£;(r)  is  the  value  of  a  potential  function  at  r  and  where  =  p^r.t). 

The  function  <pi  satisfies  Laplace’s  equation  in  the  water  and  satisfies  the 
boundary  condition  d<p£/on  =  -0;  on  the  surface  of  the  structure. 

Equation  (10)  is  a  special  case  of  a  general  reciprocity  theorem  which  re¬ 
lates  the  radiation  field  of  a  surface  vibrating  in  an  arbitrary  mode  to  the  gen¬ 
eralized  force  which  an  arbitrary  external  source  with  the  same  time  variation 
exerts  in  the  surface  in  the  same  mode.  That  is,  if  a  simple  source  at  (r,  t) 
varies  with  time  as  V(r,  t)  and  exerts  a  force  F(S,  t)  =  j'j pr  d~  on  s  in  the  pat¬ 
tern  v(S),  and  if  alternately  a  vibration  of  the  surface  S  in  a  pattern  q(  te)  >(S) 
generates  a  pressure  p(r,t)  at  r,  then 

q(tQ)  Fro  =  vrtG)  Prt0)  (n) 

provided  only  that  q(t  )  is  proportional  to  V(tD).  The  special  case  of  this 
theorem  given  by  Eq.  (10)  was  originally  proven  in  [4],  However,  the  theorem 
is  true  in  general  [6l.  for  an  acoustic  medium  as  well  as  an  inccmpressive 
medium,  and  for  any  time  variation  including,  of  course,  single  frequency  vi¬ 
bration. 

Thus  we  have  separated  the  modal  force  into  two  factors,  the  factor  vro 
is  a  known  function  as  previously  indicated;  the  function  r. £ f  r ■)  remains  to  be 
determined. 


PRESSURE  FIELD  DUE  TO  VIBRATION  IN  SINGLE  MODE 

This  latter  problem  has  no  easy  analytical  solution  except  in  cases  of  high 
symmetry.  But  there  is  a  fairly  general  method  which  covers  a  wide  range  of 
cases,  particularly  the  low  frequency  vibrations  of  a  slender  shell  structure 
such  as  a  ship  or  submarine  hull.  Again  we  assume  that  we  are  in  the  near 
field  where  the  pressures  are  substantially  in  phase  with  the  instantaneous  ac¬ 
celerations, 


p(r.  t)  =  q;(  t)  c;(r) 
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and  we  write  ^(r)  in  the  form  of  a  Helmholtz  integral 


♦.  -  sjj-s  £)*-//£ 


0(p 

<3n 


dcr  , 


(12) 


i.e.,  in  terms  of  the  values  of  <pi  and  its  normal  gradient  on  s .  The  normal 
gradient  is  simply  ^(S)  so  that  the  second  integral  can  be  calculated  explicitly. 
In  the  first  integral,  we  assume  as  a  plausible  approximation  that  at  the  surface 
of  s,  the  local  values  of  are  proportional  to  their  gradients  and  to  the  mass 
distribution  function  /-(S),  i.e., 


P0j(S)  =  kjAifSWS)  . 


(13) 


This  would  be  exact,  albeit  trivial,  if  k;  was  a  function  of  the  position  s  instead 
of  a  constant.  However,  we  note  that  Eq.  (12)  requires  merely  a  particular  mean 
value  of  <£j  on  s,  and  the  constant  k  ;  can  be  considered  as  a  mean  value  of 
kj(S),  although  averaged  in  a  different  way.  In  order  to  determine  ki(  multiply 
both  sides  of  (13)  by  ^  and  integrate  over  s,  whence 

pjfzi* i  =  ki 

and 

ki  =  Lu  Mi  :  (14) 


that  is,  k.  is  simply  the  ratio  of  induced  mass  to  modal  mass. 

Another  way  [4]  to  derive  this  is  to  expand  ? ;  ^(S)  in  terms  of  the  com 
plete  set  of  eigenfunctions  .^S) 


(15) 


and  multiplying  by  „k  and  integrating 


kn  =  L.i  «j 


(16) 


If  there  was  no  coupling  between  the  modes,  or  if  the  coupling  was  negligible, 
then  only  the  kH  term  would  be  important  with  the  same  result  as  Eq.  (14). 

Hence  Eq.  (12)  becomes 


(17) 


where  both  integrations  can  be  made  explicitly  and  it  remains  only  to  calculate 
the  induced  mass  L; . .  But  this  is  an  old  problem  which  has  been  solved  for 
many  motional  patterns  and  many  surface  shapes.  Also,  the  ratio  Lu  M.  can 
often  be  measured  experimentally.  Sometimes  as  demonstrated  by  Strasberg 
[7],  the  induced  mass  is  negligible  and  the  first  integral  alone  is  sufficient  in 
Eq.  (17). 
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This  method  of  calculating  the  pressure  field  of  a  vibrating  surface  in  terms 
of  the  induced  mass  could  also  be  used  if  the  medium  is  compressible,  provided 
L  j  ■  is  replaced  by  a  frequency  dependent  modal  impedance  coefficient.  We  are 
now  in  the  process  of  testing  a  computer  program  for  the  automatic  computation 
of  the  pressure  field  of  a  slender  body  vibrating  in  an  arbitrary  pattern  with  a 
single  frequency.  This  will  be  described  in  a  forthcoming  report. 

However,  I  can  show  you  some  general  formulas  that  apply  to  the  types  of 
motion  we  have  been  considering,  namely  the  vibration  modes  of  slender  bodies 
in  an  acoustic  medium.  First  consider  pure  axial  vibrations  in  which  each 
transverse  section  moves  without  deformations  in  the  axial  or  x  direction  with 
axial  velocity  q(t)  <Pi(x).  Then 


'•’i 
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dx 


dx 
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(18) 


where  <t>;  is  defined  by  Pj  =  p<i{ ,  [q]  means  that  q  is  co  be  evaluated  at  the  re¬ 
tarded  time  t  -  r/c,  r  is  the  distance  from  the  field  point  to  the  section  at  x, 
and  A(x)  is  the  sectional  area  at  x.  This  is  easily  interpreted  as  the  field  of  a 
linear  array  of  monopoles  and  a  linear  array  of  axially  oriented  dipoles,  both 
with  specified  strength.  Since  L;  M;  is  negligible  for  slender  enough  bodies, 
the  first  term  predominates. 


Now  consider  pure  transverse  vibrations  of  a  slender  body,  including  radial 
breathing  motions,  whipping  motions,  and  lobar  vibrations.  For  the  breathing 
motion,  where  the  radial  transverse  velocity  at  each  section  is  q;(t)  ^;(x)  cscfl, 
and  0  is  the  angle  between  the  normal  to  the  surface  and  the  longitudinal  axis, 


4?7<t>. 


dA  , 
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In  this  case  lMi  is  the  induced  mass  for  the  transverse  motion,  not  the  axial 
motion  of  the  previous  case.  L;j  M;  can  be  greater  than  unity,  and  the  second 
term  might  dominate  over  the  first. 


For  the  whipping  motions  of  the  slender  body  where  each  transverse  sec¬ 
tion  moves  with  a  velocity  q^f)  ii-j(x)  in  the  vertical  or  z  direction 


4  <!>; 


(20) 


The  field  is  the  same  as  from  a  linear  array  of  vertically  oriented  dipoles  with 
the  dipole  strength  of  each  sectional  segment  increased  in  the  ratio  (M;  +L;)  M;. 


The  last  case  to  be  considered  is  the  general  lobar  vibration  of  a  slender 
body.  Here  the  perimeter  of  each  section  deforms  into  a  wavy  pattern,  cos  ne, 
where  e  is  the  angle  about  the  longitudinal  axis.  It  turns  out  that  to  the  level  of 
approximation  used  here  $  =  0  for  n  2.  Note  that  n  -  0  is  the  breathing  mo¬ 
tion  previously  considered  while  n  -  l  is  the  whipping  motion. 
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There  are  other  methods  available  for  calculating  the  pressure  field.  If  the 
surface  of  the  structure  is  sufficiently  close  to  the  shape  of  a  prolate  spheroid, 
obtained  by  rotating  an  ellipse  about  its  major  axis,  then  the  complete  field  due 
to  any  vibration  pattern  can  be  calculated  by  the  use  of  spheroidal  wave  func¬ 
tions  [8].  If  the  surface  differs  somewhat  from  the  prolate  spheroid,  the  sphe¬ 
roidal  function  analysis  might  be  used  only  to  estimate  the  induced  mass,  and 
then  Eq.  (17)  could  be  used. 


SOLUTIONS  OF  THE  EQUATIONS  OF  MOTION 

Now  to  summarize  this  method.  We  calculate  the  motion  in  any  single 
specified  mode  at  a  time  by  solving  the  differential  equation  of  motion,  which 
for  a  nearby  explosion  has  the  form 

fMj  +LU)  f  q  i  +  -i2qj)  =  -  P's fqV  (21) 


and  we  must  first  know  the  mode  shape,  its  frequency  in  water,  and  the  pressure 
field  it  generates,  and  the  last  can  be  calculated  if  the  induced  mass  is  known. 
Also  we  must  know  the  peak  volume  of  the  explosion  bubble  and  its  first  pulsa¬ 
tion  period  in  order  to  completely  specify  the  V  term. 

It  is  evident  from  the  form  of  this  equation  that  the  shape  of  the  solution 
qt(t)  depends  only  on  the  value  of  jTb.  The  other  parameters  merely  multiply 
the  amplitude  scale  and  the  time  scale.  There  are  two  extreme  cases.  First  a 
very  high  frequency  motion  for  which  ^;Tb  -  x.  In  this  case  q(t)  x V(  t )  "pb(  t ) 
and  the  normal  coordinate  varies  in  the  same  way  as  the  pressure-time  curve 
of  Fig.  2.  An  example  of  this  might  be  the  breathing  mode  of  a  stiff  submarine 
hull.  The  mean  compression  of  the  hull  is  nearly  proportional  to  the  mean  pres¬ 
sure  on  the  hull.  It  is  a  maximum  during  the  shock  wave  phase  and  is  unaffected 
by  the  bubble  pulses.  The  other  extreme  is  a  low  frequency  motion  for  which 
^Tb  -» 0 .  In  that  case  q(t)  *V(t ),  and  the  normal  coordinate  varies  in  the  same 
way  as  the  volume-time  curve  of  Fig.  1.  For  example  the  mean  bodily  transla¬ 
tion  of  a  submarine  as  a  whole  is  simply  proportional  to  the  volume  of  the  ex¬ 
plosion  bubble  (not  the  radius!).  The  displacement  is  a  maximum  at  half  the 
bubble  period,  and  is  relatively  unaffected  by  the  shock  wave. 

The  most  interesting  cases  occur  when  -  ;Tb  %  1  for  then  we  get  synchro¬ 
nization  effects  between  the  vibration  of  the  structure  and  the  pulsation  of  the 
explosion  bubble.  This  is  demonstrated  in  Fig.  3  which  is  a  plot  of  several 
solutions  to  the  reduced  differential  equation 


where 


u 


cJ  — u 
dr2 


•» 


( 2-n )  u 


d  2v 


(M;  +  Ln)  q4  V?;V0 


V  V  : 


t 


(22) 
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Fig.  3  -  Solutions  to  Eq.  (Zl)  with  selected 
values  of  period  ratio  n 


The  upper  curve  in  Fig.  3  applies  when  n  =  o.  whence  uft)  -  v(t).  For 
n  =  0.95,  the  bubble  period  is  about  equal  to  the  vibration  period.  The  first 
swing  of  the  target,  due  mostly  to  the  shock  wave  impulse,  is  increased  by  about 
50  percent  on  the  second  swing  because  of  the  underpressure  phase,  and  is  sub¬ 
sequently  increased  to  four  times  its  initial  peak  by  the  bubble  pulses.  When 
n  r  1.56,  the  first  bubble  pulse  hits  the  target  out  of  phase  with  the  target  mo¬ 
tion  and  actually  reverses  the  motion 

The  previous  discussion  of  the  nature  of  the  solutions  to  the  equations  of 
motion  applies  only  when  the  explosion  is  in  the  "near  field  of  the  target  so 
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that  the  generalized  force  is  independent  of  the  sound  velocity.  However  if  the 
explosion  is  sufficiently  distant,  the  dominant  term  in  the  generalized  force  will 
be  of  the  form  f(t)/rc.  It  turns  out  that  in  these  cases  f(t)  is  proportional  to 
a  first  or  higher  time  derivative  of  v,  i.e.,  to  a  first  or  higher  time  derivative 
of  the  incident  pressure.  Since  these  derivatives  are  of  appreciable  magnitude 
only  during  the  shock  wave  it  follows  that  the  bubble  pulsation  pressures  have 
no  effect  on  the  motion  from  a  distant  explosion. 

There  is  one  last  theoretical  point  I  want  to  mention  and  that  is  the  tech¬ 
nique  for  accounting  for  the  presence  of  the  free  surface,  particularly  when  the 
target  is  floating.  To  the  approximation  used  here,  the  free  surface  is  a  surface 
of  zero  excess  pressure.  This  is  taken  into  account  by  the  usual  assumption 
that  the  target  is  exposed  to  the  simultaneous  action  of  the  actual  explosion  and 
its  negative  image  in  the  free  surface.  If  the  structure  is  floating,  the  image 
part  of  the  structure  is  a  reflection  of  the  underwater  portion  of  the  real  struc¬ 
ture,  where  the  motion  of  the  upper  part  is  the  negative  of  the  motion  of  the 
lower  part. 


CONCLUSION 

I  have  described  a  general  method  of  analyzing  the  interaction  between  an 
elastic  structure  and  an  underwater  explosion,  which  depends  upon  specifying 
the  motion  in  terms  of  the  stationary  vibration  modes  in  water,  and  in  specifying 
the  explosion  forces  in  terms  of  their  influence  on  each  separate  mode.  The 
time  pattern  of  the  response  in  any  such  mode  then  depends  only  on  the  ratio  of 
the  modal  vibration  period  to  the  pulsation  period  of  the  explosion  bubble.  I  hope 
that  this  general  technique  can  be  of  use  in  other  hydroelastic  problems. 

However,  lest  I  leave  you  with  the  impression  that  all  problems  have  been 
solved  I  want  to  conclude  by  mentioning  some  of  the  many  problems  which  are 
still  awaiting  detailed  analysis: 

1.  There  is  the  enormous  class  of  problems  where  the  difficulties  are  not 
due  to  the  nature  of  the  explosive  pressures  or  to  the  interaction  with  the  water 
but  simply  to  the  complexity  of  the  vibration  mode,  or  to  the  complexity  of  the 
deformation  pattern,  or  to  the  non-linearity  of  the  deformation.  This  is  true  of 
all  but  the  simplest  vibration  modes,  and  all  cases  with  plastic  deformation. 

2.  There  are  many  cases  where  the  relief  pressures  generated  by  the  re¬ 
sponse  of  the  structure  is  so  large  and  negative  that  the  net  pressure  in  the 
water  falls  below  some  critical  value  and  the  water  cavitates.  The  same  cavi¬ 
tation  can  occur  when  the  pressure  wave  is  reflected  from  the  free  surface  with 
a  change  in  phase.  This  cavitation  constitutes  a  non-linear  process  in  the  water 
which  can  only  be  treated  in  a  qualitative  manner. 

3.  The  third  problem  is  the  transmission  of  mechanical  shock  through  a 
ships  structure  when  hit  by  an  underwater  explosion.  The  ship  is  a  very  com¬ 
plex  system  with  very  many  degrees  of  freedom.  It  should  be  possible  to  ana¬ 
lyze  the  statistical  properties  of  the  shock  transmitted  to  some  interior  point  in 
the  ship  in  terms  of  some  statistical  transfer  function  and  the  statistical  prop¬ 
erties  of  the  explosion  attacks  on  the  hull. 


944 


Effects  of  Underwater  Explosions  on  Elastic  Structures 


REFERENCES 

1.  Cole,  R.H.,  "Underwater  Explosions,”  Princeton  University  Press  (1948). 

2.  "Underwater  Explosion  Research,"  Vols.  I,  II,  III,  Washington :Off ice  of 
Naval  Research  (1950). 

3.  Snay,  H.G.,  "Hydrodynamics  of  Underwater  Explosions,"  Naval  Hydrodynam¬ 
ics,  Publication  515,  National  Academy  of  Sciences,  1957. 

4.  Chertock,  G.,  J.  Appl.  Phys.,  24,  192  (1953). 

5.  Lax,  M.,  J.  Acous.  Soc.  Am.,  16,  5  (1944). 

6.  Chertock,  G.,  J.  Acous.  Soc.  Am.,  July  1962. 

7.  Strasberg,  M.,  Fourth  International  Congress  on  Acoustics,  Copenhagen, 
August  1962. 

8.  Chertock,  G.,  J.  Acous.  Soc.  Am.,  33,  871  (1961). 

*  *  * 


COMPUTER  MODELING  OF  THE  ELASTIC 
RESPONSE  OF  SHIPS  TO  SEA  LOADS 


J.  W.  Church 

David  Taylor  Model  Basin 
Washington,  D.  C. 


INTRODUCTION 

We  are  aware  that  the  ship  in  heavy  seas  can  experience  severe  impact- 
type  loadings  and  can  develop  elastic  motions  which  produce  appreciable 
stresses  in  the  hull  girder.  The  effects  of  bottom  impact  forces  on  the  ship  have 
been  discussed  by  Dr.  Szebehely,  Dr.  Ochiand  others.  Such  treatment  has  not 
been  given  for  the  slamming  impact  produced  by  the  immersion  of  a  flared  bow 
and  the  resultant  rapid  increase  in  hydrodynamic  forces. 

This  lack  of  information  plus  the  substantial  whipping  response  demon¬ 
strated  on  the  aircraft  carrier  USS  ESSEX  prompted  Dr.  Norman  Jasper  to  ini¬ 
tiate  studies  to  develop  and  verify  a  method  of  computer  modeling  of  the  sea 
loads,  the  rigid  body  and  elastic  motions,  and  the  hull  girder  stresses  of  ships 
with  appreciable  bow  flare  in  heavy  seas.  It  was  hoped  that  the  speed  and  flexi¬ 
bility  of  the  computer  might  be  used  to  study  the  response  of  ships  while  still  on 
the  drawing  boards  for  the  many  different  combinations  of  parameters  that  de¬ 
scribe  the  characteristics  of  the  ship  and  the  state  of  the  sea. 

At  the  Model  Basin,  therefore,  a  mathematical  model  was  developed.  Based 
on  this  model,  studies  were  made  under  contract  with  the  Model  Basin  on  a  pas¬ 
sive  element  analog  computer  operated  by  Computer  Engineering  Associates 
under  the  direction  of  Dr.  R.  H.  MacNeal.  The  computer  model  resulting  from 
these  studies  has  been  reierred  to  as  the  "Seaworthiness  Analog  Computer." 

The  paper  presented  to  this  Symposium  describes  the  mathematical  model 
used  in  the  development,  the  computer  model  and  some  applications  of  the  model 
to  studies  of  the  elastic  response  of  the  ship  to  the  loads  of  the  sea.  Much  of  the 
material  presented  in  the  paper  originated  with  Dr.  Jasper,  Mr.  McGoldrick  and 
many  others  at  the  Model  Basin,  with  Mr.  Ed  Hoyt  of  Taggert  Associates,  and 
with  Dr.  MacNeal  and  Mr.  R.  G.  Schwendler  of  C.E.A.  Since  the  model  develop¬ 
ment  is  continuing,  however,  this  information  has  received  rather  limited  dis¬ 
tribution.  The  purpose  of  this  paper,  therefore,  is  to  acquaint  other  researchers 
with  the  Model  Basin  efforts  in  this  area. 
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It  must  also  be  noted  that  such  opinions  as  are  expressed  herein  do  not  nec¬ 
essarily  represent  the  views  of  the  Navy  Department. 


BACKGROUND 

In  studies  of  vibratory  characteristics  of  ship  hulls,  the  Structural  Mechan¬ 
ics  Laboratory  has  for  several  years  represented  the  ship  as  a  free-free,  non- 
uniform  beam  with  three  principal  types  of  elastic  motion:  bending,  shearing, 
and  torsional.  McGoldrick  has  discussed  the  conversion  of  the  ship  into  an 
equivalent  lumped  system  in  which  the  inertias  are  concentrated  at  certain  points 
and  the  elastic  properties  are  assigned  to  massless  elastic  members  joining 
these  lumped  elements  [1]*.  One  of  the  several  methods  used  to  obtain  the  nat¬ 
ural  frequencies  of  elastic  motion  is  by  means  of  an  analog  computer. 

In  this  computer,  passive  networks  model  the  inertial  and  elastic  properties 
of  the  hull.  The  circuitry  of  analog  is  set  up  so  that  in  a  part  of  coupled  trans¬ 
mission  lines,  the  current  represents  either  the  shearing  force  in  the  hull  or  the 
bending  moment.  Voltages  are  analogous  to  mechanical  translational  velocities 
or  angular  velocities.  The  natural  frequencies  of  the  circuit  are  found  by  apply¬ 
ing  continuous  excitation  by  means  of  an  oscillator  until  the  condition  correspond¬ 
ing  to  resonance  in  the  mechanical  system  has  been  obtained.  When  the  external 
voltages  are  removed,  only  transient  oscillations  remain.  These  eventually  die 
out  just  as  the  vibrations  of  a  structure  die  out  after  the  exciting  force  is 
removed. 

In  this  way,  the  network  has  been  used  successfully  to  predict  the  natural 
frequencies  of  flexural  vibration  and  the  corresponding  normal  mode  shapes  of 
the  hull.  These  results  help  the  ship  designer  to  avoid  the  possibility  of  vibra¬ 
tion  in  the  fundamental  mode  due  to  machinery  unbalance.  In  general,  however, 
this  analog  cannot  be  used  to  determine  the  elastic  motions  and  associated 
stresses  induced  in  ships  at  sea. 

The  structural  response  of  the  ship  under  slamming  loads  is  considered  to 
consist  of  the  elastic  motions  of  the  hull,  the  "whipping"  stress  induced  by  the 
impact  loading,  and  the  "wave-induced"  stresses  of  lower  frequency  correspond¬ 
ing  to  ordinary  wave  encounter.  The  whipping  may  be  generated  by  bottom  slam¬ 
ming,  (the  immersion  of  the  bow  and  subsequent  impact),  by  bow  flare  slamming, 
(the  immersion  of  the  bow)  having  an  appreciable  flare  and  resultant  rapid  in¬ 
crease  in  hydrodynamic  forces),  and  by  pounding,  (the  impact  of  the  wave  against 
the  forward  quarter  at  the  ship  side). 

These  elastic  motions  and  associated  stresses  may  be  simulated  by  testing 
a  structurally  scaled  model  in  a  towing  basin.  Such  a  model  is  under  construc¬ 
tion  now  by  the  Davidson  Laboratory.  When  completed,  it  will  be  used  to  study 
the  effects  of  slamming  on  the  elastic  motions  and  on  bending  stresses  as  well 
as  on  the  rigid  body  motions.  However,  Korvin-Kroukovsky  has  suggested  that 
such  a  study  might  not  permit  a  complete  prediction  of  the  dynamic  stresses  in 
a  ship’s  hull  because  of  the  difficulty  in  securing  similarity  in  shear  rigidity; 


♦  References  are  listed  on  page  991. 
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and  the  dependence  of  structural  damping  on  the  vibration  frequency  [2].  If  this 
is  found  to  be  so,  computer  studies  may  be  indicated  to  correlate  the  model  data 
with  the  full  scale  motions. 

The  mathematical  model  used  in  the  vibration  studies  was  extended  and  pro¬ 
grammed  for  solution  by  high-speed  digital  computers  available  at  the  Applied 
Mathematics  Laboratory.  This  program  required  as  inputs,  the  time  history  of 
the  hydrodynamic  forces  resulting  from  rigid  body  ship  motions  and  the  ocean 
waves,  and  the  mass -elastic  parameters  representing  the  hull  as  a  composite 
of  20  equi-length  sections. 

Andrews  has  shown  by  comparison  of  calculations  of  ship  motions  and 
stresses  with  full  scale  measured  values  of  ESSEX  that  the  method  could  be  em¬ 
ployed  to  compute  wave-induced  and  whipping  stress  [3].  However,  changes  in 
hull  and  sea  parameters  could  not  be  made  easily  and  the  requirement  to  hand- 
compute  the  hydrodynamic  forces  prior  to  computer  solution  was  undesirable. 

In  particular,  the  requirement  for  a  prior  knowledge  of  ship  motions  severely 
limited  the  model  for  purposes  of  design  evaluation.  These  considerations 
prompted  further  development  of  the  mathematical  model. 

Hoyt,  under  a  Model  Basin  contract  with  Reed  Research.  Inc.,  derived  a 
mathematical  model  in  which  the  forces  exerted  upon  a  ship  by  waves  could  be 
simulated  on  an  analog  computer  without  prior  knowledge  of  ship  motion  [4]. 

Lee  obtained  hydrodynamic  damping  terms  from  experimental  values  for  two- 
dimensional  shapes  appropriate  to  each  segment.  The  values  thus  obtained 
were  frequency  dependent  [5]. 

Based  on  these  results  MacNeal  developed  the  "Seaworthiness  Analog  Com¬ 
puter"  and  with  Schwendler,  conducted  two  studies  to  determine  the  applicability 
of  their  model  and  to  obtain  some  insight  into  the  structural  response  of  ships 
at  sea  [6,  7]. 

It  is  noted  that  the  "Seaworthiness  Analog  Computer"  is  not  a  particular 
piece  of  hardware  or  a  special  purpose  computer.  The  name  refers  to  the  spe¬ 
cific  arrangement  of  electrical  and  electronic  elements  of  a  general  purpose 
computer  which  was  used  to  model  the  ship-sea  system. 

Concerning  the  notation  in  the  paper:  McGoldrick  in  one  of  his  latest  writ¬ 
ings  finds  it  impossible  to  adhere  strictly  either  to  standards  of  naval  architec¬ 
ture  or  of  mechanical  vibrations  in  his  notation  usage  [8].  Adoption  of  a  nomen¬ 
clature  more  in  keeping  with  other  studies  in  dynamics  would  be  of  considerable 
value  but  would  also  be  a  considerable  task.  So,  I  have  tried  herein  simply  to 
reduce  inconsistencies  in  symbols  between  the  several  sources  of  the  material 
presented.  It  will  be  noted  that  the  "stations"  for  the  computer  model  shown 
continue  to  be  numbered  from  stern  to  stem! 

Concerning  the  subject  matter  for  the  second  part  of  the  Symposium:  hydro¬ 
elasticity  has  been  defined  as  the  science  which  studies  the  mutual  interaction 
between  hydrodynamic  forces  and  elastic  responses  and  the  influence  of  this 
interaction  on  design.  In  that  sense,  the  material  presented  hereafter  is  not 
hydroelasticity  at  all!  For  although  we  consider  herein  the  elasticity  of  the  ship 
structure,  we  do  not  consider  the  effects  of  the  secondary  hydrodynamic  forces 
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generated  by  this  elasticity  (the  hydroelastic  forces).  This  omission  is  probably 
of  negligible  consequence  for  hull  girder  studies  but  may  be  crucial  in  studies  of 
local  stiffness  and  secondary  tertiary  bending. 


MATHEMATICAL  MODEL 

In  the  mathematical  model  of  the  elastic  ship  in  the  seaway,  the  ship  is  rep¬ 
resented  as  a  non-uniform  beam,  free  in  space  (in  the  sense  that  neither  end  of 
the  beam  is  "fixed")  and  with  elastic  and  inertial  properties  per  unit  length. 
Further,  the  ship-beam  is  approximated  by  system  with  discrete  segments  of 
equal  length,  each  having  the  appropriate  elastic  and  inertial  properties.  Each 
segment  can  be  considered  as  represented  by  equations  of  motion  and  as  related 
to  adjacent  segments  through  the  beam  equations.  Figure  1  shows  the  principal 
elements  which  make  up  the  model  of  the  ship-sea  system. 


PITCH  BOW  IMMERSION 

HEAVE 
BENDING 


Fig.  1  -  Schematic  Diagram  of  Ship-Sea  Model 


The  sea  is  represented  by  wave  profiles  which  pass  along  the  length  of  the 
ship.  The  hydrodynamic  forces  are  computed  from  the  relative  motions  of  the 
ship  and  the  sea  at  selected  points  along  the  hull  and  are  applied  to  the  ship  at 
these  points.  Non-linear  forces  were  computed  only  for  segments  near  the  bow 
and  near  the  stern.  The  motions  of  the  ship  include  both  rigid  body  motions  and 
elastic  deformations.  However,  in  this  study  motions  were  limited  to  the  verti¬ 
cal  plane  and  to  head  seas. 
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It  should  be  noted  that  the  developers  of  a  mathematical  model  to  determine 
the  elastic  response  of  the  ship  to  the  sea  must  consider  not  only  the  seaway  and 
the  ship  but  also  the  manner  in  which  the  mathematical  model  will  be  used.  For 
example,  while  differential  equations  of  motion  can  be  solved  on  one  type  of  ana¬ 
log  computer,  solution  by  the  analog  computer  described  herein,  (or  solution  by 
numerical  methods  or  by  digital  computer)  requires  that  some  of  the  differential 
equations  be  approximated  by  difference  equations.  Hence,  familiar  expressions 
may  be  written  in  disguised  forms. 


Environment 

The  mathematical  models  of  the  environment  included  the  modeling  of  a 
sinusoidal  wave,  a  discrete  wave  train,  and  a  sea  composed  of  random  waves 
having  specified  statistical  properties.  The  height  of  the  wave  (surface  profile), 
the  horizontal  and  vertical  fluid  particle  velocities,  the  vertical  fluid  particle 
accelerations  and  the  wave  propagation  velocity  were  generated  as  outputs.  The 
surface  profile  was  represented  at  the  bow  and  was  considered  to  pass  along  the 
ship  length  without  change  in  form  at  a  constant  propagation  velocity.  For  the 
segmented  ship -beam,  this  passage  was  approximated  by  a  delay  line  that  caused 
the  signal  to  appear  at  points  along  the  ship  with  a  time  delay  equal  to  the  dis¬ 
tance  from  the  bow  divided  by  the  velocity  of  the  wave.  The  following  relations 
between  deep  water  wave  characteristics  are  provided  for  convenient  reference 
in  considering  wave  propagation  velocity,  c,  and  circular  frequency, 


c 


.  1  _  11 

a.  ~  2-n 


(1) 


Cl> 


(2) 


where:  \  is  the  wave  length, 

Tw  is  the  wave  period,  and 
g  is  the  acceleration  of  gravity. 

The  velocity  of  propagation  ol  the  surface  of  the  sea  was  assumed  to  be  constant 
for  all  components. 

For  the  sinusoidal  sea  model,  yw,  the  amplitude  of  the  wave  relative  to  the 
mean  water  line  may  be  given  by  the  following  equation: 

h  2r  c 

y»  -  -j  cos  —  0) 

where:  h  is  the  wave  height,  trough  to  crest,  and  is  twice  the  maximum  ampli¬ 
tude  of  the  sinusoidal  wave. 

In  addition  to  the  height,  the  velocity  and  vertical  acceleration  of  the  water  parti¬ 
cle  at  the  surface  were  required  as  inputs  into  the  hydrodynamic  forces.  The 
components  of  particle  velocity  and  acceleration  may  be  obtained  by  differentiat¬ 
ing  the  formulae  for  infinitesimal  sinusoidal  waves  in  deep  water.  The  horizontal 
component  of  the  particle  velocity  is 
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2ny 


(4) 


the  vertical  component  of  velocity  is 


h  2 77C  .  2ttc  . 

v  =  2  e  X  —  Sln1T  ‘ 


(5) 


and  the  vertical  acceleration  of  the  fluid  particle  is 


2*Y 

h  "  X  (  2ttc\2  2ttc 
~2  e  [—)  C  S  ~T~ 


(6) 


where:  y  is  the  mean  depth  below  the  mean  water  surface. 

The  relative  propagation  velocity  of  a  sea  wave,  cr,  is  also  required.  For 
a  head  sea  in  deep  water  the  velocity  of  well-formed  waves  of  specified  wave 
length  relative  to  the  whip,  and  the  relative  frequency  of  encounter,  o>r,  are 
given  by: 


cr  =  c  +  u 


£  +  U 


(7) 


"r  =  ^  (c  +  b)  =  "  f1  +  f  )  (8) 

where:  U  is  the  ship  velocity,  positive  in  the  opposite  sense  to  c . 

The  wave  height,  and  particle  velocities  and  accelerations,  based  on  ship- 
fixed  coordinates  are  therefore  given  by: 


h  r 

yw=  2LCOS  — 

nhc  f  2tt£ 
U  =  [COS  \ 

•  »-|(¥)2[ 


2ttc  t  2tt£  2ttc  t 

cos  — - —  -  sin— —  sin - - 
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277Crt  ■  2n£ 
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2  77C  t 


K 

2t7C,  t 


2  77c  .  r  I 

2wf 
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— —  +  cos  sin 

A  A  A 


277C  t 


277-f 

cos  — —  COS  - — 

A  A 


•  2 v£  2^7Crt 

-  sin  k  sin  K 


0) 

(10) 

(ID 

(12) 


where:  £  is  the  distance  to  the  station  of  interest  from  the  midpoint  of  the  ship. 

It  is  noted  that  in  deriving  Eq.  (9)  from  Eq.  (3),  the  angular  frequency  was 
replaced  by  a  relative  frequency,  a  phase  angle,  2-pA,  was  added,  and,  ior 
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convenience  in  representation,  the  trigonometric  function  of  two  angles  were  re¬ 
placed  by  the  sum  of  the  products  of  functions  of  a  single  angle. 

For  the  discrete  wave  train  model,  the  surface  of  the  sea  was  represented 
as  a  train  of  waves  with  specified  time  history  preceded  by  a  long  period  of 
calm.  The  shape  of  the  wave  train  was  taken  from  a  portion  of  an  oscillogram 
trace  obtained  from  full  scale  trial  data  of  ESSEX  at  a  time  when  severe  whip¬ 
ping  stresses  were  recorded  [9].  This  wave  trace  is  shown  in  Fig.  2.  Inspection 
of  the  oscillogram  from  which  this  record  was  taken  indicated  that  the  whipping 


Fig.  2  -  Oscillogram  Taken  on  ESSEX  at  Time 
of  Severe  Whipping  Stresses 
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was  excited  by  forces  generated  by  the  entrance  of  the  bow  into  the  wave  crest 
marked  number  2.  At  this  time  the  crest  number  1  was  approximately  at  the 
stern  of  the  ship  and  therefore  the  wave  length-ship  length  ratio  approached 
unity.  The  wave  height  is  seen  to  be  about  25  feet.  An  arbitrary  time  scale  was 
placed  on  the  chart  and  the  relative  propagation  velocity  for  a  ship  speed  of  16 
knots  was  found  to  be  about  86  ft/sec  [10]. 

By  using  this  trace  as  an  excitation  function,  the  pitch  angle  and  bending 
moment  obtained  from  the  analog  computer  analysis  could  be  compared  with 
corresponding  full  scale  traces.  An  important  advantage  of  the  use  of  a  discrete 
wave  train  over  the  use  of  a  statistically  random  wave  train  is  that  it  provides  a 
simple  means  for  comparing  solutions  when  the  parameters  describing  the  sys¬ 
tem  are  varied. 

For  the  random  sea,  the  surface  was  represented  as  a  randomly  varying 
profile  with  specified  statistical  properties  similar,  for  example,  to  those  de¬ 
duced  for  ESSEX  environment  or  for  those  associated  with  a  fully -developed 
Neumann  sea  as  generated  by  a  30  knot  or  a  50  knot  wind.  The  rms  value  of 
wave  height,  (yw)RMS>  was  computed  from  the  formula 

(yw)KMs  =  (13) 


where  E  is  the  integral  of  the  power  spectral  density  function.  The  mean  value 
of  peak-to-peak  wave  height  is  approximately  equai  to  2.8  times  the  rms  value. 
For  the  sea  state  corresponding  to  the  full  scale  data  (shown  in  Fig.  3),  the  con¬ 
tribution  to  the  integral  for  values  of  ^  below  0.25  was  ignored. 

The  velocity  of  propagation  of  sea  waves  was  an  important  parameter  in  the 
development.  The  propagation  speed,  c,  was  assumed  to  be  about  2/3  of  the 
value  associated  with  the  period,  Tw  ,  of  a  well-formed  wave  in  deep  water.  Thus 


c 


1  J_  T 
3  2-  * 


3.5  Tw 


(14) 


The  value  of  c  was  used  to  design  the  delay  line  wherein  the  relative  propaga¬ 
tion  velocity,  cr  (phase  velocity),  was  given  by  Eq.  (7)  as  before.  In  addition, 
the  frequency  scale  of  a  sea-fixed  power  spectral  distribution  is  increased  by 
the  factor  1  +  U  c  and  the  magnitude  of  the  function  decreased  by  the  factor 
l  (i  +  u  c)when  expressed  in  ship-fixed  coordinates.  The  wave  velocity  for  a 
particular  sea  state  was  chosen  to  correspond  to  the  frequency  at  the  peak  of  the 
power  spectral  density  function. 


Hull  Structure 

The  mathematical  model  of  the  hull  structure  for  elastic  and  rigid  body 
motions  in  a  single  plane  has  been  represented  by  a  set  of  five  differential  equa¬ 
tions:  a  vertical  force-per-unit-'ength  equation;  a  moment-per-unit-length 
equation,  a  geometrical  relation  and  two  fundamental  beam  equations  relating 
bending  moment  and  bending  rigidity  and  shear  force  and  shearing  rigidity. 
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V  =  -KAG  x  /3 
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shearing  shear 

rigidity  strain 
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(19) 


The  coordinate  system  used  for  the  equations  and  some  of  the  variables  are 
illustrated  in  Fig.  4. 


Fig.  4  -  Ship  Segment  Showing  Bending  and  Shear  Deflections 
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The  following  symbol  definitions  are  somewhat  more  detailed  than  would  be 
required  for  the  vibration  engineer. 

m  is  the  mass  per  unit  length.  The  mass  of  a  segment  of  length  would 
be  Ax  .  The  total  ship  mass  would  be  ^fix. 

cd  is  the  structural  damping  coefficient  per  unit  length  per  unit 
velocity. 

V  is  the  internal  shearing  force  at  any  cross-section.  Hence,  3V/3x 
is  the  rate  of  change  in  shearing  force  from  one  face  of  a  segment  to 
the  other,  i.e.,  from  station  to  station. 

P( x ,  t )  is  an  external  force  per  unit  length  which  is  the  resultant  of  the  verti¬ 
cal  force  acting  on  the  ship  at  the  segment  midpoint  or  along  the  seg¬ 
ment.  It  includes  ship  weight,  virtual  mass,  buoyancy  and  hydrody¬ 
namic  damping  as  well  as  wave  excitation. 

y  is  the  vertical  displacement  of  the  center  of  mass  of  the  segment 
from  a  reference  line  fixed  in  still  water. 

is  the  moment  of  inertia  or  rotary  inertia  per  unit  length  about  a 
transverse  axis  parallel  to  the  Z-axis  through  the  center  of  mass. 

7  is  defined  as  the  angle  of  rotation  of  a  cross-section  about  the  neu¬ 
tral  (transverse)  axis.  As  indicated  in  Fig.  4,  it  is  composed  of  an 
angle  yb  and  a  second  angle  which  by  inspection  is  found  equivalent 
to  the  pitch  angle  '!• .  It  is  not  considered  to  contain  the  shear  strain 
angle  0. 

7b  is  defined  as  the  angle  between  the  radius  of  curvature  of  the  longi¬ 
tudinal  axis  a  section  and  a  perpendicular  to  the  original,  non-curved 
longitudinal  axis  at  that  section.  The  derivative  =7b/2x  is  the  beam 
curvature.  The  angle  7b  may  be  considered  as  the  angle  of  rotation 
of  a  cross-section  about  a  transverse  (neutral)  axis  due  to  beam 
bending.  This  angle  therefore  measures  the  longitudinal  deformation 
in  the  fibres  of  the  segment  due  to  curvature  and  is  the  appropriate 
angle  in  the  beam  deflection  equation.  In  the  absence  of  a  pitch 
angle,  rb  equals  7,  and  in  the  absence  of  shear,  7  may  be  approxi¬ 
mated  by  cy/3x. 

0  is  defined  as  the  shear  strain  angle,  i.e.,  the  angle  whose  tangent  is 
the  shear  strain  divided  by  the  segment  length.  In  effect,  this  is  the 
angle  between  the  longitudinal  axis  without  shear  deformation  and  the 
longitudinal  axis  with  shear  deformation.  The  effects  of  shear  de¬ 
formation  are  not  considered  to  change  the  angle  of  rotation  of  the 
cross-section  but  are  considered  to  produce  an  incremental  change 
in  the  slope  of  the  longitudinal  axis. 

M  is  the  bending  moment  at  any  cross-section.  Hence,  3x  is  the 
change  in  bending  moment  across  the  segment. 
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3y/dx  is  the  beam  deflection,  i.e.,  the  slope  of  the  neutral  axis  of  the  ship 
at  any  cross-section  or  station  with  reference  to  the  horizontal  ref¬ 
erence,  x.  For  the  midstation,  this  value  is  equal  to  the  pitch 
angle,  P  . 

£  is  the  modulus  of  elasticity  at  any  cross-section. 

I  is  the  moment  of  inertia  of  any  cross-section  about  the  transverse 
axis. 

K  is  a  pseudo-empirical  constant  used  to  relate  the  shear  force  per 
area  and  the  shear  stress. 

A  is  the  total  cross-sectional  area  of  the  section. 

G  is  the  shear  modulus  of  rigidity. 

It  is  noted  that  Eq.  (16)  has  been  referred  to  as  the  "pitching  moment"  equa¬ 
tion.  This  designation  can  create  problems  in  understanding  for  those  who  are 
accustomed  to  associate  pitch  angle  with  rigid  body  motions.  It  may  also  be 
noted  that  in  Eq.  (16)  when  the  rotary  inertia  is  neglected,  the  shear  force  is 
seen  to  be  the  first  derivative  of  the  bending  moment  as  would  be  expected. 

The  above  equations  are  differential  equations,  as  distinct  from  difference 
equations  to  be  presented  later  in  this  section. 

To  be  compatible  with  the  computer  model,  further  revisions  of  these  equa¬ 
tions  are  required.  The  velocities  which  will  appear  as  outputs  in  the  computer 
are  represented  by  the  dot  notation;  Eqs.  (17)  and  (19)  are  combined  and  then 
differentiated  with  respect  to  time;  Eq.  (18)  is  also  differentiated  with  respect 
to  time;  the  space  derivative  V>b  rx  is  replaced  by  the  space  derivative  -•  rx 
since  the  space  derivative  of  the  other  component  of  ,  i.e.,  ' .  “rx  is  zero,  and 
the  terms  are  rearranged: 


*  cdy  -  —  -  Pfx.t  ) 

(20) 

—  -  I  — ^  -  V  0 

X  -z  -t 

(21) 

^  "  •  =  0 

x  KAu 

(22) 

—  -  EI  —  =  0 

-t  -x 

(23) 

It  is  also  necessary  to  approximate  the  space  derivatives  in  Eqs.  (20) 
through  (23)  by  the  following  finite  differences.  The  subscripts  indicate  the  sta¬ 
tions  where  values  of  the  variables  are  taken  and  applied. 
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(24) 


(2b) 


(2?) 


Thus,  the  differential  equations  of  motion  are  replaced,  after  multiplication  by 
Ax,  by  the  following  set  of  mixed  difference  differential  equations. 


L  £  <y)n.  £  -  ( cd"'-x )n *  y'y)n. 


(28) 

(29) 


m  .  i  -mi  -  n 

n  2  n  2 


^  ° 


/ux\  /dM  ■  .  •  n 

^K-\  ^ h.-±  /nM  '  (31) 

The  hull  characteristics  of  ESSEX  are  shown  in  Table  1.  The  mass  and 
stiffness  of  ESSEX  are  shown  in  Table  2.  As  shown  in  Fig.  5.  the  masses  of  the 
ship  were  lumped  at  all  of  the  21  stations.  (A  station  interval  was  41  feet.)  The 
bending  stiffness  was  evaluated  at  these  same  points  and  the  shear  stiffness  and 
rotary  inertia  were  evaluated  at  points  midway  between  the  stations. 


Table  1 

Hull  Characteristics  of  USS  ESSEX 

LBP  Length  between  Perpendiculars  in  feet-inches  820-0 

Displacement  in  tons  39,503 

H  Draft,  Design,  in  feet-inches  28-6 

B  Beam,  in  feet-inches  103-0 

Area  of  the  Midship  Section  in  square  feet  2880 

C^,  Midship  Section  Coefficient  0.981 

Cp  Prismatic  Coefficient  0.586 

Cb  Block  Coefficient  0.574 

Cwp  Water  Plane  Coefficient  0.724 
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Table  2 

Elastic  Properties  of  ESSEX 


Moment  of 

Shear 

Inertia 

Stiffness 

Station 

I  *  10'3 

m  z 

KAG  x  10- 5 

ton-sec  2/ft 

tons 
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Hydrodynamic  Forces 

"Hydrodynamic"  forces  of  three  types  were  considered:  hydrostatic  forces, 
including  ,ji  approximation  to  the  Smith  Correction;  damping  forces;  and  a  virtual 
mass  force.  It  may  be  noted  that  in  the  representation  the  forces  of  the  sea  are 
included  in  these  hydrodynamic  forces.  In  other  models  it  is  common  and  con¬ 
venient  to  represent  the  wave  forces  independently.  It  should  also  be  noted  that 
the  "forces"  used  in  the  computer  study  are  generally  forces  per  unit  length  and 
therefore  have  dimensions  of  pounds  per  foot  rather  than  pounds. 

The  external  "hydrodynamic"  force  per  unit  length,  Pfx.t),  includes  both 
the  hydrodynamic  and  hydrostatic  forces  and  may  be  represented  by  the  following 
equation. 


p  =  Pj  t  P2  -  p3  (32) 

where 

Pl  =  -Jp(mvVr)  (33) 


is  the  apparent  mass  term, 

P2  =  M  (b  +  J-)  -  ‘gA0  (34) 

is  the  buoyancy  term,  and 

h  --  -B(p)vr  (35) 

is  the  Laplace  transform  of  the  hydrodynamic  damping  term.  For  the  relative 
vertical  velocity  we  have 

Vr  =  af  (Yh  -  Yw)  =  gfr  (Yt)  (35) 


where  Yh  is  the  vertical  displacement  of  the  ship  and  Y»  is  the  vertical  dis¬ 
placement  of  the  sea  surface.  The  force  Pi  and  the  velocity  vr  in  the  above 
equations  are  expressed  in  terms  of  a  coordinate  system  moving  longitudinally 
in  an  oscillatory  manner  with  a  fluid  lamina.  This  force  is  expressed  in  terms 
of  a  coordinate  system  fixed  in  the  ship  by  the  following  transformation. 

X  -  (L-  -  u)  t  -  f 

(37) 

t’  =  t 


or 
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X  -  OJ-u)  t' 
t  t ' 


(38) 


Here  U  and  u  are  the  horizontal  velocities  of  the  ship  and  water  particle  respec¬ 
tively.  Note  that  u  is  not  the  wave  speed,  c. 

Transforming,  assuming  u  negligible,  and  rewriting  Eqs.  (33;  through  (36) 
we  obtain, 


(*vVr)  *  b  TTK.V r> 

(39) 

.  2  v2y 

(40) 

[cf v. )  -  iD^)]  Vr 

(41) 

-Y.  :  Y_ 

_  L  ~ 

(42) 

where:  rr,,  is  the  apparent  mass, 

A  is  the  area  of  the  submerged  portion  of  the  ship,  and 
\  is  the  area  at  the  still  waterline. 

For  convenience  of  analog  simulation,  the  buoyancy  and  virtual  mass  forces 
given  by  Eqs.  (39)  and  (40)  are  regrouped  into  a  sum  of  linear  terms,  PP ,  and  a 
sum  of  non-linear  terms,  Pa  .  These  two  sums  are 


p 


? 


A. 


C  -  f  .  2 


(43) 


P 


a 


-V 


-  ?  A-b,Y. 


(44) 


where: 


=  —  (45) 

A  -  A,  -  fcj V.  -  A  (46) 

The  term  -  is  the  added  mass  associated  with  the  still  waterline  and  =  is  the 

O 

time  varying  portion  of  the  added  mass.  The  term  bjY.  is  the  rectangular  area 
measured  from  the  still  waterline  to  the  actual  waterline  where  V.  is  the  dis¬ 
tance  from  the  still  waterline  to  the  actual  waterline,  and  A  is  the  dynamic  or 
non-linear  portion  of  the  buoyancy  force. 
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The  term  m  is  defined  by  the  following  relationships: 


for  vr  >  o 

(47) 

for  vr  <  0 

(48) 

Figure  6  illustrates  the  non-linear  portion  of  the  virtual  mass  term  as  a 
function  of  the  immersion.  Station  19  is  41  feet  aft  of  the  forward  perpendicular. 
The  displacement  y  is  from  the  mean  waterline.  The  curve  on  the  left  side  in¬ 
dicates  the  bow  going  down  into  the  water.  The  level  portion  indicates  submer¬ 
gence  of  the  carrier  flight  deck.  The  curve  on  the  right  side  indicates  the  bow 
emerging  from  the  water.  Termination  of  the  curve  at  about  28.5  feet  corre¬ 
sponds  to  the  keel  breaking  clear  of  the  water  surface  at  that  station.  Also 
shown  is  the  computer  approximation  to  the  mathematical  representation. 


Figure  7  illustrates  the  non-linear  portion  of  the  buoyancy  term. 


Bow  Fins 

For  some  parts  of  the  study  the  effects  of  a  set  of  rigid  anti-slamming  fins 
were  represented.  Each  fin  was  assumed  to  have  a  planform  area,  S,  of  750 
square  feet  with  a  mean  chord,  c„  ,  of  41  feet  (to  fit  segment  length  conveniently), 
and  a  span  of  about  18  feet  from  the  centerline.  The  fins  were  assumed  to  be 
located  with  the  quarter -chord  about  0.05  L  aft  of  the  bow  (station  19)  and  suffi¬ 
ciently  near  the  keel  so  as  to  be  submerged  at  all  times. 

The  hydrodynamic  force  exerted  by  the  fins  was  assumed  to  act  at  the 
quarter-chord  and  to  be  composed  of  a  lift  force,  P4a,  resulting  from  the  effec¬ 
tive  angle  of  attack  at  the  fin  and  a  virtual  mass  force,  P4b.  The  lift  force  was 
given  by 


P 


4a 


2- SC 


(49) 


where: 


is  the  mass  density  of  water, 
ur  is  the  relative  velocity  of  ship  and  wave  particle, 
C  is  a  Theodor  sen  function,  and 
=  e  is  the  effective  angle  of  attack. 


The  effective  angle  of  attack  is  given  by 


(50) 


where  -b  is  the  local  pitch  angle  of  the  bow  fins,  i.e.,  the  angle  between  the 
fixed  bow  fins  and  the  horizontal  reference.  X  .  It  will  be  noted  that  the  contribu¬ 
tion  to  the  angle  of  attack  from  ship  motion  was  represented  in  part  by  c_rb  2ur 
and  in  part  by  a  portion  of  the  term  yr  ur. 
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Fig.  6  -  Representation  of  Nonlinear  Portion  o:  Virtual  Mass 
Term  at  Station  18 
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Fig.  -  Representation  of  Nonlinear  Portion  o: 
Buoyancy  Term  at  Station  IS 
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The  virtual  mass  force  was  given  by  approximating  the  mass  of  a  cylinder 
of  revolution. 


V  c 

4  m  dc 


(51) 


The  total  hydrodynamic  force  representing  the  effect  of  the  bow  fins  was  there¬ 
fore  given  bv 


1 

2 


2u_ 


7  c*Sy'  (52) 


Assumptions 

The  assumptions  made  in  deriving  the  mathematical  model  are  the 
following: 

1.  Continuous  differential  operators  are  replaced  by  finite  difference 
operators. 

2.  The  ship  hull  and  surrounding  water  may  be  approximated  by  a  free-free 
beam  with  bending  and  shear  and  may  be  loaded  by  arbitrary  forcing  functions. 

3.  There  is  no  coupling  between  the  vertical  motion  and  horizontal  or  tor¬ 
sional  motion,  elastic  or  rigid  body  modes. 

4.  The  effects  of  local  flexibility,  structural  discontinuities,  concentrated 
mass,  hatch  openings  and  large  superstructures  may  be  ignored. 

5.  Structural  damping  has  a  Raleigh  distribution;  that  is,  it  is  proportional 
to  mass  and  velocity. 

6.  The  fluid  particle  velocity  does  not  decrease  with  depth. 

7.  The  fluid  lamina  at  a  station  or  cross-section  remains  plane  and  verti¬ 
cal,  containing  always  the  same  fluid  particle  at  the  surface;  thus  permitting  the 
assumption  of  two-dimensional  flow. 


COMPUTER  MODEL 

An  important  distinction  is  to  be  made  between  those  analog  computing  de¬ 
vices  that  perform  purely  mathematical  operations  such  as  integration  and  dif¬ 
ferentiation  and  those  in  which  a  physical  analogy  exists  between  the  currents  or 
voltages  of  various  branches  of  a  circuit  and  the  amplitudes  of  vibration  or  forces 
in  the  corresponding  mechanical  system.  The  former  are  called  operational 
analogs,  active  element  computers  or  electronic  differential  analyzers,  and  the 
latter  are  termed  network  analyzers,  passive  element  computers  or  direct  anal¬ 
ogy  computers. 
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Proponents  of  the  passive  network  computers  point  out  that  analysis  can  be 
simplified  and  questionable  mathematical  relations  bypassed  by  using  direct 
correspondence  between  elements  of  electrical  networks  and  elements  of  the 
mechanical  system.  Proponents  of  the  active  element  computers  maintain  that 
adjustable  passive  elements  are  very  costly,  that  the  study  results  are  much 
more  dependent  upon  the  characteristics  of  the  computer,  and  that  while  thepri- 
mary  property  of  an  element  in  a  physical  system  may  be  ideally  analogous  to 
the  primary  property  of  an  element  in  an  electrical  network,  secondary  effects 
in  the  two  supposedly  analogous  elements  may  depart  from  the  ideal  in  radi¬ 
cally  different  ways. 

Much  of  the  rigid  body  motion  studies  which  have  been  performed,  have  been 
conducted  using  operational  analog  computers.  Most  of  the  elastic  motion  stud¬ 
ies  including  vibration  surveys  have  been  conducted  on  passive  networks. 

The  Computer  Engineering  Associates,  Inc.,  have  developed  a  passive  net¬ 
work  computer  to  which  has  been  added  a  considerable  amount  of  operational 
amplifier  units. 


Environment 

The  computer  model  of  the  environment  consisted  primarily  of  a  "wave- 
maker"  circuit  and  a  delay  line. 

The  wave-maker  circuit  provides  for  three  different  types  of  signals: 
steady  state  sine  waves,  a  wave  train  with  specified  time  history,  and  a  random 
signal  with  specified  statistical  properties.  A  simple  wave-maker  circuit  is 
shown  in  Fig.  8. 

The  steady  state  sine  waves  are  generated  by  an  audio  oscillator  with  man¬ 
ual  frequency  control.  In  the  previous  section  it  was  seen  that  computation  of  the 
displacement  and  hydrodynamic  forces  requires  the  height  oi  the  wave  surface 
profile,  the  horizontal  and  vertical  components  of  the  fluid  particle  velocities 
and  the  vertical  accelerations  of  the  particle.  From  Eqs.  (9)  through  (12)  we  see 
that  these  quantities  can  be  obtained  as  the  sum  of  sine  and  cosine  components 
at  the  appropriate  frequencies. 

The  discrete  wave  train  is  generated  by  a  photoformer  which  is  a  device  ior 
generating  a  voltage  signal  of  any  desired  form  in  a  finite  interval  of  time.  The 
photoformer  makes  use  of  a  cathode  ray  oscilloscope  and  a  mask  on  which  the 
desired  function  is  drawn.  Since  the  input  to  the  delay  line  is  the  time  deriva¬ 
tive  of  wave  height,  a  differentiator  was  placed  between  the  output  of  the  photo¬ 
former  and  the  input  to  the  delay  line.  The  transfer  function  of  the  differenti¬ 
ator  has  the  form  p  ri  -  tp),  where  t  is  chosen  to  reduce  the  magnitude  of  high 
frequency  components.  It  was  necessary  to  use  fairly  large  values  of  t  to  pre¬ 
vent  a  spurious  excitation  of  the  lowest  fundamental  mode. 

The  basic  component  in  the  simulation  of  a  random  sea  is  a  random  noise 
generator.  This  device  produces  a  voltage  signal  with  a  constant  power  spectral 
density  over  a  very  broad  spectrum  (from  20  cps  to  20.000  cps  in  the  model  used 
in  the  analysis),  and  a  Gaussian  distribution.  The  desired  power  spectrum  is 
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Fig.  8  -  Wave  Maker  Circuit 


then  produced  by  connecting  the  noise  generator  to  an  electrical  filter.  The 
power  spectral  density  of  the  output  of  the  filter  is  related  to  the  power  spectral 
density  of  the  input  as  follows: 

=0(~>  =  Ali->2  :i(->  (53) 

where  A(iu)  is  the  absolute  value  of  the  filter’s  transfer  function  for  p  -  i_. 
Since  =j(i)  is  a  constant,  Eq.  (54)  gives  the  design  equation  of  the  filter. 


A(i^)  =  y  c0(_)  (54) 


The  power  spectral  density  functions  (such  as  is  shown  in  Fig.  3)  display  a 
single  relatively  narrow  peak,  similar  to  the  transfer  function  of  the  simple 
L-R-C  circuit  shown  in  Fig.  8.  The  peak  response  of  such  a  filter  occurs  near 
u  =  l  \LC,  and  the  band  width  between  half-power  points  is  =  R  ,cT.  In 
each  case  a  peaking  filter  having  the  correct  peak  frequency  and  band  width  was 
set  up  on  the  computer  and  tested.  Adjustments  were  then  made  to  the  constants 
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in  the  peaking  filter  and  in  the  accompanying  low -pass  filter  so  as  to  satisfy  Eq. 
(54)  experimentally.  A  typical  comparison  of  the  square  of  the  filter  transfer 
functions  with  the  desired  power  spectral  density  functions  is  shown  in  Fig.  3. 
The  main  purpose  of  the  low -pass  filter  is  to  attenuate  frequency  components 
near  the  bending  modes  of  the  ship.  As  for  the  discrete  wave  train,  large  atten¬ 
uation  is  required  in  order  to  prevent  a  spurious  excitation  of  the  lowest  funda¬ 
mental  mode  at  high  frequencies.  The  ratio  of  peak  power  spectral  density  to 
the  power  spectral  density  at  the  first  bending  mode  was  made  equal  to  106,  with 
satisfactory  results. 

The  purpose  of  the  delay  line  is  to  represent  the  passage  of  the  wave  crest 
from  stem  to  stern.  The  wiring  diagram  for  the  delay  line  is  shown  in  Fig.  9 
(Fig.  15  of  [7]).  At  low  frequencies  the  delay  line  produces  a  uniform  time  delay 
between  modes  without  appreciable  attenuation  or  distortion.  The  time  delay  per 
section  is  equal  to  \tic .  In  order  to  prevent  reflections  the  line  is  terminated  at 
both  ends  with  resistors  whose  value  R  =  v'  L/C.  L  and  C  are  computed  as  follows: 


—  ,  R 

Nur 

(55) 

Lx  l 

Nur  R 

(56) 

where:  N  is  a  scale  factor  equal  to  the  ratio  of  electrical  frequency  to  mechani 
cal  frequency. 


Tiine  Delay  rer  SecMon  •  \J  1C 


Fig.  9  -  Simple  Delay  Line 


The  delay  line  has  a  cut-off  frequency  in  mechanical  units  equal  to  2ur  Lx. 
Signals  at  frequencies  above  this  limit  are  severely  attenuated  and  signals  at 
frequencies  near  the  limit  are  severely  distorted.  At  each  output  station  along 
the  delay  line  an  amplifier  is  employed  as  an  output  transducer  to  prevent  load¬ 
ing  of  the  delay  line  by  the  remainder  of  the  circuit. 
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In  the  present  analysis  considerable  attention  was  given  to  the  selection  of 
the  frequency  scale  (actor,  n,  defined  above.  In  a  conventional  vibration  analy¬ 
sis,  the  electrical  frequency  of  the  lowest  bending  mode  would  be  chosen  to  occur 
near  100  cps  since  this  gives  optimum  values  of  inductors  and  capacitors.  This 
selection  would  be  poor  in  the  present  analysis  because  the  peak  in  the  power 
spectrum  of  the  sea  occurs  at  a  frequency  roughly  equal  to  l/10th  of  the  lowest 
bending  mode  of  the  ship.  The  corresponding  electrical  frequency  would  be  10 
cps  which  is  well  below  the  range  of  good  computer  accuracy. 

The  frequency  scale  factor  was  made  equal  to  628  which  converts  a  mechan¬ 
ical  frequency  of  1  rad/sec  into  an  electrical  frequency  of  100  cps.  With  this 
scaling  the  lowest  bending  mode  occurs  near  470  cps  and  the  peak  of  the  power 
spectrum  of  the  sea  occurs  near  50  cps.  The  rigid  pitch  and  heave  frequencies 
of  the  ship  occur  near  80  cps. 

The  simulation  of  a  dispersive  wave  propagation  was  attempted  but  was 
found  unworkable  because  the  number  of  electrical  elements  required  for  good 
simulation  appeared  to  be  prohibitive  and  knowledge  of  the  proper  method  of  ter¬ 
minating  such  a  delay  line  was  lacking. 


Hull  Structure 

Two  models  of  the  ship  structure  were  studied,  the  conventional  finite  dif¬ 
ference  beam  analogy  using  20  segments  and  a  Russell  beam  analogy  using  9  seg¬ 
ments.  Equations  (28)  through  (31)  presented  in  the  previous  section  to  represent 
the  ship  structure  are  shown  in  Fig.  10  together  with  the  analogous  electrical 
circuit  equations  for  the  finite  difference  beam  analogy.  In  this  particular  sys¬ 
tem,  mass  is  analogous  to  capacitance  and  the  network  is  termed  a  "Mobility 
Analog."  The  relation  between  the  circuit  elements  and  the  mechanical  proper¬ 
ties  are  shown  in  Table  3. 


Table  3 

Relations  between  Mechanical  and  Electrical  Systems 


Mechanical  System  Electric  Analog 

Translational 

Rotational  Mobility 

Force  (F) 

Velocity  v.  4^- 

'  ,  at  / 

Mass  (tr,,_ix ) 

Compliance  ^ 

1  Damping  (clxl 

Torque  or  Moment  M  Current  i 

Angular  Velocity  •  Voltage  e 

Rotational  Inertia  I  )  Capacitance  C 

Rotational  Compliance  =|-)  Inductance  L 

Rotational  Damping  c'l-.  Conductance  4 

- 1 
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Fig.  10  -  Electrical  and  Mechanical  Representation  of  Ship  Structure 


Figure  10  shows  two  stations  of  the  complete  20  station  analog.  Equation  (1) 
of  this  figure  (Eq.  (28)  in  the  paper)  can  be  considered  as  a  node  current  equa¬ 
tion.  Thus  the  difference  in  currents  at  the  two  ends  of  the  upper  or  "shear” 
transmission  line  must  equal  the  current  flowing  from  the  shear  line  to  ground. 
Equation  (2)  can  also  be  considered  a  node  current  equation.  In  the  moment  line, 
four  currents,  M6  ,  M4,  V5  (through  the  transformer  winding  which  is  coupled  to 
the  shear  line)  and  /5(l^ix)5  through  the  capacitance,  must  equate  to  zero  at  the 
node.  Equation  (3)  gives  the  voltage  drop  between  adjacent  node  pairs,  i.e.,  the 
voltage  drop  in  the  inductance  is  equal  to  the  inductance  times  the  rate  of  change 
of  current.  Equation  (4)  also  gives  the  voltage  drop  between  adjacent  node  pairs. 
Since  the  voltage  drop  in  the  winding  of  the  transformer  in  the  shear  line  is  lx 
times  the  voltage  across  the  other  winding,  •  ,  and  since  the  voltage  drop  in  the 
inductance  is  equal  to  (lx  XAG)V,  Eq.  (4)  is  represented. 

In  ordei  that  the  boundary  conditions  of  the  free-free  hull  are  satisfied  in 
the  analog,  the  shear  and  moment  lines  are  isolated  at  the  ends  to  make  V  =  M  -  0 
at  these  points. 

The  driving  force,  P(x,t)lx,  must  be  inserted  at  the  node  marked  as  a  cur¬ 
rent.  Greenberg  points  out  that  it  is  advantageous  to  have  this  current  relatively 
independent  of  the  load.  The  outputs  are  vertical  velocities  represented  by  the 
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voltage  at  the  node  y4  ,  y6.  These  velocities  are  used  in  the  calculation  of  the 
hydrodynamic  forces.  The  velocities  may  also  be  integrated  to  determine  the 
elevation  of  each  station  from  the  equilibrium.  Other  outputs  are  shear  force 
and  bending  moments  as  currents. 

The  proportionality  between  the  analog  and  me  anical  quantities  can  be 
varied  by  a  ratio  of  100  to  1  in  time.  The  scale  factor  ratio  between  beam  slope 
and  translation  was  chosen  so  that  the  transformer  ratio  for  a  41  foot  section  is 
5.0.  A  large  ratio  such  as  this  tends  to  increase  the  values  of  the  inductors  in 
the  beam  bending  circuit. 

Other  scale  factors  were  selected  so  that: 

1  mass  unit  (ton-sec  2/ft)  -  0.005  microfarad 
1  unit  of  bending  flexibility  -  0.02131  *  109  henries 
507.1  tons  of  force  -*  1  milliampere 
1  ft/sec  translational  velocity  -  0.C28  volts 
104,000  ft-tons,  bending  moment  -  1  milliampere 

The  scale  factors  gave  reasonable  values  of  passive  electrical  elements  and 
good  signal  levels  throughout  the  system. 

The  Russell  beam  analogy  used,  shown  in  Fig.  11,  is  identical  in  appearance 
to  the  finite  difference  analogy  used  in  [1]  but  differs  in  the  magnitudes  of  the  in¬ 
ductors.  The  advantage  of  the  Russell  beam  analogy  over  the  finite  difference 
analogy  is  that  the  Russell  rigorously  defines  the  elastic  behavior  of  the  beam 
when  loads  are  applied  only  at  the  ends  of  the  beam  segments. 


18.5 


12 


L  l  n»ar 


15 


17 


I? 


*»  jo  I J  -'car 


l i» I ts  Of 

Forcas 


Forces 


'ydre 


Fig.  11  -  Ship  Siaiions  Used  in  Rjssell  Beam  Analogy 


By  using  the  Russell  beam  analogy  it  was  possible  to  represent  the  ship  by  a 
9  segment  beam  rather  than  by  the  20  segment  finite  difference  beam  representa¬ 
tion.  The  chief  advantage  of  using  fewer  cells  lies  in  the  ability  to  obtain  lower 
equivalent  structural  damping  in  the  passive  analogy.  The  pitching  inertia  capac¬ 
itors  were  not  included  in  the  analogy  because  they  were  found  to  be  of  negligible 
magnitudes. 
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Generation  of  Hydrodynamic  Forces 

The  buoyancy  and  virtual  mass  force  expressions  were  combined  for  con¬ 
venience  into  a  sum  of  linear  terms,  Pp  ,  given  by  Eq.  (43)  and  a  sum  of  non¬ 
linear  terms,  Pa ,  given  by  Eq.  (44). 

In  the  force,  Pp  ,  the  linear  virtual  mass  force  at  a  particular  station  was 
generated  by  a  capacitor  and  the  Smith  correction  was  obtained  by  a  transformer. 

The  force,  Pa,  is  generated  by  operational  amplifiers.  Three  amplifiers, 
one  an  integrator,  are  required  per  segment.  Changes  in  speed  require  an  ad¬ 
justment  of  the  potentiometers.  The  terms  are  combined  by  means  of  a  summing 
current  generator  circuit  and  are  inserted  into  the  hull,  structure  as  a  reversed 
current  flow  through  a  transformer. 

The  hydrodynamic  damping  force  from  Eq.  (41)  may  be  written  as 

P,  =  [CM  •  IBM]  ?,  -  v,„ ,|7]  ■  v„  (51) 

The  circuit  equations  are: 

i  =  *i  T  i2  (58) 


(59) 

(60) 

(61) 

(52) 

(63) 

(64) 
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now  let 


R,,C 


1 1*-!  1 


and 


R12C11  -  t2 


therefore 


(65) 


which  agrees  with  Eq.  (57). 


Bow  Fins 

Before  simulating  the  bow  fin  hydrodynamic  force,  p.  ,  shown  in  Eq.  (52), 
the  investigators  multiplied  the  last  term  in  Eq.  (52)  by  the  Theodorsen  function, 
Cp.  The  bow  fin  force  was  represented  as  a  total  force  acting  at  station  19  and 
given  by 


(66) 


The  first  term  of  Eq.  (66)  was  simulated  by  means  of  a  circuit  containing  opera 
tional  amplifiers.  The  last  term  was  simulated  passively  by  means  of  a 
capacitor. 


Assumptions 

The  assumptions  made  in  deriving  the  mathematical  model  have  been  listed 
in  the  previous  section.  The  approximations  that  were  made  in  deriving  the  ana¬ 
log  model  of  these  equations  are  the  following. 

1.  The  horizontal  particle  velocity,  u,  is  assumed  to  be  zero. 

2.  The  surface  of  the  sea  is  represented  by  a  wave  train  all  of  whose  fre¬ 
quency  components  travel  with  the  same  velocity;  in  general,  the  velocity  of  a 
wave  component  is  inversely  proportional  to  its  frequency.  For  the  simulation 
of  a  random  sea,  the  velocity  of  propagation  is  chosen  to  correspond  to  the  fre¬ 
quency  at  which  the  power  spectral  density  is  a  maximum. 

3.  Non-linear  virtual  mass  and  buoyancy  terms  are  approximated  by  quad¬ 
ratic  and  cubic  functions  of  the  relative  displacement  yr.  The  coefficients  in 
these  approximations  are,  in  general,  different  for  yr  positive  and  vr  negative. 
The  dependence  of  the  virtual  mass  upon  the  direction  of  the  relative  velocity  is 
obtained  by  assuming  that 


974 


Computer  Modeling  of  the  Elastic  Response  of  Ships  to  Sea  Loads 


=  mi  (y)r 

for  y  r  >  0 

(67) 

-  m2  (y)r 

for  yr  „  0 

(68) 

4.  Hydrodynamic  damping  is  represented  by  the  following  Laplace  trans¬ 
form  operator 


P  =  -BfD)yr  (69) 

The  real  part  of  the  transfer  function  for  p  =  iu,  is  the  damping  coefficient.  It 
is  approximated  by  an  analytical  function  so  as  to  give  a  good  approximation  to 
the  damping  curves  described  previously.  It  should  be  noted  that  the  imaginary 
part  cf  the  transfer  function  gives  a  force  that  is  out  of  phase  with  the  relative 
velocity.  This  out-of-phase  component  cannot  be  eliminated  in  an  electrical  cir¬ 
cuit  representation  and  for  minimum  reactance  networks  is  uniquely  determined 
by  the  real  part. 


MODEL  CHECKS  AND  MODIFICATIONS 

Computations  were  made  for  the  rigid  body  and  elastic  response  of  ESSEX 
to  four  types  of  excitation:  a  simple  harmonic  driving  force  to  obtain  the  normal 
modes,  a  sinusoidal  sea  wave,  a  discrete  wave  train  modeled  from  a  measured 
wave  history,  and  a  random  sea  which  specified  statistical  properties. 

The  basic  information  obtained  for  harmonic  and  sinusoidal  inputs  were  am¬ 
plitude  and  phase  measurements  at  the  various  stations  as  read  on  an  oscillo¬ 
scope.  Photographs  were  taken  of  the  oscilloscope  screen  for  analysis  of  tran¬ 
sient  and  non-linear  responses  and  peak  values  and  rms  values  were  obtained. 

An  electronic  counter  was  also  used  to  measure  frequency,  phase  angle  and  time 
increments.  Rigid  body  motions  were  represented  by  the  vertical  acceleration 
at  station  11  (heave)  and  the  ''deflection1'  angle  at  station  10  (pitch).  The  midship 
bending  moment  was  determined  at  station  10. 


Normal  Modes 

The  response  of  the  ship  to  a  simple  harmonic  driving  force  of  varying  fre¬ 
quency  was  used  to  determine  the  vibratory  modes.  These  modes  were  deter¬ 
mined  primarily  for  the  purpose  of  checking  the  linear  portions  of  the  ship  model 
The  completeness  of  the  linear  model  examined  is  indicated  by  Tables  4  and  5. 
For  the  cases  where  buoyancy  and  hydrodynamic  damping  were  omitted,  but  vir¬ 
tual  mass  was  included,  MacNeal  reports  that  the  frequency  of  the  lowest  struc¬ 
tural  mode  was  checked  to  within  1  percent  by  an  energy  method.  However, 
when  the  20  segment  finite  difference  beam  analogy  was  used,  the  frequency  was 
about  12  percent  lower  than  the  response  of  ESSEX  during  sea  trials,  and  a  corn- 
computer -induced  damping  was  obser\ed.  This  computer -imposed  damping  was 
about  twice  as  high  in  the  non-damping  case  as  that  evidenced  in  ESSEX  sea 
trials.  When  the  9  segment  Russell  beam  analogy  was  used,  the  scaling  changes 
made  possible  by  the  reduced  number  of  segments  accomplished  a  reduction  in 
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Table  4 

Natural  Frequencies  from  Finite  Beam  Analogy 


Case 

Mode 

Frequency 

Damping 

Buoyancy 

Hydro. 

No 

(cps) 

(%  Critical) 

Force 

Damping 

1 

1 

0.734 

2.0 

2 

1.37 

2.0 

No 

No 

3 

2.07 

2.2 

2 

Heave 

0.128 

1.2 

Pitch 

0.144 

1.1 

1 

0.744 

1.6 

Yes 

No 

2 

1.37 

1.7 

3 

2.07 

2.3 

3 

Heave 

0.139 

21.2 

Pitch 

0.158 

22.5 

1 

0.750 

1.9 

Yes 

Yes 

2 

1.37 

1.9 

3 

2.08 

2.3 

ESSEX 

Heave 

0.105 

Pitch 

Yes 

Yes 

1 

0.87 

the  inherent  damping.  However,  the  computer-induced  damping  for  the  first 
mode  of  the  no -damping  case  was  still  about  as  large  as  that  exhibited  by  ESSEX 
(with  damping,  of  course). 

The  inclusion  of  buoyancy  forces  produced  little  change  in  the  lowest  struc¬ 
tural  mode  but  produced  rigid  body  heave  and  pitch.  One  of  the  properties  of  sig¬ 
nificance  in  the  normal  mode  treatment  is  that  of  orthogonality.  The  orthogonal- 
ity  of  the  heave  and  pitch  modes  was  checked  both  with  regard  to  kinetic  energy 
and  with  regard  to  potential  energy.  The  heave  mode  was  observed  to  include  a 
considerable  amount  of  pitching  motion,  and  the  mode  shape  was  found  to  be  very 
sensitive  to  small  changes  in  the  relative  locations  of  the  total  buoyancy  force 
and  the  center  of  mass  of  tne  ship. 


The  inclusion  of  hydrodynamic  damping  was  found  to  have  little  effect  on  the 
elastic  modes  of  the  ship  although  the  rigid  body  modes  were  substantially 
damped.  For  the  20  segment  model,  heave  and  pitch  frequencies  of  0.139  and 
0.158  cps  were  obtained.  For  the  9  segment  model,  frequencies  of  0.123  and 
0.138  were  obtained.  This  appears  to  be  an  improvement  for  the  ship  structure 
since  esdmated  natural  heaving  and  pitching  frequencies  of  ESSEX  are  0.105  and 
0.11  cps.  However,  the  differences  produced  by  going  from  one  model  to  the 
other  are  larger  than  the  change  in  natural  frequency  produced  by  the  inclusion 
of  the  damping  term ! 
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Table  4 

Natural  Frequencies  from  Finite  Beam  Analogy 


Case 

Mode 

Frequency 

Damping 

Buoyancy 

Hydro. 

No 

(cps) 

(%  Critical) 

Force 

Damping 

1 

1 

0.734 

2.0 

2 

1.37 

2.0 

No 

No 

3 

2.07 

2.2 

2 

Heave 

0.128 

1.2 

Pitch 

0.144 

1.1 

1 

0.744 

1.6 

Yes 

No 

2 

1.37 

1.7 

3 

2.07 

2.3 

3 

Heave 

0.139 

21.2 

Pitch 

0.158 

22.5 

1 

0.750 

1.9 

Yes 

Yes 

2 

1.37 

1.9 

3 

2.08 

2.3 

ESSEX 

Heave 

■B . . 

Pitch 

BSQI 

Yes 

Yes 

1 

m&m 

the  inherent  clamping.  However,  the  computer-induced  damping  for  the  first 
mode  of  the  no-damping  case  was  still  about  as  large  as  that  exhibited  by  ESSEX 
(with  damping,  of  course). 

The  inclusion  of  buoyancy  forces  produced  little  change  in  the  lowest  struc¬ 
tural  mode  but  produced  rigid  body  heave  and  pitch.  One  of  the  properties  of  sig¬ 
nificance  in  the  normal  mode  treatment  is  that  of  orthogonality.  The  orthogonal¬ 
ity  of  the  heave  and  pitch  modes  was  checked  both  with  regard  to  kinetic  energy 
and  with  regard  to  potential  energy.  The  heave  mode  was  observed  to  include  a 
considerable  amount  of  pitching  motion,  and  the  mode  shape  was  found  to  be  very 
sensitive  to  small  changes  in  the  relative  locations  of  the  total  buoyancy  force 
and  the  center  of  mass  of  the  ship. 

The  inclusion  of  hydrodynamic  damping  was  found  to  have  little  effect  on  the 
elastic  modes  of  the  ship  although  the  rigid  body  modes  were  substantially 
damped.  For  the  20  segment  model,  heave  and  pitch  frequencies  of  0.139  and 
0.158  cps  were  obtained.  For  the  9  segment  model,  frequencies  of  0.123  and 
0.138  were  obtained.  This  appears  to  be  an  improvement  for  the  ship  structure 
since  estimated  natural  heaving  and  pitching  frequencies  of  ESSEX  are  0.105  and 
0.11  cps.  However,  the  differences  produced  by  going  from  one  model  to  the 
other  are  larger  than  the  change  in  natural  frequency  produced  by  the  inclusion 
of  the  damping  term! 
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Table  5 

Natural  frequencies  from  Russell  Beam  Analogy 


Case 

Mode 

No 

Frequency 

(cps) 

Damping 
(%  Critical) 

Bow 

Fin 

Buoyancy 

Force 

Hydro. 

Damping 

1 

1 

0.709 

sub 

2 

1.27 

No 

No 

3 

1.80 

m . 

2 

1 

0.636 

1.2 

2 

1.18 

1.2 

Yes 

No 

No 

3 

1.72 

1.2 

3 

Heave 

0.123 

V  1 

Pitch 

0.138 

1 

1 

0.714 

No 

Yes 

No 

2 

1.27 

1.2 

3 

1.4 

4 

Heave 

0.117 

Pitch 

0.133 

1 

0.644 

0.8 

Yes 

Yes 

No 

2 

1.18 

1.4 

3 

1.72 

1.2 

5 

Heave 

24.0 

Pitch 

0.156 

1 

0.719 

1.3 

No 

Yes 

Yes 

2 

1.27 

1.3 

3 

1.3 

6 

Heave 

0.130 

24.2 

Pitch 

0.149 

21.0 

1 

0.643 

1.4 

Yes 

Yes 

Yes 

2 

1.18 

1.2 

3 

1.72 

1.2 

_ 

_ 

_ 

Sinusoidal  Inputs 

The  response  of  the  ship  to  a  steady  state  sinusoidal  sea  was  obtained  to 
further  check  the  linear  model  of  the  ship  and  in  particular,  the  delay  line,  and 
to  examine  the  conditions  associated  with  large  bow  immersions  and  the  effects 
of  methods  of  slam  reduction. 

A  comparison  of  the  magnitude  of  the  wave  height,  yw ,  at  segments  3,  11, 
and  19  is  a  measure  of  the  proper  functioning  of  the  delay  line.  The  results  in 
Table  6  showed  that  the  delay  line  functioned  well  for  frequencies  (in  sea-fixed 
coordinates)  up  to  about  0.70  rad/sec  for  ship  speed  of  16  knots.  The  band 
width  of  satisfactory  performance  of  the  delay  line  was  larger  when  the  ship's 

»  UO  ItigUCl  • 
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Table  6 

Ship  Response  to  Sinusoidal  Excitation 


Case 

4 

5 

CO 

0.46 

0.25 

0 0* 

0.6376 

0.3025 

Phase 

Phase 

Quantity 

Segment 

Units 

Mag. 

Angle 

Mag. 

Angle 

(Lagging) 

(Lagging) 

3 

ft 

9.80 

257 

9.76 

ITSKKi 

11 

9.95 

125 

10.0 

mm  i 

19 

10.30 

0 

9.97 

0 

yr 

ft 

4.20 

184 

0.71 

73 

4.95 

355 

0.33 

245 

3.20 

320 

0.34 

241 

15 

7.46 

143 

0.598 

57 

17 

15.00 

128 

1.60 

50 

19 

22.80 

116 

2.77 

47 

Vh 

11 

g's 

300 

236 

10.5 

degrees 

2.67 

78 

316 

— 

2.5 

tons 

517.00 

351 

94.3 

244 

WSm 

15.5 

614.00 

289 

72.5 

224 

■  4 

17.5 

674.00 

289 

86.2 

218 

19.5 

273.00 

276 

44.6 

212 

Bend 

4 

ft-tons 

86.3  x  103 

324 

9.88  x  103 

262 

Moment 

8 

279.0  x  103 

310 

32.8  x  103 

233 

10 

304.0  »  103 

302 

35.5  x  io3 

226 

12 

260.0  x  io3 

293 

31.4  x  103 

221 

16 

66.0  -  103 

282 

11.5  x  103 

196 

Introduction  of  non-linear  terms  showed  a  significant  increase  in  amplitude 
of  the  elastic  modes;  however,  this  was  found  to  be  caused  by  a  resonance  of  the 
lowest  elastic  mode  due  again  to  the  inherent  computer  characteristics. 

The  effect  of  removing  the  mass-transport  terms  in  the  expression  for  vir¬ 
tual  mass  was  found  to  be  small  for  ship  speed  of  16  knots.  A  larger  effect  was 
observed  at  a  higher  speed. 


Discrete  Wave  Train 

The  response  of  ESSEX  to  a  train  of  waves  with  a  specified  time  history  and 
preceded  by  a  long  period  of  calm  was  computed  to  check  the  complete  model  as 
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well  as  to  provide  another  method  of  determining  the  effects  of  changes  in  system 
parameters.  The  discrete  wave  train  is  shown  in  Fig.  12. 

The  two  sets  of  curves  show  a  remarkable  but  somewhat  misleading  agree¬ 
ment  in  magnitude  and  character.  In  order  to  obtain  agreement  in  magnitude 
shown  for  the  pitch  angles,  MacNeal  found  it  necessary  to  use  peak-to-peak  wave 
height  of  33  feet  rather  than  the  25  feet  measured  in  [8]  and  suggested  that  meas¬ 
urement  of  wave  heights  at  sea  are  relatively  inaccurate.  As  noted  previously, 
the  wave  profile  also  had  to  be  smoothed  in  order  to  get  the  right  magnitude  of 
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the  bending  moment.  For  the  purposes  of  comparison,  therefore,  the  ordinates 
of  the  analog  wave  height  were  multiplied  by  0.07  before  being  plotted  in  Fig.  12. 
Apparently  the  severe  slamming  pulses  at  the  bow  occur  at  a  lower  value  of  wave 
height  for  the  actual  ship  than  they  do  for  the  analog  computer  model.  MacNeal 
suggests  that  a  possible  explanation  of  this  discrepancy  is  that  the  slamming 
pulses  are  significant  for  only  about  the  first  ten  percent  of  the  length  of  the  ship. 
And  since  only  one  analog  computer  cell  is  located  in  this  region,  at  a  point  five 
percent  aft  of  the  forward  perpendicular,  therefore  the  slamming  effect  is  under¬ 
estimated  and  perhaps  somewhat  blunted  because  of  the  bow  overhang. 

Notwithstanding  these  adjustments,  the  general  agreement  in  magnitude  and, 
in  particular,  in  the  frequency  of  the  bending  moment  is  considered  a  significant 
correlation  between  computer  and  full  scale,  using  only  the  measured  sea  as  an 
input. 


THE  ELASTIC  RESPONSE  OF  SHIPS  TO  SEA  LOADS 

Although  the  main  objectives  of  the  study  were  to  develop  and  verify  a 
method  for  analog  computer  simulation  of  the  motions  and  stresses  at  sea,  ex¬ 
ploratory  studies  were  also  made  to  learn  more  about  the  elastic  response  of 
ships  like  ESSEX  to  sea  loads.  Interesting  information  was  obtained  on  the  na¬ 
ture  of  bow  flare  slamming,  on  the  effects  or  lack  of  effects  resulting  from  bow 
fins,  and  on  relations  between  bow  immersion,  wave  crest  height  and  wave- 
induced  and  whipping  components  of  the  bending  moment. 

A  small  portion  of  the  results  obtained  in  the  studies  are  presented  for  the 
purpose  of  illustrating  the  usefulness  of  the  computer  model  when  fully  developed. 


Nature  of  Bow  Flare  Slamming 

One  result  of  the  investigations  of  shin  response  concerned  the  nature  of  the 
mechanism  of  bow  flare  slamming.  The  high  values  of  bending  moment  observed 
in  bow  flare  slams  on  ESSEX  apparently  were  the  results  of  a  double  resonance. 
One  resonance  occurs  between  a  "triplet"  pulse  representing  the  unsteady  pres¬ 
sure  forces  accompanying  bow  immersion,  and  the  lowest  elastic  mode  of  the 
ship,  about  52  cpm. 

Figure  13  illustrates  this  triplet  pulse.  The  shape  of  the  pulse  was  derived 
from  an  elementary  consideration  of  the  form  of  the  non-linear  virtual  mass  ex¬ 
pression  used  in  the  model.  As  may  be  seen,  the  velocity  of  bow  immersion  is 
the  time  derivative  of  the  immersion.  The  non-linear  portion  of  the  virtual  mass 
is  represented  as  shown.  The  discontinuity  indicates  that  the  virtual  mass  term 
used  herein  depends  upon  the  direction  of  flow  as  well  as  the  ship  form.  This  to 
some  extent  reflects  the  rise  of  water  on  the  hull  accompanying  emergence.  The 
virtual  momentum  is  of  course  the  product  of  the  velocity  and  the  "mass."  Fi¬ 
nally,  the  time  derivative  of  the  momentum  yields  a  force  which  reflects  the  non¬ 
linear  portion  of  the  virtual  mass  and  which  has  a  triplet  pulse  shape.  As  stated 
previously,  the  period  of  this  pulse  was  found  to  approach  the  lowest  elastic 
period  of  ESSEX  and  thereby  to  approach  resonance. 


Computer  Modeling  of  the  Elastic  Response  of  Ships  to  Sea  Loads 


Fig.  13  -  Triplet  Pulse  Associated  with  Bow 
Flare  Slamming 
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The  second  resonance  occurs  between  the  motions  of  the  surface  of  the  sea 
and  the  heaving  and  pitching  motions  of  the  ship  as  reflected  in  the  immersion  of 
the  bow. 

Figure  14  shows  the  immersion  amplification  factor  (the  ratio  of  bow  immer¬ 
sion  to  wave  height)  for  the  ESSEX  model  versus  the  frequency  of  steady  state 
sinusoidal  seas.  The  lower  frequency  corresponds  to  a  ship  length-wave  length 
ratio  of  about  unity  for  ESSEX.  The  higher  frequency  corresponds  approximately 
to  the  ship  natural  pitching  frequency.  It  can  be  seen  that  large  values  of  the  bow 


Wave  Period  in  sec 

Wave  Length  in  feet 


Wave-Length  Ship- 
Length  Ratio 


Fig.  14  -  Immersion  Complication  Factor 
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immersion  amplification  factor  lie  within  a  narrow  frequency  range.  Unfortu¬ 
nately  for  ESSEX,  this  same  range  of  wave  frequencies  also  appears  to  be  the 
significant  frequency  range  for  State  6  seas  and  higher,  e.g.,  periods  of  from  4 
to  15  seconds  for  State  6  and  5  to  20  seconds  for  State  7. 

This  resonance  combined  with  the  resonance  of  the  virtual  inertia  force  with 
lowest  elastic  mode  are  considered  to  produce  the  large  bending  moments  ex¬ 
perienced  on  ESSEX. 


Response  to  Random  Waves 

The  simulation  of  ESSEX  in  a  random  sea  was  used  to  study  the  correlation 
which  exists,  during  30  minute  periods,  between  the  following  quantities: 

1.  Bow  immersion  and  wave  crest  height. 

2.  Bow  emersion  and  wave  crest  height. 

3.  Total  midship  bending  moment  and  bow  immersion. 

4.  Wave  induced  component  of  bending  moment  and  bow  immersion. 

5.  Whipping  component  of  bending  moment  and  bow  immersion. 

The  data  points  recorded  are  peak  values  of  the  functions  experienced  in  in¬ 
dependent  30  minute  intervals  in  a  stationary  random  sea  of  specified  statistical 
properties  and  rms  wave  height.  Data  points  were  taken  at  3  rms  values  of  wave 
height,  8.0,  5.7,  and  3.4  feet,  corresponding  to  States  6,  5  and  4. 

Figures  15  through  18  present  data  taken  using  a  random  sea  with  the  power 
spectral  density  function  representing  ESSEX  environment. 

Each  data  point  of  Fig.  15  presents  a  comparison  of  the  peak  bending  mo¬ 
ment  experienced  in  a  30  minute  period  with  the  peak  bow  immersion  experi¬ 
enced  in  the  same  30  minute  period.  Figure  15  includes  100  data  points  at  each 
of  the  three  indicated  rms  levels  of  wave  height.  The  results  recorded  in  this 
figure  therefore  represent  a  total  of  150  hours  at  sea. 

The  scatter  band  of  data  points  in  Fig.  15  is  quite  narrow  and  therefore  peak 
bending  moment  can  probably  be  predicted  reasonably  well  from  knowledge  of  the 
peak  bow  immersion.  Also  of  note  in  Fig.  15  is  the  rather  large  variation  in  ob¬ 
served  peak  values  for  a  single  rms  level  of  wave  height.  The  maximum  and 
minimum  peak  values  observed  are  summarized  below. 


Table  7 

Maximum  and  Minimum  Peak  Values  of  Ship  Response 


rms  Wave 
Height  (ft) 

Peak  Bending  Moment 
( 106  ft-tons) 

Peak  Bow  Immersion 
(ft) 

Max. 

... 

Min. 

Max. 

Min. 

8.0 

1.7 

0.83 

58 

39 

5.7 

1.2 

0.52 

44 

28 

3.4 

0.36 

0.18 

26 

16 
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Fig.  15  -  Peak  Bending  Moment  versus  Bow  Immersion  during 
30  Minute  Periods 
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Fig.  16  -  Peak  Whipping  Component  of  Bending  Moment  versus 
Bow  Immersion  during  30  Minute  Periods 


985 


Peak  Wave  Induced  Component  of  Bending  Moment  in  million  of  foot  tons 


Church 


Fig.  17  -  Peak  Wave  Induced  Component  of  Bending  Moment  versus 
Bow  Immersion  during  30  Minute  Periods 
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Fig.  18  -  Peak  Bow  Immersion  versus  Wave  Crest  Height 
during  30  Minute  Periods 
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These  large  variations  in  peak  values  indicate  that  although  the  30  minute 
periods  used  in  these  studies  may  be  generally  considered  ample  for  ordinary 
wave  observations,  they  appear  to  be  insufficient  for  extreme  values.  The  stand¬ 
ard  deviation  of  these  samples  is  quite  large. 

Figures  16  and  17  present  comparisons  of  peak  bow  immersion  with  peak 
whipping  component  of  bending  moment  and  peak  wave-induced  component  of 
bending  moment  during  30  minute  intervals.  These  components  of  bending  mo¬ 
ment  were  separated  by  filtering  the  electrical  signal  corresponding  to  total 
bending  moment  with,  respectively,  a  high-pass  and  low-pass  filter.  The  wide 
frequency  separation  of  the  whipping  and  wave-induced  components  (17  cps  vs 
0.1  cps)  makes  this  method  of  separation  practical.  Both  figures  show  reason¬ 
able  correlation  by  virtue  of  rather  narrow  scatter  band.  Data  points  taken  from 
the  discrete  wave  train  analyses  are  shown  in  both  figures  to  fall  within  the 
scatter  bands. 

Of  particular  interest  in  Fig.  16  is  the  negligible  high  frequency  bending 
moment  component  at  values  of  bow  immersion  less  than  about  25  feet.  This 
phenomenon  is  easily  explained  by  the  fact  that  the  non-linear  virtual  mass  at 
the  bow  is  negligibly  small  for  values  of  immersion  below  25  feet. 

Of  interest  in  Fig.  17  is  the  relatively  small  amount  of  non-linearity  in  the 
relationship  between  wave-induced  bending  moment  and  bow  immersion.  The 
frequency  of  the  peak  of  the  filter  (see  Fig.  3)  approximates  the  frequencies  of 
the  peaks  of  both  the  bow  immersion  amplification  factor  and  the  bending  mo¬ 
ment  factor.  Assuming  a  linear  relationship  we  may  divide  the  peak  factor  of 
the  bending  moment  by  the  peak  factor  of  the  bow  immersion  to  obtain  a  value 
of  0.0163  x  10®  ft-tons  of  bending  moment  per  foot  of  bow  immersion.  The 
dashed  line  of  Fig.  17  corresponds  to  this  value  derived  from  the  linear 
solution. 

Figure  18  shows  a  comparison  of  peak  bow  immersion  with  peak  wave  crest 
height  in  30  minute  intervals.  The  peak  bow  immersion  amplification  factor  pre¬ 
dicted  by  the  linear  solution  gives  a  reasonable  approximation  to  the  relation¬ 
ship  shown  in  Fig.  18. 


Bow  Fins 

Studies  of  the  bow  fin  effectiveness  were  made  using  steady  state  sinusoidal 
waves  and  a  discrete  wave  train.  The  addition  of  the  bow  fin  representation  to 
the  computer  model  was  found  to  reduce  all  the  natural  frequencies.  The  lowest 
elastic  mode  was  reduced  by  about  10  percent.  The  heave  period  was  increased 
by  8  percent  and  the  pitch  period  increased  by  5  percent.  As  an  aid  in  compar¬ 
ing  these  changes  in  values  with  those  of  real  ships,  an  effective  thin  area  ratio 
is  defined  as  the  planform  area  of  the  fins  to  the  water  plan  area  of  the  ship.  For 
ESSEX  this  ratio  is  0.0245.  Pournaras  has  conducted  model  studies  on  Mariner 
type  ships  with  anti-pitching  fins,  having  an  effective  area  ratio  of  0.022  [11].  He 
found  that  the  addition  of  the  anti-pitching  fins  increased  the  pitching  period  by 
about  10  percent. 
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Figure  14  shows  the  rigid  body  response  to  a  sinusoidal  input.  It  is  seen 
that  the  bow  fins  will  reduce  bow  immersion  by  about  20  percent  at  the  condition 
of  resonance.  MacNeal  notes,  however,  that  this  is  insufficient  to  prevent  bow 
flare  slamming.  Pournaras  also  found  that  the  primary  effect  of  his  fins  was 
seen  at  the  resonant  condition  and  little  effect  was  observed  for  other  combina¬ 
tions  of  ship  length  and  effective  wave  length.  However,  he  obtained  much 
greater  reductions  in  bow  motion  than  is  seen  in  Fig.  14,  and  he  observed  that 
the  anti -pitching  fins  would  prevent  bottom  slamming. 

The  response  of  the  ship  to  the  discrete  wave  train  showed  that  the  maxi¬ 
mum  peak-to-peal.  bending  moment  was  reduced  by  -about  9  percent  when  bow 
fins  were  introduced.  The  whipping  component,  however,  appears  to  have  been 
reduced  by  about  25  percent.  These  values  are  probably  influenced  considerably 
by  the  amounts  of  reduction  in  natural  frequency  obtained  when  the  bow  planes 
were  added. 


FUTURE  USEFULNESS 

The  model  described  in  this  paper  shows  remarkable  promise  for  yielding 
the  rigid  body  motions,  the  first  few  modes  of  elastic  motions  and  the  associated 
hull  stresses  for  ships  in  a  sea  wave.  The  future  usefulness  of  this  model,  how¬ 
ever,  will  be  determined  by  the  direction  of  further  development.  And  many 
more  correlations  with  experimental  data  must  be  made  before  this  technique 
will  influence  the  design  at  the  drafting  board. 

Studies  can  be  made  now  of  bow  flare  problems  but  the  computation  of  the 
required  mass  and  elastic  parameters  is  tedious  and  time  consuming.  Therefore, 
a  method  of  mechanizing  the  computation  of  these  parameters  is  required. 

A  workable  expression  for  bow  flare  slamming  has  been  found,  but  a  similar 
expression  for  bottom  slamming  is  required  to  complete  the  representation  of 
the  vertical  elastic  motions  of  the  ship  in  the  sea  wave.  Suitable  representations 
for  the  hull  structure  and  hydrodynamic  forces  for  transverse  and  torsional 
modes  must  also  be  developed. 

As  indicated  previously,  many  more  correlations  between  the  computer  re¬ 
sults  and  full  scale  data  and  between  computer  results  and  model  data  for  differ¬ 
ent  types  of  ships  are  required.  This  is  not  so  much  to  establish  confidence  on 
the  part  of  the  researcher  as  to  convince  those  who  have  the  immediate  respon¬ 
sibility  for  the  design  of  a  ship  that  the  computer  results  are  reliable. 

In  audition,  the  computer  results  should  point  towards  the  development  of: 

a.  simple  empirical-analytic  expressions  which  can  be  used  in  the  prelimi¬ 
nary  design  state,  and 

b.  "on-line"  procedures  to  be  used  in  development  of  the  final  design. 

Finally,  to  realize  the  objectives  of  the  Model  Basin  in  developing  this  technique, 
a  facility  comprising  passive  networks  and  operational  amplifiers  should  be 
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developed  within  the  Bureau  of  Ships  area  since  the  future  usefulness  of  this 
"slide  rule"  will  depend  upon  its  convenience  to  the  ship  designer  and  the  re¬ 
searcher  as  well  as  its  capacity  for  handling  varied  problems  and  its  demon¬ 
strated  reliability. 


CONCLUSIONS 

The  development  presented  demonstrates  that  a  finite  beam  representation 
of  the  ship  structure,  a  determination  of  "hydrodynamic"  forces  by  strip  theory 
methods  and  the  representation  of  the  environment  as  a  water  profile  having  a 
constant  form  along  the  ship  length  gives  real  promise  as  a  satisfactory  repre¬ 
sentation  of  the  ship-sea  system  for  rigid  and  elastic  motions  and  structural 
response. 

It  is  not  clear  whether  substantial  improvements  in  correlation  with  sea 
trial  data  can  be  attained  by  better  modeling  of  the  hull  contour  or  by  other  re¬ 
finements  in  the  modeling  of  the  hydrodynamic  forces,  or  whether  instead,  the 
shortcomings  should  be  attributable  to  the  lack  of  physically  mathematical  de¬ 
scription  of  the  hydrodynamic  forces,  particularly  those  associated  with  virtual 
mass. 

Although  the  ship  had  been  represented  as  a  finite  difference  beam  with  21 
stations,  only  three  degrees  of  freedom  were  found  important  to  the  slamming 
problem,  the  rigid  body  pitch  and  heave  modes  and  the  lowest  elastic  mode. 

And  the  role  of  the  lowest  elastic  mode  was  passive  in  that  it  did  not  contribute 
appreciably  to  the  hydrodynamic  forces  but  merely  responded  to  these  forces, 
i.e.,  no  hydroelastic  forces  were  generated.  Therefore,  the  main  advantage  in 
setting  up  the  analog  computer  as  a  20  segment  beam  was  not  that  it  provided 
additional  degrees  of  freedom,  but  rather  that  it  provided  means  for  measuring 
applied  forces,  displacements  and  internal  loads  at  many  points  along  the  ship 
length. 

Some  terms  in  the  model  were  found  to  contribute  little  to  the  response. 

The  non-linear  representations  of  the  hydrodynamic  forces  were  important  only 
in  the  forward  20  percent  of  the  ship,  the  structural  damping  term  was  rela¬ 
tively  unimportant  for  studies  primarily  of  transient  excitation,  and  the  mass 
transport  terms  were  relatively  unimportant  at  moderate  ship  speeds. 

Examination  of  the  computed  ship  responses  to  various  inputs  indicates  that 
the  parametric  and  design  studies  concerned  with  bow  flare  slamming  may  be 
made  with  the  existing  computer  model  and  the  results  accepted  with  a  reason¬ 
able  degree  of  confidence.  Some  such  results  are: 

a.  The  high  values  of  bending  moment  observed  in  bow  flare  slams  are  the 
result  of  a  double  resonance.  The  first  resonance  occurs  between  the  immersion 
of  the  bow  and  the  surface  of  the  sea,  and  is  based  on  an  unfavorable  ship  length- 
wave  length  relationship  found  for  large  ships  in  heavy  seas.  The  second  reso¬ 
nance  occurs  between  a  "triplet"  pulse,  representing  the  unsteady  pressure 
forces  accompanying  bow  immersion,  and  the  lowest  elastic  mode  of  the  ship. 

b.  Bow  fins  of  a  reasonable  size  gave  no  appreciable  reduction  in  bow  flare 
slamming  except  near  resonance. 
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c.  The  peak  value  of  the  bending  moment  for  a  given  ship  design  can  be 
expressed  as  a  function  of  the  peak  bow  immersion,  that  the  peak  value  of  the 
bending  moment  can  be  expressed  as  the  sum  of  the  peak  magnitudes  of  a  high 
frequency  component  (the  result  of  a  slamming  event)  and  of  a  low  frequency 
component,  and  that  the  peak  bow  immersion  can  be  estimated  as  a  linear  func¬ 
tion  of  the  peak  wave  crest  height 

However,  several  improvements  appear  indicated  in  the  computer  and  sev¬ 
eral  additional  correlations  are  required  before  the  Seaworthiness  Analog  Com¬ 
puter  becomes  an  effective  design  tool  for  general  studies  of  the  elastic  response 
of  ships  to  loads  of  the  sea. 
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ABSTRACT 

This  paper  presents  the  results  of  a  theoretical  and  experimental 
study  of  the  added  mass  and  impact  pressures  and  force  on  a  ship's 
bottom  during  slamming. 

The  theory,  based  on  hydrodynamic  considerations,  utilizes  Lewis' 
mathematical  formulation  for  ship  form  which  enables  it  to  be  applied 
to  almost  any  practical  ship  forebody  section.  The  theory  was  applied 
to  three  different  ship  forms  ranging  from  extreme  U  to  extreme  V. 
Pressures,  forces  and  impulse  are  compared  for  the  three  forms. 

The  two-dimensional  drop  tests  were  carried  out  using  a  model  repre¬ 
senting  an  extreme  V  form  section.  Pressures,  velocities  and  accel¬ 
erations  were  measured  and  piled  up  water  obtained  photographically. 

A  comparison  of  theory  and  experiment  showed  some  discrepancies 
in  the  pressures  and  forces.  However,  a  comparison  of  the  total  im¬ 
pulse  showed  good  agreement  during  the  period  critical  for  slamming. 


INTRODUCTION 

Numerous  theoretical  treatises  of  a  body  impacting  a  flat  water  surface  have 
appeared  in  the  literature  during  recent  years.  For  the  most  part  these  theories 
are  based  on  the  earlier  work  of  von  Karman,  [1]  later  extended  by  Wagner  [2]. 
Their  work  essentially  involved  tiie  wedge  entry  problem.  The  basic  idea  of  von 
Karman  was  that  during  impact,  the  momentum  of  the  dropping  body  is  imparted 
to  the  momentum  of  an  apparent  mass  of  water,  assumed  to  be  that  associated 
with  a  flat  plate  having  the  dimensions  of  the  wedge  at  the  intersection  of  the 
water  surface.  Wagner  introduced  the  concept  of  piled-up  water.  That  is,  when 


993 


Ochi  and  Bledsoe 


body  penetrates  a  water  surface  the  displaced  water  produces  an  elevation  of 
the  surface  around  the  body.  According  to  Wagner  the  contribution  of  this 
piled-up  water  should  also  be  considered  in  evaluating  the  added  mass.  A 
further  refinement  due  to  Wagner  was  the  consideration  of  the  effect  of  finite 
deadrise  on  added  mass  where  von  Karman  had  considered  flow  about  a  flat 
plate  only. 

Based  on  these  fundamental  ideas  are  the  works  of  Milvitzky,  [3],  [4] 

Mayo  [5],  Bisplinghoff  [6],  Fabula  [7],  Szebehely  [8]  et  al  and  Ochi  [9].  The 
work  of  Bisplinghoff,  Mayo  and  Milwitzky  dealt  primarily  with  the  impact  of 
wedges  «.s  applied  to  sea  plane  hulls  while  Fabula  and  Ochi  treated  elliptical 
shapes.  Szebehely  was  among  the  first  to  apply  the  theories  of  von  Karman  and 
Wagner  to  the  specific  problem  of  ship  slamming.  However  his  theory,  which 
essentially  applies  to  a  wedge-shaped  body  with  no  flat  bottom,  has  the  basic 
deficiency  that  it  is  not  applicable  at  the  instant  of  impact,  a  time  most  critical 
for  ship  slamming. 

The  theories  of  the  previous  investigators  all  suffered  from  the  lack  of 
sufficient  generality  to  permit  universal  application  to  any  ship  bow  form.  For 
example,  while  the  wedge  theory  may  be  applicable  to  an  extreme  V-form  ship 
section  with  no  flat  bottom,  it  is  not  applicable  to  a  more  blunt  U-form  section. 
Similarly,  the  ellipse  fitting  method  is  not  applicable  to  an  extreme  V-form 
section.  Since  the  form  of  a  ship  bow  section  shows  a  wide  variation  from  ex¬ 
treme  U  to  extreme  V,  depending  on  the  type  of  ship,  a  more  generalized  theory 
which  is  applicable  to  any  sectional  form  is  desirable.  Fortunately,  the  mathe¬ 
matical  representation  of  ship  form  presented  by  Lewis  [10]  permits  coverage 
of  the  practical  range  of  ship  forms  by  proper  selection  of  parameters.  The 
present  paper  utilizes  the  Lewis  forms  and  develops  a  theory  for  evaluating 
piled-up  water,  added  mass  and  the  hydrodynamic  impact  force  associated  with 
slamming  so  that  the  results  may  be  applicable  to  realistic  ship  sections. 

The  paper  is  divided  into  two  parts.  In  Part  I  the  theory  is  developed  and 
applied  to  ship  sections  ranging  from  extreme  V  to  extreme  U.  Comparative 
merits  of  these  three  forms  are  evaluated.  Part  II  presents  a  description  of 
experiments  carried  out  using  a  two-dimensional  V-form  model.  The  model 
was  allowed  to  strike  a  still  water  surface  a^  an  impact  velocity  which  is  con¬ 
sidered  to  be  realistic.  Accelerations,  velocity  and  impact  pressures  were 
measured  and  piled-up  water  obtained  photographically.  The  results  are  ana¬ 
lyzed  and  correlations  with  theory  are  made  of  pressure,  total  force  and 
impulse. 


PART  I.  THEORETICAL  STUDY  OF  IMPACT  DURING  SHIP  SLAMMING 


MATHEMATICAL  PRESENTATION  OF  SHIP  FORWARD  SECTION 
AND  VELOCITY  POTENTIAL 

In  order  to  evaluate  the  piled-up  water  and  added  mass  associated  with 
impact  of  a  body  on  a  water  surface  and  thereby  obtain  the  force  acting  on  the 
body,  the  velocity  potential  must  be  established.  This  necessitates  that  the 
shape  of  the  body  be  expressed  by  a  proper  mathematical  formulation.  For  this 
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purpose,  a  cylinder  which  represents  the  shape  of  a  forward  ship  section  is  con¬ 
sidered.  This  cylinder  expands  with  immersion  so  that  its  shape  adequately 
represents  the  submerged  portion  of  ship  section.  It  is  particularly  important 
that  the  cylinder  represents  the  lower  part  of  the  ship  section  well,  since  ship 
bottom  form  greatly  influences  the  severity  of  the  slamming. 

Among  the  various  fitting  methods  used  in  the  past  for  expressing  a  ship 
forward  section  by  a  simple  mathematical  form  are  the  wedge  [8],  and  ellipse 
[7]  [9]  [11].  However,  neither  of  these  methods  is  applicable  over  the  entire 
range  of  ship  forebody  sections  which  vary  from  extreme-U  to  extreme-V  in 
form.  In  addition,  the  existence  of  a  flat  bottom  makes  it  difficult  to  express 
the  given  shape  by  a  simple  mathematical  form. 

It  is  well  known  that  ship  form  can  be  represented  approximately  by  the 
followmg  equation. 


£ 

u 


e " 
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IL  C2n-1 


n  =  1 


-  (  2  n  -  1 )  1 
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where  z  =  x  +  iy,  =  f  +  irj,  C2n.1  is  a  coefficient  determined  from  the  given 
form,  and  U  is  a  unit  length.  This  equation  reduces  an  ellipse  when  n  =  1.  It 
yields  the  Lewis  forms  when  n  =  1  and  2  [10]  and  the  Prohaska  forms  when 
n  =  1  and  3,  n  =  1  and  5,  etc.  [12]. 


Attempts  were  made  tc  fit  the  lower  part  of  a  ship's  forward  sections  by 
Eq.  (1.1)  using  several  combinations  of  values  for  n.  The  results  showed  that 
the  combination  of  n  =  1  and  2  (Lewis  forms)  adequately  represented  the  lower 
part  of  the  sections.  Examples  of  the  fitting  are  shown  in  Fig.  1.1.  Included 
also  in  the  figure  for  comparison,  are  the  results  obtained  by  the  ellipse  fitting 
method.  In  preparing  Fig.  1 . 1 ,  the  section  at  Station  3-1/2  (17.5  percent  of  the 
length  aft  of  the  forward  perpendicular)  of  the  MARINER  was  selected. 


This  form  was  modified  to  an  extreme  U-form  and  extreme  V-form  keep¬ 
ing  the  area  under  the  load-water-line  constant.*  As  can  be  seen  in  the  figure, 
the  substitution  of  Lewis  forms  for  these  given  ship  sections  provides  a  rea¬ 
sonable  approximation  at  all  immersions  considered  to  be  significant  for  slam¬ 
ming.  On  the  basis  of  this  result,  the  Lewis  forms  wall  be  used  in  the  present 
analysis.  A  brief  description  of  Lewis  forms  is  given  in  the  Appendix  I. 

First,  the  complex  potential  for  the  Lewis  forms  will  be  obtained.  The 
complex  potential  discussed  here  is  that  for  the  irrotational  two-dimensional 
motion  of  a  cylinder  in  an  infinite  fluid  moving  with  a  velocity  V.  The  applica¬ 
tion  of  the  concept  of  complex  potential  in  an  infinite  fluid  to  impact  phenom¬ 
ena  on  the  free  surface  is  justified,  since  the  associated  high  velocities  permit 
the  conditions  of  zero  potential  on  the  free  surface  to  be  satisfied  [8]  [13].  Now, 
take  n  =  2  in  Eq.  (1. 1 ) , 


*The  modification  was  made  by  members  of  the  HS-Z  Panel,  Hull  Structure 
Committee  of  the  Society  of  Naval  Architects  &  Marine  Engineers. 
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x  =  u{(e^+Cje'^)cosT7  +  C3e'^  cos  3ry  J 
y  =  U{(e^-Cje'^)  sin7}-C3e‘3^sin  377}  ,  ^ 

where,  £  varies  from  0  to  ®,  and  varies  from  0  to  ±  n.  Then,  f  =  0  gives  the 
Lewis  form. 

Consider  the  case  of  a  vertical  flow  with  velocity,  v,  as  shown  in  Fig.  1.2. 
The  boundary  condition  on  the  surface  of  the  body  is, 


(1.3) 


Another  boundary  condition  is  that  the  velocity  potential,  <£,  must  become  0  for 

if  -» oc. 


U-FORM  UV-FORM  V-FORM 

h  » 04  inch  (0  67  ft.  Full  Scole)  • 


(Vertical  scale  has  been  eiponded) 


h  ■  08  Inch  (  1 .34 ft.  Full  Scole) 


(Vertical  scale  has  been  eiponded ) 


ti«  2  0  inch  13  33  ft.  Full  Scole) 

0  48  12  0  48  0  48 


hr  40  inch  (6  66  ft  Full  Scole) 

0  48  12  0  48  0  48 


-  Actual  Section  Form 

- - -  Lewis'  Form 

-  Ellipse  Fitting 

Fig.  1.1  -  Examples  of  fitting  methods  by  Lewis'  form  and 
ellipse  (1/20  scale  model  of  a  520  ft  ship) 
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Fig.  1.2  -  Sectional  form  showing  piled-up 
water  and  wetted  width 


From  Eqs.  (1.2)  and  (1.3), 


Up-  =  U|cl  +  Cj)  sin  t>  +  3C3  sin  3"  }  •  (1.4) 

The  complex  potential  will  take  the  following  general  form; 

w  =  -ivu  £  (K+  iBm)  •  (L5) 

m 

Then,  the  following  equation  can  be  derived. 

=  VU  (Aj  sin  -  -  B3  cos  -  +  3A3  sin  -  -  3B3  cos  r)  .  (1.6) 

*f-0 

From  Eqs.  (1.3)  (1.4)  and  (1.6),  B1  and  B3  are  zero,  and  At  =  1  +  C1?  A,  = 

C3 .  Then,  the  complex  potential  and  the  velocity  potential  are  simply  obtained 
as  follows: 


w=  -  iVU  {(1-Cj)  e'*  *  C3e'3:]  (1.7) 

C  =  -Vujd^Cj)  sin  -  «  e  +  C3  sin  3'>e'3  j  •  (1.8) 


PILED-UP  WATER  AT  IMPACT 

When  a  body  penetrates  the  water  surface,  the  displaced  water  produces  an 
elevation  of  the  surface  around  the  body.  This  phenomenon  is  referred  to  as  a 
piling-up  of  water  and  the  amount  has  been  believed  to  be  appreciable  even  at 
the  initial  stage  of  impact.  Figure  1.2  shows  a  pictorial  sketch  of  the  piled-up 
water  around  a  body  at  a  time  when  its  instantaneous  immersion  is  h;.  The 
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section  form  for  this  immersion  is  expressed  by  a  cylinder,  I ,  having  param¬ 
eters  with  subscript  i ,  such  as  Ci;,  etc.  When  the  piled-up  water  surface 
arises  and  meets  the  section  at  a  point  B  ,  called  the  spray  root,  there  exists 
another  cylinder,  s,  called  the  spray-root  or  equivalent  cylinder.  This  cylinder 
has  parameters  with  subscript  s,  such  as  cls,  etc.  If  the  ratio  of  the  semi- 
major  axes  of  both  cylinders,  bs  b;,  is  obtained,  the  amount  of  piled-up  water 
is  estimated. 

Referring  to  the  original  cylinder,  I,  the  complex  velocity  for  a  given  flow 
is 


d»'  d  l 
d  1  dz 


(  1  +  Cu)  e "  •  + 
-iV  _ if _ 


3C3ie'3‘ 


(1.9) 


The  above  equation  gives  the  vertical  velocity  outside  of  the  cylinder  on 
the  free  surface  (r  =  0).  That  is, 


V 


n 


n-C,,)e-'-  3C3le-3-' 
ef  -  Cne  "  -  3C3ie--’-- 


(1.10) 


Consider  a  water  particle  outside  of  the  cylinder  located  at  a  point  A.  This 
point  lies  on  a  cylinder  represented  by  jq  which  has  a  common  axis  with  the 
original  cylinder.  The  normal  velocity  of  this  particle  is  obtained  from  Eq. 

(1. 10)  as, 


•  3- . 


n-CH)e'  1  *  3C3i. 
e'‘  -Cn  e  T 1  -  3C3i  e'3'1 


(1.11) 


The  time  integral  of  Eq.  (1. 1 1)  gives  the  elevation  of  a  fluid  particle  above 
the  undisturbed  surface,  and  a  water  particle  initially  located  at  a  point  A 
touches  the  body  surface  after  a  time  t.  This  is  the  point  B  in  the  figure.  In 
the  strict  meaning,  a  water  particle  located  at  a  point  G  moves  to  a  point  B 
since  BG  is  vertical  to  the  water  surface.  However,  this  assumption  may  be 
acceptable  because  of  the  fact  that  the  width  of  the  bottom  increases  gradually. 
Thus,  the  following  equation  is  obtained. 


/ 


v<  n 


1-Cn>  e 


3C3i  e 


*31* 


■3-, 


dt 


(1.12) 


Where  hs  satisfies  the  relation  shown  in  Eq.  (1.2),  since  the  point  B  lies 
on  the  actual  section  of  the  body.  Equation  (1.12)  is  the  one  which  gives  the 
relation  between  the  original  and  the  equivalent  cylinders. 
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In  order  to  solve  Eq.  (1.12),  the  following  relation  is  introduced 


where 


V(t) 

d 

dt~ 


d  : 


Then,  Eq.  (1.12)  becomes 


(1.13) 


/ 


M  a . ) 


n  +  Cu)c  +  3C3 ;  e 


-if , 


=  h. 


Cl,  e  ‘  '  3C3i  e 


(1.14) 


In  Eq.  (1.14)  c3ie'3r'  can  be  neglected  in  comparison  with  Cn  e  ',  since 
C3i  «  C j j  and  -j  0.  This  means  physically  that,  in  the  evaluation  of  the 
piled-up  water,  an  elliptic  cylinder  may  be  substituted  fpr  the  cylinder  repre¬ 
sented  by  Eq.  (1.2).  It  is  noted  that,  even  though  C3i  e‘3  ■  is  neglected  in  Eq. 
(1.14),  the  terms  which  contain  C3e'3'  in  Eq.  (1.2)  cannot  be  neglected  since 
these  terms  are  multiplied  by  cos  3-  or  sin  3’ -components.  By  using  these 
assumptions,  Eq.  (1.12)  is  written  as, 


a 

1 


(l+Cjjle  1 

■  (,.)  _ - Li - - 


h.  ■ 


e  1  -  Cn  o 


(1.15) 


Now  referring  to  the  point  B  in  the  figure,  there  are  the  two  following 
relations, 


Os  B  bs  0;  G  CK  A 
OsO,  h,  -hj. 

These  relations  can  be  expressed  by  the  following  equations, 

l'i  {(e  ‘  "  ci;  '/  cos  i  -  C3i  f  '  cos  3  ;  |  -  bs  (1.16) 

ui  ^  (e  '  -  cii  e  0  sil1  i  -  c3i  c  3  '  sin  3  i  \  -  hs  -  hi  •  (1.17) 

The  third  term  in  the  above  equations  may  again  be  neglected  since  experi¬ 
mental  results  have  shown  that  the  magnitude  of  i  is  small  (less  than  16), 
and  since  c  C,  ,  0.  Results  of  numerical  calculations  made  for  possible 

values  of  and  ;  showed  that  the  effect  of  neglecting  the  3rd  term  in  the 
equations  is  less  than  2  percent.  Then,  the  following  equation  can  be  derived 
from  Eqs.  (1.16)  and  (1.17). 


non 
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and 


where 


U.  =  b;  k- 


Hence,  Eq.  (1.15)  yields 


(1.18) 


(1.19) 


The  above  integral  equation  is  quite  difficult  to  solve.  However,  the  equa¬ 
tion  is  greatly  simplified  and  can  be  solved  approximately  by  introducing  the 
following  expression  for  cn  and  k;  (see  Appendix  I). 


'li 


1 

1  +  2<  a. 


k 


1  +  2-ta. 


(1.20) 


Where,  <  is  a  constant  which  depends  on  ship  sectional  form.  It  is  noted 
that  the  above  approximation  holds  up  to  =  0.6  which  corresponds  approxi¬ 
mately  to  8  ft  immersion  of  forward  sections  for  a  520-ft  ship.  Since  slamming 
impact  is  completely  over  before  the  ship  section  has  a  submergence  of  about 
4  ft,  the  approximation  given  in  Eq.  (1.20)  can  safely  be  used  in  the  present 
analysis. 

Substituting  Eq.  (1.20)  into  Eq.  (1.19),  and  by  differentiating  Eq.  (1.19)  with 
respect  to  the  following  equation  may  be  derived. 
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The  right-hand  side  of  Eq.  (1.21)  is  the  ratio  of  the  velocities  for  immer¬ 
sions  hj  and  h s .  On  the  other  hand,  the  velocity  for  an  arbitrary  immersion  of 
a  body  during  the  impact  process  can  be  written  from  the  momentum  theorem 
as  follows: 


v 


M 

M  +  m 


(1.22) 


where 

V  =  velocity  at  a  time  t,  after  impact 
VQ  =  initial  velocity 
M  =  mass  of  a  body 

m  =  added  mass  at  a  time,  t,  after  impact. 

Also,  the  added  mass  can  approximately  be  written  as  (see  next  section), 

fjv  2  fn  , 

m  =  jbs  =  -y  tbj  x) 2  , 


(1.23) 


where 


b  s  =  half  of  wetted  width 

bj  =  half  of  actual  width  of  a  body  at  time,  t 

x  =  ratio  of  wetted  width  to  actual  width;  that  is  bs  b;. 

By  using  the  relations  given  in  Fqs.  (1.22)  and  (1.23),  Eq.  (1.21)  may  be  ex¬ 
pressed  as 


f  2  +  (  2'  -  1)  a.') 

t  2(1  - *i>  J 


-  (1  -  a.)  (  1+  2'  aj) 


Z—  2  2 

M  +  -2  bi  x 
M  +  b;2x4 


(1.24) 


where 


bj 

The  above  equation  gives  the  ratio  of  the  wetted  width  to  the  actual  width 
and  thereby  the  piled-up  water  for  an  arbitrary  immersion  can  be  obtained.  In 
a  practical  evaluation  of  the  value  x  from  Eq.  (1.24),  it  will  be  the  simplest  to 
compute  both  sides  of  the  equation  for  various  values  of  x,  respectively,  and 
obtain  the  answer  graphically.  However,  since  two  parameters  a.  and  b4  are 
involved  in  Eq.  (1.24),  it  may  be  convenient  to  express  Eq.  (1.24)  by  a  single 
parameter.  For  this,  the  following  method  is  given. 
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Divide  the  breadth  of  a  given  section  into  two  parts:  that  associated  with 
the  flat  portion,  b. ,  and  that  associated  with  the  curved  portion  b  Csee  Fig. 
1.3).  Take  the  ratio  of  immersion,  h,  and  b,  and  define  a  new  parameter 
That  is, 


b  b ,  -  -h 

(1.25) 

'  =  h  ’  b  . 


where 

b.  =  haif-breadth  of  flat  bottom 
h  =  immersion. 


Fig.  1.3  -  Sketch  showing  section 
segrr.er.tion  used  in  theory 


Furthermore,  express  the  immersion  .,  as  a  function  of  the  parameter, 
',  approximately.  That  is. 


(1.26) 


where,  and  n  are  constants  dependent  on  ship  form  and  size  (■  has  the 
dimension  of  length).  It  should  be  mentioned  that  the  simple  expression  given 
in  tq.  (1.26)  is  permissible  up  to  certain  immersions.  The  limiting  immer¬ 
sions  would  be  3  ft  at  Station  2,  5  ft  at  Station  3-1  2,  and  10  ft  at  Station  5  for 
a  520- ship.  As  mentioned  earlier,  a  maximum  of  4  ft  immersion  of  a  body  is 
sufficient  for  consideration  for  slamming  problem:  therefore  the  approximation 
given  in  Eq.  (1.26)  may  be  acceptable.  As  an  example,  the  values  of  ,  n,  and 
b,  for  Station  3-1  2  of  the  model  and  ship  are  as  follows: 


- 

Model 

(in.) 

5  20 -it 
Ship 
(ft) 

Model 

(in.) 

5  20 -ft 
ShiD 
(ft) 

U-Form 

11.2 

18.7 

1.80 

3.35 

5.58 

UV -Form 
!  (MARINER) 

14.2 

23.7 

1.98 

1.20 

2.00 

V  -Form 
_ ii 

21.0 

35.0 

1 _ - 

3.00 

0.28 

0.47 
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Now,  from  relations  given  in  Eqs.  (1.25)  and  (1.26),  and  b.  in  Eq.  (1.24) 
can  be  written  by  a  single  parameter,  '  , 


(1.27) 


Numerical  calculation  of  pilc-d-up  water  was  made  for  three  different 
forms,  (U,  UV,  V)  and  the  results  are  shown  in  Fig.  1.4.  As  can  be  seen  in  the 
figure,  the  magnitude  of  piled-up  water  is  much  less  than  that  found  in  [2]  and 
[8].  Comparison  of  the  values  computed  by  the  present  theory  with  those  ob¬ 
tained  in  the  experiment  have  shown  good  agreement  for  the  UV-Form,  but 
some  difference  was  observed  for  the  V-Form  model  (1.18  as  compared  to  1.44 
from  the  experiments). 


Fig.  1.4  -  Ratio  of  wetted  breadth 
to  breadth  at  undisturbed  water 
level  versus  immersion  (1/20  scale 
model ) 


- *09"#' »  'B#f  2. 

i 

U- 

"  v-  ^o»  ^ 

1  1  -  i  i  ...  i 

ADDED  MASS 

Earlier  investigations  have  assumption  that  the  added  mass  associated 
with  impact  for  a  body  having  a  wetted  width,  bs>  is  a  2  bs2  [21  [8  14).  The 

result  is  applicable  to  plate,  circular  and  elliptic  cylinder.  However,  the 
added  mass  for  a  body  of  an  arbitrary  form  will  not  be  the  same  as  that  for  a 
plate,  circular  cylinder,  etc.  In  order  to  obtain  the  added  mass  for  a  body  of 
an  arbitrary  form,  the  theory  of  added  mass  of  two-dimensional  forms  oscil¬ 
lating  in  a  free  surface  developed  by  Landweber  and  de  Macagno  '15  is  applied 
here.  Since  the  boundary  conditions  used  in  their  theory  and  in  the  present 
study  are  the  same,  the  added  mass  for  a  body  oscillating  in  a  free  water 
surface  can  be  applied  to  the  impact  problem  also. 

The  kinetic  energy  of  an  irrotational  fluid  in  an  infinite  field  of  potential 
flow'  is  given  by, 


T 


:  :  dv  . 


(1.28) 
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By  applying  Green’s  theorem  and  by  taking  the  continuity  condition  into 
consideration,  the  above  equation  becomes, 

T  '  -  f  |  *7%dv  -  |  J  *  ^  dS  =  -  f  J  *  dS  (1.29) 

V  s  '  s 

The  interation  is  to  be  taken  over  the  boundary  of  a  cylinder.  Since 

on  -  h  ,  os  h  or;,  and 


h  = 

(1.30) 

ox  cy  ox  oy 


Then,  Eq.  (1.29)  can  be  written  as 

T  =  -  |  f  U  it-  •  (1.31) 

''  'f  =  o 

The  velocity  potential,  -t,  is  given  in  Eq.  (1.8).  However,  since  added  mass 
is  to  be  considered  for  an  equivalent  cylinder  (spray-root  cylinder),  coefficients 
Us,  Cls,  etc.,  must  be  substituted  for  U,  clf  etc.,  in  Eq.  (1.8).  The  result  of 
integration  in  Eq.  (1.31)  gives, 

T  =  — '  V2US2  {(l-Cls)2  -  3C j 5 } .  (1.32) 

Furthermore,  the  kinetic  energy  may  be  expressed  in  terms  of  added  mass 

by, 

T  =  j-rA’2.  (1.33) 

From  these  two  equations,  the  added  mass  is  obtained  as  follows: 

m  =  .-U52  f(l  -Clsl2  -  3 C 2  5  }  .  (1.34) 

It  is  sufficient  to  consider  half  of  the  above  added  mass  since  only  half  of 
its  volume  is  submerged  in  the  case  under  study.  Then,  the  added  mass  of  a 
cylinder  becomes, 

m  =  -y  b's2  {(1-C1S)2  -  3C25}  .  (1.35) 

Since  Us  =  b5ks,  Eq.  (1.35)  is  written  as 

"  =  ^  b52  ©  •  (1.36) 
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where 


©  ks2  {n  +  cls)2  +  3C3J  . 

As  was  mentioned  earlier,  the  added  mass  of  an  ellipse  having  a  wetted 
width,  bs,  is  fp77/2)bs2.  This  is  the  formula  which  has  been  conventionally  used 
in  the  estimation  of  added  mass  associated  with  slamming.  Then,  the  coeffi¬ 
cient,  ©,  given  in  Eq.  (1.36)  is  the  modification  factor  of  the  added  mass  for  a 
ship-like  section  as  compared  with  that  for  a  plate  or  circular  cylinder.  It  may 
be  said  that  if  ©  >  1  the  conventionally  used  formula  gives  an  underestimation, 
and  if  ©  ^  1,  the  conventionally  used  formula  gives  an  overestimation. 

Inasmuch  as  the  coefficients,  ks,  cls,  etc.,  in  Eq.  (1.36)  can  be  expressed 
by  a  single  parameter,  as  (see  Appendix),  the  modification  factor,  ©,  is 
written  simply  as, 

©  =  {1  *  *s}  •  (1-37) 

In  the  derivation  of  this  formula,  terms  of  higher  order  of  small  values 
are  neglected.  Since  as  in  the  above  equation  is  a  parameter  for  the  spray- 
root  cylinder,  as  must  be  expressed  as  a  function  of  o.i  or  a!  for  the  original 
cylinder  so  that  the  modification  factor,  ©,  can  be  directly  computed  for  a  given 
cylinder.  For  this,  the  relations  given  in  Eqs.  (1.25)  and  (1.26)  are  again  used. 

From  Eq.  (1.26)  the  following  relation  is  established 


xbi 

While,  from  Eq.  (1.25), 

.  n  *  1 

bs  _  x,  b.  - 


From  the  above  two  equations,  is  can  be  expressed  as  a  function  of 
is, 


i(H*) 


x(=;y 


x  "b,  -  -c;)"'1  > 

C  1  J 

Hence,  the  modification  factor,  ©,  can  be  written  as, 


©  = 


1  - 1 

'2  -  r 

\  2  J 

x{b.  - 

. 

(1.38) 


(1.39) 

That 


(1.40) 


(1.41) 
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The  modification  factor,  (C),  for  the  three  different  forms  was  computed  at 
various  immersions  of  the  bodies,  and  the  results  are  shown  in  Fig.  1.5.  As 
can  be  seen  in  the  figure,  the  modification  factor  for  the  U  and  for  the  UV- 
Forms  is  approximately  1.  This  means  that  the  conventionally  used  formula 
for  evaluating  the  added  mass  is  sufficient  for  these  forms.  However,  the 
added  mass  estimated  by  the  conventionally  used  formula  is  somewhat  over¬ 
estimated  for  the  V-Form  as  can  be  seen  in  the  figure. 


UNSTEADY  HYDRODYNAMIC  IMPACT  FORCE 

The  piled-up  water  and  added  mass  associated  with  impact  of  a  body  on  a 
water  surface  have  been  discussed  in  the  previous  sections.  The  unsteady- 
hydrodynamic  force  due  to  impact  is  derived  from  a  consideration  of  the  time 
rate  of  change  of  momentum  of  the  added  mass. 

If  the  forces  due  to  buoyancy,  gravity  and  friction  acting  on  the  body  are 
assumed  to  be  negligibly  small  in  comparison  with  the  unsteady  hydrodynamic 
impact  force,  the  equation  describing  the  motion  of  the  system  may  be  written 
as. " 


-v 


where 


M  =  mass  cf  body  per  unit  length 
-  =  added  mass  of  body  per  unit  length 
v  =  velocity. 
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The  velocity,  v,  is  obtained  from  the  momentum  theorem  as, 


v 


a. 43; 


where  v  =  initial  velocity. 

fj 

Then,  the  unsteady  hydrodynamic  impact  force,  F,  can  be  written  as 


F 


,'dr. 
dt  ) 


a. 44; 


The  time  rate  of  change  of  added  mass  involved  in  this  equation  is  obtained 
from  Eq.  (1.36).  That  is, 


2~_ 

dt 

While,  the  wetted  half-breadth 


i 

(1.46) 


In  the  above  equation,  x  is  considered  as  a  constant  for  simplicity,  since 
the  results  of  the  numerical  computation  of  x  indicate  that  it  is  relatively  time 
invariant  (See  Fig.  I  4).  On  the  other  hand,  from  Eq.  (1.26), 


Eq.  (1.27).  Then, 


*_s  d. 

'it  dt 


x  -  •  n  -  i 


I.4T 


Substitute  Eq.  (1.43)  into  Eq.  (1.47), 


While  from  Eq.  (1.27), 


xb :  = 


Then,  d  '  dt  can  be  written  as  follows: 


r.  -  1 


1.45) 


1.49 


1.50 
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Next,  substituting  Eqs.  (1.45)  (1.46)  (1.50)  into  Eq.  (1.44)  the  unsteady  hydro- 
dynamic  force,  F,  is  obtained  as  a  function  of  That  is, 


F 


f-T 


©>2(£^i)  (p){».  *  «•!»*•'} 


(1.51) 


It  is  of  interest  to  obtain  the  hydrodynamic  impact  force  as  a  function  of 
time.  For  this,  the  following  relation  derived  from  Eqs.  (1.43),  (1.26)  and  (1.27) 
will  be  used. 


MVct  =  (M‘n)  h;  =  [m  f  ^  (C)  x2  jb.  - 

Numerical  calculations  of  the  above  equation  were  made  for  the  U  and  V- 
Form  and  the  results  are  shown  in  Fig.  1.6.  As  an  approximation,  only  the  1st 
term  of  the  equation  was  taken  and  the  result  is  shoum  in  the  figure  also.  As 
can  be  seen  in  the  figure,  the  2nd  term  of  the  right-hand  side  of  Eq.  (1.52)  can 
be  neglected  at  the  earlier  stages  of  impact.  Since  the  results  of  experiments 
on  the  V-Form  have  shown  that  the  significant  impact  is  over  after  0.03  sec. 
from  impact  (See  Part  n),  only  the  1st  term  of  the  right-hand  side  of  Eq.  (1.52) 
need  be  taken  if  an  error  of  a  maximum  of  10  percent  is  permissible.  Some 
discrepancy  can  be  seen  between  the  exact  and  approximate  values  for  the 
U-Form.  However,  the  above  statement  may  still  apply  since  the  duration  of 
the  critical  period  for  impact  may  be  significantly  less  for  the  U-Form  than  for 
the  V-Form.  To  evaluate  the  exact  magnitude  of  the  impact  force  at  some  later 
time,  both  terms  of  Eq.  (1.52)  should  be  taken. 


«'si>n 


(1.52) 


— 

- - 

-  By  Eioci  Coicuio''0*' 
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as  a  function  of 

V0  =  5. o’  it  sec 
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Now,  if  the  1st  term  of  Eq.  (1.52)  is  taken,  j  can  simply  b°  expressed  by 
a  function  of  time.  That  is, 


(V 

—) 


(1.53) 


Then,  the  impact  force  given  in  Eq.  (1.51)  can  be  written  as  a  function  of 
time. 


Kl  1  1  2  2  l-) 

b.*"  vj^t-".  t1'") 


n2 
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The  average  magnitude  of  impact  pressure  can  be  obtained  by  dividing  the 
impact  force  by  the  wetted  breadth  of  the  body.  That  is, 


•—  ( n  -  1\  2/1  ~ 

p-  -  ;  - 


(1.55) 


—  (Q.  x2.'u 


If  the  approximation  given  in  Eq.  (1.53)  is  used,  the  above  equation  again 
can  be  written  as  a  function  of  time. 


Pave  2  & 


n  -  1 


1.56 
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DISCUSSION  OF  NUMERICAL  EXAMPLE 

In  order  to  evaluate  the  effect  of  form  of  a  ship's  forward  sections  on 
slamming  impact,  it  may  be  well  to  give  a  discussion  on  the  basis  of  the  re¬ 
sults  of  a  numerical  example.  For  this,  numerical  calculations  of  the  hydro¬ 
dynamic  impact  force  and  impulse  were  made  for  three  models  representing 
the  U,  UV,  and  V-Forms  (See  Fig.  1.1).  The  comparison  was  made  for  the 
same  impact  velocity,  namely,  Vo  =  5.62  ft  sec,  on  all  three  models.  This 
magnitude  of  the  impact  velocity  corresponds  to  25.1  ft  sec  for  a  full  scale 
ship,  a  relative  velocity  between  wave  and  ship  forward  section  quite  typical  of 
those  experienced  by  ships  at  sea.  A  mass  per  unit  length  of  0.019  lbs-sec-  in.: 
was  used  in  the  computation.  This  magnitude  corresponds  to  a  light  draft  con¬ 
dition  (45  percent  loading  condition)  of  a  1  20  scale  model.  Two-dimensional 
drop  tests  of  1  20  scale  models  were  carried  out  under  the  same  conditions, 
thereby  the  theoretically  obtained  results  can  be  compared  directly  with  the 
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experimental  results.  Analysis  of  the  experiments  on  the  V-Form  model  was 
completed,  and  the  results  are  given  in  Part  II  of  this  paper.  A  discussion  of 
the  theoretically  obtained  results  is  given  here. 

The  impact  forces  acting  on  the  three  different  forms  will  be  treated  first. 
Prior  to  a  comparison  of  the  magnitude  of  impact  force  it  may  be  of  interest  to 
discuss  the  nature  of  the  impact  force  given  in  Eqs.  (1.51)  or  (1.54)  in  more  de¬ 
tail.  It  is  recognized  in  these  equations  that  the  hydrodynamic  impact  force 
consists  of  two  parts.  That  is,  the  1st  term  of  the  Eq.  (1.51)  is  related  to  the 
flat  bottom  of  the  body,  and  the  2nd  term  is  related  to  the  curved  portion  just 
above  the  base  line.  It  is  of  interest,  therefore  to  compare  the  contribution  of 
these  two  terms  to  the  magnitude  of  the  total  impact  force.  For  this,  the  ratio 
of  the  forces  contributed  by  the  1st  and  the  2nd  terms  was  obtained  and  is  shown 
in  Fig.  1.7.  As  can  be  seen  in  the  figure,  the  ratio  is  quite  large  at  the  very 
early  stages  of  impact  for  all  three  forms.  Particularly,  the  ratio  remains 
large  longer  for  the  U-Form  than  for  the  other  two  forms.  Hence,  it  may  be 
said  that  an  impact  force  applied  to  the  U-Form  is  primarily  related  to  the  flat 
bottom  while  an  impact  force  applied  to  the  V-Form  is  mainly  related  to  the 
body  shape  itself  in  the  area  just  above  the  base-line.  A  very  sharp  impact 


Tim*  *  in  ttcondl 


Fig.  1.7  -  Ratio  of  impact  force  due  to  flat  bot¬ 
tom  and  that  due  to  round  portion  (1/20  scale 
model),  V  =  5.o2  ft,  sec 
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force  is  noticeable  at  the  very  early  stage  of  impact  on  the  V-Form  model.  This 
is  due  to  impact  of  the  small  flat  bottom  of  the  V-Form;  however,  it  will  not  be 
significant  since  it's  time  duration  is  extremely  short. 

The  resultant  forces  due  to  flat  bottom  and  body  shape  for  the  three  forms 
were  computed  and  the  results  are  shown  in  Fig.  1.8.  As  can  be  seen  in  the 
figure,  a  very  large  force  is  observed  on  the  U-Form  for  a  relatively  short 
time,  while  an  impact  force  of  moderate  magnitude  is  observed  on  the  V-Form 
and  the  time  duration  of  loading  is  longer  than  that  for  the  U  and  UV-Form. 

This  remarkable  difference  in  tendency  between  the  V-Form  and  the  other  two 
forms  is  apparently  due  to  the  differences  in  shape  of  the  lower  part  of  the 
sections,  in  other  words,  the  differences  are  primarily  attributable  to  the  2nd 
term  of  Eqs.  (1.51)  or  (1.54).  Let  us  examine  the  2nd  term  of  Eq.  (1.54)  in  more 


Time  ,  t  n  secoras 


Fig.  1.8  -  Time  history  of 
scale  model),  V.  = 


impact  force  (1.20 
5 .  r  2  ft  sec 
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detail.  In  the  case  n  •"  2,  the  2nd  term  of  Eq.  (1.51)  shows  a  tendency  to  de¬ 
crease  with  time,  and  this  is  the  case  of  the  U  and  UV-Form.  While,  in  the 
case  of  the  U  and  UV-Form.  While,  in  the  case  n  >  2,  the  term  shows  a  tend¬ 
ency  to  increase  with  time  (the  term  becomes  0  at  t  =  0),  and  this  is  the  case 
of  the  V-Form.  Since  sharp  impact  does  not  appear  when  n  >  2,  the  V-Form 
may  be  beneficial  for  slamming  impact. 

It  is  of  importance  to  mention  here  that  the  impact  forces  become  infinite 
at  the  instant  of  impact  (t  =  0)  as  can  be  seen  in  Fig.  1.8.  This  is  due  to  the 
fact  that  the  present  theory  has  been  developed  for  an  incompressible  fluid.  In 
order  to  obtain  a  finite  pressure  or  force  at  the  instant  of  impact,  an  impact 
theory  of  a  flat  bottom  for  a  compressible  fluid  is  required.* 

It  is  of  interest  to  mention  that  the  average  pressure  (Impact  force/Wetted 
breadth)  at  a  specific  time  is  not  necessarily  proportional  to  the  square  of  the 
impact  velocity  but  is  dependent  on  sectional  form.  As  can  be  seen  in  Eq.  (1.56), 
the  pressure  at  a  specific  time  of  a  given  form  is  proportional  to  the  initial  ve¬ 
locity  to  the  (  2  -  1/n  )  power.  Since  n  is  a  function  of  sectional  form,  the  pres¬ 
sure  magnitude  is  dependent  on  form. 

Next,  let  us  consider  the  impulse  associated  with  the  impact  force.  The 
impulse  is  the  time  integral  of  the  impact  force,  and  is  considered  to  be  a  very 
important  measure  of  the  intensity  of  slamming.  For  example,  even  if  the 


Tim#  in  ttcondt 

Fig.  1.9  -  Time  history  of  impulse  (1/20  scale 
model)..  V0  =  5.62  ft/sec 


*At  the  suggestion  of  Professor  Timman,  University  of  Technology,  Delft, 
Netherland,  one  of  the  authors  has  evaluated  the  pressure  of  a  flat  bottom  when 
it  impacts  the  surface  of  a  compressible  fluid.  A  finite  pressure  of  cV  2  was 
obtained  at  the  instant  of  impact  for  the  two-dimensional  case,  (c  =  speed  of 
sound  in  water).  This  becomes  to  rcV  for  the  cne -dimensional  case  as  found 
by  von  Karman. 
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magnitude  of  the  force  is  large,  structural  damage  would  not  occur  if  the  load¬ 
ing  is  sufficiently  short.  Figure  1.9  shows  the  impulses  for  the  three  different 
forms  obtained  from  Fig.  1.8.  A  comparison  between  theoretical  and  experi¬ 
mental  results  of  the  magnitude  of  impulse  on  the  V-Form  is  shown  in  Part  II 
of  this  paper.  As  can  be  seen  in  Fig.  1.9,  the  impulse  for  the  U-Form  is  a 
slightly  larger  than  for  the  UV-Form,  and  the  impulse  for  the  V-Form  is  ap¬ 
preciably  smaller  than  that  for  either  the  U  or  UV-Form.  This  results  again 
indicates  the  V-Form  to  be  superior  from  the  slamming  point  of  view. 


PART  II.  AN  EXPERIMENTAL  STUDY  OF  THE  TWO-DIMENSIONAL 
WATER  IMPACT  OF  A  SHIP  FOREBODY  SECTION 


GENERAL 

Presently  existing  theories  for  estimating  impact  forces  and  pressures  due 
to  slamming  are  based  on  the  two-dimensional  unsteady  potential  flow  in  the 
vicinity  of  a  body  in  an  infinite  fluid.  Application  to  the  realistic  three-dimen¬ 
sional  problem  is  attempted  through  aspect  ratio  corrections.  Checks  for  the 
theories  have  been  made  for  the  most  part  through  carefully  designed  three- 
dimensional  experiments,  however,  such  experiments  are  not  appropriate  for 
evaluating  the  fundamental  aspects  of  the  problem. 

For  the  purpose  of  evaluating  the  adequacy  of  the  present  theory,  compar¬ 
isons  are  made  with  the  results  of  two-dimensional  drop  tests  of  a  V-form 
model  ship  section.  The  results  presented  here  are  part  of  a  much  larger  ef¬ 
fort  directed  toward  establishing  the  exact  impact  pressure-velocity  relation¬ 
ship  as  a  function  of  ship  form  by  dropping  various  two-dimensional  forms 
covering  the  practical  range  of  ship  forebody  sections.  This  work  was  carried 
out  at  the  Model  Basin  with  partial  support  from  the  HS-2  Panel  of  the  Society 
of  Naval  Architects  and  Marine  Engineers,  it  is  with  the  Panel's  permission 
that  partial  results  of  this  overall  program  are  included  here. 


DESCRIPTION  OF  MODEL  AND  TESTS 

The  cross-section  of  the  model  used  in  the  present  tests  is  shown  in  Fig. 

II. 1.  It  represents  a  1:20  scale  model  of  the  MARINER  section  at  17.5  percent 
of  the  length  aft  of  the  forward  perpendicular,  which  has  been  modified  to  a 
V-form.  This  modification  was  effected  by  keeping  the  area  beneath  the  design 
waterline  constant  and  equal  to  that  of  the  MARINER.  The  constant  section 
model  was  26.5  inches  in  length  with  a  maximum  beam  of  42  inches  and  a  depth 
of  almost  30  inches.  The  model  was  made  of  pine  with  a  hull  thickness  of  2.5 
inches  normal  to  the  surface.  The  model  ends  were  closed  with  3  4  inch  plates. 
It  was  ballasted  to  a  weight  of  190  pounds  which  corresponds  approximately  to 
a  45  percent  loading  condition  for  the  MARINER. 

The  tests  consisted  essentially  of  dropping  the  model  vertically  from 
elevated  positions  and  recording  pressures,  accelerations  and  velocities  re¬ 
sulting  from  impact  with  the  smooth  water  surface.  The  height  of  drop  was 
varied  so  that  five  different  impact  velocities  were  obtained  covering  the  range 
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Fig.  II.  1  -  Offsets  of  V-forrr.  model  and 
pressure  gage  locations 


up  to  10  ft  per  sec.  This  upper  limit  corresponds  to  an  impact  velocity  of  about 
50  ft  per  sec  for  a  520- ft  ship.  In  addition  to  recording  the  quantities  mentioned 
above,  high  speed  movies  of  the  piled-up  water  during  impact  were  also  taken. 


DESCRIPTION  Of  1F.S1  APPARATUS 

The  facility  used  for  the  tests  was  a  large  rectangular  tank  25-15  feet 
with  a  water  depth  of  8.5  feet.  To  duplicate  two-dimensional  flow  conditions  a 
special  test  section  was  fabricated  by  constructing  two  rigid  walls  which  spanned 
the  length  of  the  tank  and  extended  the  full  tank  depth.  The  walls  were  parallel 
and  rigidly  connected  to  the  tank  floor  and  sides.  They  were  separated  by  a 
distance  equal  to  the  model  length  plus  a  small  amount  to  permit  unrestricted 
movement  of  the  model  between  the  walls.  This  gap  was  kept  to  a  minimum  to 
insure  two  dimensional  flow. 
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The  support  and  guide  system  for  the  model  rested  on  channels  spanning 
the  test  section.  The  system  consisted  of  a  frame  at  the  mid-section  of  the 
channel  comprised  of  two  vertical  members  which  were  connected  by  a  hori¬ 
zontal  member  at  the  top.  Connected  to  the  vertical  members  were  guide  posts 
on  which  a  box  type  beam  was  free  to  travel  with  minimal  friction.  The  model 
was  attached  to  this  beam  and  the  desired  impact  velocity  was  obtained  by 
proper  positioning  of  this  beam.  The  system  was  designed  so  that  maximum 
rotation  of  the  model  in  any  plane  was  limited  to  0.25  degrees. 

The  releasing  mechanism  consisted  of  a  solenoid  attached  to  the  horizontal 
member  of  the  frame  structure.  This  solenoid  was  equipped  with  a  pin  which 
was  inserted  in  a  bracket  attached  to  the  beam.  When  the  solenoid  was  activated 
the  pin  was  instantaneously  released  and  the  beam  and  model  were  free  to  fall. 

A  photograph  of  the  apparatus  and  model  is  shown  in  Fig.  II. 2. 


INSTRUMENTATION 

Commercial  Dynisco  transducers  were  used  for  the  pressure  measure¬ 
ments.  These  are  diaphragm  type  instruments,  0.5  inches  in  diameter,  in  which 
the  sensing  device  consists  of  unbonded  strain  gages  connected  in  a  four  arm 
bridge.  The  displacement  of  the  diaphragm  produced  by  the  pressure  results  in 
an  unbalance  of  the  bridge.  The  capacity  of  the  gages  ranged  from  15  to  50  psi, 
and  their  natural  frequencies  were  around  7000  cps. 
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Gages  were  located  around  the  girth  of  the  model  at  its  midsection  at  the 
positions  shown  in  Fig.  II. 1.  At  one  location  (6-inch  half-breadth)  gages  were 
located  on  both  the  port  and  starboard  sides.  Since  the  pressures  for  a  vertical 
impact  should  be  symmetric  with  respect  to  the  keel,  the  outputs  of  these  gages 
provide  a  measure  of  any  deviation  from  the  vertical,  should  it  occur. 

100  g  and  50  g  Statham  accelerometers  with  natural  frequencies  of  700  cps 
were  used  to  measure  acceleration  and  velocity  respectively.  The  accelerom¬ 
eters  were  rigidly  attached  to  the  inside  of  the  base  of  the  model.  The  output  of 
the  50  g  accelerometer  was  electrically  integrated  to  yield  the  velocity. 

The  displacement  (immersion)  of  the  model  was  measured  from  the  instant 
of  impact  to  a  full  submergence  of  28  inches.  This  was  accomplished  by  mount¬ 
ing  a  geared  rack  on  the  posts  which  guided  the  beam  in  its  fall.  Attached  to 
the  beam  was  a  matching  pinion  which  travelled  on  this  rack  and  in  its  travel 
activated  a  potentiometer.  Two  duplicate  systems  were  used,  one  for  the  full 
travel  of  28  inches  with  0.1  inch  accuracy  and  a  second  one  for  measuring  dis¬ 
placement  from  keel  impact  to  4-inch  immersion  with  0.01  inch  accuracy. 

The  outputs  of  all  transducers  were  fed  through  Consolidated  carrier  am¬ 
plifiers  and  recorded  on  a  consolidated  string  oscillograph.  Type  1-118  car¬ 
rier  amplifier  with  a  natural  frequency  of  3  kc  was  used  for  all  sensors  except 
the  keel  pressure  gage.  The  gavonometer  natural  frequency  was  600  cps.  For 
the  keel  gage,  a  CEC  Type  1-127  amplifier  was  used  with  a  20  kc  frequency 
response.  The  string  galvonometer  response  was  3  kc  in  this  case.  All  re¬ 
cordings  were  made  at  a  paper  speed  of  40  inches  per  sec. 

% 

An  Eastman  high  speed  movie  camera  was  used  for  measuring  the  piled-up 
water.  Movies  were  taken  at  3000  frames  per  sec  using  a  wide  angle  lens.  Suf¬ 
ficient  time  was  allowed  for  the  camera  to  get  up  to  speed  before  a  drop  was 
initiated.  Standard  16mm  Tri-X  film  wras  used.  Lighting  consisted  of  six  photo 
bulbs  located  in  front  of  the  model  and  five  to  the  model  side.  In  order  that  the 
instant  of  impact  could  be  clearly  identified  in  the  film,  a  light  source  was 
appropriately  arranged  so  that  it  would  be  activated  when  the  model  first  con¬ 
tacted  the  water  surface,  thereby  marking  the  film. 


PRESENTATION  AND  DISCUSSION  OF  RESULTS 
Background 

Prior  to  a  discussion  of  the  results  and  correlation  with  theory,  it  may  be 
well  to  restate  the  basic  principle  on  which  the  theory  is  derived.  That  is,  that 
during  water  entry  the  change  in  momentum  of  the  dropping  body  is  the  time 
integral  of  forces  acting  on  the  body.  This  can  be  expressed  mathematically  as 

(M  -  m)  V  -  MVC  =  I  I  F„dt  (II. 1) 

•  r\ 
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where 

M  =  mass  of  body 
m  =  apparent  mass  of  water 

Vo  =  impact  velocity 
V  =  velocity  at  time  t 

Kn  =  forces  acting  on  the  system  in  the  vertical  direction. 

In  the  case  of  slamming,  the  impact  is  considered  as  an  impulse  and  the 
assumption  is  made  that  gravity  can  be  neglected  in  comparison  with  the  un¬ 
steady  hydrodynamic  force.  Then  the  conservation  of  momentum  principle 
applies  and  Eq  (II. 1)  reduces  to: 


( M  -  n )  v  =  MV0  .  (II. 2) 

The  velocity  at  any  time  can  then  be  expressed  as 


V  - 


1  -  _ 


where 


The  unsteady  hydrodynamic  impact  force  is 


(II. 3) 


F  -  Tt  f,Y)  . 


Utilizing  Eq  (II. 3)  the  force  may  be  expressed  as 

V. 


MV 


,2  dt  ' 


1  -  )" 

From  Eq  (II. 5)  the  impulse  at  any  time  -  can  be  expressed  as: 


(II. 4) 


(n.5) 


i 


1  - 


II. b) 


Integrating  and  substituting  the  initial  conditions  that  when  t  =  0,  -  =0  we 
obtain 


I 


(II. 7) 
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If  the  effect  of  gravity  acting  on  the  body  is  included  in  Eq.  (II.  1),  then  Eq. 
(II. 2)  becomes 


fM  *  .t.)  v  -  mvo  Mgt  .  (II. 8) 

In  this  case  the  unsteady  hydrodynamic  impact  force  is  expressed  as 


F 


-\IVt  Mg’ 


Vo  ~  ^  dm  Mg- 

a  -  ->2  dt  *  1  -  _ 


where  V  is  obtained  from  Eq.  (II. 3). 


(D.9) 


Equations  (II. 1)  through  (II. 7)  are  the  fundamental  relations  on  which  the 
previous  investigators  have  based  their  work,  including  that  of  Part  I  of  the 
present  paper.  These  relations  will  also  be  utilized  in  the  analysis  of  experi¬ 
mental  data  for  estimating  added  mass,  pressure,  force  and  impulse.  The 
significance  of  gravity  will  be  evaluated  using  Eqs.  (II. 8)  and  (II. 9). 


Relationship  of  Pressure  to  Impact  Velocity 

In  the  tests  several  drops  were  made  at  each  of  five  different  heights.  The 
peak  pressures  for  each  of  the  gages  were  determined  and  the  results  for  each 
height  (impact  velocity)  averaged.  The  repeatability  of  impact  velocity  for  each 
height  of  drop  was  excellent  as  was  the  repeatability  of  pressures  for  the  out¬ 
board  gages.  Some  scatter  however,  appeared  in  the  keel  gage  measurements, 
sometimes  amounting  to  as  much  as  10  percent.  A  plot  of  these  pressures,  as 
a  function  of  impact  velocity,  is  shown  in  Fig.  II. 3  for  four  different  locations 
on  the  model.  The  most  outboard  gage  which  registered  any  impact  pressure 
was  the  gage  located  6  inches  outboard  from  the  keel. 

Since  the  data  for  each  gage  falls  on  a  straight  line  when  plotted  on  loga¬ 
rithmic  scale  the  pressures  may  be  simply  expressed  in  the  form  of  p  =  CVo". 
The  slope  of  the  straight  lines  gives  the  exponent  of  the  velocity  while  the  pro¬ 
portionality  constants  are  determined  by  the  intersection  cf  the  lines  at  an 
impact  velocity  of  1.  These  values  are  given  in  the  figure.  It  is  seen  that  the 
power  of  the  velocity  varies  from  about  1.62  at  the  keel  to  2.43  at  the  most  out¬ 
board  location.  In  the  theory  presented  in  Part  I,  the  average  pressure  was 
shown  to  be  proportional  to  the  velocity  with  the  exponent  1.67  for  the  V-Form 
section  (See  Eq.  1.56,  Part  I).  Since  the  values  given  in  Fig.  II. 3  pertain  to  peak 
pressures  (not  average)  a  comparison  with  theory  is  meaningful  only  for  the 
keel  gage  where  the  average  pressure  is  most,  nearly  equivalent  to  the  peak 
pressure.  On  the  basis  of  the  experimental  results  for  this  case  it  appears  that 
the  theoretically  obtained  value  of  1.67  is  highly  realistic. 


Velocity  —  Time  History- 

Studies  of  ship  motions  and  their  relation  to  slamming  have  indicated  a 
relative  velocity  between  ship  and  wave  of  25  ft  per  sec  to  be  highly  significant 
from  the  slamming  point  of  view.  Therefore  in  the  following  sections  added 
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Fig.  II. 3  -  Peak  pressure  as  a  function  of  impact  velocity 


mass,  piled-up  water,  force  and  impulse  will  be  discussed  for  this  initial 
velocity. 

In  the  present  tests  this  scaled  velocity  was  obtained  for  the  6-inch  drop. 
The  time  history  of  velocity  from  the  instant  of  model  release  until  it  reached 
its  maximum  submergence  is  shown  in  Fig,  II. 4.  Shown  also  is  the  immersion 
from  instant  of  impact  until  full  submergence  of  19.5  inches.  So  that  the  reader 
may  have  an  understanding  of  the  critical  period  for  impact,  the  time  required 
for  all  gages  to  register  peak  pressures  is  indicated  in  the  figure  as  well  as 
the  interval  during  which  any  impact  pressure  acts.  It  can  be  seen  that  all 
pressures  had  reached  a  maximum  by  the  time  the  model  had  obtained  a  2-inch 
submergence.  Remarkably  little  decrease  in  velocity  occurred  during  this 
time  -  about  2  percent.  The  immersion  irace  shows  that  this  decrease  was  so 
small  and  of  such  short  duration  that  the  model’s  motion  was  virtually  unaf¬ 
fected.  Even  at  0.07  sec  when  all  impact  pressures  were  over,  the  velocity 
decrease  amounted  to  only  4  percent.  It  is  interesting  to  note  that  after  the 
model  had  attained  an  immersion  of  12  inches,  the  velocity  decreased  almost 
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Time  f'om  impoc’  m  seconds 


Fig.  II. 4  -  Time  history  of  velocity  and  immersion  for 
an  impact  velocity  of  5.62  ft/sec 


linearly  with  time.  This  immersion  corresponds  to  the  draft  of  the  model  for 
the  190-lb  ballast  condition. 


Piled-up  Water 

The  shape  of  the  free-water  surface  was  obtained  from  the  high  speed 
movies.  For  this  purpose,  the  16  mm  film  was  read  on  a  Bausch  and  Lomb 
Comparator  using  a  magnification  of  25  so  that  the  outline  of  the  body  and 
piled-up  water  would  be  easily  discernible.  The  film  showed  that  at  the  instant 
of  impact  sizeable  spray  was  generated  but  the  earliest  time  at  which  any 
piled-up  water  could  be  clearly  identified  was  0.0057  sec  after  impact.  As  sub¬ 
mergence  increased,  the  water  surface  near  the  model  continued  to  rise  along 
the  boundary  of  the  body.  After  about  0.08  sec  the  piled-up  water  began  sepa¬ 
rating  from  the  body  resulting  in  a  decrease  in  the  model’s  wetted  breadth. 

This  separation  process  continued  and  by  0.20  sec  generated  a  clearly  dis¬ 
cernible  wave.  At  successively  later  times,  this  wave  continued  propogating 
away  from  the  model  and  the  water  level  at  the  model's  boundary  returned  to 
its  original  position. 
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The  shape  of  the  free  surface  is  shown  for  several  times  during  the  critical 
impact  period  in  Fig.  II. 5a.  Indicated  also  is  the  still  waterline  for  these  times. 
The  point  at  which  the  water  surface  meets  the  section  is  called  the  spray-root. 
The  half-breadth  of  the  model  at  this  point  (referred  to  as  wetted  half-breadth) 
is  used  in  the  theory  for  estimation  of  added  mass,  therefore  it  is  of  interest  to 
compare  the  experimental  results  with  theoretical  predictions.  For  this  purpose 
the  ratio  of  the  wetted  width  associated  with  the  free  water  surface  to  actual 
width  (width  at  the  still  waterline)  is  plotted  in  Fig.  II. 5b  as  a  function  of  time. 
The  ratio  remained  constant  throughout  the  first  0.08  sec  at  a  value  of  1.44. 

Since  piled-up  water  could  not  be  observed  at  times  earlier  than  0.0057  sec  this 
portion  of  the  curve  is  dashed.  The  dot-dash  curve  shows  the  value  predicted 
by  Eq.  1.24  of  the  present  paper.  While  the  theory  maintains  the  trend  found 
experimentally,  some  difference  is  observed  in  the  magnitudes.  A  similar  com¬ 
parison  between  experiment  and  theory  for  the  U-V  Form,  however,  showed  ex¬ 
cellent  agreement,  (1.20  as  compared  to  1.22  from  experiment).  Included  also 
in  the  figuie  is  the  value  ( -r/2 )  found  by  Wagner  to  be  applicable  for  a  wedge. 


Fig.  II. 5a  -  Piied-up  water  for  various  times  during  impact 
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Fig.  II. 5b  -  Ratio  of  wetted  width  to  width  at  still  water  surface 
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Pressure  Distribution 

The  pressure  distribution  on  the  model  was  determined  for  appropriate 
times  after  impact.  These  results  are  shown  in  Fig.  II. 6.  The  instants  selected 
for  these  evaluations  are  those  times  at  which  peak  pressures  were  measured 
on  each  of  the  four  gages.  For  example,  at  t  =  0.0004  sec,  the  peak  pressure 
occurred  at  the  keel,  when  t  =  0.0057  sec,  the  gage  located  2-1/4  inches  out- 
ooard  registered  maximum  pressure,  etc.  In  preparing  the  figures  the  pres¬ 
sures  were  plotted  normal  to  the  hull  at  the  point  of  measurement.  The  curve 
connecting  these  points  shows  the  envelop  of  pressures  acting  at  those  particular 
times.  The  end  points  of  the  envelop  were  established  by  using  the  spray-root 
of  the  piled-up  water  which  existed  at  these  times  (see  Fig.  II. 5a).  It  can  be 
clearly  seen  in  the  figure  that  the  significant  pressures  have  dissipated  by  the 
time  t  =  0.030  sec.  Thus  we  may  say  that  for  this  model  the  critical  period 
for  slamming  is  of  the  order  of  0.03  sec.  The  pressure  rise  time  and  duration 
(time  for  pressure  rise  to  peak  and  return  to  zero)  varied  with  locations. 

These  times  are  summarized  in  the  following  table: 


I 

Gage 

! 

i 

Time  from 
Impact  to 
Start  of 
Pressure  Rise 
(sec) 

1  1 

Rise  Time 

(sec.) 

_l - 1 

Duration 

(sec) 

Keel 

0 

0.0004 

0.0150 

2-1  4-inch  Outboard 

0.0040 

0.0017 

0.0260 

4-inch  Outboard 

0.0106 

0.0031 

0.0258 

6-inch  Outboard 

0.0248 

0.0053 

0.0458 

It  may  be  of  interest  to  discuss  these  data  in  terms  of  their  significance  for 
a  520-ft  ship.  Using  a  linear  conversion  for  the  pressure  magnitudes,  the  keel 
pressure  measured  here  would  correspond  to  about  570  psi  with  a  duration  of 
.067  sec  for  the  full  scale.  The  pressure  measured  at  2-1  4  inches  outboard 
^3.75  ft  full  scale)  converts  to  64  psi  with  a  duration  of  0.116  sec.  The  critical 
period  for  slamming  for  the  full  scale  would  be  about  0.134  sec  with  a  total 
duration  of  pressures  of  about  0.32  sec. 

This  pressure  of  570  psi  does  not  appear  to  be  unrealistic.  Results  from 
lull  scale  trials  of  the  USCGC  UNIMAK  16]  shows  pressures  of  about  300  psi 
on  the  keel  plate.  The  measuring  system  used  in  the  full  scale  trials  was 
limited  to  a  frequency  response  of  600  cps.  During  the  exploratory  phase  of 
the  present  tests  two  measuring  systems  were  used,  one  with  a  frequency  re¬ 
sponse  of  600  cps  and  the  other  with  a  frequency  capability  of  3000  cps.  It  was 
found  that  the  keel  pressure  was  significantly  different  with  the  two  systems. 

In  the  low  frequency  response  system  (600  cps),  keel  pressures  of  the  order  of 
270  psi  (full  scale)  were  measured.  While  use  of  the  3000  cps  system  resulted 
in  the  pressure  (570  psi)  reported  herein.  Therefore,  it  may  be  expected  that 
much  higher  pressures  would  have  been  obtained  in  the  UNIMAK  tests  had  a 
system  having  a  higher  frequency  response  been  used. 
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Average  Pressure,  Force  and  Impulse 

The  average  pressure  acting  on  the  section  was  obtained  by  integration  of 
the  pressures  in  Fig.  II. 6  and  dividing  by  the  wetted  breadth.  These  results 
are  shown  for  various  times  in  Fig.  II. 7.  Included  also  are  the  theoretical  pre¬ 
dictions.  Since  the  theory  estimates  vertical  force  (not  normal)  the  vertical 
component  of  the  pressures  in  Fig.  II .6  was  used  for  a  more  meaningful  com¬ 
parison.  The  agreement  of  theory  with  experiment  is  good  during  the  early 
stages  of  impact,  however  at  later  times  the  theory  predicts  higher  pressures 
than  actually  measured. 

The  impulse  was  also  obtained  by  time  integration  of  the  force.  A  com¬ 
parison  of  the  theoretical  and  experimental  results  is  shown  in  Fig.  II. 8.  While 
there  is  some  variation  between  the  two  approaches  for  any  particular  instant, 
the  total  impulse  during  the  time  critical  for  slamming  (0.03  sec)  shows  rea¬ 
sonable  agreement. 


Added  Mass 

In  an  analytical  treatment  of  the  impact  problem  perhaps  the  most  impor¬ 
tant  yet  most  difficult  parameter  to  estimate  is  the  added  mass.  This  is  espe¬ 
cially  true  for  an  arbitrary  ship  section  which  cannot  be  expressed  by  a  simple 
mathematical  formulation.  The  technique  used  by  theoretical  investigators  is 
to  approximate  the  actual  ship  section  by  some  mathematical  shape  such  as  the 
wedge,  ellipse,  etc.  The  accuracy  of  the  theory  then  is  limited  by  the  extent  to 
which  this  approximation  permits  a  realistic  evaluation  of  added  mass  and  its 
time  rate  of  change.  In  the  present  theory  this  parameter  is  derived  for  an  ex¬ 
panding  cylinder  and  is  given  by  Eqs.  (1.36)  and  (1.41)  in  Part  I. 

Experimental  evaluation  of  added  mass  neglecting  gravity  may  be  obtained 
either  by  use  of  the  impulse  equation  or  from  the  conversation  of  momentum 
princ'ple.  In  the  first  approach,  since  the  mass  of  the  body  and  impact  velocity 
are  known,  it  is  only  necessary  to  obtain  the  impulse  by  a  time  and  space  inte¬ 
gration  of  the  measured  pressures.  The  second  approach  requires  that  a  very- 
exact  time  history  of  the  velocity  after  impact  be  obtained.  A  difficulty  in  use 
of  the  conservation  of  momentum  principle  is  that  it  is  subject  to  greater  error. 
This  results  from  the  fact  that  it  requires  differencing  numbers  which  may  be 
of  the  same  order  of  magnitude,  (impact  velocity  minus  velocity  after  impact) 
and  then  computing  a  quotient  where  the  numerator  and  denominator  may  not 
be  of  proper  relative  order.  Thus  a  small  error  in  velocity  measurement 
could  result  in  a  larger  error  in  the  evaluation  of  added  mass. 

Added  mass  was  evaluated  by  both  of  the  methods  mentioned  above  and  the 
results  are  shown  in  Fig.  II. 9.  In  the  figure  these  two  curves  are  identified  by 
the  equation  used  for  analysis,  i.e.,  Eq.(II.T)  and  Eq.  (II. 2)  indicating  the  im¬ 
pulse  and  conservation  of  momentum  principles  respectively.  A  significant 
difference  in  the  experimental  results  derived  by  the  two  approaches  is  ob¬ 
served.  The  discrepancy  is  so  great  that  it  cannot  be  fully  ascribed  to  be 
inherent  inaccuracies  involved  in  use  of  the  conservation  of  momentum  prin¬ 
ciple.  For  example,  for  the  conservation  of  momentum  principle  to  yield  added 
mass  comparable  to  that  obtained  from  the  impulse  equation,  a  velocity  decrease 
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Fig.  II. 6  -  Pressure  distribution  at  various  times  during  impact 
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of  13  percent  during  the  first  0.03  sec  would  be  required.  Yet,  three  independ¬ 
ent  measurement  systems  from  which  the  velocity  could  be  evaluated  (accelera¬ 
tion,  velocity  and  displacement)  were  in  good  agreement  and  none  indicated  such 
a  large  velocity  decrease  during  this  time.  However,  it  is  to  be  noted  that  if 
the  velocity  which  the  body  would  have  attained  in  this  additional  0.03  sec  (had 
it  not  impacted  the  water  surface)  is  considered,  then  a  13  percent  decrease  in 
velocity  due  to  impact  is  obtained.  This  indicates  that  gravity  does  significantly 
affect  the  motion  of  the  body  and  must  therefore  be  included  in  the  momentum 
equation.  On  this  basis  added  mass  was  also  computed  using  the  momentum 
equation  modified  for  gravity  Eq.  (II. 8).  Computations  were  also  made  using 
Eq.  (II. 9)  to  determine  the  effect  on  added  mass  of  introducing  gravity  into  the 
force  equation.  These  results  are  also  included  in  Fig.  II. 9  and  the  curves  are 
again  identified  by  the  equation  used  for  the  analysis.  It  is  apparent  in  the  fig¬ 
ure  that,  with  this  correction  for  gravity,  added  mass  as  determined  from  the 
momentum  of  the  body  is  in  good  agreement  with  that  evaluated  from  the  meas¬ 
ured  pressures  during  the  early  stages  of  impact.  The  results  are  also  in  sub¬ 
stantial  agreement  with  the  theoretically  calculated  values  using  the  concept  of 
kinetic  energy  of  a  fluid  in  an  infinite  field  of  potential  flow.  After  about  0.02 
sec,  the  theory  as  well  as  the  experimental  results  evaluated  by  the  momentum 
principle  show  a  deviation  irom  that  obtained  from  the  measured  pressures. 

This  suggests  that  other  factors  (e.g.,  buoyancy,  gravity  effect  on  the  displaced 
water,  etc.),  may  become  important  at  this  later  stage.  These  factors  were  not 
investigated  here  since  the  experimental  results  showed  an  85  percent  decrease 
in  the  force  at  t  =  0.02  sec,  indicating  that  later  times  were  not  significant  as 

fn  »  n  i’  i  w*  w/-»  of  riec  e  (  r  nrmnornr.rl 

iai  a.o  luc  liupaui  io  '-'i  i\- »_  j.  uoci. 

In  summary,  a  most  interesting  observation  can  be  made  from  Fig.  11.9 
concerning  gravity  effect.  That  is,  though  gravity  must  necessarily  be  included 
in  the  momentum  equation  when  deriving  added  mass,  its  effect  is  comparatively 
unimportant  when  the  force  equation  is  considered.  This  somewhat  paradoxial 
result  indicates  that  though  gravity  does  affect  the  motion  of  the  body,  the  theo¬ 
retical  "no  external  force"  assumption  in  deriving  the  impact  forces  is  rcasonally 
correct. 


CONCLUSIONS 


On  the  basis  of  the  results  of  this  combined  theoretical  and  experimental 
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1.  The  ratio  of  wetted  width  to  a  actual  width  associated  with  slamming 

impact  appears  to  be  less  than  the  value  (  2)  given  by  Wagner  for  a  flat  plate. 

The  theoretically  obtained  value  for  the  UV-Form  shows  agreement  with  ex¬ 
perimental  results;  however,  some  difference  was  observed  for  the  V-Form. 

2.  Gravity  significantly  influences  added  mass  evaluated  from  the  momen¬ 
tum  equation;  however,  it  has  a  relatively  minor  effect  in  the  impulse  equation. 
The  theoretical  added  mass  obtained  from  the  kinetic  energy  concept  is  in  sub¬ 
stantial  agreement  with  experimental  results  from  the  impulse  equation  as  well 
as  the  momentum  equation  when  gravity  is  included.  Thus,  the  conventionally 
used  expression  for  added  mass  (,  rb*  2)  was  found  to  be  adequate;  however, 

it  results  in  an  overestimation  of  added  mass  for  the  V-Form  of  about  10 
percent. 

3.  The  pressure  magnitude  is  not  necessarily  proportional  to  the  square 
of  the  impact  velocity  but  is  dependent  on  sectional  form. 

4.  Forces  resulting  from  slamming  consist  of  two  parts,  one  related  to  the 
flat  bottom  and  the  other  related  to  the  curved  portion  of  the  body.  The  former 
is  the  primary  source  of  the  force  for  the  U-Form,  while  the  latter  is  the  main 
contributor  for  the  V-Form.  Effect  of  gravity  on  impact  force  appears  to  be 
not  significant. 

5.  The  impulse  resulting  from  the  slamming  is  largest  for  the  U-Form 

and  smallest  for  the  V-Form  during  the  critical  impact  period.  Thus  the  V-Form 
is  more  beneficial  from  the  slamming  point  of  view. 
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the  section.  The  results  have  shown  that  the  method  adequately  re| 
sections  as  illustrated  in  Fig.  1.1. 

In  Lewis'  method,  the  following  conformal  transformation  is  m 

X  U  ^  f  f  eCjO  ')  COS  7/  +  Cy'  3  COS  .1 

y  U^(<  -CjC'  )  sin  ■  -  Cy'1  sin  i 

where 

l)  =  unit  which  gives  the  size 
Cj  and  C3  =  coefficients 
=  from  0  to  r. 
r  =  from  0  to  ±  . 

A  ship  section  is  given  for  =  0  in  Eq.  (A.l).  That  is 

x  U  {(1  +  C[)  cos  r(  +  Cj  cos  3'  } 

y  =  u{fl— Cj)  sin  -  Cj  sin  3’  } 


The  two  coefficients  Cj  and  C3  involved  in  the  above  equati  i  li¬ 
the  parameters  draft-beam  ratio  and  section  area  coefficiei 


These  are, 


Ci 


1  -  ; 

2k 


C  3 


1 

2k 


1  . 


where 


=  draft-beam  ratio,  h  b 


k 


r 

i) 


3r  1  -  -  /(  1  -  •• )  2  •  R  i(  1  -  4 

A 


5 


...  .  sectional  area 

=  section-area  coefficient  = - — - 

2bli 

h  =  draft 

b  =  half  breadth  at  draft,  ! 
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Since  Cj  and  C3  can  be  computed  for  any  given  ship  section,  the  section 
form  can  be  expressed  by  Eq.  (A. 2). 


Although  Eq.  (A. 3)  gives  the  exact  value  for  the  coefficients  C3  and  c3  for 
a  given  ship  section,  the  following  approximation  is  used  in  the  present  anal¬ 
ysis.  That  is,  the  coefficients  Cj,  c3,  and  k  are  expressed  by  a  single 
parameter, 


1  -  O- 

C!  ''  1  +  20a 

(  1  -  20)  * 
C3  %  1  +  ll* 

,  1  +  20  a 

k  Rs  - - -  , 


(A. 4) 


where  *.  is  a  constant  depending  on  sectional  form.  For  example,  0  is  0.52 
for  station  3-1/2  of  the  U-Form,  0.48  for  the  UV-Form,  and  0.40  for  the  V- 
Form  shown  in  Fig.  1.1.  It  should  be  mentioned  that  this  approximation  is 
limited  to  a  certain  extent  of  ship  draft.  For  example,  the  approximation  is 
permissible  for  drafts  of  8  ft  and  less  for  a  520-ft  ship.  Since  slamming  im¬ 
pact  is  completed  before  the  section  attains  an  immersion  of  4  ft,  the  approxi¬ 
mation  is  acceptable  for  the  analysis  under  study. 


APPENDIX  B  -  EFFECT  OF  GRAVITY  ON  IMPACT  FORCE 

The  theory  given  in  Part.  I  of  this  paper  was  developed  neglecting  the  effect 
of  gravity  acting  on  a  body,  since  it  has  been  assumed  that  this  effect  is  not 
significant  at  the  early  stage  of  impact.  However,  in  order  to  determine  the 
extent  to  which  this  assumption  is  valid,  the  following  analysis  will  be  made. 

If  the  gravitational  force  on  the  body  is  taken  into  consideration  in  the 
impact  problem  under  study,  the  impact  force  equation  given  in  Eq.  (1.44) 
becomes: 


F  =  -MV-  Mg 

while,  the  velocity  given  in  Eq.  (1.43)  becomes, 

M 

V  =  ^  (Vo  *  >  • 

Hence,  the  acceleration,  V,  becomes, 

M'Vo ~  ^  Mg 

'  ( M  -  m ) 2  d  t  M  -  m 

Substituting  Eq.  (B.3)  into  Eq.  (B.l), 


'B.l) 


fB.2^ 


(B.3) 
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F  -  ( 2  v  *2  -  f-M2  zl  — 
\ M  t  m |  °  dt  \M+m/  gJ^dt 


(B.4) 


In  the  above  equation,  the  last  two  terms  give  the  effect  of  gravity,  (dm  dt) 
included  in  the  equation  is  given  as 


dm 

dt  = 


n  -  1 


) 


where 


M  +  %  ©  x2  {b.  + 


(V„  +  gt) 


(B.5) 


fV  +  gt)t 


,1 


n 


(B.6) 


A  numerical  calculation  was  made  on  the  V-Form  model  for  V0  =  5,62 
ft/sec  (same  velocity  as  shown  in  Fig.  1.8).  The  result  shows  that  the  gravita¬ 
tional  force  on  the  body  increases  the  impact  force  by  2.6  percent  at  t  -  0.005 
sec,  5.5  percent  at  t  =  0.01  sec,  13.2  percent  at  t  =  0.02  sec,  and  22.3  percent 
at  t  =  0.03  sec.  Since  the  impact  force  has  significantly  dissipated  at  t  =  0.03 
sec  tor  the  V-Form,  it  may  safely  be  said  that  the  effect  of  gravity  on  the  impact 
force  is  not  significant. 


* 


*  * 


PULSATION  OF  TWO-DIMENSIONAL 
CAVITIES 


C .  S.  Song 

University  of  Minnesota 
Mi mieapolis,  Minnesota 


INTRODUCTION 

It  has  been  known  for  a  long  time  that  the  characteristics  of  cavitating 
flows  under  steady  conditions  are  mainly  functions  of  the  cavitation  number. 
Under  natural  conditions,  the  cavity  pressure  of  a  fully  developed  cavity  is 
approximately  equal  to  the  vapor  pressure  of  the  liquid  and  the  cavitation 
number  is  determined  mainly  by  the  ambient  condition.  However,  by  intro¬ 
ducing  gas  into  the  cavity  region,  whether  the  cavity  originally  existed  or  net, 
it  is  possible  to  increase  the  cavity  pressure  at  will,  decreasing  the  cavitation 
number  and  producing  a  "ventilated"  cavity.  To  maintain  such  a  cavity  gas 
supply  must  be  continually  maintained. 

A  typical  curve  relating  cavitation  number  and  air  supply  rate  measured 
in  the  free  jet  tunnel  at  the  St.  Anthony  Falls  Hydraulic  Laboratory  published  in 
[1]  is  reproduced  in  Fig.  1.  Two  distinct  regimes,  a  reentrant  jet  regime  and 
a  pulsating  cavity  regime,  are  indicated.  Within  the  reentrant  jet  regime,  the 
air  supply  rate  is  roughly  proportional  to  the  decrease  in  cavitation  number 
and  cavity  appears  very  similar  to  a  natural  cavity  with  the  same  cavitation 
number.  Detailed  discussion  of  the  flow  in  this  regime  can  be  found  elsewhere. 
See  [2], 

This  paper  is  devoted  to  a  report  on  the  experimental  findings  and  the 
theoretical  explanation  and  prediction  of  the  flow  in  the  pulsating  cavity  regime. 
The  air  supply  rate  in  this  regime  is  no  longer  a  function  of  cavitation  number 
as  shown  in  Fig.  1  and  the  flow  condition  is  remarkably  different  from  that  of 
a  natural  cavity.  Visually,  the  cavity  walls  begin  to  vibrate  violently,  the  cav¬ 
ity  changing  its  length  and  width  periodically,  and  the  reentrant  jet  disappears 
for  a  part  of  the  cycle.  Figure  2,  reproduced  from  [l  illustrates  two  cycles 
of  the  vibration  as  seen  by  a  high-speed  motion-picture  camera.  It  was  found 
that  the  flow  can  be  adjusted  so  that  any  number  of  waves  can  be  made  to  ap¬ 
pear  on  the  cavity  walls.  Pulsating  cavities  were  then  classified  into  "n-stage" 
cavities  according  to  the  number  of  waves,  n,  appearing  cn  the  surface.  There 
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Fig.  1  -  Air  supply  rate  as  a  function 
of  Cavitation  Number 


is  a  fixed  average  cavitation  number  corresponding  to  each  stage  cavity  as 
shown  in  fig.  1.  Photographs  in  Fig.  3  illustrate  how  different  stage  cavities 
look.  As  a  result  of  the  cavity  wall  vibration,  the  cavity  pressure  changes 
periodically  and  radiates  sound  waves  in  all  directions:  these  can  be  heard  from 
outside  the  water  tunnel.  Another  consequence  of  the  pulsation  is  that  an  un¬ 
steady  force  acts  on  the  body:  this  results  in  variable  lift  and  drag  which  can  be 
measured  by  a  sensitive  dynamometer.  Figure  4  illustrates  variable  pressure 
and  drag  measured  by  a  pressure  transducer  and  a  dynamometer  respectively. 

Pulsation  may  occur  when  the  flow  is  bounded  by  one  or  two  free  surfaces. 

A  good  example  of  the  pulsation  under  one  free  surface  can  be  found  in  2j. 
However,  the  discussion  here  will  be  limited  to  the  case  with  two  free  bound¬ 
aries.  In  formulating  the  theory,  it  will  be  further  assumed  that  gravitation  is 
nonexistent,  thus  ruling  out  the  possibility  of  the  trailing  vortex  phenomenon 
reported  in  [3]  and  [4'. 
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Fig.  Z  -  Consecutive  motion  picture  frames  for  a  pulsating  cavity 
(two-dimensional,  1/8-in.  normal  plate  in  10-in.  jet) 


MECHANISM  OF  PULSATING  CAVITIES 

As  reported  in  [l],  it  was  experimentally  observed  that  pulsation  occurs 
only  when  a  cavity  is  ventilated.  It  was  also  found  that  the  phenomenon  is  in¬ 
dependent  of  the  air  supply  system.  The  size  and  length  of  the  air  pipe,  the 
location  and  distribution  of  the  air  entrance  to  the  cavity,  or  any  other  possible 
change  in  the  air  supply  system  did  not  seem  to  affect  the  pulsation.  It  was 
also  observed  that  for  each  stage  of  pulsation  there  existed  a  unique  relation¬ 
ship  between  the  average  cavitation  number  of  the  cavity  and  the  cavitation 
number  based  upon  vapor  pressure.  That  is,  for  each  stage  of  pulsation  there 
is  a  unique  relationship  between  the  five  variables:  P. ,  P  ,  pv,  - ,  and  l  sug¬ 
gesting  that  the  phenomenon  is  an  interaction  of  pressure  and  momentum 
forces.  (Here  the  symbols  mean  the  pressure  of  the  undisturbed  flow,  the 
cavity  pressure,  the  vapor  pressure,  the  water  density,  and  the  speed  of  the 
undisturbed  flow.)  Furthermore,  it  was  demonstrated  experimentally  that  the 
above  statements  were  true  for  bodies  of  different  shapes  and  sizes. 

The  experimental  facts  stated  above  lead  to  the  suggestion  that  pulsation 
is  a  resonance  phenomenon  of  the  gas-liquid  (cavity-jet)  system.  The  traveling 
surface  wave  on  the  cavity  walls  causes  the  cavity  volume  to  change  periodi¬ 
cally,  hence  changing  the  cavity  pressure  periodically.  The  pulsating  cavity 
pressure  sets  the  bounding  liquid  into  radial  motion,  creating  new  disturbances 
at  the  body  and  new  surface  waves.  In  order  for  the  pulsation  to  be  self-sus¬ 
taining,  the  frequency  of  the  volume  change  due  to  the  moving  surface  waves 
must  bp  equal  to  the  natural  dynamic  frequency  of  the  gas -liquid  system. 
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Three  steps  are  required  to  solve  the  pulsation  problem  theoretically.  The 
first  step  is  to  consider  the  kinematics  of  the  motion  and  thus  derive  the  fre¬ 
quency  of  pulsation  due  to  the  surface  waves.  The  next  step  is  to  find  the  natu¬ 
ral  frequency  of  the  gas-liquid  system  and  to  equate  this  to  the  frequency  ob¬ 
tained  by  the  kinematic  consideration.  In  this  way,  the  condition  of  pulsation 
may  be  derived.  Knowing  the  pressure  amplitude  and  frequency  of  the  pulsa¬ 
tion,  the  unsteady  force  acting  on  the  body  may  be  found  by  using  a  linear  theory 
for  unsteady  supercavitating  flows.  These  steps  are  outlined  in  more  detail  and 
compared  with  experiment  in  the  remainder  of  this  paper. 
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(o)  I— in.  W«dg«,  2y«30* 
10— in.  j«t,  b*  10 


(b)  2-in.  W»dg«,  2y«l5* 

6- in.  jet,  b*3 


Fig.  4  -  Typical  pressure  ar.c  drag  records 


KINEMATICS  OF  PULSATING  CAVITIES 

Consider  a  steady  cavity  profile  as  shown  in  Fig.  5(a).  The  cavity  is  as¬ 
sumed  to  be  so  iong  that  the  length  oi  the  solid  body  may  be  neglected,  and  the 
cavity  is  assumed  to  start  from  the  leading  edge.  Consider,  next,  a  moving 
wave  of  constant  amplitude  and  wavelength  as  shown  in  Fig.  5(b).  For  sim¬ 
plicity,  first  consider  a  single-stage  pulsation  of  which  the  wavelength  is  equal 
to  the  average  cavity  length  Superimposition  of  the  wave  profiles  on  the 
steady  cavity  profile  will  create  a  new  profile  which  changes  with  time. 

Since  the  boundary  condition  at  the  leading  edge  requires  that  the  cavity 
w'idth  at  the  leading  edge  be  constant  throughout  a  period  of  pulsation,  the  wave 
profiles  to  be  superimposed  on  the  steady  cavity  profile  do  not  allow  a  finite 
amplitude  at  the  leading  edge.  This  means  that  waves  with  growing  ampli¬ 
tudes  along  the  direction  of  flow  are  necessary.  Wave  profiles  sketched  in 
Fig.  5(c)  meet  this  requirement.  Superimposition  of  (c)  on  (a)  results  in  new 
profiles  as  shown  in  Fig.  5(d).  These  cavity  shapes  resemble  the  actual 
cavity  shapes  as  shown  by  the  motion  pictures  in  Fig.  2.  Because  of  the  vari¬ 
able  amplitude  of  the  wave  to  be  superimposed  on  the  steady  cavity  profile, 
the  resulting  cavity  will  have  variable  cross-sectional  area  as  indicated  in 
Fig.  5(d).  The  period  of  the  area  pulsation  of  the  cavity  is  seen  to  be  equal  to 
the  period  of  the  traveling  wave.  This  leads  to  the  following  formulas: 

T  ;  i  c  or  f  l  c  =  1  1 
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where 

T  =  the  period  of  the  traveling  wave, 
f  =  the  frequency  of  cavity  pulsation  =  l  T,  and 
c  =  phase  speed  of  the  wave. 

Similar  argument  for  n-stage  pulsating  cavities  will  lead  to  the  following 
formulas: 


T  i  nc  or  ft  c  "  n.  (la) 

Since  a  cavity  wall  is  made  up  of  the  water  particles  passing  a  uxed  point 
(the  separation  point)  and  moving  with  speed  a  ,  the  phase  speed  c  must  be 
equal  to  (measured  relative  to  the  fixed  bodies).  A  more  detailed  argument 
relative  to  this  point  is  given  in  [5],  The  average  phase  speeds  have  been  meas¬ 
ured  by  means  of  motion  pictures  for  different  stages  of  pulsations  and  in  ail 
cases  confirmed  the  present  statement. 

Equation  (la)  may  now  be  replaced  by 


ft  Qc  ■  r.  (lb) 

Some  data  supporting  the  validity  of  Eq.  (lb)  published  in  [5  is  reproduced 
in  Fig.  6.  There  are  many  more  data  similar  to  those  shown  in  Fig.  6  covering 
many  different  test  bodies  over  a  wide  range  of  flow  conditions,  and  all  agree 
with  Eq.  (lb)  with  reasonable  accuracy.  It  is  thus  believed  that  Eq.  (lb'  is 
universally  applicable.  It  should  be  noted,  however,  that  the  definition  of  the 
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Fig.  i  -  Zxperirr.er.:ai  data  showing 
reduced  frequency  as  a  function  of 
stage 


cavity  length  i ,  as  well  as  its  actual  measurement,  are  rather  difficult:  hence, 
considerable  scatter  is  inevitable  in  comparing  experiment  with  the  formula. 


THE  RESONANCE  MODEL  AND  ITS  SOLUTION 
Resonance  Model 

Instead  of  attempting  to  find  the  natural  frequency  of  the  real  dynamic  sys¬ 
tem  as  shown  in  Fig.  7(a),  a  simple  static  model  as  shown  in  Fig.  7(d)  will  be 
considered  as  an  approximation.  The  model  consists  of  an  annulus  of  water 

bounded  bv  two  cvlindrical  free  surfaces  of  radius  R  and  r  surrounded  bv 
,  .  *  *  0  0  • 

air  of  pressure  Pa.  The  problem  is  then  reduced  to  finding  the  natural  fre¬ 
quency  of  the  annulus  undergoing  a  pure  radial  oscillation.  The  reasoning  lead¬ 
ing  to  the  adoption  of  the  model  is  given  in  the  following  paragraph. 
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Under  a  steady  flow  condition  as  shown  in  Fig,  7(a),  the  pressure  difference 
PT  -  pc  is  balanced  in  every  direction  by  the  centriiugal  iorce  created  by  the 
flow  of  water  along  curved  streamlines.  If  the  velocity  everywhere  is  reduced 
to  zero  and  the  pressure  everywhere  is  reduced  to  p_,  as  shown  in  Fig.  7(b), 
equilibrium  can  still  be  maintained.  Of  course,  under  the  static  condition  a 
■al  cavity  will  be  a  circle  because  oi  the  surface  tension  eifect.  Fortunately, 
the  natural  frequency  of  the  volume  pulsation  of  a  gas  cavity  is  nearly  inde¬ 
pendent  of  its  shape  f 6 j  and  the  cavity  in  Fig.  7(b)  may  be  replaced  by  a  circular 
cavity  of  equal  area  without  causing  too  much  error. 

In  reality,  a  cavity  is  filled  not  only  with  air  but  also  with  water  vapor  ana 
water  particles.  Since  the  water  within  the  cavity  plays  no  part  in  pressure 
change,  the  part  of  the  area  occupied  by  water  must  be  left  out  oi  consideration. 
Furthermore,  for  relatively  low  frequency  pulsation,  the  process  oi  evapora¬ 
tion  and  condensation  may  safely  be  assumed  as  instantaneous.  This  means 
that  the  water  vapor  may  also  be  left  out  of  consideration.  The  model  (b)  can 
now  be  replaced  by  model  (c)  in  Fig.  7:  here,  the  total  cavity  area  S  has  been 
reduced  to  S0  by  subtracting  the  internal  area  occupied  by  water  and  water 
vapor.  Finally,  the  two  walls  of  the  tree  jet  are  replaced  by  a  circle  oi  radius 
Rc  and,  hence,  model  (d)  is  obtained. 

Natural  Frequency  of  the  Gas-Liquid  System 

Let  us  now  disturb  the  equilibrium  condition  by  applying  a  small  change  to 
the  cavity  area  ?  due  to  radial  motion.  This  will  destroy  the  equilibrium  and 
the  system  will  start  an  oscillatory  motion. 
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Lagrange's  equation  of  motion  in  a  general  coordinate  system  for  an  irrota- 
tional  motion  is  [7] 


d 

dt 


<2) 


where 

s;  =  general  coordinates, 

L  =  Lagrangian  =  kinetic  energy  -  pote,  .\i  energy,  and 

0;  =  forces  net  arising  from  a  potential. 

Here  it  is  convenient  to  take  the  change  of  cavity  area,  s,  as  the  single  general¬ 
ized  coordinate. 


The  potential  energy’  of  the  bubble  with  reference  to  the  equilibrium  condi¬ 
tion,  assuming  an  adiabatic  process,  can  be  shown  to  be 


P.  E. 


f3) 


where  Pa  is  the  partial  pressure  due  to  air  in  the  cavity  and  is  a  gas  constant. 

Assuming  incompressibility,  the  potential  energy  of  the  water  is  equal  to 
zero.  Since  the  density  of  air  is  so  small  compared  with  the  density  of  water, 
the  kinetic  energy  of  the  air  in  the  bubble  may  be  neglected.  By  considering  the 
continuity  requirement,  the  speed  of  radial  flow,  q,  on  a  circle  of  radius  r  is 

q  r  5  2-r.  f  4) 

The  kinetic  energy  of  the  water  is  then: 


Now,  the  Lagrangian  of  the  system,  up  to  the  second  order  terms,  is 

•c  K.  kp 

.  -  s  _  _ t  2 

L  4-  •  r.  *  2S„  5  ' 


'6) 


Since  in  this  case  the  nonconservative  force  o;  may  be  set  equal  to  zero, 
Lagrange's  equation  of  motion  is  reduced  to 


Equation  (7)  is  the  equation  of  a  vibrating  spring  without  damping  and  excitation. 
The  frequency  of  vibration  is 
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f 


(8) 


The  factor  Sr  fn  Ro/r0  is  an  unknown  quantity  which  should  depend,  among  other 
variables,  upon  the  jet  width  b  and  the  cavity  length  f .  Equation  (8)  then  may 
be  written  in  the  following  dimensionless  form. 


fd 


a 


a- 


!\ 
b ; 


(9) 


where 


reference  speed  (analogous  to  sound  speed), 


b  =  jet  width,  and 


d  =  characteristic  dimension  of  body. 


The  function  Pn  is  a  reduced  frequency.  Since  Pn  is  a  characteristic 
number  of  the  pulsating  cavity,  it  will  be  referred  to  as  the  "pulsation  number" 
hereafter.  The  functional  form  of  Pn  can  not  be  determined  by  this  simplified 
theory.  Experimental  frequency  data  shown  in  Fig.  5  of  [5]  are  replotted  in 
Fig.  8  as  a  family  of  curves,  Pn  as  a  function  of  £  b  with  d  b  as  a  parameter. 
Graph  (a)  shows  the  data  for  a  1/8-in.  normal  plate  in  a  10-in.  jet  and  graph  (b) 
shows  the  data  for  two  circular  cylinders,  1/4-in.  diameter  and  1  '8-inch, 
diameter  in  three  different  size  jets.  All  data  points  seem  to  form  a  family  of 
parallel  straight  lines  indicating  the  pulsation  number  is  a  linear  function  of 
the  dimensionless  cavity  length  i  b. 

Average  Cavitation  Number  of  Pulsating  Cavities 

By  virtue  of  Bernoulli's  equation  and  the  definition  of  cavitation  number, 
Eq.  (lb)  may  be  written  as 


f£  V  =  nil  -  r  (10) 

where  u  is  the  undisturbed  stream  velocity  and  ~  is  the  average  cavitation 
number  defined  as 


The  combination  of  Eqs.  (8)  and  (10)  leads  to  the  following  formula: 

Fa  S„  R 

3  *  ■)  0.0 
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ib)  Circular  Cylinders 

Fig.  8  -  Pulsation  number  as  a  function  of  cavity  length  and  jet  width 


If  we  assume  that  So  is  proportional  to  s  and  note  that,  for  a  slender  cavity, 
S  f 2  is  approximately  proportional  to  r  [8],  then  Eq.  (11)  may  be  written  as 


Here  all  uncertain  factors  are  included  in  K.  Equation  (11a)  can,  finally,  be 
written  in  the  following  form: 


r-2-2 


'12) 


where  rv  is  the  reference  cavitation  number  defined  as 

Pz  -  P. 

~r  1  2.-  U2  ’ 

The  parameter  k  may  depend  on  many  dimensionless  numbers,  such  as  the 
pulsation  number,  the  Reynolds  number  and  the  Froude  number.  Within  the 
range  of  the  experiments  reported  ir.  [l]  and  [5],  the  constant  k  =  3.45  seems 
to  fit  the  data  fairly  well.  The  comparison  of  the  data  and  the  semi-empirical 
formula  (12)  with  K  =  3.45  is  presented  in  Fig.  9. 
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It  has  been  observed  experimentally  that  there  is  a  maximum  possible  - 
or  ~v  corresponding  to  each  stage  of  pulsation.  (These  maximums  are  given 
by  the  data  points  of  largest  ~  in  Fig.  9.)  This  is  equivalent  to  saying  that 
there  is  a  minimum  cavity  length  below  which  pulsation  cannot  occur.  The 
cause  and  exact  magnitude  of  the  limit  are  still  uncertain.  The  available  data 
seem  to  indicate  that  the  minimum  is  about  32  diameters  in  the  case  of 
circular  cylinders  and  about  64  chords  in  the  case  of  normal  plates.  It  seems 
that  there  is  no  lower  bound  for  ~  and  ,  nor  upper  bound  for  i  ,  (The  lowest 
data  points  in  Fig.  9  correspond  to  the  maximum  cavity  length  which  could  be 
lAysmally  produced  in  the  free  jet  tunnel  without  splitting  the  cavity.  In  other 
vwrus,  the  limitation  in  Fig.  9  is  due  to  tunnel  size  rather  than  to  pulsation.; 

Another  important  characteristic  of  a  pulsating  cavity  should  be  men¬ 
tioned.  As  long  as  a  cavity  is  below  an  upper  bound  of  r  and  it  may  pulsate 
at  the  stage  to  which  the  bound  applies  or  at  any  higher  stage,  that  is,  for  a 
given  flow  condition,  a  cavity  may  pulsate  at  one  stage  or  another  or  even 
change  its  stage  with  no  apparent  reason.  It  may  be  stated,  therefore,  that 
pulsating  cavities  are  neutrally  stable. 
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Amplitude  of  Pulsation  and  Maximum  Air  Supply  Rate 

So  far,  computations  have  been  based  on  the  average  air  pressure  in  the 
cavity  Pa.  The  true  air  pressure  fluctuates,  however,  and  varies  between  the 
limits  Pa  ±  /  Pa/2.  To  estimate  the  amplitude  of  pressure  pulsation,  reference 
will  be  made  to  the  sketches  of  Fig.  5.  It  may  be  observed  that  the  main  source 
of  the  cavity  area  change  has  been  attributed  to  the  assumption  that  the  wave  to 
be  superimposed  on  a  steady  cavity  has  zero  amplitude  near  the  leading  edge 
and  increasing  amplitude  downstream.  The  maximum  area  change  of  a  first- 
stage  cavity  is  given  by  integrating  the  upper  wave  of  Fig.  5(c); 


where  a  is  an  unknown  parameter,  presumably  a  function  of  cavity  size  and  air 
supply  rate.  In  the  case  of  a  multi-stage  cavity,  the  change  of  cavity  area  may 
be  assumed  to  occur  mainly  within  the  first  wavelength  as  may  be  deduced  by 
examination  of  Fig.  3.  This  concept  leads  to  the  following  expression  for  a 
cavity  at  any  stage  n : 


(13) 


Assuming  the  air  supply  rate  is  in  equilibrium  with  the  average  rate  at 
which  air  is  being  carried  out  of  the  cavity,  so  that  the  amount  remaining  in 
the  cavity  is  constant,  it  can  be  shown  by  using  the  adiabatic  gas  law  that 


'14) 


where 


Neglecting  the  part  of  the  air  carried  out  by  turbulent  diffusion  across 
cavity  walls,  the  only  way  the  air  can  escape  from  the  cavity  is  through  the 
final  wavelength  (indicated  by  dotted  lines  in  the  upper  sketch  of  Fig.  5(d), 
which  breaks  and  separates  from  the  main  cavity.  For  the  ideal  case  of  zero 
air  exchange,  this  final  wavelength  which  rrfay  be  called  the  "residual  cavity" 
must  have  zero  volume.  The  residual  cavity  grows  with  the  air  supply  rate. 
This  is  why  there  is  no  unique  air  supply  rate  for  a  pulsating  cavity  as  indicated 
by  Fig.  1.  The  maximum  size  of  the  residual  cavity,  however,  cannot  exceed 
the  original  wave  size.  Therefore,  it  can  be  concluded  that  each  pulsating 
cavity  must  have  its  maximum  air  carrying  capacity  given  by  the  following 
formula: 


where  wA,  I.,  ca  are  weight  rate  of  air  supply,  span  length  and  air  density  in 
the  cavity  respectively. 
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Using  Eq.  (10)  and  the  fact  that  for  a  slender  cavity  [8] 

S  «■  . 

Equation  (15)  may  be  written  in  the  following  dimensionless  form: 

5CW  ^  K'  \  1  -  ? 


or  for  small  <r 


=  K'  (16) 

where  Cw  is  an  air  supply  coefficient  defined  as 

C  =  -5*-- 
V"W  dLgp  at 

Here  the  constant  K'  includes  various  proportionality  factors  which  change  with 
reentrant  jet  and  cavity  size.  It  is  therefore  clear  that  K'  is  not  a  universal 
constant,  but  rather  a  parameter  varying  with  seme  dimensionless  numbers. 

The  measured  dimensionless  amplitude  iPa  Pa  is  plotted  against  the  air 
supply  coefficient  C v  for  a  number  of  different  stages  in  Fig.  10.  Solid  lines 
are  from  Eq.  (14)  with  2  =  0.18.  It  is  seen  that  with  this  empirical  value  of  ; 
the  experimental  data  can  be  made  to  approach  the  theoretical  values  as  C, 


Air  Supply  Coe'fcier!  C» 


Fig.  10 


-  Amplitude  of  pressure  pulsation  in  cavities 
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increases  for  each  stage.  With  the  limited  amount  of  data  available,  the 
parameter  K'  still  cannot  be  determined  with  certainty.  More  data  on  maximum 
air  supply  rate  under  various  flow  conditions  are  required. 


UNSTEADY  DRAG  DUE  TO  PULSATION 

A  question  of  considerable  importance  in  practice  concerns  the  unsteady 
force  due  to  pulsation.  Since  the  dimensionless  pressure  amplitude  as  shown 
in  Fig.  10  can  be  as  high  as  0.5,  the  unsteady  part  of  the  drag  could  be  very 
large.  Indeed,  continuous  records  of  forces  measured  by  a  sensitive  dyna¬ 
mometer  indicated  variable  forces  almost  in  phase  with  the  variable  cavity 
pressures.  (See  Fig.  4.)  Drag  on  a  symmetrical  wedge  with  pulsating  cavities 
will  be  analyzed  by  a  method  similar  to  the  method  used  in  [9]  and  [10].  The 
theoretical  result  will  then  be  compared  with  the  experimental  data. 

It  is  known  that  if  flow  is  incompressible  and  irrotational,  then  there 
exists  an  acceleration  potential.  Furthermore,  for  a  slightly  disturbed  flow 
(the  non-uniform  flow  field  is  produced  by  a  small  disturbance  to  the  undis¬ 
turbed,  uniform  flow)  the  acceleration  potential  satisfies  the  Laplace  equation 
up  to  the  first  order  of  smallness.  This  implies  that  there  exists  a  complex 
acceleration  potential  which  is  an  analytic  function  of  the  space  variable, 
z  =  x  +  iy.  Hereafter,  all  the  linear  dimensions  will  be  normalized  with 
respect  to  the  chord  length. 

In  dimensionless  form,  the  Euler  equation  of  motion  may  be  written  as 
(without  external  forces) 


a 


(17) 


where 

P-  -  p 

-  =  —  =  acceleration  potential, 

a  =  acceleration  vector,  and 
qc  =  average  speed  on  cavity  walls. 

The  complex  acceleration  potential  is 

F  z .  t  "i  z  r  x .  y .  t  -  i  .  ( x .  v .  t  ■ 

where  :  and  _  are  related  to  each  other  by  Cauchy -Riemann  equations. 
By  using  the  Bernoulli  equation  for  steady  flow,  it  can  be  shown  that 

q.  =  l\  1  -  ? 


18) 


(19) 


(20) 
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Assuming  a  slender  cavity,  the  velocity  vector  q  may  be  written  in  terms 
of  the  perturbation  velocity  components  as 

q  qcCl  -  u,  V)  f 21 ) 


and 


u  1  V  "  l. 

In  terms  of  the  perturbation  velocity  components  defined  by  Eq.  (21),  the  Euler 
equation  of  motion,  Eq.  (17)  is  reduced  to 

C  -  _  y  -  u.  '5  -  u  ,  c  r  -  _  x  -  v.  "q  -  v  .  ( 22) 

x-'t^cx  y  t^cx  ' 

The  problem  is  now  reduced  to  finding  the  analytic  function  F (z.  t  which 
satisfies  given  boundary  conditions  listed  below.  (The  real  and  linearized 
physical  planes  are  shown  in  Fig.  11.) 

(i)  On  the  free  surfaces,  p  Pr  ,  hence 


;  ^  0. 


(ii)  On  the  cavity  boundary,  p  •  p„'t  ,  hence 


1  ! 

where  -  is  the  instantaneous  cavitation  number. 

(iii)  On  the  parts  of  the  centerline  of  the  jet,  oc  and  »f,  v  0,  hence  by 
Eq.  (22) 


Here  the  constant  of  integration  is  set  equal  to  zero  on  account  of  the  condition 
at  where  flow  is  steady. 

(iv)  If  the  wedge  angle  is  2  ,  then  the  wedge  profile  may  be  written  as 


and,  by  Eq.  (22),  it  can  be  shown  that 


or. 


•Aedee. 


The  unknown  quantity  .  l  may  be  evaluated  by  using  the  general  integral  of 
Eq.  (22)  which  satisfies  the  condition  at  infinity: 


23) 
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(b)  Lmeorized  z  -  Plor.e 

Fig.  11  -  Real  arid  linearized  physical  planes 


In  particular,  when  the  variable  pressure  pc(t)  is  sinusoidal,  which  is  the  case 
considered  here,  then  -  is  also  sinusoidal  and  Eq.  (23)  reduces  to 


Integrating  Eq.  (23a)  by  parts  and  noting  that  .  =  o  on  the  line  oc,  Eq.  (23a) 
leads  to 


v  (wedge)  (wedge)  =  . 


(24) 


Song 


This  means,  within  the  accuracy  of  the  linearization 

(25) 

Since  the  flow  is  symmetrical  with  respect  to  the  centerline,  only  the  upper 
half  of  the  flow  region  needs  to  be  considered.  The  following  transformation 
formula  is  used  to  transform  the  upper  half  of  the  linearized  z -plane  into  the 
upper  half  of  '-plane  shown  in  Fig.  12. 

z  ;  |:ln  (1  4  (,/'xo)  (26) 

where 

xo  =  (exP  IT  '  0  (27) 

It  is  readily  seen  that  Eq.  (26)  transforms  the  point  at  -x  to  (-  xQ,  0),  the  nose 
of  the  wedge  to  (0,  0)  and  the  tail  of  the  cavity  to  (E  * ,  0).  Here  l'  is  related 
to  f  by 

v  =  xo(exP  nr"  "  0  ■  (28) 

Following  the  method  used  in  [9]  and  [10],  the  solution  of  the  mixed  boundary 
value  problem  is  the  ;  -plane  as  shown  in  Fig.  12  with  finite  pressure  every¬ 
where  is 


2(1  -?)  \ 

where 

H(i)  -  l)(vrf(;) 

provided  the  following  equation  is  also  satisfied: 

,«  cV 

..  f_±L _ f  _ ±1 _ 

'  JoH(-)  2(1  -5)  \  {-  -x0)(-  -  1 )(  f  '  --) 

perfoiming  the  integrations,  Eq.  (31)  is  reduced  to 

_  F(=,  k 1 

2  >  (1  *  "  K(kj  ) 


(29) 


(30) 


(31) 


(32) 
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Fig.  12  -  Boundary  Conditions  on  '-Plane 


where 

F  (®,  k )  =  incomplete  elliptic  integral  of  first  kind, 
Kfkj )  =  complete  elliptic  integral  of  first  kind, 

1 X.  -  f' 

•  =  arc  sin  y  ^ —  =  argument, 


k 


modulus,  and 


k,  =  1/  -? — — =  modulus. 

1  K *  -  x, 

Equation  (32)  may  be  used  to  determine  the  cavity  length  as  function  of  other 
variables.  The  right-hand  side  of  Eq.  (32)  is  a  function  of  and  b  only  and  is 
plotted  in  Fig.  13. 

The  drag  coefficient  is,  by  definition, 


C 


D 


<  33) 


By  using  the  definition  of  the  acceleration  potential  and  the  solution  given  by 
Eq.  (29),  it  can  be  shown  that 

dD  —  1  -?  L„  -  -L,  (34) 
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where 


Fig.  13  -  Cavity  length  as  a  function  of 
cavitation  number  and  iet  width 


b_  f  H  -)df  f‘  d- 

4_  Re  |  •  ~  I  if—  — 


(  35) 


L2  1  '  ^tRe 

1  9-2 


,1  J 

I  H  -)df  I 


Jj  \  -  x  )(  -  -  •-  )(-  -  '  -  -  f 


(36) 


The  functions  L0  and  L-,  are  identical  to  the  functions  appearing  in  [9]  with  the 
same  symbols.  After  performing  the  necessary  integrations  they  are  reduced  to 


'0  2 


r  -  i 


-  F(r .  1;)  2E  t.  k  f  -  p  .  ~  F(c.  -  j 


¥  •  ‘  *  xo: 


(35a) 
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k  j )  cot  b  d  b 


(36a) 


where 


£(<*.,  k)  =  incomplete  elliptic  integral  of  second  kind, 

A  (6,  kj)  =  Heuman's  lambda  function, 

P  =  arc  sinyy^-,  and 
b  =  variable  of  integration. 

The  functions  L0  and  L2  plotted  in  [9]  are  reproduced  in  Fig.  14.  (The  cor¬ 
responding  function,  L0,  for  the  flow  in  solid  walled  channels  as  reported  in 
[10]  is  indicated  by  dotted  lines.) 

Using  bars  to  denote  average  values,  it  can  be  shown  from  Eq.  (34)  that 

CD  -  ^  fl*-)l0  -  ~l2  (34a) 


(a)  Lc  (t!  L2 

Fie.  14  -  The  drag  functions  L .  and  L, 
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4y  _ 

Z-CD  -  -rfr  (1  -o-)£L0  +  L,  L  a  -  crZ-L,  -  LaL  L  2  (34b) 

where  Z.CD  is  the  change  in  CD  produced  by  a  change  from  a  to  ct  +  £,cr.  It  is 
readily  seen  from  Fig.  14  that,  for  a  large  t,  the  changes  in  L0  and  L2  are 
very  small.  In  fact,  it  may  be  shown  that  Z.L0  and  £L2  are,  at  most,  of  order 
of  a  tv.  This  means,  for  large  £  or  small  a,  the  second  term  on  the  right-hand 
side  of  Eq.  (34b)  predominates  over  all  other  terms  and  the  equation  may  be 
simplified  to 


!“CD  <1D  .  - 

La  =  2yLPc  L2 


(37) 


where  D  is  the  drag.  Since  2y£Fc  is  the  force  on  the  wedge  base  due  to  the 
fluctuating  cavity  pressure,  LU/2-/LPc  or  L2  indicates  the  fraction  of  the  fluc¬ 
tuating  pressure  being  transmitted  to  the  body  as  drag.  The  function  L2  was 
called  the  "pressure  function”  in  [9]. 

It  is  noteworthy  that  L2  is  unity  when  b  =  0  and  approaches  zero  as  b  is 
increased  indefinitely.  Furthermore,  the  corresponding  function  for  the  flow  in 
solid  walled  channels  as  reported  in  [10]  is  zero  for  any  channel  width.  It  is 
now  clear  that  L2  is  a  characteristic  function  of  flows  with  free  surfaces. 

Two  wedges  (y  =  15  degrees  and  y  =  7.5  degrees)  were  tested  for  the  pur¬ 
pose  of  measuring  the  unsteady  drag  due  to  the  pulsation.  The  measured 
i-D  '2---LPc  values  for  b  =  10  and  b  =  3  cases  are  plotted  in  Fig.  14(b).  The 
data  plotted  in  Fig.  14(b)  covered  the  first  three  stages  of  pulsating  cavities. 

It  should  be  noted  that  the  order  of  magnitude  of  the  drag  amplitude,  ID,  meas¬ 
ured  in  this  experiment  was  between  0.5  lb  and  1.5  lb,  which  is  not  very  much 
above  the  sensitivity  of  the  dynamometer.  This  is  probably  why  the  data  shown 
in  Fig.  14(b)  have  considerable  scatter.  It  can  nevertheless  be  concluded  that, 
as  an  average,  the  agreement  between  data  and  theory  is  satisfactory. 


CONCLUSIONS 

An  artificial  or  ventilated  cavity  may  be  created  by  supplying  air  to  the 
wake  of  a  moving  body.  There  are  two  distinct  regimes  of  ventilated  cavities 
in  a  gravitation-free  field  with  free  boundaries.  One  regime  may  be  called 
reentrant  jet  and  the  other  pulsating.  A  cavity  with  reentrant  jet  occurs  at  the 
smaller  air  flow  rates  and  is  similar  to  a  natural  cavity  in  many  respects.  A 
pulsating  cavity  is  formed  w'hen  too  much  air  is  added  to  the  cavity:  that  is, 
when  the  cavitation  number  is  reduced  below  a  certain  critical  value. 

A  pulsating  cavity  has  a  wavy  surface,  a  periodically  variable  length,  and 
a  periodically  fluctuating  pressure  field  which  causes  the  net  force  acting  on 
the  body  to  fluctuate  about  its  mean  value.  The  result  of  the  analysis  and  the 
experimental  data  have  proved  the  validity  of  the  assumption  that  the  pulsation 
of  ventilated  cavities  is  a  peculiar  phenomenon  of  mechanical  resonance  of  the 
air-water  system  which  occurs  when  one  or  more  free  surfaces  exist.  It  is 
the  motion  of  surface  waves  on  the  cavity  walls  which  causes  the  cavity  to 
change  its  volume  periodically.  This  periodical  volume  change  is  accompanied 
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b>  a  vibratory  motion  of  the  surrounding  water  and  a  pressure  pulsation  in  the 
cavity.  The  pulsation  is  possible  only  when  the  natural  frequency  of  the  air- 
water  system  agrees  with  the  frequency  of  the  surface  waves. 

There  may  be  any  integral  number  of  surface  waves  appearing  on  a  cavity 
wail,  from  one  to  infinity.  Hence,  pulsating  cavities  may  be  classified  accord¬ 
ing  to  the  number  of  waves  and  called  first- stage,  second- stage,  and  so  on.  By 
a  purely  kinematical  consideration,  it  was  shown  that  the  frequency  of  the  pul¬ 
sation  must  be  such  that  the  reduced  frequency  should  be  equal  to  the  number 
of  stages  as  indicated  by  Eq.  (lb).  By  considering  the  dynamics  of  the  system, 
it  was  further  shown  that  the  pulsation  number  defined  by  Eq.  (9)  is  a  function 
of  the  dimensionless  cavity  length  and  the  dimensionless  jet  width.  Further¬ 
more,  it  was  shown  that,  up  to  a  constant  which  was  determined  experimentally, 
there  exists  a  unique  relationship  between  the  average  cavitation  number,  the 
reference  cavitation  number  and  the  number  of  stages.  It  is  also  noteworthy 
that  to  each  stage  there  corresponds  a  maximum  amplitude  of  pulsation  and 
air-carrying  capacity. 

Finally,  by  using  the  linearized  acceleration  potential  theory,  it  was  shown 
that  the  unsteady  part  of  the  dimensionless  drag  normalized  with  the  unsteady 
part  of  the  cavity  pressure  depends  mainly  on  the  jet  width.  It  is  interesting  to 
note  that  the  unsteady  part  of  the  drag  due  to  pressure  pulsation  in  the  cavity  is 
negligible  in  infinite  fluid  or  in  a  finite  fluid  bounded  by  solid  walls. 
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FLOW-INDUCED  CAVITY  RESONANCE 
IN  VISCOUS  COMPRESSIBLE  AND 
INCOMPRESSIBLE  FLUIDS 


William  H.  Dunham 
David  Taylor  Model  Basin 
Carderock,  Maryland 


ABSTRACT 

Oscillations  induced  into  ship  structures  by  high-speed  flow  of  water 
past  immersed  openings  leading  to  internal  cavities,  such  as  sea 
chests  for  condensation  of  steam,  have  caused  serious  structural  fail¬ 
ures.  Flows  of  this  type  have  been  studied  in  both  air  and  water  to 
determine  the  physical  mechanism  of  excitation.  The  studies  in  air 
were  carried  out  in  the  low  turbulence  wind  tunnel  at  the  David  Taylor 
Model  Basin.  Frequencies,  peak  to  peak  pre s  sure s,  mean'  pressures, 
and  flow  velocities  were  measured.  Also,  photographs  were  made  of 
the  individual  pressure  wave  forms  projected  onto  an  oscilloscope 
screen.  Flow  visualization  experiments  in  water,  using  dye  techniques 
and  high-speed  smoke  tunnel  motion  pictures,  taken  by  Professor 
F.N.M.  Brown  and  Brian  Quinn,  were  used  to  determine  the  streamline 
pattern  caused  by  the  fluctuating  velocity  fields  normal  and  tangential 
to  the  cavity  mouth.  The  vortices  appear  to  be  controlled  by,  or  cou¬ 
pled  to,  the  natural  frequency  of  the  cavity  by  the  combined  normal  and 
tangential  flow  in  and  out  of  the  cavity  mouth,  and  the  positive  pressure 
gradient  which  exists  over  the  after  portion  of  the  cavity  opening. 


INTRODUCTION 

Unstable  time  dependent  flows  have  become  extremely  important  due  to  the 
possible  excitation  of  structural  oscillation  and  failure.  These  flows,  many 
times  self-excited,  represent  a  serious  problem  to  the  designer  of  immersed 
bodies  at  high  speed.  Many  times  in  the  past,  when  the  dynamic  pressure  due  to 
forward  motion  was  sufficiently  high,  self-excited  wing  oscillations  in  aircraft 
have  caused  structural  failure.  Cavity  oscillations  in  aircraft,  traveling  at  high 
speeds,  have  indicated  the  existence  of  sound  fields  of  160  db  at  20,000  to  40,000 
cps,  but  no  structural  damage  resulted  due  to  the  difference  between  the 
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exciting  frequency  and  the  resonant  frequency  of  the  structure.  This  has  not 
been  the  case  in  water  immersed  cavities. 

The  elastic  modulus  of  water  is  of  the  same  order  of  magnitude  as  that  of 
steel  and,  therefore,  upon  excitation  of  cavity  oscillation,  transmits  almost  all 
of  the  pressure  energy  to  the  surrounding  air-backed  structure  (see  Fig.  1). 

The  structure  then  responds,  depending  upon  its  resonant  frequency  and  dampen¬ 
ing,  to  the  oscillating  driving  pressure  in  the  mouth  of  the  cavity.  Serious  struc¬ 
tural  failures  have  resulted  from  cases  where  the  forcing  frequency  excited  the 
natural  resonant  frequency  of  the  air-backed  structure. 
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Fig.  1  -  Schematic  drawing  of  an 
oscillating  air  backed  cavity  open 
to  the  freestream  velocity  of  an 
incompressible  fluid 
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wig  F.  Helmholtz,  1821-1894,  a  German  mathematician  who  worked  out  analyti¬ 
cal  expressions  for  this  phenomenon.  Rayleigh  [l,2]*  later  extended  his  work 
based  on  energy  relations  which  allowed  end  corrections  to  be  made  for  differ¬ 
ent  mouth  geometries.  His  analysis  was  based  upon  a  compressible  fluid  which 
oscillated  an  effective  mass  of  fluid  in  the  cavity  mouth.  Rayleigh  postulated 
that  the  kinetic  energy  of  the  oscillating  fluid  in  the  mouth  is  stored  in  the  com¬ 
pression  pressure  of  the  fluid  in  the  cavity  base.  This  produced  an  equivalent 
spring  mass  oscillating  system. 


Further  work  on  flow- excited  systems  of  cavity  resonance  was  not  continued 
until  the  early  1950's  when  Blokhintsev,  Roshko,  Krishnamurty,  Harrington  [3,4, 
5,6,7]  and  others  began  to  look  into  the  problem.  Little  was  known  of  boundary 
layer  flow  stability  at  the  time  of  Helmholtz  and  Rayleigh.  It  was  generally  as¬ 
sumed  by  later  workers  that  this  field  of  study  could  be  advanced  again  by  the 
simple  application  of  viscous  flow  theory.  However,  this  was  not  the  case. 

Great  difficulty  was  experienced  in  obtaining  visual  photographs  of  the  cavity 
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oscillations.  Also,  analytical  attempts  to  explain  the  phenomena  without  experi¬ 
mental  boundary  conditions  showed  a  great  deal  of  mathematical  complexities 
which  could  not  be  resolved. 

D.I.  Blokhintsev  of  the  Physical  Institute,  Academy  of  Science,  USSR,  devel¬ 
oped  a  simple  empirical  theory  based  on  his  experimental  work.  He  assumed 
that  there  were  two  independent  vibrating  systems:  one  driving  frequency  and 
one  resonating  or  reinforcing  frequency.  He  believed  that  the  driving  frequency 
obeyed  the  edge  tone  Strouhal  number  relation  with  an  amplitude  proportional  to 
1/2  pU2.  The  Strouhal  relation  consisted  of  a  constant  multiplied  by  the  product 
of  the  frequency  and  the  freestream  velocity  and  divided  by  the  streamwise 
length  of  the  cavity  mouth  opening.  Frequency  expressed  by  the  Strouhal  rela¬ 
tionship  is  as  follows: 
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where 

fD  is  the  driving  frequency, 

S  is  the  nondivisional  Strouhal  numbers  varying  between  0.2  and  0.83, 
v  is  the  velocity,  and 

L  is  the  length  of  the  cavity  mouth  in  the  flow  direction. 

The  second  oscillating  system  involved  is  the  reinforcing  or  natural  fre¬ 
quency  of  the  cavity,  which  was  found  by  Rayleigh  to  be: 


f 


c 


r  ^ 

-ST  (0 


1/2 


where 

fc  is  the  reinforcing  frequency  of  the  cavity, 

A  is  the  area  of  the  cavity  mouth, 
cV  ?P  is  the  rate  of  volume  change  with  pressure,  and 
is  the  density  of  air. 

Note:  The  constant  0.8  arises  from  geometrical  consideration  for  a  Helmholtz 
resonator  which  has  its  mouth  in  a  thin  sheet  [7], 

Resonance  between  the  two  systems  occurred  when  fD  -  fc  and  continued 
over  a  small  range  of  freestream  velocities.  During  the  experiments  conducted 
by  Blokhintsev,  frequencies  were  observed  to  pull  off  from  a  linear  relation¬ 
ship,  indicating  that  some  coupling  existed  between  the  cavity  oscillating  system 
and  the  linear  driving  frequency.  Further  work  by  Harrington  reinforced  the 
results  of  Blokhintsev. 
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The  present  work  is  an  attempt  to  determine  the  physical  mechanism  of 
cavity  resonance  by  a  combination  of  two  techniques,  flow  visualization  and  the 
measurement  of  important  flow  parameters.  The  flow  visualization  technique 
led  to  the  design  of  an  experiment  in  which  high-speed  motion  pictures  were 
taken,  in  water,  of  dye  streamers  flowing  past  the  mouth  of  a  mechanically- 
driven  oscillating  cavity.  Wind  tunnel  tests  were  also  conducted  in  order  to 
make  quantitative  the  flow  visualization  information.  Data  taxen  included  mean 
pressures,  peak  to  peak  pressures,  pressure  wave  forms  and  frequencies. 
These  data  were,  in  turn,  taken  as  a  function  of  fluid  velocities,  cavity  volume, 
mouth  size,  and  mouth  configuration. 


EXPERIMENTAL  EQUIPMENT  AND  TECHNIQUE 

Two  experiments  were  conducted  at  the  David  Taylor  Model  Basin,  the  pur¬ 
pose  of  which  was  to  determine  the  physical  mechanism  of  flow-excited  cavity 
resonance.  The  first  experiment  was  to  visualize  the  streamline  patterns  of  the 
oscillating  flow  near  the  mouth  of  a  mechanically  oscillating  cavity  located  in 
the  DTMB  miniature  water  channel.  The  second  experiment  was  quantitative  in 
nature,  using  the  2  ft  x  4  ft  low  turbulence  wind  tunnel  facility  to  produce  0  to 
120  ft/sec  wind  velocities  over  an  open  variable  volume  cavity. 

The  flow  visualization  experiment  required  the  design  and  construction  of  a 
12  in.  x  8  in.  transparent  test  section  with  a  boxlike  cavity,  also  with  transparent 
sides,  located  in  its  floor  (see  Fig.  2).  The  mouth  of  the  cavity  was  constructed 
flush  with  the  test  section  floor,  and  made  removable  in  order  to  change  the 
mouth  dimensions  during  the  experiment.  A  series  of  cavity  mouth  inserts 
were  made,  as  shown  in  Fig.  3. 

Cavity  oscillation  was  simulated  by  a  3  in.  reciprocating  cylinder  delivering 
alternating  air  pressure  to  an  air  pocket  behind  a  rubber  diaphragm  comprising 
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Fig.  2  -  Transparent  sided  test 
section  for  the  miniature  water 
channel 


Fig.  3  -  Cavity  mouth  inserts 
for  the  test  section  shown  in 
Fig.  2 
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Wottr  Flow 
In  and  Out 


F  ig.  4  -  Schematic  drawing  of  the  mechan¬ 
ically  oscillated  water  channel  cavity 


the  cavity  floor  (see  Fig.  4).  The  vertically  oscillating  diaphragm  in  the  base 
caused  an  alternating  flow,  in  and  out  of  the  cavity  mouth. 

Since  the  purpose  of  the  flow  visualization  experiment  was  to  determine  the 
physical  mechanism  by  which  the  freestream  fluid  transfers  energy  into  the 
oscillating  cavity  system,  it  was  necessary  to  simulate  resonant  conditions  dur¬ 
ing  the  experiment.  From  the  literature  [7],  Strouhal  numbers  for  resonance 
conditions  were  known  to  be  about  0.43  and  0.80.  By  allowing  the  driving  fre¬ 
quency  to  remain  constant  at  1.5  cps,  a  table  of  velocities  (see  Table  1)  which 
would  produce  resonant  conditions  was  computed  from  the  relation 


where 

S  is  the  Strouhal  number, 

U  is  the  freestream  velocity, 
f  is  the  frequency,  and 

L  is  the  length  of  the  mouth  in  the  stream  direction. 


Table  1 


Length  of  Mouth 

Frequency 

Velocities  in  ft/sec 

_ _ _ 

For  Strouhal  No.  43 

For  Strouhal  No.  80 

0.083  ft 

1.5 

0.29  ft/sec 

0.16  ft/sec 

0.250  ft 

1.5 

0.87  ft/sec 

0.47  ft/sec 

0.330  ft 

1.5 

1.16  ft/sec 

0.62  ft/sec 

0.500  ft 

_ 

1.5 

1.74  ft/sec 

0.94  ft/sec 

1061 


r 

t 


Dunham 

By  adjusting  the  freestream  velocity  to  correspond  with  the  mouth  sizes  and 
frequencies,  shown  in  Table  1,  it  was  possible  to  simulate  a  streamline  pattern 
for  resonant  conditions  [8]. 

Flow  visualization  was  accomplished  by  injecting  dye  into  the  boundary  lay¬ 
ers  upstream  of  the  cavity  mouth  and  simultaneously  taking  high-speed  motion 
pictures,  from  64  fps  to  600  fps,  through  the  transparent  sides  of  the  cavity  and 
test  section. 

The  second  experiment  was  designed  to  measure  the  important  properties 
of  the  oscillating  cavity  in  air  as  a  function  of  cavity  geometry.  To  accomplish 
this,  an  8  in.  round  metal  cylinder  was  designed  to  fit  into  the  top  of  the  2  ft  x  4 
ft  low  turbulence  wind  tunnel,  as  shown  in  Fig.  5.  The  cylinder  was  equipped 
with  an  aluminum  airtight  piston  which  allowed  the  volume  to  be  varied  from  0 
to  0.518  ft3  (see  Fig.  6).  Six  separate  mouth  inserts  with  square  openings  of 
various  sizes  were  constructed  to  change  the  frequency  range.  Also,  a  series 
of  three  steps  were  made  to  elevate  the  upstream  lip  of  the  cavity  a  varying 
height  over  the  downstream  lip,  as  shown  in  Fig.  7. 


Fig.  5  -  Low-turbulence  wind  tunnel  with  adjustable 
cavity  mounted  on  top 


Two  Dynisco  pressure  measuring  transducers  of  the  strain  gauge  diaphragm 
type,  rated  from  0  to  1  psi,  were  placed  in  the  center  of  the  movable  piston  at 
the  end  of  the  cavity,  and  on  the  wall  of  the  cavity  near  the  downstream  lip  (see 
Fig.  5). 

The  pressure  transducers  were  calibrated  statically  for  both  positive  and 
negative  gauge  pressures  by  comparing  the  combined  response  of  both  the 
transducer  and  Sanborn  350-1100  Amplifier  to  the  change  in  level  of  an  alcohol 
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Fig.  6  -  Adjustable  cavity  for  wind  tunnel 
mounting  with  mouth  insert  and  removable 
elevated  upstream  lip 


monometer.  The  response  of  this  type  transducer  is  apparently  linear  from  0 
to  2000  cps  and,  therefore,  no  correction  was  necessary  on  its  output  in  the 
range  of  frequencies  from  0  to  300  cps. 

A  general  schematic  of  the  electrical  arrangement  for  the  measurement  of 
pressures  and  frequencies  is  shown  in  Fig.  8.  The  AC  component  of  the  pressure 
signal  output  was  read  directly  on  a  dual  beam  oscilloscope.  The  DC  component 
was  read  on  a  sensitive  100,000  ohms/volt  meter.  The  frequency  was  deter¬ 
mined  by  measuring  the  output  pulses  on  an  electronic  counter  and  checked  by 
Lissajous  figures  formed  by  combining  the  pressure  signal  with  the  output  of  a 
low  range  audio  frequency  oscillator.  Phase  relations  between  the  two  pressure 
signals  were  observed  by  superimposing  both  signals  simultaneously  on  the 
screen  of  the  dual  beam  oscilloscope. 


THEORY  OF  THE  PHYSICAL  MECHANISM  BY  WHICH 
FLOW-INDUCED  OSCILLATIONS  OCCUR 

The  qualitative  discussion  which  will  follow  is  based  on  the  results  of  the 
author's  water  channel  and  wind  tunnel  work,  as  well  as  the  work  of  Professor 
F.M.N.  Brown,  Department  Head,  Department  of  Aeronautical  Engineering  of 
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Fig.  7  -  Cavity  mouth  inserts 
and  elevated  upstream  lips 


i4 

Side  View^ 


Top  View 


Notre  Dame  University,  and  his  assistant  Brian  Quinn.  The  smoke  tunnel  still 
photographs,  high-speed  motion  pictures  (3000  fps),  and  data,  as  yet  unpublished, 
provided  by  Professor  Brown,  have  been  of  great  assistance  in  developing  the 
flow  theory. 

The  results  of  the  smoke  tunnel,  water  channel  motion  pictures,  and  wind 
tunnel  data,  indicate  a  series  of  flow  patterns  which  seem  to  repeat  during  each 
cycle  of  cavity  oscillation.  These  patterns  are  as  follows: 

1.  The  flow  visualization  motion  pictures  taken  in  the  smoke  tunnel  and 
water  channel  are  similar  in  appearance  (see  Figs.  9  and  10). 

2.  For  wind  velocities  over  30  ft  per  second,  one  and  possibly  two  vortices 
appear  in  the  mouth  of  the  cavity  during  one  oscillation  (see  Figs.  15  and  18). 

3.  The  formed  vortices  are  partially  destroyed  when  they  strike  the  down¬ 
stream  lip. 

4.  The  water  channel  photographs  indicate  that  the  vortices  are  created 
during  the  inflow  or  compression  portion  of  the  cavity  oscillation  cycle. 

5.  The  position  of  vortices  forming  in  the  water  channel  could  be  moved 
back  and  forth  in  the  cavity  mouth  by  changing  the  freestream  velocity. 
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Pressure  Tronsducers  ot 


Fie.  8  -  Schematic  drawing  of  the 
instrument  arrangement  for  fre¬ 
quency  and  pressure  measurement 


6.  For  the  water  channel  test,  the  freestream  velocity  agreed  with  resonant 
conditions  when  the  vortices  formed  in  the  middle  portion  of  the  cavity  mouth. 

7.  For  the  water  channel  experiment,  the  resonant  conditions  of  the  Strouhal 
number  of  0.43  represented  one  vortex  in  the  center  of  the  cavity  mouth.  The 
resonant  conditions  for  the  Strouhal  number  at  0.80  represented  two  vortices  in 
the  cavity  mouth. 

8.  The  number  of  vortices  in  the  water  channel  mouth  apparently  was  a 
function  of  the  velocity  in  the  water  mouth  and  the  frequency  of  the  driven  cavity 
oscillation. 

9.  Smoke  tunnel  photographs  indicate  that  the  instability  in  the  mouth 
formed  after  a  period  of  smooth  flow  over  the  cavity  mouth. 

10.  The  smoke  tunnel  photographs  indicate  that  the  normal  displacement  of 
the  streamlines  during  cavity  oscillation  is  small  relative  to  the  length  of  the 
cavity  mouth. 

11.  During  the  smoke  tunnel  test,  fluid  from  the  freestream  did  not  seem  to 
enter  the  cavity  base. 
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Fig.  9  -  Sequence  from  the  water  channel  flow  visualization  motion  picture 
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The  above  streamline  patterns  imply  that  the  mechanism  of  energy  trans¬ 
fer  from  the  freestream  to  the  oscillating  cavity  system  is  the  formation  of  flow 
separation  vortices  in  the  cavity  mouth.  The  vortex  velocity  field,  consequently, 
directs  the  high  energy  freestream  fluid  into  and  out  of  the  cavity  mouth  without 
exchanging  fluid  within  the  cavity.  This  hypothesis  is  borne  out  by  the  high¬ 
speed  photographs  of  Professor  Brown  and  by  the  literature  concerning  the  sta¬ 
bility  of  boundary  layers  during  turbulent  and  laminar  mixing  of  fluids  of  differ¬ 
ent  velocities. 

The  early  works  of  Tollmien  and  others  [9,10]  indicate  that  the  velocity 
distribution  of  a  mixing  zone,  whether  laminar  or  turbulent,  has  an  inflection 
point.  This  type  of  velocity  distribution  in  a  boundary  layer  is  unstable  in  na¬ 
ture,  and  when  forced  to  flow  into  a  positive  pressure  gradient,  causes  separa¬ 
tion  at  the  point  where  T  v  ,  _  c  vanishes  [lO],  This  condition  appears  in  the 
cavity  mouth,  shown  in  Fig.  11,  and  suggests  a  possible  means  of  activating 
cavity  oscillation. 
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Fig.  11  -  Streamline  pattern  of  cavity  flow 
before  oscillation  occur s 


The  following  discussion  will  attempt  to  describe  a  possible  model  of  cavity  os¬ 
cillation.  If  the  freestream  velocity  is  increased  over  a  flush  mouth  cavity,  the 
static  pressure  inside  the  cavity  will  drop  slightly  below  freestream  value,  and  a 
positive  pressure  gradient  will  form  over  the  after  portion  of  the  cavity  mouth  in 
front  of  the  stagnation  region  on  the  downstream  lip.  At  some  distance  a.  from 
the  downstream  lip  of  the  cavity  mouth,  a  vortex  will  form  caused  by  separation 
of  the  flow  at  a  point  upstream  of  the  vortex  (see  Fig.  12).  Fluid  is  directed 
into  the  cavity  by  the  vortex  velocity  field  from  the  freestream  and  from  the 
boundary  layer  downstream  of  the  cavity  mouth,  causing  a  pressure  increase  in 
the  cavity  base.  After  the  formation  of  the  vortex,  the  positive  pressure  gradi¬ 
ent  in  the  after  portion  of  the  cavity  mouth  is  destroyed  and  the  vortex  moves 
with  the  velocity  >>v  over  the  distance  to  the  downstream  lip.  When  the  vortex 


Uo 


Fig.  12  -  Streamline  pattern  of  cavity  flow  during  the 
formation  of  the  vortex  in  the  cavity  mouth  and  the 
compression  portion  of  ryrlp 
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strikes  the  downstream  edge,  the  inward  portion  of  the  velocity  field  is  redi¬ 
rected  into  the  downstream  boundary  layer  (see  Fig.  13).  The  outward  portion 
of  the  vortex  velocity  field  entrains  fluid  in  the  cavity  mouth  and  causes  a  pres¬ 
sure  reduction  over  the  downstream  lip  of  the  cavity  and  also  reduces  pressure 
inside  the  cavity  base.  Once  the  vortex  has  passed  into  the  boundary  layer 
downstream  of  the  cavity,  the  flow  returns  to  a  smooth  streamline  pattern,  and 
begins  to  build  up  a  positive  pressure  gradient,  as  shown  in  Fig.  14.  During  the 
entire  oscillation,  the  cavity  below  the  stagnation  streamline  does  not  gain  or 
lose  fluid.  This  mass  of  air  apparently  is  compressed  by  the  gain  of  fluid  in  the 
cavity  mouth,  and  expanded  by  the  loss  of  fluid  from  the  cavity  mouth  during 
oscillation. 


Fig.  13  -  Tiie  streamline  pattern  of  the  vortex 
velocity  field  as  it  strikes  the  downstream  lip 


Fig.  14  -  Flow  returns  to  a  smooth  pattern,  with  the 
positive  pressure  gradient  building  up  in  front  of  the 
downstream  lip 
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Once  oscillation  has  started,  flow  separation  in  the  cavity  mouth  is  locked 
into  phase  with  the  cavity  oscillation  by  the  combination  of  normal  and  tangential 
velocity  components  caused  by  the  cavity  oscillation.  When  the  velocity  normal 
to  the  plane  of  the  cavity  mouth  is  in  an  inward  direction,  the  angle  of  diffusion 
is  increased,  causing  an  earlier  than  normal  flow  separation  to  occur. 

The  cavity  flow  model  just  described,  and  shown  in  Figs.  11  through  14, 
does  not  have  protruding  lips  as  is  the  case  with  the  experimental  water  tunnel 
cavities  and  some  of  the  wind  tunnel  cavities.  However,  the  observed  stream¬ 
line  patterns  seem  identical  in  both  cases,  as  shown  in  the  wind  tunnel  photo¬ 
graphs  in  Figs.  15  and  16.  It  is  reasonable  to  assume,  therefore,  that  the  mech¬ 
anism  of  activation  is  similar  in  nature.  Qualitative  verification  of  the  flow 
patterns  shown  in  Figs.  11  through  14  is  shown  in  Figs.  15  through  19. 


Fig.  15  -  Smoke  tunnel  still  photograph 
by  Brown  and  Quinn  of  the  compression 
portion  of  the  oscillation  cycle.  (Note: 
The  downstream  lip  is  square  and  does 
not  protr  .de.) 


CONCLUSIONS  FROM  THE  SIMPLIFIED  FLOW  MODEL 

The  simplified  flow  model  just  described  leads  to  some  expressions  which 
have  been  used  empirically  in  the  past  for  frequency  prediction.  If  it  is  assumed 
that  the  passage  of  separation  vortices  over  the  distance  in  the  cavity  mouth 
(see  Fig.  11)  to  the  downstream  lip  causes  the  cavity  oscillation,  then  the  follow¬ 
ing  relations  hold  true: 


f 


D 


(1) 
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Fig.  16  -  Smoke  tunnel  still  photo¬ 
graph  by  Brown  and  Quinn  of  the 
compressionportion  of  the  oscillation 
cycle.  (Note:  The  downstream  lip 
protrudes  upstream  from  the  wall.) 


Fig.  17  -  Smoke  tunnel 
still  photograph  by  Brown 
and  Quinn  of  the  com¬ 
pression  portion  of  the 
oscillation  cycle,  show¬ 
ing  the  history  of  vortex 
formations  in  the  bound- 
arv  laver 


where 

uv.  is  the  average  vortex  velocity  over  the  period  T, 

is  the  distance  from  the  origin  of  the  vortex  to  the  downstream  lip,  and 
n  represents  the  number  of  vortices  in  the  distance  ■  during  time  T. 

Since  the  cavity  responds  at  but  one  frequency,  the  number  of  velocities 
which  can  produce  this  frequency  is  limited  by  integer  multiples  of  the  number 
of  vortices  passing  over  the  distance  .  The  requirement  of  integer  values  for 
c  is  caused  by  the  necessity  of  having  vortices  formed  in  the  mouth  pass  the 
downstream  lip  in  single  or  multiple  groups. 

From  the  simplified  model  and  boundary  layer  theory,  it  is  assumed  that 
some  degree  of  similarity  exists  between  velocity  profiles  taken  across  the 
cavity  mouth  at  the  same  time  during  cycle.  If  this  is  true  then  the  non- 
dimensional  velocity  ratio 


time  T 


constant 
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and  that 


11  v  l  ,.T  u 

h  T  I  it  "  d’ 

•o 

We  can  now  say  that  uv  is  averaged  over  time  T  and  is  proportional  to  Uo  or 

>"v  KLo  (2) 

Substituting  Eq.  (2)  into  Eq.  (1),  we  obtain  the  following  relation: 


To  evaluate  the  function  ,  we  must  consider  the  effect  of  the  changing  ampli¬ 
tude  of  cavity  oscillation  on  the  point  of  flow  separation  in  the  cavity  mouth. 

The  function  remains  constant  for  non-resonating  regions  of  the  cavity,  as 
can  be  seen  from  Fig.  20.  When  the  cavity  oscillates,  the  diffusion  angle  in¬ 
creases  upon  the  inward  position  of  the  cavity,  causing  an  earlier  separation  of 
the  fluid  and  an  increase  in  the  magnitude  of  • ,  which  presumably  could  explain 
the  nonlinear  frequency  velocity  variation  during  resonance. 

If  we  now  assume  non-resonance  of  the  cavity,  the  ratio  of  •  b  is  constant 
or 
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Fig.  19  -  Smoke  tunnel  still  photo¬ 
graph  by  Brown  and  Quinn  of  the  low 
speed  vortex  in  the  base  of  a  cavity 
where  the  height  to  length  ratio  ap¬ 
proaches  one 


Velocity  in  fps 


r  ig.  20  -  Frequency  vs  velocity  lor  1 
cavity  volumes  resonating  to  a  2  x 
mouth.  (Note:  The  2  dimension  is 
streamvise  direction.) 
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Substituting  this  value  for  in  Eq.  (2),  we  obtain 

f  nK  Uo 
°  "C"  TT 


By  letting 


K 

c 


s 


we  obtain  the  well-known  non-dimensional  Strouhal  number 


(3) 


(4) 


Equation  (5)  has  been  determined  to  be  true  for  Helmholtz  resonance  by  experi¬ 
mental  means  and  n  found  to  have  values  about  1  and  2. 

Based  on  the  above  analysis,  Strouhal  number  can  be  defined  as  a  function 
of  the  separation  point  and  boundary  layer  velocity  distribution.  Referring  to 
Eqs.  (1)  and  (2),  we  redefine  s  as 


Equation  (6)  indicates  that  Strouhal  number  is  not  a  simple  constant  but  a  func¬ 
tion  of  the  boundary  layer  velocity  distribution  in  the  mouth  of  the  cavity,  and 
the  point  of  flow  separation  in  the  cavity  mouth. 

As  a  matter  of  side  interest,  Eq.  (6)  can  be  obtained  by  equating  the  fre¬ 
quencies  of  the  following  fundamental  relations: 


f 


D.C 


nuv 


nSL'0 

~L~ 


or  S  - 


THE  FORCING  FUNCTION  FOR  CAVITY  RESONANCE 
AND  ITS  EFFECT  ON  THE  MAGNITUDE  OF  n 

The  response  of  an  open  cavity  to  a  forcing  function  of  the  frequency 
fD  =  nSUo  l  at  several  different  freestream  velocities  (see  Fig.  19).  i.e.,  n  =  1 
and  2,  leads  to  the  question,  why  doesn't  n  =  4  and  6  represent  values  of  n? 
Assuming  that  the  flow  model  described  is  an  accurate  description  of  the  oscil¬ 
lation,  the  question  can  be  resolved  by  examining  the  coupling  between  n  and 
the  amplitude  of  the  forcing  function,  as  well  as  the  dampening  of  the  system. 

Blokhintsev  [3]  suggested  that  the  driving  frequency  had  an  amplitude  pro¬ 
portional  to  l  2  ,-U2.  The  degree  of  proportionality  apparently  is  a  function  of 
the  boundary  layer  thickness  or  ■  L.  The  proportionality  constant  probably 
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approaches  1  as  8/ L  -*  0.  If  Blokhintsev’s  assumption  is  modified  so  that  the 
boundary  layer  effect  is  compensated  for,  the  forcing  function  can  be  expressed 
as  follows: 


Forcing  Function 
Amplitude 


(7) 


It  can  be  seen  that  a  coupling  now  exists  between  n  and  the  amplitude  of  the 
forcing  function  by  eliminating  the  velocity  between  the  magnitude  of  Eq.  (7)  and 
the  relation  fD  =  nSU0/L.  The  following  equation  defines  the  modulus  of  n  in 
terms  of  the  absolute  value  forcing  function  amplitude,  the  remaining  values  of 
f {s/l}l  and  p  are  constant. 


n 

evaluated  as 
integer  values 


As  can  be  seen  from  Eq.  (8),  the  amplitude  of  the  forcing  functions  must  be  re¬ 
duced  for  n  to  grow  in  magnitude.  The  upper  limit  on  the  value  of  n  depends 
upon  how  much  the  amplitude  of  the  forcing  function  can  be  reduced  and  still 
maintain  oscillation.  This  upper  limit  has  been  found  experimentally  by  the  au¬ 
thor  to  be  n  =  2.  Work  done  by  Harrington  at  the  David  Taylor  Model  Basin  in¬ 
dicates  the  existence  of  a  weak  oscillation  at  n  =  3.  The  geometric  conditions 
of  Harrington's  experiment  were  different,  in  that  cavity  and  mouth  sizes  were 
much  larger  than  the  author's  apparatus. 


fpL  (8) 

„  ./2  Forcing  Function  Amplitude 

'  ^  ‘ 


ANALYSIS  OF  THE  DATA 

Representative  data  obtained  during  the  wind  tunnel  tests  of  the  adjustable 
resonating  cavity,  shown  in  Fig.  5,  are  shown  in  Figs.  20  through  25.  The  data 
include  frequency  and  pressure  measurements  as  a  function  of  freestream  ve¬ 
locity,  cavity  volume,  relative  heights  of  the  cavity  mouth  lips  and  the  stream- 
wise  length  of  the  cavity  mouth. 

The  frequency  measurements  shown  in  Fig.  20  verify  the  results  found  by 
others  [3,7].  The  driving  frequency  appears  linear  with  freestream  velocity  as 
the  theory  predicted  and  continuous  throughout  a  wide  range  of  volume  varia¬ 
tions.  The  variation  from  the  linear  relation  is  apparently  caused  by  the  cavity 
controlling  the  time  of  flow  separation.  Since  the  cavity  has  only  one  excitation 
frequency  in  this  velocity  range,  it  either  retards  the  vortex  velocity  or  length¬ 
ens  the  path  over  which  the  vortex  must  travel.  The  result  is  a  lower  frequency 
than  predicted  by  the  Strouhal  relation.  This  continues  until  the  driving  fre¬ 
quency  is  too  far  out  of  phase  with  the  cavity  for  the  coupling  between  the  cavity 
and  the  driving  frequency  to  maintain  oscillation.  At  some  point,  as  seen  in 
Fig.  20,  the  organized  oscillation  ceases  until  the  second  Strouhal  number  oc¬ 
curs.  Figure  20  also  illustrates  the  effect  of  changing  volumes  while  holding 
the  cavity  mouth  a  constant  size.  Each  cavity  volume  apparently  has  its  own 
excitation  frequency  and  cui-off  points.  However,  all  curves  seem  to  be  similar 
in  nature  and  do  not  appear  below  30  ft/sec.  Strouhal  number  remains  relatively 
constant  for  the  same  experimental  conditions,  as  can  be  seen  from  Fig.  21. 
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However,  there  is  an  effect  of  geometry  which  appears.  Higher  Strouhal  num¬ 
bers  are  restricted  to  larger  cavity  mouth  lengths.  For  example,  in  Fig.  21,  at 
no  time  was  a  Strouhal  number  found  over  0.36  for  a  cavity  length  of  1  in.,  but 
Strouhal  numbers  0.36  -  0.40  and  0.76  -  0.80  were  common  in  mouth  lengths 
over  2  in.  This  observation  fits  well  into  the  hypothesis  of  higher  Strouhal 
numbers  being  caused  by  multiple  vortices  in  the  cavity  mouth.  No  attempt  was 
made  to  vary  boundary  layer  thickness  or  velocity  distribution  effects.  These 
factors  may  have  an  appreciable  effect  and  would  be  worth  investigating. 


0  12  3  4 

Mouth  Length  in  Inches 


Fig.  21  -  Strouhal  number  vs  cavity  length 


Pressure  measurements  were  made  in  an  attempt  to  determine  a  method  of 
computing  the  amplitude  of  pressure  fluctuations  with  time  during  cavity  oscil¬ 
lation.  It  was  also  hoped  that,  during  the  experimental  investigation,  a  method 
would  be  discovered,  by  increasing  the  damping  in  the  system  or  removing  some 
vital  part  of  its  activation,  which  would  prevent  flow-excited  oscillation. 

Mean  pressures  were  measured  as  a  function  of  freestream  velocity,  cavity 
volume,  cavity  mouth  length,  and  the  relative  heights  of  the  mouth  lips.  The 
results  are  shown  in  Figs.  22  and  23.  The  mean  pressure  was  found  to  be 
slightly  below  that  of  the  freestream  for  a  flush  mouth  and  still  farther  below 
freestream  when  the  upstream  lip  was  raised,  as  shown  in  Fig.  23.  A  surprising 
result  was  observed  in  the  regions  of  resonance.  Contrary  to  some  reports  of 
high  mean  pressures  during  resonance,  the  mean  pressure  curve  remained 
smooth  through  resonance  and  remained,  at  all  times,  below  freestream  static 
pressure.  This  result  was  further  borne  out  by  the  wave  forms  of  pressure 
variation  with  time,  as  shown  in  Fig.  24.  These  pressure  wave  forms  indicate 
that  the  pressures  at  the  mouth  and  base  of  the  cavity  were  in  phase,  and  that 
the  wave  forms  wTere  symmetrical  about  the  zero  amplitude  axis.  The  elevated 
lip  configuration,  shown  in  Fig.  23,  indicated  a  marked  drop  in  mear  pressure 


Meon  Pressure  in  10  psi 


Fig. 
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Mean  Pressure  vs  Free  Stream  Velocity 
for  a  Wide  Range  of  Volumes  and  Mouth  Sites 
Volumes 
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22  -  Mean  pressure  vs  velocity  for  a  wide  range  of  volumes 
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Velocity  in  fps 

Fig.  2'i  -  Mean  cavity  pressure  vs  velocity 
for  different  ratios  of  cavity  to  streamwise 
mouth  length 


between  the  relative  lip  height  to  cavity  mouth  length  ratio  (H  L)  between  0.0 
and  0.25.  Further  increases  in  this  height  to  length  ratio  caused  much  smaller 
pressure  reductions. 

The  most  dramatic  reaction  to  any  configuration  change  occurred  in  Fig. 
25.  The  raising  at  the  upstream  lip  eTminated  cavity  oscillation  completely. 
This  observation  again  falls  in  line  witn  the  theoretical  prediction  that  a  posi¬ 
tive  pressure  gradient  over  the  downstream  portion  at  the  cavity  mouth  is  nec¬ 
essary  to  activate  and  maintain  cavity  oscillation.  This  rapid  attenuation  of 
pressure  fluctuations  apparently  occurs  because  of  the  elimination  of  the 


Fig.  24  -  Variation  o:  pressure  with 
time  inside  an  oscillating  cavity  o: 
frequency  140  cps  and  peak,  to  peak 
pressures  of  5  inches  of  water 
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0  20  40  60  80  100  120 


Fr»t  Slr»om  Velocity  in  fps 

Fig.  25  -  Peak  to  peak  cavity  pressure  amplitude  vs  free- 

stream  velocity  for  diffe  rent  ratios  of  cavity  heights  to  stream- 
wise  mouth  lengths.  (Note:  The  1-in.  dimension  is  in  the 
streamwise  direction.) 


stagnation  point  on  the  downstream  lip  or  edge.  When  the  H  ~L  ratio  was  in¬ 
creased  over  0.5,  a  tendency  toward  oscillation  at  a  much  higher  velocity  was 
observed.  Flow  visualization  experiments  have  not  yet  been  done  to  evaluate 
this  phenomenon.  However,  a  possibility  exists  that  as  Hi  -  l,  a  vortex  forms 
above  the  cavity  causing  a  reversal  of  flow  against  the  elevated  step. 


CONCLUSIONS 

1.  Flow-induced  cavity  oscillations  are  caused  by  flow  separation  vortices 
in  the  mouth  of  the  cavity  which  are.  in  turn,  caused  by: 

a.  The  unstable  velocity  distribution  in  the  mixing  zone  of  the  cavity 

mouth. 
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b.  The  positive  pressure  gradient  over  the  after  portion  of  the  cavity 

mouth. 

2.  Flow-induced  cavity  oscillation  can  be  reduced  and  some  cases  elimi¬ 
nated  by: 


a.  Increasing  the  dampening  of  the  system  by  making  long  narrow  rec¬ 
tangular  mouth  openings. 

b.  Mismatching  the  streamwise  hole  length  and  velocity  range  with  the 
cavity  response. 

c.  Eliminating  the  positive  pressure  gradient  in  the  cavity  mouth  by 
raising  the  upstream  lip  until  the  H  X  ratio  lies  greater  than  0.25  but  less  than 
0.50. 
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